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Abstract: In this article, we apply some basic concepts of electric
thrusters, using Monte Carlo simulations. One such concept is the
thrust, which we calculate for the simulated case of a simple
thruster, consisting of two stages. The goal is to study the thrust in
a magnetic bottle as a function of the collimation of an assembly
of particles. In the first stage, a voltage applied between a pair of
electrodes accelerates the particles. We perform simulations of the
behavior of the assembly of charged particles. A normal
distribution is used for the initial velocities of the assembly, with a
given standard deviation. The resulting velocity distribution and
its dependence on the applied voltage are analyzed. Further, the
set of particles, whose pitch angles follow a normal distribution
with a given standard deviation, enters a magnetic bottle where it
is collimated to reduce its dispersion upon the exit of the thruster.
In this second stage, we study the conditions for which the
collimation produced, by the magnetic bottle, leads to the least
thrust reduction. For the simulations, we assume electrons;
However, the concepts apply to any charged particle species. The
simulations show that the standard deviation of the pitch angle
distribution has an important influence on the confinement of
charged particles and on the thrust that can be generated when
collimating the particle beam in a magnetic bottle.

Keywords: Collimation, Magnetic Mirror, Montecarlo, Plasma,
Thrusters.

I. INTRODUCTION

The acceleration of charged particles and their behavior

are of interest in several areas of science. For example,
particles are naturally accelerated in Earth's atmosphere and
many celestial objects. In these processes, plasma and
magnetic fields are important in generating collimated beams.
In solar flare events, high-velocity rays accelerate and part of
the initial population precipitates to lower altitudes in the
solar atmosphere. Furthermore, part of these sets heads
upward and sometimes, reaches the Earth, where the charged
particles are also irradiated and part of them precipitates at
low altitudes in the Earth's atmosphere.
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These phenomena are interesting in their own right because
the charged particles that precipitate can damage and cause
breakdowns in satellites and power grids. Additionally,
accelerated plasma beams are widely used in today's
technology and industry, such as plasma cutting and welding
machines. On the other hand, the performance of cyclotrons
and other particle accelerators depends on the relationship
between the mass of the particles and magnetic fields. In
addition, plasma beams are used in space technology, such as
thrusters.

Plasma is widely used as fuel for electric thrusters because
charged particles can be accelerated to high speeds, with
electromagnetic fields that are relatively accessible with
current technology. Electric thrusters are a system capable of
accelerating a fuel by converting electrical potential energy
into kinetic energy, generally electrostatic, electrothermal,
electromagnetic, or a combination. They typically use inert
gases as fuel, for example, krypton or argon, although xenon
is more common. The main reason for using xenon is that it
can generate more thrust because it has more mass.

One of the aspects to consider when using thrusters, in the
case of nanosatellites, is that the resulting particle beam can
impact the solar panels and the antenna. In addition to
possible damage to other satellite systems, a real problem
with electric thrusters is that particles hit their internal and
external walls causing erosion and restricting their useful life.

In this article, we present some basic concepts related to
electric thrusters. Two stages are considered, one for
acceleration and another for collimation. We analyze a form
of collimation using a magnetic gradient to direct the flow of
particles in a way that avoids the interaction between the
plasma beam and the internal walls. Collimation is a way to
prevent damage from the impact of the flow on external
satellite components such as solar panels and antennas.
Therefore, one of the objectives of this study is to know the
conditions under which the set of particles can be directed.
Additionally, we estimate the percentage of thrust loss
resulting from array collimation. This is done to analyze the
feasibility of using magnetic mirrors as a collimation method
in an electric thruster.

For this we use Monte Carlo simulations and a simplified
model for the pitch angle, in which we neglect any interaction
between particles, density gradients, and/or temperature
changes, in addition, the angles are taken from a Gaussian
distribution with deviation standard o, this to facilitate the
calculations shown.
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II. CHARGED PARTICLE IN A MAGNETIC
MIRROR

One way to collimate an assembly of charged particles is
by using a magnetic field (B) with a gradient along the field
lines. In that case, we can suppose that the magnetic gradient
varies as VB||B and denote the minimum value as B, and the
maximum value as B,,,. This maximum value occurs when the
density of the magnetic field lines is closer and forms a
“neck”. This magnetic field structure is commonly known as
a magnetic bottle, due to the shape of the field lines. If an
applied electric field, collisions of any kind, or, density
gradients are not considered, a charged particle leaving the
region of B, and heading toward an area where the magnetic
field is maximum, B,,, will describe a helical trajectory
characterized by the gyroradius or Larmor radius r; which
depends of magnetic field intensity B and the particle’s
velocity, perpendicular to the magnetic field. A detailed
description of this situation can be obtained at [1], [2] and [3]
[9].

mvy
= q_B
where m and g are the mass and charge of the particle,
respectively, and vy is the particle’s velocity perpendicular to
the axis of the magnetic bottle, i.e., vy = v sin 8, where 6 is
the angle between velocity and the axis of the bottle, called
pitch angle. From (1) it can be seen that the Larmor radius
will decrease as the particle heads towards a region where the
intensity of the magnetic field increases. Fig. 1 shows the
values of the Larmor radius for different gases commonly
used as fuel in electric thrusters. We have supposed the same
velocity for each gas.

The Larmor radius is an important parameter in the
collimation process because it is directly related to the area
covered by the particle beam. Furthermore, it allows us to
know the axial component of the magnetic force that these
particles will experience along their trajectory, which, in
cylindrical coordinates, is expressed as

(1)

r dB,

mvg 9B,
F,=qve 5o

~ 2B, 0z

where the term mvj /2 represents the kinetic energy of the
particle, and the term mv} /2B, is the kinetic energy divided
by the magnetic field intensity, in other words, kinetic energy
at the bottle axis. On the other hand, the potential energy U is

(2)

where uis the magnetic moment. This implies that the
potential energy will be lower when the magnetic moment
aligns with the magnetic field. The dipole moment is defined
as

1mv§
"2 B,

where vy = vand, 6 is the angle formed between the
velocity vector and the axis of the bottle, known as the pitch
angle. Since momentum is conserved, (4) is valid for any
point in the particle's trajectory.

If we divide (4) by the kinetic energy, which is also
conserved, we conclude that the ratio sin 8 /B, must also be
a constant, therefore, it holds that

(4)

U
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sin? 0, sin?#6,
B, B,
0, is the pitch angle at minimum magnetic field intensity,
while 6,, is the pitch angle at the location of maximum
magnetic field intensity. The critical condition for the particle
to reflect at the position of B,, is

6 > 90°

(5)

(6)

If the angle in that position satisfies

6 < 90° (7)

The particle will pass through the neck of the magnetic
bottle. The angle of 90° determines whether the particle
reflects or passes through the bottleneck. Therefore, in (5), we
can substitute the angle value 8 = 90 for the position of B,,
and consider that, in this case, the corresponding angle at B,
later called 6., is the critical angle that makes for the particle
to reflect. Then, the following equality results

sin?90°  sin? 6,
B, B,

where 6, refers to the critical angle (in the region of the
minimum magnetic field); for smaller values a particle will
pass through the bottleneck. It is important to say that for 6,
and larger pitch angles, a particle will be reflected before
reaching the region of the maximum magnetic field.
Substituting the value of 90° (the condition to be reflected),
the critical angle condition requires that the pitch angle in the
minimum magnetic field (6,) be expressed based on a
relationship between the minimum and maximum magnetic
field.

(8)
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Fig. 1. Larmor radius as a function of mass. The mass of some
particles, such as Xenon or Argon, is one of the main reasons
for using them as fuel in Hall thrusters since their r; is much
larger than the typical size of the propellant.

20 _ gin? (9)
B, sin® 6,

This expression was obtained when we replaced B with B,
and 0 for 90 degrees. Remember that if a particle has an initial
angle 6, (in the area of minimum B) it will have a larger angle

as it passes through regions with larger magnetic fields.
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We remember that if the particle has an initial pitch angle
less than 8., the particle will pass through the neck of the
magnetic bottle. Otherwise, the particle will be reflected by
the magnetic neck. That is the reason why that area is called
a magnetic mirror.

A consequence of this magnetic field structure is the
decrease in the area initially covered by the electron beam as
it moves towards regions of higher intensity. The relationship
between these areas can be calculated from the definition of
the magnetic dipole moment and its relationship with the
magnetic field expressed in (4). The magnetic dipole moment
of current I flowing through area 4 is

u=IA (19
In this case, I is the current generated due to the helical
trajectory of the charged particle around the magnetic field
lines and A is the area determined by the Larmor radius. Then,
the area after collimation is obtained by equating (4) with
(10).
1mv?
~ 2 IB
Using (11) we can express the magnetic field at a given
position as a function of the area covered by the field lines.
From this expression, we can calculate the quotient of the
areas for the maximum and minimum values of B, which
turns out to be

(11)

BO Am
B, 4y
where A, and A,, correspond to the areas in the regions
with the lowest and highest magnetic field intensity,
respectively. It can be seen that the area ratio is inversely
proportional to the magnetic field ratio. The area A,,
corresponds to the neck of the magnetic bottle. If initially the
particles cover a large area A, in the region of By, they can
be concentrated in a small region as A,,, as B, is large
concerning to By. Thus, in a magnetic bottle, the ratio By /B,y
determines the degree of collimation achieved for an
assembly of charged particles.

(12)

III. ACCELERATION OF PARTICLES IN A
UNIFORM ELECTRIC FIELD

We consider the simplest case for an assembly of electrons,
a motion with constant acceleration. The movement of the
particles is due to a uniform and stationary electric field,
parallel to the axis of the bottle. Effects produced by
collisions, forces generated by the magnetic field, or pressure
gradient are not considered. Finally, we believe that the
electrons follow a Maxwellian distribution function.

To create the distribution of initial velocities, from now on,
initial distribution, we use a function that generates random
numbers with a Gaussian distribution, centered on a given
value x,. and with a standard deviation g,.

The initial velocity distribution has a central velocity equal
to the thermal velocity v, and a standard deviation o,, (which
we select according to the initial velocity dispersion we wish
to analyze). From the quotient between the standard deviation
of the distribution we want to generate and the standard
deviation of the random distribution generated by the
program, the value of a constant is calculated, defined as
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K, = ? The value of K, is used to transform the values
X

randomly generated by the program, to velocity values of our
distribution, as follows: first, we add the thermal velocity v;p,,
which we select as the mean value, to the random numbers
and multiply the values resulting by the value K,,. The thermal
rate, for a given temperature T (in Kelvin), was calculated
using the following equation
2kT

m

(13)

Vth =

where m is the mass of the particle and k is Boltzmann's
constant. Then, we take an electron from the initial
distribution and apply a voltage V,p,; to it to accelerate it,
therefore, the electric force that the electron will experience
is given by

F, = eVapldacel (9

Where e is the electron charge, d,.; is the distance
between the electrodes, that is the same over which each
electron of the initial distribution is accelerated, and using a
constant electric field, we calculate the acceleration
experienced by each electron from the initial velocity
distribution.

For the initial distribution, we use a sample of 5000
electrons with a temperature T =10000 °C and an
interelectrode distance d,.; = 10 cm. Furthermore, we take
different values for the applied voltage, to study the behavior
of the final distribution of velocities obtained for various
voltages. In Fig. 2, we show histograms of the initial and final
distributions, for 100, 300, 600, and 800 volts, respectively.
In these cases, it can be observed that the distribution of
electrons accelerated by the applied voltage V,p,; is more
asymmetric as the voltage value increases.

We also calculated the final velocities distribution of
electrons for the mean temperatures of 10 °C, 100 °C, 1000
°C, and 10000 °C (Fig. 3). In each case, the applied voltage
was 100 volts and the d,,; distance was 10 cm. We can see
that the higher the temperature, the maximum of the
histogram appears at higher speeds.

In the distributions plotted in Fig. 2 and Fig. 3, the direction
of the initial velocity of the electrons is considered parallel to
the direction of the applied electric field E. In the plots of Fig.
4, we assume that the velocity vector of the electrons makes
an angle 6 # 0 degrees concerning the direction of the
constant electric field, from now on called the pitch angle

We generate another set of random data to sample the
electron pitch angle distribution, calculating the standard
deviation of the random values generated by the program and
the ratio of the desired standard deviation of the pitch angles
to the standard deviation of the random values. We will refer
to this relationship as Ky. Finally, we multiply the initial
random distribution by the constant K.

To calculate the velocities of the electrons parallel to the
electric field, we multiply the final velocity distribution by
the cosine of the pitch angle distribution, before entering the
magnetic field.
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In Fig. 4, we plot three different cases for the standard
deviation of the pitch angle, o; = 30,0, = 60, and o3 =
90 degrees. The initial conditions of the simulations were T
= 10000 °C, an applied voltage V,,, = 100 volts, and an
acceleration distance d,.,; = 10 cm. As shown in Fig. 4, as
the electrons accelerate in the electric field, the slope on the
high-velocity side approaches a power law.
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Fig. 2. Initial (red) and final (black) velocity distributions of
the electrons for the same temperature and different voltages
(100 V, 300 V, 600 V, 800 V). The lower axis corresponds to
the initial velocity distribution and the upper axis to the final
velocity distribution, multiplied by a factor of 10”7 cm/s.
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Fig. 3. Initial (red) and final (black) velocity distributions for
the same voltage and different temperatures (10000 °C, 1000
°C, 100 °C, 10 °C). The lower axis corresponds to the initial
velocity distribution and the upper axis to the final velocity
distribution, multiplied by a factor of 107 cm/s.
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Fig. 4. Initial (soft line) and final (thick line) velocity
distributions of the electrons when the velocity vector was not
parallel to the electric field. The value of gy represents the
standard deviation considered for the pitch angle distribution.
The lower axis corresponds to the initial velocity distribution
and the upper axis to the final velocity distribution, multiplied
by a factor of 107cm/s.
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IV. PARTICLE CONFINEMENT IN A MAGNETIC
BOTTLE

Once the electron beam leaves the acceleration zone, it is
introduced into a magnetic field to collimate it. As described
in section II, the loss or reflection of a particle in a magnetic
bottle depends only on its pitch angle in the region of the
weakest magnetic field. Suppose we assume that the value of
the angle at the end of the acceleration zone, due to the
electric field, coincides with the angle that the particle has at
the location of minimum magnetic field intensity B, we can
know if it will pass through the neck of the magnetic bottle or
if it will be reflected. Recall that, if the value of the pitch angle
at the position of By, called 8,, for a charged particle, is
greater than the sin"*(B,/By,)Y?, then the particle is
reflected. To study the confinement of electrons, we analyze
the influence that the standard deviation of the pitch angle
distribution (gy) has on the reflection inside the magnetic
mirror. A more detailed idea of the influence of oy on the
electron confinement can be obtained in [3] [5] [6] [7] [8].
This article only presents the case when gy = 30. Two
superimposed distributions, the total number of particles in
the initial distribution (soft line) and the number of reflected
particles (thick line), are shown in Fig. 5, for four different
cases of the magnetic field relationship in (9). In each case,
the magnitude of the minimum magnetic field B, is the same.
However, the magnitude of the maximum magnetic field, B,,,
differed. We analyzed four B, values: 25 nT, 50 nT, 75 nT,
and 100 nT. It can be seen that, for small values of the
magnetic field ratio (By/B,, < 0,1), the number of reflected
particles is = 53%.

It should be noted that complete confinement of electrons
is impossible, even for minimal magnetic field ratios as seen
in Fig. 6, where the field ratio is 0.001.
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Fig. 5. Initial (dashed line) and final (continuous line) pitch
angle distributions of electrons moving inside a magnetic
bottle. Each plot considers different values for the maximum
magnetic field B, (25 nT, 50 nT, 75 nT, and 100 nT). 6,
represents the critical angle in equation (8). Also, the percent
of reflected particles is given inside the panel for each case.
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Fig. 6. Particle reflection for different magnetic field ratios. It
can be seen that the percentage of reflected particles cannot
reach 100%, i.e., there is no total confinement of the electron
beam. The lower axis corresponds to the standard deviation
of the initial pitch angle distribution.

V. THRUST

In the case of a plasma thruster, the material ejected to
generate thrust corresponds to electrically charged particles
that are accelerated by applying an electric field between a
pair of electrodes. [4].

. 15
T = E(mvex) = MUgy (19

where T is the thrust, m is the mass of the fuel in the
spacecraft, m is the mass flux, and v,, is the exit velocity of
the fuel in the spacecraft reference frame. The theory can be
tested with any charged particle or ionic species. However,
for the case study presented here, we will continue the
analysis with the flow of electrons, but the equations remain
valid for any species. We define

m= MQ
where Q represents the flow rate, measured in (particless),
and M is the atomic mass of the species [4]. In practice, it is

simpler to calculate thrust using the particle beam current, I,
I, Mgy (17)

(16)

T = mv,, = MQv,, =

We calculate the thrust for two cases using the same
number of electrons as in section III, to know its variation in
each process stage: 1. After being accelerated and 2. After
leaving the magnetic bottle. The initial conditions were T =
10000 °C, Vg = 100 Volts, dgeep = 10 cm y By = 10 nT. In
the first case, we were interested in knowing the thrust the
electrons could generate, before being accelerated, to see the
amount of momentum gained after applying a voltage.

To calculate the electron current, we take the average
velocity of the initial distribution and multiply it by the
elemental charge, the number of particles, and the area of the
thruster. Next, we use (17) to calculate the thrust. We perform
this procedure for different values of the thruster area. The
thrust generated by the electrons before being accelerated is
shown in Fig. 7.

For the second case, we can use the fact that the motion of
the particle inside the magnetic bottle is governed by the
adiabatic invariance of the magnetic moment and the

conservation of energy to write the following expression
d(l 2_|_1 2) d(l 2, B)
—|zmvi +-mvi ) =—(zmv
VIS Rty I TAVE I
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where v, and v, are the velocity components of the
electrons, parallel and perpendicular to the axis of the
magnetic bottle, respectively.

In the weak field region, By, we calculate the magnetic
moment, using equation (18) substituting the velocity
perpendicular to the magnetic bottle, and the kinetic energy
of the particles using the velocity parallel to the magnetic
bottle (before and after being accelerated by the electric
field).

Since the magnetic moment is invariant, we calculate the
velocity perpendicular to the region where the field is
strongest. Then, using energy conservation, we calculate the
velocity parallel to the field at the exit of the thruster.

To know the current produced by the number of electrons
leaving the magnetic bottle, we calculated the number of
reflected electrons, because the sum of the particles reflected
and particles leaving the magnetic bottle is the total number
of electrons simulated. Using (9) and the distribution of the
initial pitch angles, we can know the percentage of particles
trapped in the bottle. Then, we estimate the current produced
by the number of escaped electrons, and using (17) we obtain
the thrust generated by these particles.

We calculate the thrust for eight values of the maximum
magnetic field, B,y = 12nT, B,,, = 14 nT, B3 = 16 nT,
By =18 0T, B,,;5 =25 nT, By =50 0T, By, =75 0T y By
= 100 nT. We separate the eight cases into two scenarios
plotted in Fig. 8 and Fig. 9, respectively. In scenario 1, in
which we calculated the thrust for the first four values of the
maximum magnetic field (B,,; — Bms), we found that the
thrust reduction was approximately 25% of its maximum
value (i.e., the thrust generated by the electrons just after
being accelerated by the electric field). In the second scenario
(where we consider the magnetic field values B,,5 — Bj),
the reduction was approximately 60%. In both scenarios, the
greater the standard deviation of the firing angle, for a given
value of the magnetic field ratio, the greater the number of
confined electrons.

15
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©
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5 - EF -3- 3 -EF 43 - EF 43— £3 -5~ 43 - E- -3 £ -5

2

o 20 40 60 80 100
StdDeV of the Pitch Angle Distribution
Fig. 7. Values corresponding to Case 1. The thrust generated
by the electron beam after being accelerated is for the first
case studied in section III, where the velocity vector and the
electric field are parallel. The parameter A corresponds to the
area the electrons cover after being collimated.
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Fig. 8. Values corresponding to Case 2. Thrust generated by
the electron beam after being accelerated, for the first four
magnetic field relations. This case corresponds to the second
case studied in section III. The parameter A corresponds to
the area the electrons cover after being collimated.
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Fig. 9. Values corresponding to Case 2. Thrust generated by
the electron beam after being accelerated, for the second four
magnetic field relations. This case corresponds to the second
case studied in section III. The parameter A corresponds to
the area the electrons cover after being collimated.

Finally, Table 1 shows the thrust values for the different
magnetic field ratios, Fig. 8 and Fig. 9, and the standard
deviation analyzed in section IV (g5 = 30).

Table 1. Thrust as a Function of the Ratio of Magnetic
fields to oy = 30.

Ratio B,/B,, Critical Trapped Thrust (N)

Angle Particles (%) (o9 = 30)
1.00 90 0 3.74e-14
0.83 56.1 2.5 2.94e-14
0.71 45.2 4.8 2.46e-14
0.62 383 7.1 2.09e-14
0.55 334 9.7 1.81e-14
0.40 23.6 16.7 1.21e-14
0.20 11.5 36.4 4.64e-15
0.13 7.5 46.3 2.59%-15
0.10 5.7 52.5 1.69¢-15

V1. DISCUSSION

As shown in Fig. 6, the curves of the number of reflected
particles show two different behaviors, in two ranges of
values of the standard deviation distribution of the initial
pitch angle gg. In the 0 to 20 degrees range, the percentage of
reflected particles increases rapidly with g,. Conversely, in
the 20 to 90 degree range, the percentage of reflected particles
increases slowly with gg. Furthermore, in the same figure it
can be seen that the value of g, seems to have more influence
than the ratio By/B,, for values of gy > 10 degrees, for
example, for a ratio of magnetic fields equal to 0.001, the
following percentages are obtained of reflected particles with
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the standard deviations ag = 30,60 and 90: 93%, 97,8% y
98,56%, respectively. This fact shows that, for ratios
By/B,, <0.005, the electron pitch angle does not have much
relevance in the percentage of trapped particles, as long as
0g > 20. This fact can also be observed in figures 8 and 9,
where the thrust is strongly reduced for standard deviations
og > 20. Suppose the purpose of the bottle is to retain a large
number of electrons, the option to avoid large magnetic fields
is to increase the standard deviation of the pitch angle
distribution; this allows increasing the percentage of particles
whose angle is greater than the critical angle.

VII. CONCLUSION

The percentage of reflected particles, for By /B,,, < 0,01, is
large for pitch angle distributions with standard deviations
0p > 10 degrees. That is, the standard deviation does not have
much relevance to prevent particles from reflecting. On the
other hand, for By/B,, > 0,1 the standard deviation plays an
important role in preventing the particles from reflecting.

The simulations allow us to see how critical the initial
angle is in causing the reflection of large numbers of particles.

We find that up to a ratio By/B,, < 0,66, not much thrust
is lost for standard deviations o < 30 of the pitch angle
distribution.
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