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Abstract. Pythagorean Co-Neutrosophic Graphs (PyCNGs) have newly emerged after the foundation of
Pythagorean fuzzy graph and Co-neutrosophic graphs, where the membership of indeterminacy(uncertain)
is independent and membership of truth(existence) & false(non-existence) are dependent. This paper has a
wide discussion of different product operations carried out in PyCNGs. Some properties like strong, complete
with consideration of a vertex’s degree in the graph are explored with examples. Also, an application related

to the product on PyCNGs is demonstrated with brain network analysis and its function.
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1. Introduction

Graph theory attains global importance in the kind of real-life related discussion based
on the theoretical concepts that already exist. Though it gives a detailed graphical structure for
many problems of the real world, but uncertainty and vagueness prevail in the final output.
Zadeh [39] refined crisp set theory and laid a new foundation in name of fuzzy set theory.
Then, Kaufmann [15] excavated ideas on fuzzy graphical system which shows high accuracy

when compared to crisp graphs. Further innovations regarding fuzzy graph models and their
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properties were discussed by Rosenfeld [29]. Bhattacharya [9], Bhuttani |10], and Nagoor
Gani [18-22] laid an immense base by various discussions on structural representations of
fuzzy graph and labelings. Other fuzzy field researchers followed up with more successful
fuzzy graph-based works. With prior knowledge from Mordeson and Peng’s [17] work, Nagoor
Gani and Radha [20] applied conjunction over fuzzy graphs. Following that, various types of
products on fuzzy graphs were developed and discussed briefly by Radha et al. [27,28], and
Shovan Dogra [32].

Krassimir Atannosov’s [8] effort to reduce the inaccuracy occurs in fuzzy kind had succeeded by
the introduction of intuitionistic fuzzy set(InF'S), where explicit membership of non-existence
becomes essential for coping with unforeseeable circumstances. R. Parvathi et al. |25]206)
extended the fuzzy graph concept to an intuitionistic fuzzy graph(InFG) with the help of
InFS. M. Akram [5] and Nagoor Gani 23] elaborated on various properties of InFG which
help to compare actual world components with InFG structure. Different types of products
on InFG were demonstrated by Sankar Sahoo and Madhumangal Pal |30]. Yager [36-38]
founded the Pythagorean fuzzy set(PyFS) to increase the flexibility of InF'S, by adjusting the
membership grades. M. Akram et al. [6] undertook research on Pythagorean fuzzy graphs
(PyFG) and how they pertain to decision-making using PyFS.

F. Smarandache [33];34] successively enhanced the InF'S by introducing a neutrosophic set(with
explicit indeterminacy membership), which reduces the uncertain results of InFS in reality.
The development of neutrosophic graphs, which include the expansion of neutrosophic sets,
has been rendered viable thanks to the contributions of Smarandache. Wang et al. [35]
devised a model for single-valued neutrosophic set (SVNS) via the neutrosophic set as its
basis. Broumi and Smarandache [11] invented the notion of a single-valued neutrosophic
graph (SVNG) and extensively investigated numerous features associated with its vertices and
edges. Dhavaseelan et al. [12] analyzed the attributes of a single valued co-neutrosophic graph
(SVCNG) by including anti-behavior aspects. They dealt with the degree and regularity
of the reconstituted SVNG. With the Pythagorean neutrosophic set definition, Ajay et al.
[1H4] innovated Pythagorean neutrosophic fuzzy graph (PyNFG). They exclusively dealt with
labeling and regular property on PyNFG. Kartick Mohanta et al. [14] offered an in-depth
investigation of a multitude of products derived from neutrosophic graphs. They particularly
addressed the ideas of degree and total degree with these products. This work was extended
to SVNG by Zeng [40] with some applications.

Pythagorean co-neutrosophic graphs(PyCNGs) are extensible when compared to neutrosophic
graphs.  Therefore, the results acquired through PyCNGs will be more accurate than
neutrosophic graphs. In this paper, PyCNGs derived by using Pythagorean neutrosophic
set(PyNS) have been taken and various types of products on PyCNGs were discussed and
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verified briefly with some additional properties. Finally, the product of the PyCNGs concept
has been related to brain network analysis and its applications have been found.

This paper comprises the subsequent sections: Section 2 includes a comprehensive overview
of the fundamental terminology of the PyCNGs. In section 3, different kinds of products
concerned to PyCNGs has been structured and some properties like strong, complete are
investigated with theorems. Section 4 demonstrates the utilization of product on PyCNGs, by

comparing the brain functions of two individuals.

2. Preliminaries

Definition 2.1. (/1))

A neutrosophic set C is defined on Z (universal set) is given by C = {(a,an(a),
Bn(a),ynv(a))/a € Z}, where ac : Z — [0,1], Bo : Z — [0,1] and vo : Z — [0,1] represent
the membership degree of existence, uncertain and non-existence function of vertex a on C,

respectively with the requirement 0 < ac(a) + fo(a) +vc(a) <3,V a € Z.

Definition 2.2. (/1))

A neutrosophic graph on Z is a graph(Gr) = (C, D) with neutrosophic set C on Z and a
neutrosophic relation D on Z, where C' = {a1, ag,- - , an} such that

(i) ac, Bc and yo defined from Z to [0,1] represent the membership degree of existence,
uncertain and non-existence function of the vertexr a € Z respectively with 0 < ac(a) +
Be(a) +~vc(a) <3, forall a € Z.

(ii) D C Z x Z with ap, Bp and yp defined from Z x Z to [0, 1] represent the membership
degree of existence, uncertain and non-existence function of the edges ab € Z X Z respectively
such that

ap(ab) < minlac(a), ac(b)],

Bp(ab) < min[Bc(a), B (b)),

vp(ab) < maz[yc(a),vc(b)] and

0 < ap(ab) + Bp(ab) +vp(ab) < 3, for every ab.

Definition 2.3. (/1))

A Pythagorean neutrosophic set (PyNS) on an universal set Z is an element of type C =
{{a,ac(a),Bc(a),vc(a))/a € Z}, where ac = Z — [0,1], Bc : Z — [0,1] and v¢ : Z —
[0, 1] represent the membership degree of existence, uncertain and non-existence function of C
respectively, with ac, B and Yo satisfy the requirement 0 < aZ(a) + B%(a) +v2(a) < 2, V
a € Z.

Definition 2.4. (/1))
A PyNS D on Z x Z is said to be a relation of Pythagorean neutrosophic type on Z, denoted
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by D = {{ab,ap(ab),Bp(ab),yp(ab))/ab € Z x Z}, where ap : Z x Z — [0,1], Bp : Z X Z —
[0,1] and vp : Z x Z — [0,1] represent the membership degree of existence, uncertain and
non-existence function of D, with ap, Bp and vp satisfy the requirement 0 < 042D((lb) +
B%(ab) +v%(ab) <2,V abe Z x Z.

Definition 2.5. (/1))

A Pythagorean neutrosophic graph (PyNG) on a non-empty set Z is a pair Gr = (C, D) with
C, a PyNS on Z and D, a relation of Pythagorean neutrosophic type on Z such that

ap(ab) < ac(a) Aac(b),

Bp(ab) < Be(a) A Be(b),

vp(ab) < vc(a) Vye(b),

and 0 < o2 (ab) + B (ab) +v%(ab) <2,V a,b € Z, where ap : Z x Z — [0,1], Bp : Z X Z —
[0,1] and vp : Z x Z — [0,1] represent the membership degree of existence, uncertain and

non-existence function of D respectively.

Definition 2.6. ([1])

A Pythagorean neutrosophic preference relation on Z = {ai,az, -, an} is demonstrated by
a matrix M, = (my) of order n x n, where my = (agay, o(arar), Blarar), Y(arar)), ¥ k,1 =
1,2,---,n. Let my = (axr, Bri, Yr1), where oy indicates the degree to which the element ay
is preferred to the element a;, By indicates the uncertain degree to which the element ay is
preferred to the element a;, v, denotes the degree to which the element ay is not preferred to
the element a;, and m= 2 — a%l — 6,% — fy,%l is implemented as a hesitancy degree, with the
requirements:

okt Brts v € [0,1], oy + B + v < 2, ot = Biks Bri = Yikr Vel = ks

apk =Bk =Yk =1, VEkI=1,2---'n

Definition 2.7. ( [30])

The direct product of Pythagorean co-neutrosophic graphs Gri = (V*, E*,k*, \*) and Gry =
(V**, B K™, X)) such that VN V** = ¢, is defined to be the PyNG Gri N Gro= (V, E,k*
RN TIN) where V =V* x V* E = {((a1, b1), (az, b2))/(a1, a2) € E*, (b1, ba) € E**}. The
existence, uncertain and non-existence values of the vertex (a,b) in Gry M Gre are given by
(i) (5 AT (0, b) = K (a) V K7 (D),

(i) (k5 KkE)(a,b)= Kk5(a) vV k5*(b) and

fiii) (5 1V i57) (a0, ) = K3(a) A K57(0).

The existence, uncertain and non-existence values of the edge ((ai, b1), (az, b2)) in Gry M Gry
are given by

(AT AT ((ar, bu), (ag, b2)) = Af(ax, az) V AT (b1, be)
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(A3 TIA5") (a1, b1), (a2, b2)) = A5(a1, a2) V A5* (b1, ba)
(A3TTA3%)((a1, br), (a2, b2)) = A3(a1, az) A A3*(b1, b2).

Definition 2.8. ( /15])
The random walk graph kernel k(Gry,Grs) of Gr1 and Gry is referred to be k(Gry,Gry) :=
qT(I— cW)~Ip, where, W denotes the weight matriz, c refers to decay factor and p & q denote

respectively the starting and stopping probabilities.

3. Products on Pythagorean Co-Neutrosophic Graphs

Definition 3.1.

A Pythagorean co-neutrosophic graph (PyCNG) on a non-empty set Z is a graph(Gr) = (C, D)
with C, a PyNS on Z and D, a relation of Pythagorean neutrosophic type on Z such that
ap(ab) > ac(a) V ac(b),

Bp(ab) > Be(a) V Be(b),

vp(ab) > vc(a) Aye(d),

and 0 < o2 (ab) + B%(ab) +v%(ab) <2,V a,b € Z, where ap : Z x Z — [0,1], Bp : Z X Z —
[0,1] and vp : Z x Z — [0,1] represent the membership degree of existence, uncertain and

non-existence function of D respectively.

® *
%‘\\fb“ (0.8,0.5,0.6) 7
L'&\“' {Qd’/
(0.9,0.5,0.5) (0.7,0.6,0.8)
(2 <3‘Q-Q\
(0. 04 (0.7,0.5,0.6) R
? 0-5) M\

FI1GURE 1. Pythagorean Co-Neutrosophic Graph

Definition 3.2. (Modular product on Pythagorean co-neutrosophic graphs(PyCNGs))
Consider Gry = (C1, D1) and Grg = (Co, D3) be PyCNGs of 4 = (¥1,81) and %o = (V2, &3),
respectively. The modular product Gry ®© Gry of Gry and Gre is denoted by (C1 ® Co, D1 ® Ds)
with elemental vertex set ¥1 ® Y= {(a1, b1)/a1 € Y1, b1 € Y2} and elemental edge set & © &=
{(a1, b1)(ag, b2)/aras € &1, b1by € & or ajag ¢ &1, b1by & &2} is defined as:
(i) (acy © ac,)(ar, br) = maz(ac, (ar), ac, (b))

(Bey © Bey) (a1, br) = maz(Bey (a1), Be, (b1))

(ver © ve,) (a1, br) = min(ye, (@), vo, (b1)),
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where a1 € Y1 and by € %

(i) (ap, ® ap,)((a1, b1)(ag, b2)) =
mazx(ap, (a1 a2),ap,(b1b2)) if ajag € &1, bibs € &
maz(ac, (1), ac, (a2), ac,(b1), ac,(b2)) if araz & 61, b1ba & &
(/BDl © /BDQ)((CL17 bl)(a27 b2)) =
ma$(ﬁpl(a1a2),,3p2(b1b2)) Zf ajap € @pl, b1b2 (S @@2
max(Bc, (a1), Be, (a2), By (b1), Boy (b2)) if arag & &1, b1by & &
(YD, ® YD, )((a1, b1)(ag, b2)) =
min(yp, (a1a2), D, (b1b2)) if apag € &1,b1by € &

min(’YCl(al)a’YCl(02),702(171)7702(52)) lf a1 a2 é éola b1b2 ¢ @(()2
Theorem 3.3. Consider PyCNGs Gry = (C1, D1) and Gry = (Ca, D), then modular product
Gri1 ® Gry is also a PyCNG.

Proof.

Let Gry = (C1,D1) and Gre = (C3,D3) be PyCNGs of the graph 4 = (7#1,41) and
Yy = (¥4, 8), respectively. Here, CEmOGT2 denotes the Pythagorean co-neutrosophic set of
41 ® ¥ and DET1OC™2 denotes the Pythagorean co-neutrosophic set of & © &.

For all (al, bl)(ag, bz) €EH O 602,
(aDl ® apz)((al, bl)(ag, bg)) = mam(aDl(alag),aDZ(blbg)) ifalag € 51, bi1by € (532
> max(acﬁ (a1)7 aC,y (a2)7 aCz(bl)’ QaCy (bQ))

[since Gry & Gry are PyCNGs]

(Bp, © Bpy)((a1, b1)(az, b2)) = max(Bp,(ar1az), Bp,(b1b2)) ifara € &1,b1by € &
> max(ﬁcl(al)a601(02)7[302([)1)7502(()2))
[since Gr1 & Gry are PyCNGs]

(Ypr ©vD,)((a1, b1)(az, b2)) = min(yp,(a1a2), 7D, (b1b2)) ifaraz € &1, b1b € &

v

min(ye, (a1), vey (a2), e, (b1), ves (b2))
[since Gr1 & Gry are PyCNG ]

(Ole QaDz)((alv bl)(a27 b2)) = ma‘r(aCl(al)vaC1(a’2)aaC’z(bl)vaCQ(bQ))’ Z.fa’la’Q ¢ &1, bibo ¢ &

= maz((ac, © agy)(ay, b1), (ac, © ac,)(az, b2))

(Bp, ® Bp,)((a1, b1)(az, b2)) = max(Be,(a1), Be, (a2), Boy(b1), Be,(b2)), ifaras & E1,b1ba & &

= maz((Be, © Bey) (a1, b1), (Be, © Bey)(az, b2))
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(YD1 © 1D, )((a1, b1)(az, b2)) = min(ye, (a1),ve, (a2), 70, (01),7¢,(82)), ifaras ¢ &1, b1by & &>
= min((’VC& © 702)(017 bl)v (701 © '702)(a27 62))

Therefore,

maz((ac;, © ac,)(ar, br), (ac, © ac,)(az, b2))

Vv

(ap, ® ap,)((a1, b1)(az, b2))
(Bp, © Bp,)((a1, b1)(ag, b2)) > maz((Be, © Bey)(ar, b)), (Boy, © Be,)(az, b2))

\%

(’7D1 © 7D2)((a17 bl)(a2’ b2)) > min((701 O] ’YCQ)(alv bl)? (’YCI © ’702)(‘12’ b2))

This proves that Gry ® Grs is also a PyCNG.

(a1,b1) (a1,b9)
. . )
1(0.3,0.7,0.5) b1(0.4,0.5,0.8) (0.4,0.7,0.5) (0.3,0.7,04)
[ ] [ ]

(0.6,0.7,0.5)
(0.4,0.6,0.5)

0.7) b2(0.1,0.6,0.4) (ag,bq) (ag, bs)
(0.5,0.5,0.7) (0.5,0.6,0.4)

[ ]
a2(0.5,0.2

Gry Gry Gry ® Gry

F1GURE 2. Modular product on PyCNGs

Theorem 3.4. Consider strong PyCNGs Gr; = (C1,D1) and Gry = (C2,D3). Then the

modular product Gri ® Gry is again a strong PyCNG.

Proof.
Let us take Gry = (Cy, D1) and Gry = (Co, D3) be strong PyCNGs of graphs 4 = (%, 1)

and % = (¥4, &), respectively. Here, C¢"1®C™2 denotes the Pythagorean co-neutrosophic set

of #1 ® ¥ and DE"19C™2 denotes the Pythagorean co-neutrosophic set of & © &.
V(a1, b1)(az, b2) € &1 © &,

(ap, © ap,)((a1,01)(az, b2)) = maz(ap,(a1az),ap,(bibs)) ifaray € &1, b1by € &

= max(ac, (@), ac, (a2), ac, (b1), ac, (b2))

[since Gr1 & Gry are strong PyCNGs]
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(Bpy © Bp,)((a1, b1)(az, b2)) = max(Bp,(a1az2), Bp,(b1b2)) ifarax € &1, b1by € &2

= maz(Be,(a1), Be, (a2), Bey (b1), Be, (b2))
[since Gr1 & Gra are strong PyCNG's]

(vp1 ©p,)((a1, b1)(az, b2)) = min(yp, (a1a2), Y, (b1ba)) ifaraz € 1, b1by € &
= min(ey(a1),7v01(a2), 702 (01), 70, (52))
[since Gr1 & Gry are strong PyCNG's|

(aD1 © aDz)((a1> bl)(a27 b2)) = max(ac1(a1)aaC1(a2)vaCz(bl)aaC2(b2))v ifa1a2 ¢ glv b1 b2 §é 52

= maz((ac, © ac,)(a1, b1), (ac, © ac,)(az, b2))

(BD1 @,BDQ)((al, bl)(az, bg)) = ma$(501(al)v/601(a2))/802(b1)7/602(b2))7 if araz ¢ &1, b1 b ¢ &
= max((ﬁcl O] 602)(a1a b1), (501 © BCQ)(a% b2))

(YD, © 7p,)((a1, b1)(az, b2)) min(ye, (a1), vo, (a2), ¥eu (b1), 70, (b2)), ifarag & &1, biba & &2

= min((ve, ©yey) (a1, b), (e, © Yey)(az, b2))

Therefore,

(ap, ® ap,)((ar, b1)(az, b2)) = maz((ac, © ac,)(ar, b1), (e, © acy)(az, b2))
(6D1 © IBDQ)((G’17 bl)(a27 bQ)) = maaj((ﬂcl © BCQ)(G’17 bl)? (/601 © ﬂc2)(a2, b2))

(7D1 © 'YDQ)((alv bl)(a2’ bZ)) = min((701 © ’702)(“17 bl)? (’701 © ’702)((12’ bZ))

This proves that Gr; ® Gre is again a strong PyCNG.

Definition 3.5. (Degree of modular product on PyCNGSs)
Let Gry = (C1,Dy) and Gry = (Ca,D2) be PyCNGs of the graph 4 = (¥1,81) and % =
(5, &), respectively. At any vertex (ay, by) € V1 X ¥5:

(da)Gm@Grz(al,bl) = Z D, @O&D2((a1,b1),(a27b2))
((a1,b1),(a2,b2))EE1 X &
- Z maz(ap, (a1, az), p, (b, b2))

(a1,a2)€E7,
(b1,b0)€&S

+ Z maz(ac, (a1), acy (a2), acy, (b1), ac, (b2)),

(ay,a0)¢ &,
(b1,b2)¢ &2
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(dg)amocr (a1, b1) = > Bpy @ Bp,((a1, b1), (a2, b))
((al,bl),(az,bg))€§1 Xcg’z

— Z max(Bp, (a1, a2), Bp, (b1, b2))

(a1,a2)€&7,
(b1,b2)€E

+ Z maz(Bc, (a1), Boy (az), Be, (b1), Beo (b2)),

(ay,a2)¢ &1,
(b1,b2)¢ &2

<d’Y)GT’1®GT2(a17 b)) = Z YD, © ’}’Dz((al, bl), (ag, bg))
((al,bl),((lg,bz))eeﬁ ng

= > min(yp,(ar, a2), D, (b1, b2))

(a1,a2)€&7,
(b1,b2)EES

+ Z min(ye, (a1),vc, (a2), Yoy (b1), Yy (b2))

(aq,a2)¢ &7,
(b1,b2)¢ &

Definition 3.6. (Total degree of modular product on PyCNGs)

Consider Gry = (C1,D1) and Gry = (C2, D3) to be PyCNGs of the graph % = (¥1,61) and

Gy = (Y4, E2), respectively. At any verter (a1, by) € ¥ X Va:

(tda)G’r‘1®G’r‘2(a17b1) - Z Dy @OéD2((a1,b1),((l2,b2)> +a01 ®a02(a11 bl)

((a1,b1),(a2,b2))EE1 X &

— Z max(ap, (a1, az), ap, (b1, b2))
(ay,a2)€&7,
(b1,b2)€ES

+ Z maz(ac, (1), ac, (a2), ac, (b1), ac, (b2))

(a1,a2)¢ &1,
(b1,b2)¢ &9

+maz(ac, (a1), ac,(b1)),

(tdg)ariogr (a1, b1) = > Bp, © Bp,((a1, b)), (a2, b2)) + By © Be, (a1, br)

((alzbl)v(a27b2))€(§1 X &

= Z max(Bp, (a1, az), Bp, (b1, b2))

(a1,a2)€&7,
(b1,b2)€ &

+ Z max(ﬂCl(al))Bol(O’?)v602(b1)7/602(b2))

(ay,a2)¢ &7,
(b1,b2)¢ &

+maz(Be, (a1), Boy (b1)),
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(tdy)ariocr (a1, b1) = Z YD, © YD, ((a1, b1), (a2, b2)) +vo, © v, (a1, b1)
((a1,b1),(a2,b2))€é81 Xéag

- > min(yp, (a1, az),¥p, (b1, b2))

(a1,a2)€E7,
(b1,b2)€E

+ Z min(’ycl(al),vcl(ag),’YcQ(h),VoQ(bz))

(a1,a2)¢ &7,
(b1,b2)¢ &

+min(ye, (a1),ve, (b1)),

Example 3.7.

Examine the modular product on PyCNGSs, as shown in Figure 2. Then the degree of the vertex
(a1, b1) is darocr (a1, b1)= ((da)Grocr (a1, b1), (dg)arecr (a1, b1), (dy)Grecr(a, b)) =
(0.5,0.7,0.4) and the total degree of the werter (ai,b1) is tdgrocr,(a,b1)=
((tda)Griocrs (a1, b1), (tdg)arioar, (a1, b1), (tdy)Grioar, (a1, b1))= (0.9,1.4,0.9). In the same
way, the remaining vertices degree and total degree are obtained by dgr,ocr,(a1,b2)=
(0.5,0.7,0.4), tdarioar, (a1, ba)= (0.8,1.4,0.8), derocr (a2, b1)= (0.5,0.7,0.4),
tdariocr, (a2, b1)= (1.0,1.2,1.1), dgrocr, (a2, b2)= (0.5,0.7,0.4) and tdgrecr,(az, ba)=
(1.0,1.3,0.8).

Theorem 3.8. Consider complete PyCNGs Gry = (Cy, D1) and Gro = (Ca, D).

(i) Let ap, > ap,, Bp, > PBbpys VD, < 7D, then dgrocr,(a1,a2)= dgr (a1), where
dariocr, (01, a2) = ((da)ar, (@), (dg)ar, (a1), (dy)Gr, (a1))

(i) If ap, < ap,, Bpy < Bpy, Yp1 = YD, then dariocr, (a1, a2)= der,(a1), where
derioer (a1, a2)= ((da)ar, (a1), (dg)ar, (a1), (dy)Gr, (a1))

Proof.

(i) We have, degree of each membership of a vertex in modular product as

(da)ariogrs (a1, b1) = Z ap, ® ap,((a1, b1), (az, b2))
(((ll,bl),(ag,bz))eéal Xéag
= > maz(ap,(ar, az),ap, (b, b2))

(a1,a3)€ 87,
(by,b2)€&

+ Z maz(ac, (a1), ac, (a2), ac, (b1), ac, (b2))

(aq,a2)¢ &7,
(b1,b2)¢ &

= Z max(ap, (a1, a2), ap, (b1, b2)) [since both PyCNGs are complete]

(ay,a2)€&7,
(b1,bg)EES

= Z ap, (a1, a2) [since ap, > ap,]
(a1,a2)€6"1
= (doz)Grl(al)a
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(d)amacr (a1, b1) = > Bp, © Bpy((a1, by), (a2, b))
((al,bl),(ag,bz))6é31 ng

= Z max(Bp, (a1, az), Bp, (b1, b2))

(a1,a2)€&7,
(b1,b2)€E

+ Z max(/BCH(al)vBCl(a?)?ﬂc2(b1)7/602(62))

(ay,a2)¢ &7,
(b1,b2)¢ &

= Z max(Bp, (a1, a2), Bp, (b1, b2)) [since both PyCNGs are complete]

(ay,a2)€&7,
(b1,bg)EES

= Z ﬁDl(al, ag) [Since 6D1 > 6D2]

(al,ag)eéﬁ
- (dﬁ)Gh (a1)7

(dy)Griogrs (a1, b1) = Z YD, © YD, ((a1, b1), (a2, b))
((al,bl),(az,bg))ég’l X &

- Z min(yp, (a1, a2), YD, (b1, b2))

(a1,a2)€87,
(b1,b2)€E

+ E min(ye, (@), ve, (a2),vc, (b1), veu (b2))
(ay,a0)¢ &1,
(b1,62)¢ &

= Z min(yp, (a1, a2),vp, (b1, b2)) [since both PyCNGs are complete]

(a1,a2)€&7,
(b1,b2)€&E

= Yoy (a1, a2) [since yp, < vp,]
(al,ag Eéal

= (dy)ar (@)

Therefore, dgr,oar, (a1, a2)= dar, (a1).

(i) Similar proof by reversing minimum and maximum conditions of (i).

Definition 3.9. (Homomorphic product on Pythagorean co-neutrosophic graphs(PyCNGs))
Consider PyCNGs Gry = (C1,D1) and Grg = (C2,D2) of % = (¥1,81) and % = (V2,53),
respectively. Then homomorphic product GrioGre of Gri and Gry is denoted by (C10Cy, Do
Dy) with elemental vertex set Y1 ¢ Ya= {(a1,b1)/a1 € 1,01 € Y2} and elemental edge set
10 = {(a1,b1)(az, b2)/a1 = ag, b1ba € & or ajap € &1, b1ba & &2} is defined as:
(7) (acy © acy)(ar, b1) = max(ac, (a1), ac, (b1))

(Bey © Boy)(a1, b1) = mazx(Be, (a1), Boy (b1))

(vey ©ve,)(ar, br) = min(ye, (a1), ve, (b1)),
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V(a1, b1) € ¥ and
(i)

(ap, o ) (a1, by) (a2, ba)) = maz(ac, (a1), ap, (b1b2)) if ar = ag, biby € &
maz(ap, (a1, a2),ac,(b1),ac,(b2)) if arag € &1, b1by & &
(Bp, © Bp,)((a1,b1)(az, b2)) = maz(fo,(a), B, (hrb)) Fo= o bib €&
max(Bp, (a1, a2), By (b1), Boy(b2))  if araz € &1, b1ba & &
min(yc, (a1), 7D, (b162)) if a1 = ag, bibs € &

(vDy 7D, ) (a1, b1)(az, b2)) = § '
min(yp, (a1, a2), 70, (b1), 70, (b2)) if araz € &1, b1b2 & &

(ay,by) (ay,bs)

a1(0.3,0.4,0.5) b(0.3,0.5,0.7) (0.3,0.5,0.5) (0.4,0.6,0.5)
(0.5,0.7,0.5)
[ ] ® [ .
= -
3 =
= =
< 3
(0.5,0.7,0.7)
[ ] [ ] [ . ]
X X 2, 12, b:
a2(0.5,0.6,0.7) b,(0.4,0.6,0.8) (Oé“’éﬁ"b)]) ((51’1'52.0"(25.)017)
Gry Gry Gry o Gry

FiGURE 3. Homomorphic product on PyCNGs

Definition 3.10. (Degree of homomorphic product on PyCNGs)
Consider PyCNGs Gry = (C1,D1) and Gry = (Ca, D2) of the graph % = (¥1,81) and % =
(Y4, &), respectively. At any vertex (a1, az) € Y1 X Ya:

(da)Grlon(alabl) = Z ap, <>OzD2((a1,b1),(a2,b2))
((a17b1)7(a27b2))€(§)1 Xéaz

= Z max(acl(al),OZDg(blvbQ))

aj=ag,
(b1,b2)EE
+ Z max(aD1(a17a2)aaCQ(b1)vaC'2(b2))7
(ay,a2)€&7,
(by,b2)¢ &
(dg)GrioGry (a1, b1) = Z B, © Bp,((a1, 1), (az, b2))

((a1,b1),(a2,b2))€E1 X &

= Z maz (8o, (a1), Bp, (b1, b2))

a)=ag,
(b1,b0)€EES

+ Z maz(Bp, (a1, a2), Bo, (b1), Bo, (b)),

(ay,a2)€&7,
(b1,b2)¢ &
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(d’y)GrloGrg(ala bl) = Z YD; © 7D2((a17 b1)7 (0,27 bQ))
((al,bl),(ag,bz))Eéﬁ ng

— Z min(ye, (a1),vp, (b1, b2))
(b112)2 8

4 Z min(yp, (a1, a2), v, (b1), ve, (b2))

(a1,a0)€87,
(b1,b2)¢ &

Definition 3.11. (Total degree of homomorphic product on PyCNGs)
Consider PyCNGs Gry = (C1,D1) and Gry = (Ca, D2) of the graph 4 = (¥1,81) and % =
(¥4, &), respectively. At any vertex (ay, ag) € Y1 X Ya:

(tda)GrloGrg(ahbl) = Z ap, oaDQ((al,bl),(ag,bg))+acl<>ao2(a1,b1)
((al,bl),(az,bz))eéal Xéag

— Z max(ac, (a1), ap, (b1, b2))

a1 =ag,
(by,b2)€ &

+ Z max(ap, (a1, a2), ac, (b1), ac,(b2))

(ay,a2)€&7,
(by,b2)¢ &

+maz(ac, (a1), ac, (b)),

(tdﬁ)GTlOGT2(a17b1) = Z ﬁDl <>ﬁD2((a’17b1)’(a2>b2))+66’1<>502((l1,bl)
((a1,b1),(a2,b2))€E1 X E

= Z max(ﬁcl(al),,@Dg(bl»b2))

a1 =a:

25
(by,b2)€&

+ Y max(Bp, (ar, az), Bey (br), Boy (b2))

(a1,a2)€67,
(b1,b2)¢E9

+min(Bc, (a1), Be, (b)),

(tdy)GrioGrs (a1, b)) = > YD, 01D, (a1, b1), (az, b)) + e, © e, (a1, by)
((al,bl),(ag,bg))eéﬁ X &

— Z min(vye, (a1),vp, (b1, b2))

a1=ag,
(b1,bg)€ES

+ ) min(yp, (a1, a2), 70, (b1), Yo, (b2))

(ay,a2)€E7,
(by,b2)¢ &

+max(ye, (a1), Yo, (b1))

Example 3.12.
Ezamine
the homomorphic product on PyCNGs, as shown in the Figure 3. Then the degree of the

vertex (a1, b1) s dgrioGrs (a1, b1) = ((da)GrioGrs (a1, 01), (dg)GrioGrs (a1, b1), (dy) GrioGrs (a1, b1))
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= (0.5,0.7,0.5) and the total degree of the wertex (a1,b1) is tdgrecr,(a1,b1)=

((tda)GrioGrs (a1, b1), (tdg) GrioGrs (a1, b1), (tdy)GrioGrs (a1, 1)) = (0.8,1.2,1.0).  Likewise, the
degree and total degree of remaining vertices are obtained by dgr,oGry (a1, b2)= (0.5,0.7,0.5),

thrloGrz(O’l) b2): (0 9}‘13710)7 dGT’1OGT2 (CLQ, bl): (0 57 0 77 0 7)7 th’r‘1<>GT2(a'27 bl):
(1.0,1.3,1.4), dGr,or, (a2, b2)= (0.5,0.7,0.7) and tdar oqry (ag, b2)= (1.0,,1.3,1.4).

Theorem 3.13. Consider PyCNGs Gry = (C1,D1) and Gry = (C2,D3). If Gry is a
Pythagorean co-neutrosophic complete graph and acy, > ap,, Bc, > Bpy, Yo < Yp,, then
dGT1<>GT2(a1’ bl) = ((|7/2‘ - 1)0401((11), |7/2| - 1)/801(a1)’ |7/2’ - 1)701((11))'

Proof. We have, vertex degree of each membership in a homomorphic product as

(da)GmoGrz(alabl) = Z apy 00&D2((a1,b1),(a2,b2))
((a1,b1),(a2,b2))E81 X &

= > maz(ag (@), ap, (b, b))

a1:a2,
(b1,b2)EE

+ Z max(ap, (a1, az), ac, (b1), o, (b2))

(ay,a2)€&7,
(b1,b2)¢ &

— Z maz(ac, (a1), ap, (b1, b))

al=a

1 29
(b1,bg)€EES

[since Gry is a pythagorean co — neutrosophic complete graph)

= Z aCl(al) [Since ac, 2 aDz]

al1=ag

= ("2l = Dag, (m),

(dg)Griogrs (a1, b1) = > B, © Bp,((a1, b1), (a2, b2))

((a1,b1),(a2,b2))€E1 x &

— Z max(Bey (a1), Bp, (b1, b2))

ay=ag,

(b1,b2)€E

+ ) max(Bp, (a1, a2), Bey(b1), By (b2))

(a1,a2)€&7,
(b1,b2)¢ &2

— Z maz(Bc, (a1), Bp, (b1, b2))

a1:a2,
(b1,b2)€E

[since Gry is a pythagorean co — neutrosophic complete graph]

_ Z Bey (ar) [since Bey > Bp,]

= (172l = Dfey(a),
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(d’y)GrloGrg(alv bl) = Z YD; © ’YDQ((al? bl)v (a27 bQ))
((al,bl),(ag,bz))€g1 Xéag

= Y min(ye, (@), 70y (b1, b2))

u|=ug,
(v1,v2)€EE

4 Z min(yp, (a1, a2), v, (01), ve, (b2))

(ay,a2)€&7,
(b1,b2)¢ &

= Z min(ye, (a1), Yo, (b1, b2))

(1120/2,
(b1,b2)€&E

[since Gry is a pythagorean co — neutrosophic complete graph]

= Y a(a) [since vo, < b))

al1=az
= (172 = Dy (a1)
Therefore, we conclude that dgroqr,(a1,01) = ((|%2| — Dac, (a1),] %] — 1)Bc, (a1), | Y2] —
Dye, (1))

Definition 3.14. (Symmetric difference on PyCNGs)

Consider PyCNGs Gri = (C1,D1) and Gro = (Ca,D2) of the graphs 4 = (¥1,61) and
Gy = (Va,8), respectively. Then, the symmetric difference of Gri and Gry is denoted by
Gr1 ® Gry = (C1 ® C2, D1 @ D3) and defined as:

(a) ¥(f.g) € 11 x Y4,
(i) ac, & ac,(f, 9) = maz(ac, (f), ac,(9)).
(#4) Bey ® By (f5 9) = maz(Be, (f), Bes (9)) and
(112) o, @ vee(f, 9) = min(ye, (f), ve.(9));

(b) ¥f € ¥1 and (g, h) € &,
(1) (ap, ® ap,((f,9), (f, b)) = maz(ac, (f), ap, (g, h
(1) (Bp, ® By ((f, 9), (f, h)) = maz(Be, (f), Bp, (9, h));
(122) (YD, ® vD,((f, 9), (f+ b)) = min(ye, (f), h

(c)Vf € V3 and (g, h) € &1,
(1) (ap, ® ap,((9,f), (b, [)) = maz(ap, (g, h), acy(f));
(4) (Bp, ® Bp,((9,f), (h,f)) = maz(Bp, (g, h
(111) (vp, © YDy ((9, 1) (R, f)) = min(yp, (g, 1), ve,(f));

() ¥(f.g) & & and (h,e) € &3,
(7’) (aDl ® O‘Dz((fa h)7 (g’ 6)) = max(acl (f)v acy (g)v O‘Dz(hv 6));

(”) (5D1 @ /8D2((fv h), (97 e)) = max(ﬂcﬁ (f)7501 (g)7ﬂDz(hv e));
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(1”) (VDl @ ’YDz((fﬂ h): (97 6)) = min(’YC& (f)7 YCy (g)u 7D2<h7 6));

(e)Y(f,q) € & and (h,e) ¢ &,
(4) (ap, @ ap,((f, 1), (9, €)) = maz(ap, (f, 9), ac,(h), acy(€));
(#) (Bp, ® Bp,((f, h), (9, €)) = maz(Bp, ([, 9), Bes (h), Be
(#7) (vp, ® Y0, ((f, 1), (9, €)) = min(yp, (f, ), vz (h), Ve, (€))-

[¥)
—~
9>}
~—
~—

.

Remark 3.15. The strong product on PyCNGs is quite similar to the symmetric difference, if
the conditions (d) & (e) of symmetric difference definition 3.14 are combined. With the same

conditions (a), (b), (¢) of symmetric difference, the following condition is needed to define strong
product on PyCNGs:

(f)Y(f,g) € & and (h,e) € &,
(1) (ap, ® ap,((f, h), (g, €)) = maz(ap,(f, 9), ap,(h, €));
(i1) (Bp, @ Bp,((f, h), (g, €)) = maz(Bp,(f, 9), Bp (ks €));
(112) (vp, ® YD, ((f, h), (g, €)) = min(yp, (f, 9), 7D, (h, €)).

Theorem 3.16. Consider PyCNGs Gry and Gry of the graphs 4 and %, respectively. Then
symmetric difference Gr1 ® Gry of Gry and Gry is a PyCNG.

Proof.

Let us take Gr; = (C1, D1) and Gre = (Ca, D2) to be PyCNGs of the graphs 4 = (%1, 1)
and % = (¥4, &), respectively.
(i) Let a1 € 1 and (b1, by) € &. Then,

(ap, ® ap,)((a1, b1), (a1, b2)) = maz(ac,(a1), ap, (b1, b2))

= maz(maz(ac, (@), ac, (b1)), maz(ac, (a1), ac, (b))
(

(

= max(aC&( )7a02(b1)7a02(b2))
(

= maz((ac, © ac,)(a1, b1), (ac, ® ac,)(a1, b2)),

(Bp, ® Bp,)((a1, b1), (a1, b2)) = max(Be,(a1),Bp, (b1, b2))
= max(Bc, (a1), Bey(b1), Bey (b2))
= maz(maz(Bec, (a1), Be, (b1)), maz(Be, (a1), Be, (b2)))

= max((ﬁCl S ﬂC’g)(ah b1)7 (601 @/802)(@17 b2)>7
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(7D1 @ 7D2)((a17 bl): (ah b2)) =

min ")/Cl(al) ’YD2(bl, b2>

min(min(yc, (a1), v, (01)), min(ye, (a1), v¢, (b2)))

(

min(ye, (a1), e, (b1), 7, (b2))
(
(

)
min (701 @ '702)(017 bl)v ('701 D 702)(a17 bQ))

(ii) Let (a1, a2) € & and by € ¥5. Then,

(aDl ® O‘Dz)((ala bl)v (a’27 bl)) =

(Bp, @ Bp,)((a1,b1), (a2, b1)) =

(7D1 @ ’YDz)((a’h bl): (a27 bl)) =

mazx(ap, (a1, a2), o, (b1))

max(ac, (a1), ac, (a2), ac, (b1))

mazx(maz(ac, (a1), ac, (b1)), maz(ac, (a2), ac,(b1)))
(

max (aol D aCQ)(G’l? bl)v (a01 D aC2)(a27 b1)),

maz(Bp, (a1, a2), By (b1))
maz(Be, (a1), Bey (az), Bey (01))

maz(maz(Be, (a1), Be, (b1), maz(Be, (az), Be, (b1)))
maz((Bo, @ Bey)(ar, b1), (Boy @ Bey)(az, b)),

min(yp, (a1, a2),vc, (b1))

(
mzn(VCﬁ( )7 YCh <a2)7 702(1)1))
mzn(mm(’ycl (al)v YCo (bl))’ min(’ycl (a2)’ YCo (bl)))
(

min (701 @ '702)(017 bl)v ('701 D 702)(a27 bl))

(iii) Let (a1, a2) ¢ &1 and (b1, be) € &. Then,

(aDl @ aDz)((al’ bl)’ (a27 bQ))

(Bpy @ Bp,)((a1, 1), (a2, b2))

= maz(ac, (@), a0, (az),ap, (b1, b2))

( (

= max(acl( )7aC1(02) ( ) aCz(b2))
(aC'1 >7a02(b1) O‘C1(a2) aC’z(b2))
(

(a01 D aCz)(a17 bl)? (aC1 S2) aCQ)(a’27 b2))7

= maz(Bc, (a1), Be, (az2), Bp, (b1, b2))

= max(Be, (a1), Bey (a2), Be, (b1), Bo, (b2))

= maz(Bc, (@), Be,(b1), Bey (a2), Be,y (b))

= maz((Bo, ® Bey)(ar, br), (Boy ® Bey)(az, b)),
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(YD, @ vpy)((a1, b1), (a2, b2)) = min(ye, (a1), 70, (a2), YD, (b1, b2))

(
= min(yc, (a1),vc, (a2), Yo, (1), vc, (b2))
= min(ye, (a1),v0, (b1), v¢, (a2), v0, (b2))

= min((ve, © ey (a1, b1), (Yo, © vey)(az, b2)).

(iv) Let (a1, a2) € & and (b1, ba) ¢ &5. Then,

(aD1 S3) O‘Dz)((al’ bl)v (a2a b2)) = max aD1(a17 a2)a aC’z(bl)v aCQ(b2))

= max(ac, (@), ac, (a2), ac, (b1), ac,(b2))
= max(ac,(a1), ac,(b1), ac, (a2), ac,(b2))

(aC1 D aC2)(a17 bl)’ (a01 @ aCQ)(a2’ b2))7

(Bp, ® Bp,)((a1, b1), (a2, b2)) = max(Bp, (a1, a2), By (b1), Be, (b2))
= maz(Bc, (@), Be, (az), By (b1), Be,y (b2))
= maz(Be, (@), Bey(b1), Bey (az2), Be, (b2))
= maz((Bc, ® Bey)(ar, br), (Be, @ Be,)(az, b2)),

(’YDl ©® ’7D2)((a17 bl)’ (a27 b2)) = nin 'YDl(a’l’ aQ)?VCQ(bl)”ch(ZQ))

= min

(

= mzn(701(a1)> ’701(&2), 702(b1)a ’702([)2))
(ves (a1), 76, (b1), e (a2), 70, (b2))
(

= min((ve, D vey) (a1, b), (Yo, © ve,)(az, b2)).

Hence the proof.

Definition 3.17. (Degree of the symmetric difference on PyCNGSs)
Let us take Gry = (C1, Dy) and Gre = (Cy, D2) to be PyCNGs of the graphs % = (¥1,61) and
G = (Y4, ), respectively. At any vertex (a1, az) € Y1 X ¥a:

(da)Grl@Grz(alaLm) = Z ap, @GDQ((al,ag),(bth))
((a1,a2),(b1,b2))EEL x &

= Z max(ac, (a1), ap,(az, b2)) + Z mazx(ap, (a1, b1),ac,(b1))

ay=b1€v, (ay,b1)€87,
(ag,bg)E&ED ag=bg €V

+ Z max(ac, (a1), ac, (b1), ap,(az, b2))

(aq,b1)¢&1,
(ag,b3) €&

+ E , max(acﬁ(ala bl)aaCQ(GQ)aaC'z(b2))a
(aq,b1)€E7,
(ag,bg)¢ &2
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FIGURE 4. Gry & Gro, Symmetric difference Gry & Gro

(dg)Grimars (a1, a2) = Z

((a1,a2),(b1,b2))€EL X &

= Z max(ﬁcl(al)wgD2(a27 b2)) + Z ma’x(/BDl(al’ bl)v ﬁcz(bl))

a1=bj€Y,

ﬂDl & BDQ((ala a2)7 (blﬂ b2))
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(ag,b2)€E&E ag=ba €%y
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(d'Y)Grl@GTQ (0,1, 0’2) =

> D, © 7D, (01, 02), (b1, o))
((al,ag),(bl,bg))EC% ><é22

> min(ye, (@), v, (a2, b))+ Y min(yp, (ar, bi),ve, (1))

ap=by €Y7, (a1,b1)€E7
(ag,b2)€E ap=bo € ¥y
+ Z min(ye, (a1),vc, (b1), v, (a2, b2))
(a1,b1)¢&7,
(ag,b2)€&2
+ Y min(ye, (a1, b1), 50, (02), Y0 (b2)-
(a1,b1)€E7,
(ag,b2)¢ &

Definition 3.18. (Total degree of the symmetric difference on PyCNGs)
Consider PyCNGs Gri = (C1,D1) and Gro = (Ca,D2) of the graphs 4 = (¥1,61) and
Gy = (Y4, E), respectively. At any vertexr (a1, a2) € Y1 X Va:

(tda)Gm@Grz(ah 612) -

(tdg)aracr, (a1, 2) =

Z ap, @ ap,((a1, az), (b1, b2))

((a1,a2),(b1,b2))€61 X &2

Z max(ac, (a1), ap,(az, b)) + Z max(ap, (a1, b1),ac, (b))

ap=b1€v7, (ay,b1)€87,
(ag,b2)€&2 ag=b €%y
+ Z maz(ac, (a1), ac, (b1), ap, (a2, b2))
(a1,b1)¢&7,
(ag,b2)€&2

+ Z mam(acl(alvbl)aacb(a?)aacb(b?))+ma$(a01(a1)va02(a2))’

(a1,b1)€87,
(ag,bz)E &2

Z ﬁDl @ﬂDz((a17a2)v(b17b2))

((a1,a2),(b1,b2))€61 X 62

Z max(ﬂcﬁ(al)vﬁl}z(a%b?)) + Z max(6D1(a17b1)’/802(b1))

ap=bj€v7, (a1,b1)€87,
(ag,bg)E&E ag=bo €y

+ Z max(Bc, (a1), Be, (1), Bp, (a2, b2))

(ay1,b1)¢&1,
(ag,b2)€&

+ Z max(ﬁcﬁ(alvbl)?ﬁcb(a?)?ﬁcz(bQ)) +maw(ﬂcl(a1),602(ag)),

(ay,b1)€&,
(ag,ba)¢ &2
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(tdy)ariears (a1, a2) = Z YDy © YD, ((a1, a2), (b1, b2))
((al,ag),(b1,b2))€§1 X &

= Y min(ye (@), py(az b))+ Y min(yp, (a1, b1), 90, (b))

a1=b1 €71, (a1,b1)€ET,
(ag,b2)€& ag=bo €V
+ Z min(yc, (a1),vc, (b1), 7D, (a2, b2))
(a1,b1)¢&7,
(ag,b2)€&

+ Y min(ye; (@, b), 76, (a2), 90, (b)) + min(re, (a1),7e, (a2).

(ay,b1)€87,
(ag,b2)¢ &2

Example 3.19.

As per Figure 4, examine the symmetric difference on PyCNGs. Then the vertex degree
of (a1,b1) is dgri@Gry(a1,b1)= ((da)Gri@cr(a1,01), (dg)Graecr (a1,b1), (dy)Grecr (a1,b1))=
(2.1,1.5,0.9) and the wvertex total degree of (a1,b1) is  tdgraecr,(a1,b1)=
((tda)ariears (a1, b1), (tdg) Griocrs (a1, b1), (tdy)ariacr, (a1,01))= (2.7,2.0,1.2). Likewise, the

vertex degree and vertex total degree of the balance vertices are obtained by dgr,ecr,(a2,b1)=

(2.2,1.5,].6), thrl@Gm(a2abl): (2.9,2.0,2.3), dGr1®Grg(a1,b2): (2.3,1.5,0.9),
thTl@Gm(al,bg): (2.9,1.9,1.2), dgrl@gm(ag,bg): (2.3,1.5,1.3), thﬁ@Grg(a%bQ):
(5’.0,1.9,2.1), dGTl@Gm(CLl,bg): (2.2,1.5,0.9), thrl@Gr2<a17b3): (2.8,1.9,1.2),

dGn@Gm(az,bg): (2.3,1.5,1.2), thrl@Gm(ag,bgg): (3.0,1.9,1.8).

4. Application of Product on PyCNG in Brain Network Analysis

The human brain is a complex structure of the nervous system, which controls many
activities in our body. It comprises different brain regions which are interconnected by
neural pathways to perform and regulate various functions like thinking, decision-making,
breathing, etc. Graph theory is much useful to structure and demonstrate the brain regions and
their interconnecting networks. Here, we consider a Pythagorean co-neutrosophic graphical
environment to deal with brain network analysis, since the function of a particular region and
the connecting neural path can be studied deeply with three membership functions and their

individual weights.

(i) Let us consider the brain graphs Gr = (V, E) of two autism patients with brain’s functional
regions like the sensory cortex, motor cortex, frontal lobe, parietal lobe, and temporal
lobe, where vertex set V denotes the brain regions and edge set E denotes the effective
connectivity between different brain regions. Since we are going to deal with Pythagorean
co-neutrosophic graph, an explicit declaration about each membership of vertex and edge is
essential. The existence, uncertain, and non-existence memberships of vertices denotes brain

region’s function, inconsistency in functioning, and failure in function, respectively. For edges,
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the corresponding memberships may be considered as effective connectivity, inconsistency
due to causal influences, and failure in connectivity. In general, kernels are used to define
the similarity between a pair of elements. Here, we take the random walk graph kernel,
which analyzes the communication network between two different brain network graphs
and is used to measure the similarity in the number of random walks by comparing their
corresponding random walk probability distributions. If a pair of Pythagorean co-neutrosophic
graphs(PyCNGs) Gr; and Gry are given, then the kernel executes the random walks on both
graphs and compute the amount of matching walks, which will be equivalent to the performance
of the random walk on their direct product graph. By using definitions 2.7 and 2.8, we can
get the direct product of PyCNGs and the random walk graph kernel of graphs Gr; and Gro,
where the weight matrix and decay factor must be found for each membership. Finally, the
functional similarity and communications between these two autism patients will be analyzed

by considering the output-direct product graph.

(ii) The shortest path graph kernel is another type of graph kernel, which measures the
similarity between two PyCNGs by considering the shortest paths between their vertices.
This kernel is generally suitable for graphs, where the distance between vertices is considered
as road transport, social networks, molecular distance, etc. Here, the shortest path graph
kernel will be used to measure the similarity by considering the shortest path between the
neural elements. Also, the product of the wiener indices of two PyCNGs is equivalent to the

shortest path kernel on graphs.

5. Conclusion

This paper deals with various products on Pythagorean co-neutrosophic graphs(PyCNGs),
and some properties like degree, total degree are explained in the resultant PyCNG with
examples, which give more flexible results than Pythagorean fuzzy graphs. Also, an application

related to brain network analysis is given as an initiative to continue the progress in PyCNG.

Acknowledgments

The article has been written with the joint financial support of RUSA-Phase 2.0 grant
sanctioned vide letter No.F.24-51/2014-U, Policy (TN Multi-Gen), Dept. of Edn. Govt. of
India, Dt. 09.10.2018, UGC-SAP (DRS-I) vide letter No.F.510/8/DRS-1/2016(SAP-I) Dt.
23.08.2016 and DST (FST - level I) 657876570 vide letter No.SR/FIST/MS-1/2018/17 Dt.
20.12.2018.

G. Vetrivel, M. Mullai, G. Rajchakit, Product Operations on Pythagorean Co-Neutrosophic
Graphs and its Application



Neutrosophic Sets and Systems, Vol. 72, 2024 379 D

References

(1]

2]

[13]

[14]

[15]

[16]

[17]
18]

[19]
[20]

[21]

22]

23]

[24]

Ajay D, Chellamani P. Pythagorean neutrosophic fuzzy graphs. International Journal of Neutrosophic
Science. 2020; 11(2): 108-114.

Ajay D, Chellamani P, Rajchakit G, Boonsatit N, Hammachukiattikul P. Regularity of Pythagorean
neutrosophic graphs with an illustration in MCDM. AIMS Mathematics. 2022; 7(5): 9424-9442.

Ajay D, Karthiga S, Chellamani P. A Study on Labelling of Pythagorean Neutrosophic Fuzzy Graphs.
Journal of Computational Mathematica. 2021; 5(1): 105-116.

Ajay D, Chellamani P. Operations on Pythagorean neutrosophic graphs. AIP Conference Proceedings. 2022;
2516(1): 200028.

Akram M, Akmal R. Intuitionistic Fuzzy Graph Structures. Kragujevac Journal of Mathematics. 2017;
41(2): 219-237.

Akram M, Dar J.M, Naz S. Certain graphs under Pythagorean fuzzy environment. Complex & Intelligent
Systems. 2019; 5(2): 127-144.

Arindam Dey, Ranjan Kumar, Said Broumi, Pritam Bhowmik. Different Types of Operations on
Neutrosophic Graphs. International Journal of Neutrosophic Science. 2022; 19(2): 87-94.

Atanassov K.T. Intuitionistic fuzzy sets. Fuzzy Sets and Systems. 1986; 20(1): 87-96.

Bhattacharya P. Some remarks on fuzzy graphs. Pattern Recognition Letters. 1987; 6(5): 297-302.
Bhuttani K.R, Battou A. On M-strong fuzzy graphs. Information Sciences. 2003; 155(1-2): 103-109.
Broumi S, Smarandache F, Talea M, Bakali A. Single Valued Neutrosophic Graphs: Degree, Order and
Size. IEEE International Conference on Fuzzy Systems(FUZZ). 2016; 2444-2451.

Dhavaseelan R, Jafari S, Farahani M. R, Broumi S. On single-valued co-neutrosophic graphs. Neutrosophic
Sets and Systems. 2018; Vol. 22, 180-187.

Kang U, Hanghang Tong, Jimeng Sun. Fast Random Walk Graph Kernel. Proceedings of the 2012 SIAM
International Conference on Data Mining(SDM). 2012, 828-838.

Kartick Mohanta, Arindam Dey, Anita Pal. A note on different types of product of neutrosophic graphs.
Complex & Intelligent Systems, 2021; 2: 857-871.

Kaufmann A. Introduction to the Theory of Fuzzy Subsets. Academic Press: Cambridge, MA, USA. 1975;
2.

Meenakshi A, Mythreyi O. Applications of Neutrosophic Social Network Using Max Product Networks.
Journal of Intelligent & Fuzzy Systems. 2023; 45(1): 407-420.

Mordeson J.N, Peng C.S. Operations on fuzzy graphs. Inf Sci. 1994; 79(3): 159-170.

Nagoor Gani A, Basheer Ahamed M. Order and Size in Fuzzy Graphs. Bulletin of Pure and Applied
Sciences. 2003; 22E(1): 145-148.

Nagoor Gani A, Radha K. On regular fuzzy graphs. J. Phys. Sci. 2008; 12: 33-40.

Nagoor Gani A, Radha K. Conjunction of two fuzzy graphs. International Review of Fuzzy Mathematics.
2008; 3(1): 95-105.

Nagoor Gani A, Rajalaxmi D (a) Subahashini. Properties of fuzzy labeling graph. Applied Mathematical
Sciences. 2012; 6(70): 3461-3466.

Nagoor Gani A, Rajalaxmi D (a) Subahashini. Fuzzy Labeling Tree. International Journal of Pure and
Applied Mathematics. 2014; 90(2): 131-141.

Nagoor Gani A, Shajitha Begum S. Degree, Order and Size in Intuitionistic Fuzzy Graphs. International
Journal of Algorithms, Computing and Mathematics. 2010; 3(3): 11-16.

Naz S, Ashraf S, Akram M. A Novel Approach to Decision-Making with Pythagorean Fuzzy Information.
Mathematics. 2018; 6(6): 1-28.

G. Vetrivel, M. Mullai, G. Rajchakit, Product Operations on Pythagorean Co-Neutrosophic
Graphs and its Application



Neutrosophic Sets and Systems, Vol. 72, 2024 380 D

[25] Parvathi R, Karunambigai M.G. Intuitionistic Fuzzy Graphs. Computational Intelligence, Theory and
Applications, International Conference in Germany 2006; 139-150.

[26] Parvathi R, Karunambigai M.G, Atanassov K.T. Operations on intuitionistic Fuzzy Graphs. In Proceedings
of the 2009 IEEFE International Conference on Fuzzy Systems, Jeju Island, Korea. 2009; 51(5): 1396-1401.

[27] Radha K, Arumugam S. On maximal product of two fuzzy graphs. International Journal of Current
Research. 2015; 7(1): 11508-11515.

[28] Radha K, Arumugam S. On residue product of two fuzzy graphs. International Journal of Multidisciplinary
Research and Development. 2015; 2(11): 221-227.

[29] Rosenfeld A. Fuzzy graphs. In Fuzzy Sets and Their Applications to Cognitive and Decision Processes;
Elsevier: Amsterdam, The Netherlands. 1975; 77-95.

[30] Sankar Sahoo, Madhumamgal Pal. Different types of products on intuitionistic fuzzy graphs. Pacific Science
Review A: Natural Science and Engineering. 2015; 17(3): 87-96.

[31] Sasikala D, Divya B. A Newfangled Interpretation on Fermatean Neutrosophic Dombi Fuzzy Graphs.
Neutrosophic Systems With Applications. 2023; 7: 36-53.

[32] Shovan Dogra. Different types of product of fuzzy graphs. Progress in Nonlinear Dynamics and Chaos.
2015; 3(1): 41-56.

[33] Smarandache F. Neutrosophic set- a generalization of the intuitionistic fuzzy set, Granular Computing,
IEEE International Conference. 2006; 38-42.

[34] Smarandache F. A geometric interpretation of the neutrosophic set- A generalization of the intuitionistic
fuzzy set. Granular Computing, IEEE International Conference. 2011; 602-606.

[35] Wang H, Smarandache F, Zhang Y, Sunderraman R. Single valued Neutrosophic Sets. Multispace and
Multistructure. 2010; 410-413.

[36] Yager R.R. Pythagorean fuzzy subsets. In: Proceedings of the Joint IFSA World Congress and NAFIPS
Annual Meeting, Edmonton, Canada. 57-61.

[37] Yager R.R, Abbasov A.M. Pythagorean membership grades, complex numbers, and decision making. Int
J Intell Syst. 2013; 28(5): 436-452.

[38] Yager R.R. Pythagorean membership grades in multi-criteria decision making. IEEE Trans Fuzzy Syst.
2014; 22(4): 958-965.

[39] Zadeh L.A. Fuzzy sets. Inf Control. 1965; 8(3): 338-353.

[40] Zeng S, Muhammad Shoaib, Shahbaz Ali, Smarandache F, Hossein Rashmanlou, Farshid Mofidnakhaei.
Certain properties of single-valued neutrosophic graph with application in food and agriculture

organization. International Journal of Computational Intelligence Systems. 2021; 14(1): 1516-1540.

Received: April 03, 2024.  Accepted: August 30, 2024.

G. Vetrivel, M. Mullai, G. Rajchakit, Product Operations on Pythagorean Co-Neutrosophic
Graphs and its Application



	1. Introduction
	2. Preliminaries
	3. Products on Pythagorean Co-Neutrosophic Graphs
	4. Application of Product on PyCNG in Brain Network Analysis
	5. Conclusion
	Acknowledgments
	References

