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Outline of the talk.

•  Introduction; the Gordon–Volkov solutions and generalizations.; g

•  New exact closed form solutions of the Dirac and Klein–Gordon 
equations in a plane wave propagating in a medium. 

•  Some (unusual) properties of the new solutions, and the boundary-
value problem at the vacuum-plasma transition regions.



„The impossibility of net photon absorption (and 
emission) by a free electron”. Energy and momentum 
conservations cannot be satisfied simultaneously.
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Non-perturbative solutions; Gordon–Volkov  states. I. 
„Compton effect treated on the basis of 
Schrödinger’s theory”
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Gordon W  Der Comptoneffekt nach der Schrödingerschen Theorie  Zeitschrift für Physik 40  Gordon W, Der Comptoneffekt nach der Schrödingerschen Theorie. Zeitschrift für Physik 40, 
117-133 (1927). [ Application to strong-field: ~1960..]



Non-perturbative solutions; Gordon–Volkov  states. II.
„On a class of solutions of the Dirac equation”
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Wolkow D M  Über eine Klasse von Lösungen der Diracschen Gleichung  Zeitschrift für Physik 

c

Wolkow D M, Über eine Klasse von Lösungen der Diracschen Gleichung. Zeitschrift für Physik 
94, 250-260 (1935). [Application to strong-field: ~1960..]



High-intensity Compton scattering (HHG) beyond the 
semiclassical description (1981). The generalization of the Klein–
Nishina formula. The effect of depletion of the laser field; e.g.Nishina formula. The effect of depletion of the laser field; e.g. 
decrease of high-harmonic cross-section.
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Multiphoton absorption and stimulated emission of a 
charged particle during scattering of an 
inhomogeneous laser field. [Illustration based on 
an approximate wave function.]
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J. Bergou,  S. Varró,  Gy. Farkas  and  M.V. Fedorov: Absorption  and  induced emission of quanta in an external 
inhomogeneous electromagnetic field by a free  electron.. Zh. Eksp. Teor. Fiz. 85, 57-69 (1983) [ 1.378 ]. English translation: Sov. 
Phys. JETP 58(1), July 1983. pp. 33-39. The figures are illustrations for the Bessel distribution for two arguments.



Gordon–Volkov states: Modulated de Broglie plane 
waves. 
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In vacuum:
02 k

First-order ordinary differential equation for p.

Immediately integrable, yielding the Gordon-Volkov solutions.

  di S d d di diff ti lIn a medium: 0)1()/( 22
0

2  mnck  Second-order ordinary differential 
equation for p. E.g. Mathieu eq.



Laser field in a homogeneous underdense plasma: 
Lánczos-Proca vector boson. „Massive photon”
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Lánczos C, Die tensoranalytischen Beziehungen der Diracschen Gleichung. Zeitschrift für Physik 57, 447 (1929). 
Proca A, Sur la théorie ondulatoire desélectrons positifs et négatifs. J. Phys. Radium 7, 347 (1936).
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Gordon-Volkov states (1927, 1935): Exact solutions of the Klein–Gordon 
and Dirac equations of an electron in an arbitrary intense ‘laser field’ 
propagating in vacuum. After ~ 80 years; the only new exact, closed form 
solutions for the same problem in a medium [ S. V. (2013, 2014) ]. 
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Gordon W, Zeitschrift für Physik 40, 117-133 (1927). Volkov D M, ibid. 94, 250-260 (1935). [ „Volkov solutions”: Non-
perturbative application to strong-field processes: from ~1960... E.g. Keldish (1964); ionization HHG, etc. ]



New exact, closed form solutions of the Dirac and 
Klein–Gordon equations in a linearly polarized plane 
e.m. wave propagating in a medium (nm < 1). III.
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Ince’s transformation (SV, 2013).
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S. V., Laser Physics Letters 10 095301 (2013). S. V.  ibid. 11 (2014). S. V,. Nucl. Instr.  Meth. in Physics Res. A  740 (2014) 280-283.



New exact, closed form solutions of the [Dirac and] 
Klein–Gordon equations in a linearly polarized plane 
e.m. wave propagating in a medium (nm < 1). IV.
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[S. V., New exact solutions of the Dirac equation of a charged particle interacting with an electromagnetic 
plane wave in a medium. Laser Physics Letters 10 095301 (2013).]; A  new class of exact solutions of the 
Klein-Gordon equation of a charged particle interacting with an electromagnetic wave in a medium. In 
press Laser Physics Letters 11 (2014) Varró S New exact solutions of the Klein-Gordon and Dirac
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press Laser Physics Letters 11 (2014). Varró S, New exact solutions of the Klein Gordon and Dirac 
equations of a charged particle propagating in a strong laser field in an underdense plasma. Nuclear 
Instruments and Methods in Physics Research A  740 (2014) 280-283.



Examples for the harmonic spectra.
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The strength of the harmonic coefficients of the polynomial for two eigenvalues labelled by 
the upper index k=0 and k=9. Here px = 20 x hp, i.e. n=20, hp=1eV. The intensity for a Ti:Sa 
laser field (h=1.56eV) I0= 100 MW/cm2, i.e. a=14.

S. V., Laser Physics Letters 10 095301 (2013). S. V.  ibid. 11 (2014). S. V,. Nucl. Instr.  Meth. in Physics Res. A  740 (2014) 280-283.



K G  I  l i lK-G case. Ince polynomials.

Klein-Gordon. k = 15. Klein-Gordon. k = 20.

Wave functions with negative eigenvalues (imaginary longitudinal 
momentum)

S. V., Laser Physics Letters 10 095301 (2013). S. V.  ibid. 11 (2014). S. V,. Nucl. Instr.  Meth. in Physics Res. A  740 (2014) 280-283.



Formation of a high-contrast, longitudinal periodic density  
structure (‘quantum bubble’?). A mechanism in laser-induced 
proton wake-field accelerator? Half-integer harmonics.
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Plasmon-induced quantum modulation of the 
proton (electron) density on the plasma length 
scale [ ‘quantum bubble’ ].  Regular structure may 
be suitable for electron acceleration.
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S. V., Laser Physics Letters 10 095301 (2013). S. V.  ibid. 11 (2014). S. V,. Nucl. Instr.  Meth. in Physics Res. A  740 (2014) 280-283.



(Longitudinal) plasmon absorption along the (transverse) 
polarization (electric field) direction induces a high –
contrast charge modulation along the propagation 
direction [Ince polynomials with an exponential envelope]direction. [Ince polynomials with an exponential envelope]
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S. V., Laser Physics Letters 10 095301 (2013). S. V.  ibid. 11 (2014). S. V,. Nucl. Instr.  Meth. in Physics Res. A  740 (2014) 280-283.



Interaction with an oscillating pure electric field [through 
Lorentz transformation, along the propagation direction]. 
Quasi – energy between –mc2 and + mc2; ‘Gap states’.
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Connection with the Gordon–Volkov states. Adiabatic 
transition at the vacuum–plasma interface (in the presence of 
a laser field); px = nhkp is fixed, n → infinity,  p → 0.
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The usual way to obtain the harmonic components is to use 
the Jacobi–Anger formula (generating function of the Bessel 
functions) Instead we can also expand the exponential n n )(functions). Instead, we can also expand the exponential 
expression as: 
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This expansion of the usual Gordon–Volkov states is a superposition of the asymptotic solutions of 
the Ince equation. [ ‘Barut – Girardello distribution’ × Binomial (Poisson) distribution. ]



Summary.

• Basics on the classic Gordon – Volkov solutions.

• Unusual properties of the new exact solutions: 
exponentially high-contrast longitudinal charge density modulationexponentially high-contrast longitudinal charge density modulation,
half-integer harmonics,
[Lorentz transformation of the plasmon wave to an oscillating pure electric 
field.]
‘gap states’ between –mc2 and +mc2gap states  between mc and +mc . 

• Brief discussion of the boundary-value problem at the vacuum-plasma 
transition regions.
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We  analyse the new exact solutions of the relativistic wave equations of a charged particle 
propagating in a plasmon wave, which we represent by a Lanczos-Proca vector boson 
field. The nonlinearities associated to these solutions depend on a new intensity p y
parameter, which is the work done by the laser field along the plasmon wavelength divided 
by the laser photon energy. These solutions describe a high-contrast periodic longitudinal 
density structure on the plasma length scale (a sort of ‘quantum-bubble’), whose existence 
relies on the discrete absorption of momentum quanta along the wave’s transverse electric 
field For vanishing plasma density certain ‘coherent superpositions’ of our solutionsfield. For vanishing plasma density, certain coherent superpositions  of our solutions 
reproduce the Volkov states, which, by now, have been the only closed form exact 
solutions in a plane wave in vacuum.. 
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Multiphoton Compton scattering; first (relativistic) 
calculation of HHG [Alperin, 1944]. „To the theory of 
light scattering on free electrons” 
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Note: Alperin quotes Klein and Nishina (1929), Tamm (1930) and Heitler’ book. [The unitary equivalence  
ith th V lk l ti B J S V ó W f ti f f l t i t l fi ld dwith the Volkov solution see: Bergou J, S. Varró: Wave functions of a free electron in an external field and 

their application in intense field interactions, II. Relativistic treatment. J. Phys. A 13, 2823-2837 (1980).]



W. Becker’s analysis on the ‘strong-field photon-
electron interaction’ in a medium [ 1977 ]
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W. Becker, Relativistic charged particles in the field of an electromagnetic plane wave in a medium. 
Physica A 87, 601-613 (1977)



The ‘strong-field photon-electron interaction’ in a 
medium.
Mathieu, Hill eq.
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band structure

Fundamental 
parameter.

MATHIEU EQUATION In the standard notation: 2z =  [ Figure copied from Arscott F M PeriodicMATHIEU EQUATION. In the standard notation: 2z = . [ Figure copied from Arscott F M, Periodic 
differential equations (Pergamon Press, Oxford, 1964) p.123. ]. Nikishov & Ritus (1967), Nikishov (1970), 
Narozhny & Nikishov (1974) pair creation..., Becker (1977) Cherenkov..., Fedorov, McIver … FEL theories.



New exact, closed form solutions of the Dirac and 
Klein–Gordon equations in a linearly polarized plane 
e.m. wave propagating in a medium (nm < 1). I.
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Ince’s transformation (SV, 2013).
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S. V., Laser Physics Letters 10 095301 (2013). S. V.  ibid. 11 (2014). S. V,. Nucl. Instr.  Meth. in Physics Res. A  740 (2014) 280-283.



New exact, closed form solutions of the Dirac [and 
Klein–Gordon] equations in a linearly polarized plane 
e.m. wave propagating in a medium (nm < 1). II.
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Recent related works on electron – positron plasmas 
(cascades) and QED in plasmas. 
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Raicher E and Eliezer S, Analytical Solutions of the Dirac and the Klein-Gordon Equations in Plasma 
Induced by High Intensity Laser.Phys. Rev. A  88, 022113 (2013).


