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The inverse problem of nonsymmetric matrices with
a submatrix constraint and its approximation

Yongxin Yuan, Hao Liu

Abstract—In this paper, we first give the representation of the
general solution of the following least-squares problem (LSP): Given
matrices X € R"*?, B € R?*? and Ap € R™*", find a matrix
A € R™" such that || XTAX — B|| = min, s. t. A([1,7]) = Ao,
where A([1,r]) is the r x r leading principal submatrix of the matrix
A. We then consider a best approximation problem: given an n x n
matrix A with A([1,7]) = Ao, find A € Sg such that |[A — Al =
minaesg [|A — Al|, where Sg is the solution set of LSP. We show
that the best approximation solution A is unique and derive an explicit
formula for it.

Keywords—Inverse problem, Least-squares solution, model updat-
ing, Singular value decomposition(SVD), Optimal approximation.

I. INTRODUCTION

HROUGHOUT this paper, we denote the real m X n
matrix space by R™*", the set of all orthogonal matrices
in R™*™ by OR™*", the transpose and the Moore-Penrose
generalized inverse of a real matrix A by AT and AT,
respectively. I,, represents the identity matrix of order n. For
A = [a;;], B = [b;;] € R™*™, A« B represents the Hadamard
product of the matrices A and B, i.e., A« B = [a;;b;;] €
R™ ™ For A,B € R™*", an inner product in R™*" is
defined by (A, B) = trace(BT A), then R™*" is a Hilbert
space. The matrix norm || - || induced by the inner product is
the Frobenius norm.
Using the finite element technique, the dynamic analysis of
a structure is modelled by the generalized eigenvalue problem
(31
K,z =AMz, @)

where K,, M, € R™ "™ represent the analytical stiffness
and mass matrices, respectively. High accuracy and large
size structural applications require highly correlated finite
element models to predict the system’s dynamic behavior. Very
often natural frequencies and mode shapes (eigenvalues and
eigenvectors) of a finite element model described by (1) do
not match very well with experimentally measured frequencies
and mode shapes obtained from a real-life vibrating structure.
Thus, a vibration engineer needs to update the theoretical finite
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element model of the structure such that the updated model
predicts the observed dynamic behavior. The improved model
may then be considered to be a better dynamic representation
of the structure than the initial analytical model. This model
can be used with greater confidence for the analysis of the
structure under different boundary conditions or with physical
structural changes.

Let X € R™*P be the measured modal matrix, A € RP*?
the measured natural frequencies, where p < n, and A is
diagonal. If the measured modal data X and A are correct, then
the most common approach in finite element model updating is
first to update the analytical mass or stiffness matrix to satisfy
the basic orthogonality conditions

XTMX =1, XTKX=A,

where M, K € R™" are to be updated mass and stiffness
matrices, respectively. Some methods have been developed to
improve the quality of the analytical finite element models
using measured modal data [5, 6, 9, 11, 15, 16, 20]. However,
the updated mass and stiffness matrices are adjusted globally.
A spatial representation of the structural-element property
changes that resulted from the model errors is generally
preferred for engineering applications. Model errors may be
localized by using sensitivity analysis [17], least-squares ap-
proach [13] and assigned partial eigenstructure [8]. Based on
the localization of model errors, it is practice to adjust partial
elements of the analytical mass and stiffness matrices M,
and K, using measured modal data. On the other hand, it
is well known that mode shapes of a given structure that
are determined experimentally by vibration tests are usually
nonorthogonal due to equipment calibration, excessive noise,
misinterpretation of data, etc. Thus, the problem of updating
the mass or stiffness matrix which is known as an inverse prob-
lem in structural dynamics can be mathematically formulated
as follows.

Problem I. Given matrices X € R"*?, B € RP*P and
Ap € R™*", find a matrix A € R™*" such that

IXTAX — B| = min, A([1,7]) = Ao,

where A([1,7]) is the 7 x r leading principal submatrix of the
matrix A.

Problem II. Let Sg be the solution set of Problem I. Given
a matrix A € R"*™ with A([1,7]) = Ao, find A € Sg such
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that R A ~
|A— A = min |4 4. @)

There are many publications [7, 10, 18] concerning inverse
problems for matrices. The inverse problems for symmetric,
bisymmetric and centrosymmetric matrices with a submatrix
constraint have been considered in [19], [14] and [2], respec-
tively. In the present paper, we will discuss Problem I and
IL

The paper is organized as follows. In Section 2, we give
an expression of the general solution of Problem I using
the generalized inverses and the singular value decomposi-
tions (SVDs) of matrices. As a by-product of our results on
Problem I, we obtain a necessary and sufficient condition on
X, B, Ag for existence of A € R™ "™ such that XTAX =
B, A([1,r]) = Ay, and a general form for all such A. In
Section 3, we show that there exists a unique solution to
Problem II and present the expression of the solution A of
Problem II. Finally, in Section 4, a numerical algorithm to
acquire the best approximation solution under the Frobenius
norm sense is described and a numerical example is provided.
Clearly, the results obtained are shown to include those given
in [12] as particular cases.

II. THE SOLUTION OF PROBLEM I

To begin with, we introduce a lemma [4].

Lemma I: If E € R™*, F € R?! then the general
solution of |[ZF — F|| =minis Z = FE* + L(I,, — EE™"),
where L € R?*™ is an arbitrary matrix.

Let the partition of the matrix X be

X = [ ? } , X, eR™P) Xy e RVTTXPL (3
2

Write

G H

where F ¢ R G ¢ RO™ X" and H €
R(=m)x(n=7) are yet to be determined. From (3) and (4),
we have

| XTAX — B|| =

IXTHX, + XTGX, + XTFXy — (B — X{ Ao Xy)|.

A—[AO F} @)

)
Let the singular value decomposition of the matrix X5 be
_p| 2 0 ,r

where P — [Pl,Pg] c OR(7L_7‘)X("_T'),V _ [Q1,Q2] c
ORP*P Q = diag(ws, -+ ,ws), wi >0 (i =1,--+,5),58 =
rank(X5), P, € R("7)%s Q; € RP**, and let

Hyy Hyo s
ng H14 n—r—=s
S N—r—s

PTHP = [
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Then the relation of (5) is equivalent to

|XTAX - BJ?
= |QHLQ + QPTCX,Q
+ QP GX1Q2 — QT (B — X AgX1)Q2|?
+ |QF XT FPIQ — QF (B — X{ AgX1) Q1|
+ Q3 (B — X{ Ao X1)Q2|*.

It follows from (7) that || XTAX — B|| = min if and only if

Hy = Q_I:LQlT(B - Xle;lo-X;l)Qlf ) ®)
OPIGX,Q1 — QT XTFP Q)0
QP GX1Q2 — QT (B — X{ Ao X1)Qo|| = min  (9)
and
1Q3 X\ FPIQ — Q5 (B — X{' AgX1)Q:1 ]| = min.  (10)

Assume that the singular value decomposition of the matrix
X1Q2 is

_ X 0| or
X1Q2—U{0 O}V’ (1D
where U = [U,Us] € OR™", V. = [, Vs] €

ORW=*X(P=9) " 53 — diag(ay,---,04), 07 > 0 (i =
1,---,t), t = rank(X,Q2), Uy € R™*! ¥} € RP=)xt,
Solving the minimization problems (9) and (10) by means of
Lemma 1, we obtain

G = Go+ P,Ly + L) UT, (12)
F =Fy+UsLy + JoP], (13)

where
Go = PIQ7'QT (B — X{ AgX1)Qa2(X1Q2) 7, (14)

Fo = (Q3XT)TQ3 (B — X{ AgX1)Q:1 2 ' P,

and J; € RO Ix0-Y [, ¢ RO-r—s)xr [, ¢
R=0x(n=r) " J, ¢ R"*("=7=5) are arbitrary matrices.
Substituting (12) and (13) into (8) yields

Hyy = Hyo— PP UL X00:0Q7 — Q7' QT X{ Uz Lo Py,
(15)
where
Hy1p=Q7'QT (B — XT 40 X1)Q:1 Q71

PTGy X, — QT xT Rep,. 1O

By now, we have proved the following result.

Theorem 1: Suppose that X € R"P B € RP*P and
Ap € R™™7". Let the partition of the matrix X be (3), and
the SVDs of the matrices X, and X;(@Q)> be given by (6) and
(11), respectively. Then the solution set Sg of Problem I can

be expressed as
A
_ nxn _ 0
SE—{AER A—{G H}}’
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where
H—P[ Hyy Hypp :|PT’

Hyz Hiyy

G, F,Gy, Fy, H11 are given by (12), (13), (14) and (15),
respectively, and L, Lo, J1, Jo, Hi2, H13, H14 are arbitrary
matrices.

From (7) and Theorem 1, we can easily obtain the following
result [12].

Corollary 2: Under the same assumptions as in Theorem 1.
Then the matrix equation

XTAX = B, A([1,r]) = Ao a7

have a solution A € R™*" if and only if
Q3 (B—X{4X1)Q> = 0, (18)
QT(B—X{AX1)Q:V2 = 0, (19)
Vi Q3 (B —X{ AX1)Q1 = 0, (20)

in which case, the general solution of the equation (17) is
Ao Fo+UsLy + J2P2T

Hyy  Hia
Go+ P.Ly + ,UF P pT |
0 2L 1U3 [ng H14}

A=

where Gy, Fy, Hy; are given by (14) and (15), respectively,
and Ly, Lo, J1, Jo, Hi2, H13, Hy4 are arbitrary matrices.

III. THE SOLUTION OF PROBLEM II

It is easy to verify that Sg is a closed convex subset of
R™ ™, From the best approximation theorem (see [1]), we
know there exists a unique solution A in Sg such that (2)
holds.

We now focus our attention on seeking the unique solution
A in Sg. For the given matrix A € R"*" with A([1,r]) = A,

write 5
A—| A T r
G H n—r 21D
r n—r
and - -
~ H H
PTHP: ~11 ~12 :|’ 22
{Hw Hyy 22)

where ﬁu € R5%%, [:[14 c R(n—r—s)x(n—r—s)
For any matrix A € Sg, by using (12), (13), (15), (21) and
(22), we have

| A— Al?

|PE/LUS X117+ Q1 QT XT ULy Py

— (Huo— Hi)|? R

|UaLy + JoP) — (F — Fp)l?

| P2Lq +~J1U2T — (G - Gq)||2 ~
|Hi2 — Hio||* + ||Hiz — His||? + |[Hia — Hial*

++ +
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Notice that

|UsLs + JoPF — (F — Fy)|)?
_’ 1=

5 ]-o-n

UsLy + [0, Jo]

(24)
= |U2LoPy — (F — Fo) P2
+ ||UsLoPo+ Jo — (F — FO)P2H2.
Likewise,
[PyLy + 1UT — (G = Go)||?
= [IPFAUS = PI(G = Go)l? (25)

+ ||L1 + PF UL - PE(G - Go)|*.

It follows from (23), (24) and (25) that Hfl — Al = min if

and only if
Hyy = Hyg, Hiz = Hy3, Hiy = Hyy, (26)

Jo = (F — Fy)Py — Uy Lo Py, Ly = PY(G—Gy)— P UL,

27
and
f(J1, Le) = |Us Lo Py = C|* + || PL J1US — DIJ?
T T 12 : (28)
+||PftJ1S + ST Ly Py — E||* = min,
where
C = (F—Fy)P, D= Pl (G-G), 29)

E = Hyo— Hir, S=UFX10:97%
From (28) we have

f(J1, Ly) = trace(PL LY LyPy) — 2trace( P LIUL C)
+trace(CTC) + trace(JT P, PLJ,)
—2trace(Us JT Py D) + trace(D™ D)
+trace(STJL PLPL J1S) + trace( Pl LY SST Ly Py)
+trace(ET E) + 2trace(STJT P,ST Ly Py)
—2trace( P LT SE) — 2trace(ST JL P, E).

Consequently,
oltlstal —op Py + 2P PLLSST
+2P, STLyP ST — 2P EST — 2P, DUs,

O uLe) — 9L, P PT + 28 P J; SPT
+28ST Ly P PT — 20 CPF — 2SEPY.

Setting %};L” =0 and W = 0, we obtain
PIJ + PTJSST + STL,P ST = EST 4+ DUy,  (30)
LyPy 4+ SPT S+ SSTLyP =UFC + SE. (31)
Let the singular value decomposition of the matrix S be
_ r o T
S_T[O O}W’ (32)
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where T' = [Tl,TQ] S OR(T_t)X(T_t), W = [WhWﬂ S
ORSX87 r :diag(%»"'ﬁf)> Yi > 0 (Z = 1a"'7f)5 f:
rank(S), 71 € RU=9%/ W, € R**/. Put

Jn J f

T pT _ 11 12

WPIJIT_[JB J14} s—f , (33

for—t—f

Ly L f

TTL,PW = | /% 22}

2 [ng Ly | r—t—f (34)

fos—f

After some algebraic manipulations, the equation of (30) is
equivalent to

Ji+ Jul? +TLy I = WI(DU, + EST)Ty, (35)
Jis + JisI'? = WI(DU, + EST)Ty, (36)

Jiz = WI(DU, + EST)Ty, (37)

Jiu = WE(DU, + EST)T;, (38)

Loy + 1%Ly +TJ I = TIHUIC + SEYW,, (39)
Lys +T12%Lyy = TIHULIC + SEYW,, (40)

Lys = TEHUIC+SE)Wy, (41)

Lyy = THULC+ SEYW,. (42)

Let Ji1 = [jur] € R/, Loy = [ly] € RO W (DU, +
ESTT, = [dy) € RF* and T (U C 4+ SEYW, = [cix] €
R7*/. From (35) and (39) we have

iak:]-v"'afa
iak: 1)"'af'

ik + Jikve + Yilie e d;g,
Lik + VP lik + YiJik Tk = Ciks

Solving these linear equations with respect to i, jix (i, k =
1,-+-, f), we obtain

1
li = T 5 5 \G 1+2_’Ldl ,fOI'.7k:1,"', )
k 1+%‘2+%§( k(1+75) —vidik k) i /
) 43)
227 ]-+IL2d’L_ZC’L '7f0ri7k:17"'7 ’
Jik 1+%2+%3(( Vi )ik —ViCikVk) f
(44)
Let & = [W] € R/*f, then (43) and (44) may be

expressed as

Loy = &[T (UFC+ SEYW,(I; +T?)

—TW] (DU, + EST)TT, “5)
Jii= Ox [(T(If + )W (DU, + EST)Ty 46)
~TTH (U C + SE)WiT).
From (36) and (40), we have
Jiz = W (DUy + EST)Ty (15 +T%)71, (47)
Loy = (I; + TH 7T (UTC + SE)Ws. (48)
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Thus, from (33) and (34) we have

Prn=w | e o, 49)
_ Loy Lo T
LoP _T{ oo }W , (50)

where Ji1, J12, J13 and Ji4 are given by (46), (37), (47) and
(38), respectively, and Lo, Loa, Log and Loy are given by
(45), (48), (41) and (42), respectively.
Inserting Jo, Ly in (27) into (12) and (13), we obtain

F = FyP Pl + FPPL + ULy P PY,

G =P PGy + P,PIG+ P PL UL

Summing up above discussion, we have proved the follow-

ing result. ~
_Theorem 3: For the given matrix A € R™" with
A([L,7r]) = Ay, then the matrix best approximation problem
(2) has a unique solution A € Sg. Furthermore, let the

partition of A be (21) and PTHP be (22). Then the unique
solution of Problem II can be expressed as

i [ A F

F=F,P Pl + FP,P] + U, Lo P, P,
G =P,PI'Gy+ P,PFG + PP UYL,
A Hy Hip ] T
H=p| 21t 2121 pT
[ Hyz Hyy

PlTJl, LoP; and Hyy, are given by (49), (50) and (15),
respectively.

(51

where

IV. A NUMERICAL EXAMPLE

According to the previous discussion, we now give a
numerical algorithm for solving Problem I and Problem II as
follows.

Algorithm 1.

1) Input matrices X, B, Ag, and A;

2) Form the matrix X7, X according to (3);

3) Compute the SVD (6) of the matrix X5 and then compute
the SVD (11) of X1Q)>;

4) Compute Gy, Fj and Hy1¢ by (14) and (16), respectively;

5) Partition matrix A as in (21) to get ﬁ', C~¥7 Ef;

6) Compute H,;, j = 1,2,3,4 by (22);

7) Compute the matrices Cﬂ D, F and S by (29);

8) Compute the SVD (32) of the matrix S;

9) Compute Ji1, Ji2, J13 and Ji4 are given by (46), (37),
(47) and (38), respectively;
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10) Compute Loy, Los, Lo and Loy are given by (45), (48), 0.0498  0.4734 0.4967  0.2684
(41) and (42), respectively; 0.3744 0.7667 0.8069 0.2387
11) Compute PlTJl, Lo Py by (49) and (50), and then com- 0.3182 0.0434 0.4384 0.4913
pute Hi; by (15); 0.3728 0.2461 0.3087 —0.0093

12) Compute the unique solution A of Problem II according 0.0684 0.5068 0.4982  0.3091 |~
to (51). 0.5068 0.8209 0.5974  0.3681

. . 0.4982 0.5974 0.4406  0.4404
Example 1. (An example for updating the mass matrix of 0.3091 0.3681 0.4404 0.0622

a vibrating system described in (1)). e
Let Ay, X, B and A be given by Although we do not need to verify the consistency condi-
tions (18)-(20), we note that the conditions (18)-(20) do hold

0.3333 0.1667 0 0 .
for this example. Furthermore, we can figure out
A _ | 01667 0.6667 0.1667 0 xamp e
0= 0  0.1667 0.6667 0.1667 |’ |IXTAX — B| = 7.2881¢ — 010, ||A — A| = 0.4216.
0 0 0.1667 0.6667
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