AN IRREDUCIBILITY CRITERION FOR POWER SERIES

GUILLAUME ROND AND BERND SCHOBER

ABSTRACT. We prove an irreducibility criterion for polynomials with power series
coefficients generalizing previous results given in [GBGP] and [ACLM1].

1. INTRODUCTION

The aim of this note is to provide a simpler approach to an irreducibility criterion for
polynomials with power series coefficients (see Theorem 2.4). The first version of the
criterion has been given in [GBGP] and then has been generalized in [ACLM]1]. In this
note we give a more natural and elementary proof of a general version of this criterion.
In particular, our statement holds over any field while the previous ones were only proven
for algebraically closed fields of characteristic zero. Moreover, the only hypothesis that
we need is that the projection of the Newton polyhedron has exactly one vertex while the
previous known versions were involving additional technical conditions, i.e. for v-quasi-
ordinary polynomials (Let us mention that the criterion given in [ACLM1] is stated for
v-quasi-ordinary polynomials while the provided proof apparently holds more generally for
polynomials over algebraically closed fields of characteristic zero for which the projection
of the Newton polyhedron has exactly one vertex).

Let us recall that the proof given in [GBGP] uses toric geometry and Zariski Main Theorem
while the one provided in [ACLM1] is based on a generalization of the Newton’s method
for plane curves. Our proof is essentially based on the following well known version of
Hensel’s Lemma (see for instance [EGA] (18.5.13)):

Proposition 1.1 (Hensel’s Lemma). Let (R, m) be a Henselian local ring. A monic
polynomial P(Z) € R[Z], that is the product of two monic coprime polynomials Py and Ps
modulo mR[Z], is in fact the product of two coprime monic polynomials whose reductions
modulo mR[Z] are equal to Py and Ps.

We begin by giving some definitions and our main result (Theorem 2.4). In a second part
we give an example showing that our main result cannot be extended in a more general
setting.

Finally, let us mention that this irreducibility criterion is very useful in the study of
quasi-ordinary hypersurfaces (see [ACLM2] or [MS]). Different irreducibility criterions for
quasi-ordinary power series where also shown in [A], [GBG] and [GV].

We thank the anonymous referee for their remarks on a previous version of this article,
which allowed us to improve our presentation.

2. AN IRREDUCIBILITY CRITERION

We denote by k[[z]] the ring of formal power series in n variables z := (z1,...,2,) over a
field k. For any vector 3 € Z™ we set
% = xfl g
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and for any positive integer ¢
2t =af - al.
Let P(Z) € k[[z]][Z] be a monic Weierstral polynomial with coefficients in k[[z]]. Let us
write ‘
P(Z2)=2"+ > caz"Z.
QEZgo,j<d
Recall that the Newton polyhedron of P = P(Z), denoted by NP(P), is the convex hull of
{(0,d), (o, 5) | ca,; # 0} +RZEL. In this note we assume that P(Z) # Z%. The associated
polyhedron of P, denoted by Ap, is the convex hull of

do n
{E | Caj 7# 0} + Ro.
Note that Ap is the projection of NP(P) from the point (0, ...,0,d) on the subspace given
by the first n coordinates.

Definition 2.1. Let w € RY,. For a non zero element b = Z bax® of k[[z]] we set
an%O

Ve (b) := min{a - w = Zaiwi | ba # 0} € R>g
i=1
and In,(b) := Z box”.
alaw=v, (b)
For such a w and P(Z) € k[[z]][Z] as before we define w, 1 € Rso by

min{v-w|veA
Wn+1 = { d| r € Ryo.

Then we set w’ := (w,wn+1) and we define

V (P) :== min{a - w + jwny1 | Ca,j # 0} = dwny1

and In, (P) := Z* + Z Cojz® 77

(a,5)(e,5) w'=v,/ (P)
This former polynomial is weighted homogeneous for the weights wi,..., wn, Wn+1.
Definition 2.2. Let P(Z) € k[[z]][Z] be a monic polynomial of degree d in Z. The
polynomial P has an orthant associated polyhedron if Ap = dy + R%, for some v € QZ,.
In this case In,/(P) does not depend on w and we denote it by Pr, i.e.
Pr(iE,Z) = Zd+ Z Ca,jxazj7
()| 725 ="

where I is the compact edge of the Newton polyhedron of P containing the point (0, d).
In this case we define

P(2):=P(1,2)=2"+ > ca;Z €k[Z].
(@)l 725=7

If we write v = g, where 3 € 2%, ¢ € {1,...,d} and ged(fBi, ..., Bn,q) = 1, we have that

s P(Z) = Pr(a9,...,2%,2° 7).

Remark 2.3. A polynomial P(Z) € k[[z]][Z] is called v-quasi-ordinary if it has an orthant
associated polyhedron and Pr(z, Z) is not the power of a polynomial of degree one in Z.
This definition has been introduced by H. Hironaka in [H] and is more standard but more
restrictive. Over a characteristic zero field if P(Z) has an orthant associated polyhedron
and the coefficient of Z9~! is zero then P(Z) is v-quasi-ordinary.
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Here is a picture of the Newton polyhedron of a polynomial having an orthant associated
polyhedron with n = 2 (thick lines represent the edges of the Newton polyhedron) :

Z

(0,d)

(al7)

Theorem 2.4. Let P(Z) € k[[z]][Z] be a monic Weierstraf3 polynomial. Assume that
P(Z) has an orthant associated polyhedron and that Pr(z,Z) € k[z, Z] is the product of
two coprime monic polynomials P, P> € K[z, Z] respectively of degree di and d2. Then
there exist two monic polynomials S1, S2 € K[[z]][Z] respectively of degrees di and da in
Z such that

i) P = 5192,
it) There is at least one i € {1,2} such that S; has an orthant associated polyhedron
and if T'; denotes the compact face of NP(S;) containing the points (0,d;), then
Sir; = P; and I'; is parallel to I'.
Proof. By assumption, we have for P, = Pi(z, Z) and P> = Ps(z, Z)
Pr(z,Z) = Pi(x,2) - Pa(z,2)

and d = di + d>. Since Z cannot dizide P and P» simultaneously we may assume that
Py and Z are coprime. Let us write P;(Z) := P;(1,Z) for ¢ = 1,2. Thus we have that

P(Z) = P1(Z) - P2(Z).
Moreover Z and P; are coprime. We define the monomial map o : k[[z]][Z] — k[[z]][Z]
by
o(x) =2, ..., olzn) =22, o(Z)=2"2
Let M = M(x,Z) := cx®Z be a monomial of P(z, 7). We have that
o(M) = cx?tP 7
and qa + jB = df3 since d%j > g if j < d, where = denotes the product order on R%,.
Thus we have
(1) a(P) :P(m’f,...,mz,xﬁZ) = 2% (F(Z)—i—Q(a:,Z))
for some Q(z,Z) € (z)k[[z]][Z]. In particular, P(Z) + Q(z,Z) = P1(Z)P2(Z) modulo
(z). Thus by Hensel’s Lemma
ﬁ(Z) + Q(.T,Z) = ]31(1,7 Z) : ]32($, Z)7
for some monic polynomials Py (z, Z) and Ps(z, Z) € k[[z]][Z] equal respectively to P1(Z)
and P>(Z) modulo (x). We obtain that

o(P) = (xdlﬂﬁl(x,Z)) . (deﬁﬁg(x,Z)) .
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Moreover, for every w’ € R’;ng given as in Definition 2.1 for the polynomial P(Z) we have
that

In, (mdiﬁé(x, Z)) = o(P) fori=1,2,
But we have that
P Py(x,Z) = Ri(z,2° Z)
for some monic polynomials R;(z, Z) € k[[z]][Z] of degree d;. Thus
P, Z) =Ri(z,Z) - R2(z, Z)

and In, (Ri)(z,Z) = Pi(z?,Z) € k[z9,Z] for ¢« = 1,2. Since Pr = In,/(P) for every
W' e R’;‘gl given as in Definition 2.1 for the polynomial P(Z), we can apply Lemma 2.6
for Py = P(2%,Z) to see that Ri(x,Z), Ra(z,Z) € k[[z?]][Z] so they can be written as
Ri(z,Z) = Si(«?, Z) for i = 1, 2. This means that o(P) = 0(S1)c(S2). Thus P = S51.5;.
Since In,, (P1) does not depend on w' € RZ¥! as above, In,/(S1)(2?, Z) is also independent
of w’. Moreover, Inw/(]gl) has at least two non zero monomials since Z does not divide
P1. Therefore In, (S1)(x9, Z) has also at least two non zero monomials. This shows that
S1 has an orthant associated polyhedron and I'; is parallel to T'.

O

Remark 2.5. The key point in the proof of this theorem is the fact that equation (1) is
satisfied when P has an orthant associated polyhedron.

Lemma 2.6. Let Py € k[[z?]][Z] be a monic Weierstrafl polynomial, where g € Zso, and
let us assume that Py = R1R2, where R1 and Ry are monic polynomials of k[[z]][Z]. Let
w € R%y and let w' be defined as in Definition 2.1. If In,/(R1), In,/ (R2) € k[z?, Z] and
if they are coprime then R1, Ra € k[[z?]][Z].

Proof. If char(k) = p > 0 let us write ¢ = p®m with m A p = 1. If char(k) = 0 we set
m :=q and p := 1. Then we define

Q:=[[Rims,... . &nn, 2)"

where (&1,...,&,) runs over the n-uples of m-th roots of unity in an algebraic closure of
k. Then Q € k[[z%][Z] and In, (Q) = In, (R1)™ ?". Thus In,/ (R2) and In, (Q) are
coprime. Therefore Ry and @ are coprime. Since R; divides @ and Py, = RjR2 then
the greatest common divisor of Py and @ in k((z))[Z] is R1. But the greatest common
divisor does not depend on the base field, so R is also the greatest common divisor of Py
and @ in k((z?))[Z]. Hence there is an element F' € k((z))* such that FR; € k((z?))[Z].
Since R1(Z) is monic then F € k((z?)) thus Ry € k[[z?]][Z]. By symmetry we also get
Ry € K[[a"]][2]. D

Corollary 2.7. Let us assume that P(Z) = Z* + a1 Z%7' + ... + aq € Kk[[z]][Z] is an
irreducible Weierstrafi polynomial, P(Z) # Z%. Then the following properties hold:

i) If P(Z) has an orthant associated polyhedron then Pr is not the product of two
coprime polynomials.
it) If P(Z) has an orthant associated polyhedron the convex hull of Supp(In,(P))
is a segment joining (0,d) to (dv,0), and dv is the initial exponent of aq for the
valuation v, for every ' € R’;gl given as in Definition 2.1 for the polynomial
P(Z).
ii4) If P(Z) has an orthant associated polyhedron let v € Z™ " be the primitive vector
such that mu = (—dry,d) for some m € N, and set y := (z, Z). Then we can write

Pr(z,2) = 2" Q(y")

where Q(T) € K[T] is not the product of two coprime polynomials. In particular,
if k is algebraically closed then Q(T') has only one root in k.
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w) If the Newton polyhedron of P(Z) has no compact face of dimension > 1 then
P(Z) has an orthant associated polyhedron and its Newton polyhedron has only
one compact face of dimension one which is the segment of i).

Proof. Suppose Pr is the product of two coprime factors. Then Theorem 2.4 implies that
we could factor P(Z) as the product of two monic polynomials (since Pr is monic). This
contradicts the irreducibility of P(Z). So ¢) is proven.

If Pr(z,0) = 0 then Z divides Pr(z,Z). But by i) Pr(z,Z) is not the product of two
coprime polynomials thus Pr(z,Z) = Z?. This contradicts the fact that Pr(zx,Z) has a
non zero monomial of the form 2*Z” for j < d. Hence Pr(z,0) # 0 and ¢4) is proven.

‘We can write
d—1

Pr(2,2) =2+ a2 2.
j=0

So we have that
Zd d—1 Zj
_ Ay [ 2 } : 2
Pr(x, Z) =z (l‘d'y + = C(d—35)v,j wﬂ> .

By i) we have that dy € Z%,. This implies that jy € Z%, as soon as c(a—j),; 7 0. For
any such j, let i« > 0 be such that

(2) = (=j7,4)-
Then i € Z> since u is primitive.
Thus Pr(z,Z) = 2™ (y™ +3,_,. ciy™), where

Ci = Ciug(dy,0) Vi

We set Q(T) :=T™ + >, _,. ¢;T* € K[T]. If Q(T) factors as the product of two coprime
monic polynomials, let us say Q(T) = Q1(T) - Q2(T'), where Q1(T') and Q2(T') € k[T] are
coprime and monic. Let m; and mg be the respective degrees of Q1 and ()2 and define
d; € ZZO by

(=div,di) = myu for i = 1,2.

Then we have
dy u dy1y u doy u
Pe(e, 2) =2 Qy") = (+"7Qu(y")) - (+"7Qa(")) -
Moreover, by (2), a monomial of z417Q; (y*) has the form

cxd”ym = g (iJ) — Cw(dl*j)’vzj7
xIY
for 0 < i < my, i.e. for 0 < j < di. Hence z%17Q:1(y") € k[z, Z]. By symmetry we also
have that 2927Q2(y*) € k[z, Z].
Then the polynomials Py (z,Z) := z7Q1(y") and Pa(z, Z) := 2%27Qa(y") are coprime
which contradicts Theorem 2.4. Thus #i¢) is proven.

Let us assume that the Newton polyhedron of P(Z) does not have an orthant associated
polyhedron. This means that Ap has at least two distinct vertices denoted by 1 and
~2 such that the segment [y1,72] is included in the boundary of Ap. Thus the Newton
polyhedron of P has at least three different vertices a := (0,d), b := (%71,]’) and
¢ = (%3, k). Since a, b, c are vertices of NP(P) the triangle delimitated by these three
points is a face of NP(P) so the Newton polyhedron of P has at least one face of dimension
two.

0
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Theorem 2.4 also provides an elementary proof for the following generalization of [ACLM1]
Theorem 1.5:

Corollary 2.8. Let P(Z) € k[[z]][Z] be a Weierstraf§ polynomial not equal to a power of
Z which has an orthant polyhedron and which is not necessarily irreducible. Then there
exists at least one monic polynomial Q € k[[z]][Z] dividing P such that :

1) The polynomial Q has an orthant polyhedron.
ii) If T' denotes the compact edge of NP(Q) projecting to the unique vertex of Ag,
then Qr+ is not the product of two coprime polynomials.
iii) The segment I is parallel to T.

Proof. If Pr(z, Z) is the power of some irreducible polynomial in k[z, Z], then we choose
@ = P. Clearly, all required properties hold. (Note: even in this case P(Z) is not
necessarily irreducible nor a power of an irreducible polynomial, e.g. P(Z) = (2% —z3)? —
z8).
Suppose Pr(z, Z) is the product of two coprime polynomials in k[z, Z]. Since P is monic
in Z we may assume that these two polynomials are monic. Denote by d the degree of
P(Z). By Theorem 2.4, P(Z) = S1(Z) - S2(Z), where S; € k[[z]][Z] are polynomials of
degree 1 < d; < d, i € {1,2}, and d1 + d2 = d. Moreover, we may assume that S; has an
orthant associated polyhedron such that its only compact face containing (0, d1) is parallel
to I'. So the existence of @) is given by induction on d by replacing P by Si.

O

Remark 2.9. If we continue applying the theorem for those S; in the proof having prop-
erty i), we obtain a factorization P = S; Q1 - - - Qk, where each @Q; fulfills the properties
i) — i) whereas S; does not. Moreover, using the obvious notation, the polynomials
(Qi)l"g are pairwise coprime.

Let us mention that, using the notation fo [ACLM1], Theorem 1.5 [ACLM1] is valid only
if the p; are different from zero (which is implicitly assumed in the proof). But it is not
true as stated in [ACLM1]. Using our notations this means that we cannot assume that
S+ = 1. For instance set

P(Z)=(Z*+a)(Z° +2°) = Z* + (1 + 2*) 2% + 2*.

Then P(Z), Z* + x and Z? + 2® have an orthant associated polyhedron (they are even
v-quasi-ordinary and the last two polynomials are irreducible) and

Pr=2"422>=2°(Z" 4+ 2).

But P does not factor as the product of two polynomials having an orthant associated
polyhedron and whose compact faces are parallel to I'. Indeed the polynomial Z? + z*
has an orthant associated polyhedron but its compact face is not parallel to I".

Remark 2.10. As we pointed out at the beginning, Hensel’s Lemma is the crucial
ingredient for the proof of our result. In fact, we can replace k[[z]] by any regular
Henselian local ring (R, m) with residue field k = R/m and regular system of parame-
ters (z) = (z1,...,2n). (Note that R is not necessarily equi-characteristic).

For instance, using that R is Noetherian, one can see that any element f € R can be
written as a finite sum f = > cox®, with units co € R*. Thus Ap is defined for a poly-
nomial P = P(Z) € R[Z]. Furthermore, v, w € R, defines a monomial valuation on
R whose associated graded ring is isomorphic to a polynomial ring k[X1,. .., X,], where
X; = Ingy(zj), 1 < 7 < n. Of course, one needs to be more careful in the proofs, e.g.,
k[[z?]] needs to be replaced by the image of R under the map that sends each z; to .
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3. AN EXAMPLE CONCERNING COMPACT FACES OF DIMENSION > 1

Let n = 2 and let us replace the variables (z1,z2) by (z,y) for simplicity. We set
P(Z):=2" = (2" =" +y" = (Z -2 +9°)(Z +2° )+

seen as a polynomial of k[[z, y]][Z] where k is an algebraically closed field of characteristic

different from 2.

We will show that P does not have an orthant associated polyhedron, since Ap has two

different vertices. On the other hand, we will prove that P(Z) is irreducible while for

every w € RZ, the polynomial In,/(P) is always the product of two coprime monic poly-

nomials. This shows that Theorem 2.4 cannot be extended to polynomials without an

orthant associated polyhedron.

The Newton polyhedron of P(Z) is the convex hull of
{(6,0,0),(0,10,0), (0,0,2)} + RZ,.
The associated polyhedron Ap of P(Z) is the convex hull of
{(6,0),(0,10)} + R2,

and has two vertices v = (6,0) and u = (0, 10). For w € R, if 6w; < 10ws> then

Ing (P) = 2% — 2% = (Z — 2*)(Z + 2%).
If 6w1 > 10ws then we have that

Ing (P) =2 =y = (Z =" )(Z +1).
If 6w = 10w2 we have that

Ing/(P) =2 — (a° —¢*)* = (Z = 2" + ") (Z +2° = ).
Thus in all cases In, (P) is the product of two coprime polynomials (since char(k) # 2).
On the other hand, P(Z) is irreducible since (z* — 4*)? — y'! is not a square in k[[z, y]].
REFERENCES

[A] A. Assi, Irreducibility criterion for quais-ordinary polynomials, J. Singul., 4, (2012), 23-34.

[ACLM1] E. Artal Bartolo, P. Cassou-Nogues, I. Luengo, A. Melle Herndndez, On v-quasi-ordinary
power series: factorization, Newton trees and resultants, Topology of algebraic varieties and
singularities (Jaca, 2009), Contemp. Math., vol. 538, Amer. Math. Soc., Providence, RI,
2011, pp. 321-343.

[ACLMZ2] E. Artal Bartolo, P. Cassou-Nogues, I. Luengo, A. Melle Herndndez, Quasi-ordinary singular-
ities and Newton trees, Mosc. Math. J., 13, (2013), no. 3, 365-398.

[GBGP] E. R. Garcia Barroso, P. D. Gonzélez-Pérez, Decomposition in bunches of the critical locus
of a quasi-ordinary map, Compos. Math., 141, (2005), no. 2, 461-486.

[GBG] E. R. Garcia Barroso, J. Gwozdziewicz, quais-ordinary singularities: tree model, discirminant
and irreducibility, Int. Math. Res. Not, 15, (2015), 5783, 5805.

[GV] M. Gonzéles Villa, Newton process and semigroups of irreducible quais-ordinary power series,
Rev. R. Acad. Cienc. Ezactas Fés. Nat. Ser. A Math. RACSAM, 108, (2014), 259-279.

H] H. Hironaka, Introduction to the theory of infinitely near singular points, in ”Memorias de

matematicas del Instituto Jorge Juan”, Vol. 28, C.S.I.C., Madrid, 1974.

[EGA] A. Grothendieck, J. Dieudonné, Eléments de Géométrie Algébrique IV, Quatrieme Partie,
Publ. Math. ITHES, 32, (1967).

[MS] H. Mourtada, B. Schober, A polyhedral characterization of quasi-ordinary singularities,
Arxiv:1512.07507.

GUILLAUME ROND, AIX-MARSEILLE UNIVERSITE, CNRS, CENTRALE MARSEILLE, 12M, UMR 7373, 13453 MAR-
SEILLE, FRANCE
E-matl address: guillaume.rond@univ-amu.fr

BERND SCHOBER, INSTITUT FUR ALGEBRAISCHE GEOMETRIE, LEIBNIZ UNIVERSITAT HANNOVER, WELFENGARTEN
1, 30167 HANNOVER, GERMANY, CURRENT ADDRESS: THE FIELDS INSTITUTE, 222 COLLEGE STREET, TORONTO,
ONTARIO, M5T 3J1, CANADA, AND UNIVERSITY OF TORONTO, DEPARTMENT OF MATHEMATICS, 40 ST. GEORGE
STREET, TORONTO, ONTARIO, M5S 2E4, CANADA

E-mail address: schober@math.toronto.edu



