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The Convergence Theorems for Mixing Random
Variable Sequences
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Abstract—In this paper, some limit properties for mixing random
variables sequences were studied and some results on weak law of
large number for mixing random variables sequences were presented.
Some complete convergence theorems were also obtained. The results
extended and improved the corresponding theorems in i.i.d random
variables sequences.
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I. INTRODUCTION
UPPOSE that (Q,F,P) is a probability space and
{X ,,n > 1} be a sequence of random variable defined on

(Q,F).
Definition 1. A finite family of random variables
{X,,1<i < n}is said to be negatively associated (NA) if

for any disjoint subsets A and B of {1,2--- ,n} and any real

coordinatewise nondecreasing functions f on R A and 9 on
R B cov(f(X;,ie A),g(X,;, jeB))<0

whenever the covariance exists. An infinite family of random
variables{X;,1 < i < o} is said to be NA if every finite

subfamily is NA.
Definition 2. A finite family of random variables

{X,,1<i<n} is said to be o~ -mixing if for any finite
subsets S,Tc N ,
p (s)=sup{p (S, T);dist(S,T)>s}—> 0,5 > ©
. Here

cov(f(X;,ieS),g(Y;,jeT))

T =0V Sl X e ) (Varg (Y, e T

f,g € p},

§be a class of functions, which are coordinatewise increasing.

It is easy to see that{ X ,,1 < i < n} is NA if and only if
p(s)=0,fors>1. So P -mixing is weaker than P
-mixing and can be regarded as the asymptotically negative
association or negative side p’ -mixing. Zhang [1] gives an
example of a o -mixing sequence which is neither NA nor

P’ -mixing. Since introducing the concept, [2] pointed out and
proved in their paper that a number of well-known multivariate
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distributions possess the NA property. Now people know that
NA random variables have wide application in reliability
theory and multivariate analysis.

Recently, [3] showed that NA structure plays an important

role in risk management. Because of including NA and o’

-mixing random variables, the notions of ©  -mixing random
variables have received more and more attention in recent years.

A great number of papers for © -mixing random variables
have appeared in the literature. See, for example, [4] for
moment inequalities and application, [5], [6] for Central limit
theorems, [7] for Inequalities of maximum of partial sums and
weak convergence, [8], Strong consistency of M-estimator in
nonlinear models etc. When these are compared with the
corresponding results for sequences of independence random
variables, there still remains much to be desired.

We assume in the whole paper that |a be the indicator
function of the set A .C denotes a positive constant which
may be different in various places.

The main object of the paper is to study the limit properties

on partial sums of ©  -mixing random variables sequences
and try to obtain some new results. We establish the weak law
of large numbers and complete convergence theorems. Our
results in this paper extend and improve the corresponding
results of [9] and [10]. The results depend on the following
lemmas.

Lemma 1. (see [1]) Let{X ,,n > 1} be a sequence of ©

_mixing random variables, EX; =0 | E X [' < o

some G = 2 and for every i > 1 .Then there exists a positive
constant ¢ depending only on g , such that

E(max

I<i<n

) SCENX [ + (R EX™)

X,
j=1

Lemma 2 Let{X, ,n > 1} be a sequence of o -mixing

random variables. Then for any x > 0 ,there exists a positive
constant ¢ such that forany n > 1

(21— P(max

1<k<n

X,|> x))zi P(X,|>x) <CP(max|X,|>x)
k=1

1<k<n

Proof: Let A, = (|X v | > X) and
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a,=1-P(U A)=1- P(ErS]k:;15>§|Xk|> X)

Without loss of generality, assume , > 0 . By the
Cauchy-Schwarz inequality and lem1, we have
ZP(Ak)zzP(AklgAj)zzE(lAkln )
k=1 k=1 1=t k=1 VLA
=EQQ (I, —El, NI, ) + P(Ak)P(jglAj)
k=1 e k=1 -
<%, S pA)+-a,)3 P(A
<(C—"%a, > P(A)N" +(1-a,)) P(A)
aq k=1 k=1
1 l1-« . .
<tcl®) oy PN+ a-a)Y P(A)
2 an k=1 k=1

Thus, we have

anzzn P(A)SC(l-«a,)

i.e.

(1- P(@&)ﬁ(|xk|> x))zg1 P(X,|> X)SCP(E&)§|Xk|> X)

Lemma 3. (see [10]) Let {X ,,n = 1} be a random variable

sequences, X is a random variable such that
P( X, |Z t) < CP(|X > t) forany t > O,n>1
Then forany 8 > 0/t > 0 , we have

X[ 10 < CE X[

(XP1)

E|Xn|ﬂl(‘xn‘gt)$C(E|X|ﬁl +t7P (|X]> 1))

(xJ<0)

1. WEAK CONVERGENCE AND PROOF
Theorem 1. Let{X ,,n > 1} be a sequence of o -mixing

random variables, { X .} < X , satisfying

lim nl:’(|X|>np):0forp>1/2 @

Then

/In" —250 )

S, /InP?— z Exil(\xi\snv)
i=1

Remark 1. Let{X ,n > 1} be a sequence of £ -mixing
identically distributed random variables (i.d.r.v.), then

S,/nP—n*PEX,I

n

)—P—>0 3

(IXyfsn®
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Remark 2. When P =1 and {X,,n 21} jid, then
Theorem 1 is the weak law of large numbers due to Feller. So

theorem 1 extends Feller's weak law of large numberstoa 0
-mixing setting.

Proof: Let Yi= Xily ooy for 1<j<n and

n
S, =2, Y. Then, foreach n > 2 {Yi,i>1} are p~

i=1
-mixing r.v.s. and for every & > 0

S S’ n
g)= P(nr,l ¢n_r;3): P(iL:Jl(Xi #Y,)

n_ “n

n® n’

P(S S >

sép(|xi|> n*)<CnP(|X|>nf)—> 0

due to (1). So that (1) entails i — S_n_"> 0 - Thus to prove

n® nP
(2), it suffices to verify that

nP oY EX, p_e (4)
S, /n ;EX'I(\X,\SHD)/n P50,n—>
By the Toeplity Lemma and (1), we have
D kPPTKP(IX ] > k")
k=1

n
12p-2
>
j=1

— 0,n >

n
With this and Z j?P2 =0(n** Y for P>1/2 we have
=1

n'z‘”lzn: k?P'P(X|>k") > 0,n >0

k=1

which, in conjunction with Lemma 1 and Lemma 3 for every
>0,

S, —ES,

P(

>enf) <Cn?PE(S, —ES,)? =CnE(Q (Y, —EY)))?
j=1

<SCn?PEY (Y, -EY;)?<Cn?P) EX /I
i=1 =1

i (\x,\gnp)
SCn Y (B X[ 1, + 0 PP X |> 0 )
=1

<cn 2ty EX [

k=1

< cn*“*l[zn k2PP(|X > kP)+1]1+CnP(|X|>n®) > 0
k=1

+CnP(|X|>n")

((k=1)P<|X |<k?)
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Thus

' p_ ' P_g’ p_ n _ p P
S, /n°—ES,/n°=S In ;EX'I(\X,\SN’)/“ —F50

i.e. (4) holds.

I1l. ComMPLETE CONVERGENCE

Definition 3. A function 1(X) >0 (X>0) is said to be a
o liml(cx)/1(x) =1

slowly varying function if for any C >

Lemma 4. (see [11]) Let 1(X) be a slowly varying function,
then

(). lim sup 1(x)/1(2) =1

2K <x<2Ht

(ii). For anyr >0,7 > 0 and any natural number K, there

exist constants C1s € > Osuch that

k . .
¢, 21(2n) <) 2"1(2'n) <, 2°1(2"n)

j=1

(iii).For any r<0Q,7> O and any natural number K there
exist constants d;,d, > Osuch that

d, 212 ) < D27 1(2' ) <d,2°1(2" )

=k

Theorem 2. Let {X . N =1} pe a sequence of £~ -mixing
i.drvs. and [(X) be a slowly varying function. Then for

O<p<2,ap=1and EX, =0, the following statements
are equivalent

E(X"10X,[) <=0 ®

> n‘””zl(n)P(Enax|Sj|> en?) <o, Ve >0
~ <j<n

(6)

Remark 3. When 1(X) =1 and {X,,n >1} jid, then
Theorem 2 becomes the Baum and Katz complete convergence
theorem. So theorem 4 extends and improves the Baum and

Katz complete convergence theorem for i.i.d.rv.s to a 0~
-mixing i.d.r.v.s.

Proof: (5)= (6)Let Yi = Xil x 1<) . We have

n-“ max

1<j<n

i
ZEYi‘—>On—>°0 )
i=1

So, V& > 0 ,asn large enough, we have
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a a

en

<

> EY,

=i=n |19 i-1

x[3 EYi‘< “21

Thus
{max|S;[ > &en“}

1<j<n

u{max |, [z en”, Vi:l<i<n,[X;[<n}

1<j<n
= {max|§; [>en®,Ji:1<i<n,| X; [>n“}

1<j<n

n i
gg{l X [>n“}u {gg%;% > &n“}
n i
LI X, b 3o fmax Y (Y, - EY) 2 en” / 2}
i=1 T =l

Without loss of generality, to prove (6), it suffices to prove
that

S AP (X Y < o K

j

> AP (max |3 (Y, ~EY,)[ 2 en) < oo ©
=1 <I=n i3

By Lemma 4 and (5), it is easy to see that
2 AMP X > 0P < Do n*PHn)P( X, > n%)
n=1 i=1 n=1

=> > n®™Hn)P( X, |>n%)
j=1 2i<n<2i*t

<CY 21P 020 (2)p( X, > 2*)

=1

=CY 2MP1(2!))° P2 < X, | 274y

j=L k=j
<SCY 2%PI(2 P27 < X, [< 270)
k=1

<CEQX I D <0 o) otas.

By the Lemma 1, Lemma 4, Markov inequality and (5), we
obtain that
® i
n**?I(n)P (max|> (Y. - EY,
20" 1P (max |3 (Y, ~EY)

i=1

>en”)

<CY P2 (n)> E(Y, —EY;)?
=1 i=1
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<CY n“P 2 (n)EX ]I

- (x:|zn)

_CZ D n“p’1’2“|(n)Ex12|(‘x jen)
j=1 21 <n<2d "

<CJZ;‘2‘”“’ A1(2NHEX 2 (<2

_ CZ_; 2ai(p- 2)|(21)Z EX1 |(2a<k I)<‘X1‘32ak)

=CY > 24 DI2NEX

1 j=k

< CE(|X, " 1(X,]
(6)= (5)

Obviously, (6) implies that

Ms 1

L@t Jx, [<2)

=
Il

Va

)) <

10
Zn‘”’zl(n)P(max|X |>en) <o (10)
n=1
Notingap—2+1> 0, we have
max | X | > £27™) < L prex|x [ > en®
L<2’“ | & ) Cgl: ngm n (nﬁ)rf J| é )
Sl 1= éene
anzl P(ETJ%XJ_gn )

gci “p- 2I(n)P(max|X |>gn ) <
n=1

Thus
max_ P(max|X | > £2*“n") < P(max |X;| 2 £2™¥) -0
2AMDpeo™  i<j<n 1<j<2m

Therefore, for N sufficiently large, we have

P (max

1< j<n

» 1
XJ|2 2&n )<E
By lemma 2, we have

Zn:P(|Xk|2522“n“)

k=1

< 4CP(max|X

1< j<n

2aa ha
J.|252 n“)

In conjunction with (10), we get

S ()P (X, 2 £2%907) <0, Ve > 0
n=1

Thus by Lemma 4, we finally have
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© >3 NP (X, > £2%n7)
n=1

w
j=1 20<n<2i®t

cz 2191 (21)P (X |2 e292U0 ] g,277)

n“*(n)P(|X,|> 2% n%)

[\

C

M T

Z“”’I(ZJ)Z P(£,2°" <|X | < g,2°)

I
N

k

D21 P27 P (g,2%

i=1

C

M

<X, < g,2700)

=
I
-

CY 2PI(2X)P (g,2°" < |X,|< g,270D)

k=

v
iR

Ua

CE(X,["1(%,[)
It completes the proof of Theorem 2.
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