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@l Anselm’s ontological argument

Definition (God)

God = “something than which nothing greater can be conceived”

Proslogion II

God can be coNCEIVED
That which can be conceived exists “in the intellect”
Existence “in reality” > existence in the intellect

.. God exists in reality

Proslogion III

A being whose existence is NECESSARY is CONCEIVABLE
Such a being > one whose existence is CONTINGENT

.. God NECESSARILY exists

Is a Necessarily Necessary God Possible?
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RN Attacks on Anselm’s argument @]

Kant & Gaunilo

Rebuttals
Kant: ‘Existence’ is not a real predicate.

Gaunilo: Greatest island also exists!

We can reject a sUBJECT together with its PREDICATES without

contradiction.
— Anselm’s definition of God may be UNSATISFIABLE!

eg. n := largest integer
only says that IF n exists, it is largest

Is a Necessarily Necessary God Possible?
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888 Refined ontological argument

Why Kant'’s objection does not matter

What remains?
Weighing Anselm vs. Kant, perhaps we only grant:
WERE God to exist, his existence would be NECESSARY

God possIBLY exists

But this actually LocicaLLy impLIES that God exists !!

Is a Necessarily Necessary God Possible?
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The setup

Formal language & interpretation

Definition (Formulas)

FormuLAs are built using the alphabet:

m P.QR,... propositional variables
AV, — connectives
m(,) parentheses
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M The setup
, Formal language & interpretation

Definition (Formulas)

FormuLAs are built using the alphabet:

m P.QR,... propositional variables
AV, — connectives
m(,) parentheses

where connectives have interpretations:

B PAQ Pand Q
mEPVQ P or Q (or both)
m P not P
mP—Q P implies Q

Example (Well-formed formula)
(P=((-QAR)V(-Q)

Is a Necessarily Necessary God Possible?

D



S Semantics
. Truth tables

Semantics are formalized in TRUTH TABLES.

Example (Truth table)
P ~Q | PAQ | ~(PAQ) | (=P)V(=Q)

Is a Necessarily Necessary God Possible?

D



S Semantics
. Truth tables

Semantics are formalized in TRUTH TABLES.

Example (Truth table)

P

P | -Q | PAQ| ~(PAQ) | (=P)V(-Q)

- m -

m = ™ HQ

> F

Is a Necessarily Necessary God Possible?

D



S Semantics
. Truth tables

Semantics are formalized in TRUTH TABLES.

Example (Truth table)

PlQl|-P|-Q|PrQ|~(PAQ) | (=P)V(-Q)
T[T F

T-—F>F

FIT

FIF

Is a Necessarily Necessary God Possible?

D



S Semantics
. Truth tables

Semantics are formalized in TRUTH TABLES.

Example (Truth table)

P

P | -Q | PAQ| ~(PAQ) | (=P)V(-Q)

- m -

F
F

A HQ

> T

Is a Necessarily Necessary God Possible?

D



S Semantics
. Truth tables

Semantics are formalized in TRUTH TABLES.

Example (Truth table)

P

P | -Q | PAQ| ~(PAQ) | (=P)V(-Q)

- m -

T =71 HRQ

F
F
T

>T

Is a Necessarily Necessary God Possible?

D



S Semantics
. Truth tables

Semantics are formalized in TRUTH TABLES.

Example (Truth table)
P ~Q | PAQ | ~(PAQ) | (=P)V(=Q)

— T 4 ™

F
F
T
T

Is a Necessarily Necessary God Possible?

D



S Semantics
. Truth tables

Semantics are formalized in TRUTH TABLES.

Example (Truth table)

PlQl|-P|-Q|PrQ|~(PAQ) | (=P)V(-Q)
T|THFF+F>T

TIF|| F | T

FIT| T |F

FIF| T | T

Is a Necessarily Necessary God Possible?

D



S Semantics
. Truth tables

Semantics are formalized in TRUTH TABLES.

Example (Truth table)

PlQl|-P|-Q|PrQ|~(PAQ) | (=P)V(-Q)
T[T F[F T

T| FH—F—1—F—1>F

FIT| T |F

FIF| T | T

Is a Necessarily Necessary God Possible?



S Semantics
. Truth tables

Semantics are formalized in TRUTH TABLES.

Example (Truth table)

PlQl|-P|-Q|PrQ|~(PAQ) | (=P)V(-Q)
T[T F[F T

TIF|| F | T F

F| Tq—F+—+F——>F

FIF| T | T

Is a Necessarily Necessary God Possible?



S Semantics
. Truth tables

Semantics are formalized in TRUTH TABLES.

Example (Truth table)

PlQl|-P|-Q|PrQ|~(PAQ) | (=P)V(-Q)
T[T F[F T
TIF|| F | T F
FIT| T |F F
F| Fi—F1—F—1—>F

Is a Necessarily Necessary God Possible?



S Semantics
. Truth tables

Semantics are formalized in TRUTH TABLES.

Example (Truth table)

PlQ|-P|-Q|PrQ|~(PAQ) | (=P)V(-Q)
T T F | F [ T F F
T|F| F|T F T T
FIT| 7| F F T T
FIF| T | T F T T

Is a Necessarily Necessary God Possible?

D



S Semantics
. Truth tables

Semantics are formalized in TRUTH TABLES.

Example (Truth table)

Plal| -P|-Q|PAQ|~(PAQ) | (-P)V(-Q)
T| T F F T F F
T|F F T F T T
FI| T T F F T T
F|F T T F T T

This table shows =(P A Q) = (=P) V (—Q).

Is a Necessarily Necessary God Possible?

D



Semantics
Truth tables

Semantics are formalized in TRUTH TABLES.

Example (Truth table)

Plal| -P|-Q|PAQ|~(PAQ) | (-P)V(-Q)
T| T F F T F F
T|F F T F T T

FI| T T F F T T
F|F T T F T T
This table shows =(P A Q) = (=P) V (—Q).

Theorem (—, — are all you need)
" PVQ = (-P) > Q
B PAQ = —(P—(-Q))
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N Syntax
; Axioms & deduction rules

Axiom schemas
P—(Q—P)
B(P—-(Q—R)—({(P—->Q —(P—R)
((=P) = (-Q)) = (Q—=P)

Deduction rule (Modus ponens)

P—Q
P

Q
Definition (Proof)

Sequence of statements, each of which is:

m an axiom / assumption,
m an established THEOREM (final line of a proof), or

m the result of applying modus ponens on prior lines.

DEGIRILIGIIS |s a Necessarily Necessary God Possible?
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Syntax
Example proof

Axiom schemas
P—(Q—P)

B(P—>(Q—R)—(P—>Q —(P—R)
(=P) = (mQ)) = (Q—P)

Example
F(P— P) “P— Pisatheorem/ a tautology / provable from no assumptions”

Proof.
P—((P—P)—P)
P—={(P—=>P)—=P)—=({(P—(P—P)—=(P—P) byBQ=P— P,R="P

by modus ponens [l & B

byl Q=P

byBdQ =P — P

(P—=(P—P)—(P—P)
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B(P—>(Q—R)—(P—>Q —(P—R)
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Example
F(P— P) “P— Pisatheorem/ a tautology / provable from no assumptions”

Proof.
P—((P—P)—P)
P—={(P—=>P)—=P)—=({(P—(P—P)—=(P—P) byBQ=P— P,R="P

byBlQ="P — P

(P— (P—P)) = (P—P) by modus ponens [l & B
AP (PP byldQ =P
P—P by modus ponens B &

|
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Ml Important meta-logic results
' Deduction theorem, completeness & soundness

Theorem (Deduction theorem)
PEQ ifandonlyif FP—Q
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M Important meta-logic results

Deduction theorem, completeness & soundness

Theorem (Deduction theorem)
PEQ ifandonlyif FP—Q

Completeness & soundness

m “Everything TrRUE, & nothing more, is PROVABLE”
m “PROVABILITY = TRUTH”

m X P ifandonlyif XEP

In particular, we assume we can prove any TAUTOLOGY.
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The setup

Formal language & interpretation

Definition (Formulas)
MobAL Locic adds symbols:

m[1,0 MODAL OPERATORS
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m [P necessarily P “P true in every possible world’

m OP possibly P “P true in some possible world”
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S The setup
: Formal language & interpretation

Definition (Formulas)
MobAL Locic adds symbols:

m[1,0 MODAL OPERATORS
with interpretations:
m [P necessarily P “P true in every possible world’

m OP possibly P “P true in some possible world”
The operators are related: ¢ = —=[0— and 0 = =0~

Example (Modal statements)

m J(1+1=2) true
m [(flamingos are pink) false
m O(Saul Kripke was president) true

Is a Necessarily Necessary God Possible?
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10/17 Syntax
...& the modal logic zoo

Deduction rule (rule of necessitation)
S

— “tautologies are necessary truths”

- OP

Axiom schemas

PP — Q) — (Orp—010Q)

We could stop here — mobaL Locic K

For ALETHIC MODALITY, we conventionally also take:

op—rp modal logic KT
up — oop modal logic S4
oP — O0OP modal logic S5

Is a Necessarily Necessary God Possible?
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: The mathematical details

Definition (Kripke frame)

A KRrIPKE FRAME is a triple (W, R, F), where:
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Applications of modal logic

One system, many applications

Logic ap w1 Rw; Restrictions on R Axioms
. . w; is a (meta)physically reflexive, transitive,
leth P . . . T E
atetie I necessary possible alternative to w; symmetric nne
. P is morally .
deontic . w; is morally preferable to wy total D]
obligatory
. . . w;, is an alternative to wq reflexive, transitive,
t Pisk . . . TI4|E
epistemic 15 known consistent with knowledge ~ symmetric nne
. . . w; is an alternative to wq total, transitive,
doxastic P is believed ; ) ; B E
oxastie 5 bENEVEd  onsistent with belief symmetric D od
temporal P holds for all w; is the world at a later dense, antisymmetric, (various)
P future time time than wy total, transitive, ...
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4. MODAL ONTOLOGICAL
ARGUMENT
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s The main result
o The modal ontological argument

Theorem (Modal ontological argument)

In S5, we have

0(G—0G), 06 + G.
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s The main result
o The modal ontological argument

Theorem (Modal ontological argument)

In S5, we have

0(G—0G), 06 + G.

Let G :="God exists” in the above.

—  “If a NECESSARILY NECESSARY being is POSSIBLE, they ExisT”!
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A few lemmas

Lemma (Propositional logic results)

P—Q F (=Q) — (=P)
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i A few lemmas @

Lemma (Propositional logic results)

P—Q F (=Q) — (=P) “contraposition”
PVQ Q—R F PVR “constructive dilemma”
PV Q, —Q P “disjunction elimination”
= PV =P “law of excluded middle”
Proof.
Invoke completeness of prop logic. |

Lemma (Contingency is necessary)
F -0Q — U-UQ
Proof.
0(=Q) — 00(-Q) byB P =-Q
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i A few lemmas

Lemma (Propositional logic results)

P—Q F(=Q) — (=P)

PVQ Q—=R F PVR

BPVQ-Q FP

F PV-P
Proof.

Invoke completeness of prop logic.

Lemma (Contingency is necessary)
F -0Q — U-UQ
Proof.
O(—Q) = 0O(—Q)
but 0—Q = -Q, as O = -[—.

Is a Necessarily Necessary God Possible?

contraposition

“constructive dilemma”

“disjunction elimination”

“law of excluded middle”
|

byBE P =-Q

|
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N

H
3
4
5
6
7
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m We can no longer doubt sounpNEss of the argument!

® We may REJECT A PREMISS:
0(G — 0G) Need God necessarily be necessary?
OG Is a perfect being logically / physically possible?
m We may REJECT AN AXIOM, HHEAH, of S5:

m C. . Lewis’ alethic modal logics (T, S2, S4) all lack
m Kane (1984) argues for rejecting
m But Bitat (2021) gives an ontological argument using only

m We may entertain possible worlds where LAws oF Locic fail

—  “Non-NorMAL modal logics”, lacking law of necessitation
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Parodies of the argument

m Kane (1984) gives a ‘Gaunilogue’ argument that other
LESS-THAN-PERFECT NECESSARY BEINGS exist too

m A STRONG REBUTTAL is noting that (exercise: prove it)
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Concluding remarks

Parodies of the argument

Parodies of the argument

m Kane (1984) gives a ‘Gaunilogue’ argument that other
LESS-THAN-PERFECT NECESSARY BEINGS exist too

m A STRONG REBUTTAL is noting that (exercise: prove it)
0(G - 0aG), -G + =G

m Yet there are replies to these parodies; see Stacey (2023)

In short, the jury is out, & the literature vast.
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