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Abstract—This paper considers a fully-connected interference
network with a relay in which multiple users equipped with
a single antenna want to exchange multiple unicast messages
with other users in the network by sharing the relay equipped
with multiple antennas. For such a network, the optimal degrees
of freedom (DoF) are derived by providing both converse and
achievability. Further, considering single-antenna relays in the
three-user fully-connected interference network, it is shown that
three distributed relays with a single antenna is sufficient to
achieve the optimal DoF. A major implication of the derived DoF
results is that a relay with multiple antennas or distributed relays
employing a single antenna increases the capacity scaling law of
the multi-user interference network when multiple directional
information flows are considered, even if the networks are fully-
connected and all nodes operate in half-duplex. These results
verify the intuition that the relay is useful in increasing DoF for
the multi-way the interference network.

I. INTRODUCTION

Multi-way communication using an intermediate relay is
a promising wireless network architecture with applications
including cellular networks, sensor networks, and device-to-
device communications. The simplest multi-way relay network
model is the two-way relay channel [1]-[3] in which a two-
user pair wish to exchange messages by sharing a single relay.
While the capacity of this simple channel is still unknown in
general, it has been shown that physical layer network coding
[2] and analog network coding [3] increase the achievable
sum-rates of the two-way relay channels because they allow
users to exploit their transmit signal as side-information.
Recently, the two-way relay channel has been generalized in
a number of ways: multi-pair two-way relay channels [4] and
multi-user multi-way relay channels [5]-[7].

In spite of extensive studies on multi-way relay channels,
relatively little work has addressed on the understanding of
their capacity, especially when the nodes are fully-connected
in the network due to difficulty in managing interference. Note
that when the direct links are considered in the multi-way
relay channel, it can be viewed equivalently as an interference
network with a relay. In general, if the networks are fully-
connected, i.e., a non-layered structure, then a node receives
signals arriving along different paths, which causes more inter-
user interference than that of the layered network. In particular,
for the fully-connected interference network with relays, it
has been shown that the relay cannot improve the DoF of
such a network regardless of how many antennas the relay has
[8]. In this paper, we provide counter examples of the claim
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that the relay cannot increase the DoF of the fully-connected
interference network. In other words, the relay is useful in
improving the DoF of the multi-user interference networks
when multi-way information exchange is considered between
users.

In this paper, we consider a fully-connected interference
network with a relay where K users with a single antenna
exchange unicast messages with each other via a relay with
N multiple antennas. We refer to this network as a fully-
connected Y channel as a generalized network model of [7].
In particular, we assume that all nodes have half-duplex con-
straint due to hardware limitations, implying that transmission
and reception occurs in different orthogonal time slots.

The main contribution of this paper is to characterize the
optimal DoF for a fully-connected Y channel. Specifically, it is

demonstrated that the sum-DoF of £E=D — K g the optimal

if the relay has N > K — 1 anth]rinefs. B0t2h achievability
and the converse are provided. Further, as an extension, by
considering three distributed relays each of which has a
single antenna, it turns out that the three distributed relays
are sufficient to achieve the optimal sum-DoF for the three-
user fully-connected Y channel. One major implication of
our results is that the available DoF of fully-connected in-
terference network that supports multi-directional information
exchange can be improved substantially by allowing a relay
with multiple antennas or allowing multiple distributed relays
even if all nodes operate in half-duplex. The DoF gain comes
from two mechanisms. One is the side-information inherently
given by multi-way communication, i.e., caching gain. The
second is due to the fact that the relay can make sure each
user does not see an undesired interference signal by using
the proposed space-time interference neutralization. We refer
to it as interference shaping gain. To acquire two different
gains, the multiple antenna relay or multiple relays with a
single antenna controls the information flow of the multi-
way communication so that each user exploits side-information
efficiently, which leads to increase the DoF by the use of a
relay.

II. SYSTEM MODEL

Let us consider an interference network comprised of K
users with a single antenna each and a relay with N antennas.
All the users and the relay are completely-connected as
illustrated in Fig. 1. User k, k € U = {1,2,..., K}, wants to
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Fig. 1. K-user fully-connected Y channel. User ¢ wants to send K — 1
messages Wi, , and receive Wy j, for k € U /{£} in this network.

send K — 1 unicast messages Wy for £ € U/{k} £ U to
user £ and intends to decode K — 1 messages Wy, , for £ € U}
sent by all other users. In this channel, it is assumed that the
relay and all nodes operate in half-duplex mode, implying that
transmission and reception span orthogonal time slots.

Let z¢[n] = f(Wgye) for k € Uf be the transmitted
signal by user ¢ at time slot n where f(-) represents an
encoding function. Also, let S, and D,, denote the set of
source and destination nodes at time slot n. Due to the fully-
connected property and the half-duplex constraint, when the
users belonging the source set S,, send their signals at the n-th
time slot simultaneously, user k£ € D,, and the relay receives
the signals

yeln] = > hrglnlzeln] + zln], k€ Dn, (1)
LES,,

yrln] = ) heelnlzen] + zr[n], @
LeS,

where y.[n] and yg[n] € CV*! represent the received signal
at user k and the relay; zi[n] and zg[n] denote the additive
noise signal at user k£ and at the relay at time slot n whose
elements are Gaussian random variable with zero mean and
unit variance, i.e., CN(0,1): and hy[n] and hge[n] =
[hi.elnl, - - hfzv’ ,In]] represent the channel coefficients from
user ¢ to user k and the channel vector from user ¢ to the
relay, respectively.

When the relay and user ¢ € S,, cooperatively transmit at
the n-th time slot, at the same time, user k € D,, receives the
signal as

yeln] = hielnleeln] +hi gln)xr[n] +2xn], k € Dy, (3)
(eSn

where hiz[n] = [h][n],. .., hé\fR [r]]* denotes the (downlink)
channel vector from the relay to user k and xg[n| represents

the transmit signal vector at the relay when the n-th channel
is used.

The transmit power at each user and the relay is assumed to
be P, ie., E[|z;[n]|?] < P and E [||xg[n]||3] < P. Further,
it is assumed that all the entries of all channel values in
hek[n], hre[n], and hj g[n] are drawn from a continuous
distribution and the absolute value of all the channel coef-
ficients is bounded between a nonzero minimum value and a
finite maximum value. The channel state information (CSI) is
assumed to be perfectly known at the users in receiving mode
and the relay has global channel knowledge for all links.

User k sends an independent message W, ;. for one intended
user ¢ with rate Ry ;(P) = W for £,k € U and ¢ # k,
a rate tuple R = (R12,Ry3,...,Rrxx_1) € REE-D jg
achievable if every receiver can decode the desired message
with an error probability that is arbitrarily small with suffi-
cient channel uses n. Then, the sum-DoF characterizing the
approximate sum-rates in the high SNR regime is defined as

K K K «
dum = z Z dpe¢ = lim Zk:l»k# Y1 Bie (P)
- BT P e log (P)
k=1,k#L (=1

“4)
III. DOF OF K-USER FULLY-CONNECTED Y CHANNEL

In this section, we derive the DoF of K -user fully-connected
channel. The following theorem is the main result of this paper.

Theorem 1: For the fully-connected Y channel where K
users have a single antenna and a relay has N > K — 1
antennas, the maximum sum-DoF equals %

A. Converse

We provide the converse of Theorem 1 by using the cut-
set theorem [9]. Using the fact that user cooperation does
not deteriorate the DoF of the channel, let us first consider a
special case where all users except user k fully cooperate. This
cooperation allows us to view the fully-connected Y channel
as a two-way relay channel equivalently where the user group
has K —1 antennas but user 1 has a single antenna as illustrated
in Fig 2. Further, let us set the messages to be null between
cooperating users, i.e., W; ; = ¢ for ¢,j € Uf, by the using
the fact that the null-messages cannot degrade the performance
of the non-null messages. In this two-way relay channel, the
user group wants to send the message W, for k € U{ and
user 1 wants to send the messages Wy 1 for & € Uj. The
converse follows from the following lemma which serves an
outer bound of the equivalent two-way relay channel.

Lemma 1: Let dj, ¢ be the DoF for message W, ¢ for k, ¢ €
U. Then, the following inequality holds:

K K
Z dk,f+ Z dk,l S ]., for k,KGU (5)
L=14#k k=1,k#L

Proof: We would like to defer the rigorous proof into our full
paper [10] due to space limitation.
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Fig. 2. A user cooperation scenario when all users except for user 1 cooperate
with each other by sharing the messages and antennas.

To attain the converse result of Theorem 1, we add K
inequalities from Lemma 1, which gives us

K K K K K
2| Dder | K=Y % dp< 5. ()

U£k k=1 (£k k=1

which completes the proof. d

B. Achievability

Due to page limitation, we provide achievability of Theorem
1 when K = 3 and N = 2. For the general proof, please see
the journal version of this paper [10].

1) Phase One (Round-Robin Multiple-Access Channel
(MAC): This phase comprises of three time slots. In each
channel use, two users send one message to one intended user
so that the intended user has one equation that contains two
desired data symbols. Specifically, at time slot 1, user 2 and 3
send information symbols s1 o and s; 3 for user 1. While user
1 and the relay listen the signals, user 2 and 3 do not receive
any signals in this time slot due to half-duplex constraint, i.e.,
S ={2,3} and D; = {1,R}. When noise is ignored, user 1
and the relay have

Di[1] = hy2[1]s1,2 + b1 3[1]s1,3, @)
DR[I] = hR72[1}81’2 + hR,3[1]81,3. (8)

Since the relay has two antennas, it resolves the transmitted
data symbols s; 2 and sy 3 by using a zero-forcing (ZF)
decoder.

In the second time slot, user 1 and user 3 transmit data
symbols s2 1 and s2 3 to user 2, i.e., So = {1,3} and Dy =
{2,R}. The received equations at user 1 and the relay are

D5 [2] = ha1[2]s2,1 + b2 3[2]52,3, 9
DR[2] = hR’l[Q}SQ’l + hR’3[2]82$3. (10)

By taking an advantage of multiple antennas, the relay decodes
S$2.1 and 52.3.

Finally, at time slot 3, user 1 and user 2 deliver data symbols
s3,1 and s3 o to user 3, ie., S3 = {1,2} and D3 = {3,R}.

Hence, the received equation at user 3 and the relay are given
by

D3[3] = h31[3]s3.1 + h3 2[3]s3.2,
Dg (3] = hg,1[3]s3,1 + hg 2[3]s3.2.

(1)
12)

Similarly, the relay obtains s3; and s3o by using a ZF
decoder. As a result, during the phase one, each user obtains
one equation consisted of two desired symbols and the relay
acquires all six independent data symbols in the network.

2) Phase Two (Relay Broadcast): The second phase spans
one time slot. In this time slot, the relay sends a superposition
of six data symbols obtained during the phase one, i.e., Sy =
{R} and D4 = {1, 2, 3}. The transmitted signal at the relay is
given by

xR [4] :Z > viildlsiy,

i=1 j=1,j#i

13)

where v; ;[4] € C?*! denotes the beamforming vector used
for carrying symbol s;; at time slot 4. The main design
principle of v; ;[4] is to control the interference propagation
on the network so that each user receives an equation that
consists of desired data symbols or self interference data
symbols which can be eliminated by using side-information at
each user. For instance, user 1 wants to receive an additional
equation consisted of s; o and s 3 and can cancel the self-
interference signals caused by so ; and s3 1 by exploiting side-
information. Thus, the relay picks the beamforming vectors
v 3[4] and v3 2[4] carrying s 3 and s 2 so that user 1 does
not receive them. To accomplish this, vo 3[4] and v3 2[4] are

selected as
vas[d] € null(h*{yR[éﬂ) and vso[4] € null(h*{yR[4]). (14)

Applying the same principle, the other relay beamforming
vectors are designed as

vi,3[4] € null(h g [4]), v3,1[4] € null(h3 g[4]),
v1,2[4] € null(h3 [4]), and vo1[4] € null(hj [4]).

15)
(16)

To give some intuition on the proposed precoding solution, we
rewrite the transmit signal at the relay as

XR[4] = Vﬂ4](5273 + 5372) + Vg [4](8173 + 8371)

+vi[4](s1,2 + 52,1), (17)

where v{[4] € null(hj[4]). Thus, we can interpret the
transmitted signal at the relay at the second phase as a class
of superposition coding.

3) Decoding: We explain a decoding method used by user
1. Recall that user 1 received an equation consisting of two
desired symbols s; 2 and s;3 at time slot 1 in the form
of Di[1] = hi2[1]s1,2 + h13[1])s1,3. In time slot 4, user 1
obtained an equation containing both two desired and two self-
interference data symbols given by

y1[4] = b g [4]xr[4],
= hi g [4] {v3[4](s1,3+531)+V5[4](s1,2+52,1)} . (18)
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Assuming that user 1 preserves the transmitted informa-
tion symbols sp; and s3; by caching memory as side-
information and it has the effective channel hj y[4]v¢[4] for
i € {1,2,3}, user 1 can generate an interference equation
Mi[4] = hig[4]v§[4]ss1 + hig[4]v§[4]s21. Thus, user 1
extracts one equation that contains two desired symbols by
eliminating the self-interference as

y1[4] — Mi[4] = hi g[4]v5[4]s12 + hi g[4]v5[4]s1,3. (19)

From self-interference cancellation, we acquired a new equa-
tion for the two desired symbols. Therefore, the two desired
symbols are obtained by solving the following matrix equation,

[yl T [4}] B {hiﬁf}% o i kiﬂ- 20)

H,

Note that beamforming vectors were selected independently
of the direct channel between users, i.e. hy2[1] and hq 3[1].
Therefore, the rank of the effective channel becomes 2 with
probability one, which allows user 1 to decode two desired
symbols s; o and s; 3. For user 2 and user 3, the same method
applies. Consequently, it is possible to exchange a total of
six data symbols within 4 channel uses by using the relay
employing multiple antennas in the 3-user fully-connected Y
channel, which completes the proof. O

Remark 1 (The required CSIT knowledge): To achieve the
optimal DoF, while CSIT at users is not needed, the users
require to know the effective channel value h} p[4]v$[4] for
performing self-interference cancellation. This channel knowl-
edge can be easily obtained from demodulation reference
signals when a multi-carrier system is applied by the channel
coherence property in the frequency domain. Alternatively,
CSIT at the relay plays in important role to attain the DoF
gains.

Remark 2 (Comparison with a four-user fully-connected X
network): Let us consider a four-user, fully-connected, and
half-duplex X network where each user wants to exchange
three unicast messages with the other users. Since no relays is
involved in this network, the optimal DoF of such a channel
equals % as shown in [8], which can be achieved by interfer-
ence alignment. Meanwhile, our result shows that a total of
K

5 = 2 DoF are achievable by the use of a relay employing

N = 3 antennas, which is a 50% DoF improvement.

IV. DISTRIBUTED SINGLE-ANTENNA RELAYS

In this section, we consider a fully-connected 3-user Y
channel with three distributed relays each has a single antenna
as depicted in Fig. 3. For a such channel, we will establish
the following theorem.

Theorem 2: For the 3-user fully-connected Y channel with
three distributed single-antenna relays, the optimal % of DoF
are achievable.

Proof: Since the converse argument is direct from Theorem
1, the achievability is shown by the proposed space-time
interference neutralization. The first phase comprises three
time slots, i.e., Ty = {1,2,3}. For k € T} time slot, all users

Relay 1
Usel/?\“ser3
W31 Wep—> — WiaWy g
W3 Wi o6— > W31 W2
Relay 2 fse,i\z Relay 3
Wa, Wi
W23 W30
Fig. 3. 3-user fully-connected Y channel with three distributed relays

employing a single antenna.

except for user k£ transmit signals intended for user k. Thus,
the received signals at user k and relay n € {1,2, 3} are given
by
3
yelk] = D heelklske + z[k],
=1,k
3
vRlkl = ) R [klske + 2R [K].
0=1,0#k

21

(22)

During phase one, each user k£ has one desired equation and
each relay has three equations. In the second phase, one time
slot is used for the relay transmission, 75 = {4}. During
time slot 4, the three relays cooperatively send signals to the
users based on what they obtained during the first phase. The
transmitted signal at the n-th relay is given by

wp[4] = v [klyR[k], (23)

k=1

where v™[k]| denotes the precoding coefficient used at the n-th
relay for the k-th time slot observation y,[k]. When the three
relays send at time slot 4, the received signal at user j is given
by

3 3 3
yild] = i eldlaR[4] = Y hpRAD v Ky (K],
n=1 n=1 k=1
3 3 3
=D R R DD hRlKlske |, 24
n=1 k=1 0=1,0#k
S1.us
=h g [4] VR [Hr 1 [1] Hr 145 [2) Hr s [3]||s2.05|, (25)
S3.14¢

where h’ p[4] = [h][4], hjg[4], b3 g[4]] € C'** denotes the
channel vector from the three relays to user j € {1,2,3} at
time slot 4; VR € C3*3 denotes a space-time relay network

coding matrix at time slot 4 whose (n, k) element is defined
as VR(n, k) = [v"[k]]; Hg y¢ [k] € C**2 denotes the effective
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channel matrix from user group U; to the three relays at time
slot k € T1; Sjuc represents the desired symbol vector at user
J» which comes from user group U;. Note that user j receives
a linear combination of six symbols from the relays. Let us
decompose these six symbols into three terms: two desired
symbols Sjuc, tWo self-interference symbols SUs 5> and two
inter-user interference symbols s = [sk,¢] where k # j or
¢ # j. Then, let define a permutation matrix P; € Z%*6 that
changes the order of transmitted symbols such that

S1,us Sjus
sous | = P; Sus,j (26)
SK,US SJ;

Using the permutation matrix, we can rewrite the equation in
(25) as

Sjyu;
y;[4] =h; R [AV" [Hr s [1] Hrug[2] Hrug[3][P;| sus.g |, (27)
Sr¢
J
= h;’R[ZHVRA]' Sj7u§+h;’R[t]VRBjSu; Vas h;YR[t]VRCjS[; s

(28)

where the effective channel matrices A ; € C3%2, B; € C3*2,
and C; € C**? are defined as

[Aj Bj Cj } = [HRJ,(; [1] HR,L{; [2] HRMg [3] ] Pj. (29)

To eliminate interference signal s re for user j, the relays
cooperatively design space-time relay network coding matrix
VR 50 that the following interference neutralization condition
is satisfied,

FRMAIVRC; =01y, for jell. (30)

To solve the matrix equations in (30) for all K users, we
convert them into vector forms by exploiting Kronecker prod-
uct operation property, vec(AXB) = (B? ® A)vec(X). The
combined vector form of interference neutralization in (30) is
given by

Cl @ hj ¢[4]
Cy @hjg[4] | #7 = 05,1 (31)
Y ~~
C'3T ® h3,R[4] 9x1
Fecsx?

where ¥R = vec(VR) is the vector representation of relay
beamforming matrix V¥ by stacking the column vectors of
it. Because the elements of the channels are drawn from
a continuous random variable and the size of the unified
system matrix F is 8 x 9, F has a null subspace almost
surely. Therefore, the relay beamforming vector eliminating
all interference signals on the network are obtained as

¥R € null(F). (32)

By reshaping the vector solution ¥® into a matrix, we obtain
the network-wise space-time relay precoding matrix VR,
Last, let us consider the decoding procedure at user 1. Recall
that user 1 received an equation consisting of two desired
symbols 81 3¢ = [51,2 s1.3)7 in time slot 1. In addition, in time

slot 4, user 1 received a signal from the relay in the form of
y1[4] = b g[4]VRA s e + hj g [4]VRBysy 1. Since user 1
has knowledge of sy 1, it cancels known interference symbols
from y; [4]. Thus, the input-output relationship is given by

y1[1] hy g [1]
* = * y <, 33
1 VS B | iR, e 63
H,
where hy 1 [1] = [hq 2[1], h1 3[1]]. Since the effective channel

matrix H; has full rank two, user 1 decodes two desired
symbols. By the symmetry, user 2 and 3 obtain their desired
information symbols as well. As a result, it is possible to
achieve % DoF. This completes the proof. (]

V. CONCLUSION

In this paper, we studied a fully-connected interference
network with relay nodes. By considering the multi-way
information flows, we characterized the sum-DoF for the
network by yielding converse based on the cut-set theorem
and achievability using the proposed multi-phase transmission
scheme. From the derived DoF result, we verified the intuition
that the relay is useful in increasing the DoF of multi-user
interference network when the multi-way information flows
are considered, even if the relay and users operate in half-
duplex. This DoF increase is due to two gains: the caching gain
that inherently given by multi-way communications and the
interference shaping gain by the space-time relay transmission
that cancels the interference signals.
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