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Abstract— This paper develops a neuro-dynamic program-
ming (NDP) based near optimal boundary control of distributed
parameter systems (DPS) governed by linear one-dimensional
parabolic partial differential equations (PDE) under Dirichlet
boundary control condition. The structure of the optimal cost
functional is defined as an extension of its definition from
lumped parameter systems (LPS) but for the infinite dimen-
sional state space. Subsequently, the Hamilton-Jacobi-Bellman
(HJB) equation is formulated in the infinite dimensional domain
without using any model reduction. Since solving the HJB
equation for the exact optimal value functional is burdensome,
a radial basis function network (RBF) is subsequently proposed
to achieve a computationally feasible solution online and in a
forward-in time manner. The optimal value functional is tuned
by using conventional adaptive laws such that the HJB equation
error is minimized and accordingly the optimal control policy is
derived. Ultimate boundedness (UB) of the closed-loop system
is verified by using the Lyapunov theory. The performance
of proposed controller is successfully verified on an unstable
diffusion reaction process.

I. INTRODUCTION

Distributed parameter systems (DPS) are a major part of

dynamical systems with wide range of applications [1]–[2].

As the name suggests, DPS arise in environments where

system behavior changes continuously throughout the space.

Similar to case of lumped parameter systems (LPS), the

common attributes of a controller design for DPS should

include: 1. a simple and reliable design; 2. feasible real-

time implementation; 3. being robust to disturbances and

modeling errors; and 4. closed-loop stability. However, the

major challenge in the control of DPS when compared to a

LPS is the infinite dimensional nature of state space modeled

by partial differential equations (PDE). This characteristic

makes control design qualities difficult to reach in contrast

to finite set of ordinary differential equations (ODE) in LPS.

The successful results of linear optimal control of LPS

motivated researchers to develop the operator theory for

optimal control of DPS. The work was then extended to

boundary control [3] where the design is performed in

the infinite dimensional setting. However, a closed-form

solution requires solving the operator Riccati equations

which is significantly more time consuming in the infinite

dimensional domain for DPS. Subsequently, various other

approaches under the general category of optimize-then-
discretize control were proposed. In particular, boundary
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actuation received special attention in the previous decade

due to backstepping approach [4] wherein the controller is

developed through conventional calculus instead of operator

theory. The backstepping approach further enhances the

stability study through conventional calculus in the original

PDE domain.

The advances in neuro-dynamic programming (NDP) on

the other hand, and its successful forward-in-time imple-

mentation of optimal control policy for LPS [5], encouraged

researchers to investigate application of this method to DPS

[6]-[7]. However, due to the difficulty of designing the

controller in infinite dimensional domain and with PDE dy-

namics, the DPS system was discretized into an approximate

finite dimensional state space and subsequently the well-

developed NDP algorithms [8] were utilized for this reduced

order model. Design of a controller using a reduced order

model is broadly categorized as discretize-then-optimize [9]

method. The benefit of this design approach is the possibility

of using either the state of the art NDP or other feedback

suboptimal control designs. However, its primary limitation

is the degraded performance due to a reduced order finite

dimensional model of the system.

In contrast, in this paper, a new NDP based boundary

control of DPS governed by linear parabolic PDE under

Dirichlet boundary condition is introduced. Unlike previous

NDP based control methods for DPS [6]-[7], no model re-

duction is utilized prior to the control design. The controller

development is based on obtaining the Hamilton Jacobi

Bellman (HJB) equation and the optimal boundary control

policy in the infinite dimensional domain through calculus.

The value functional is then approximated in order to design

a suboptimal controller. The proposed suboptimal controller

is the first to be designed according to the NDP for a DPS

without any model reduction.

The development of the controller is as follows. First, the

HJB equation is formulated in the infinite dimensional setting

based on a novel definition of value functional. Subsequently,

the optimal control policy is derived by using necessary con-

ditions of optimality. Consequently, the value functional is

estimated in a forward-in-time manner and the approximated

optimal control policy is derived by using the estimation

of value functional. Computationally efficient adaptive laws

are proposed for online tuning of value functional weights.

Eventually, Lyapunov analysis is utilized to demonstrate

the closed-loop stability of the feedback system. Simulation

results confirm the effectiveness of the proposed scheme on

a diffusion-reaction process.

Throughout the paper, ‖.‖ stands for Euclidean norm
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for vectors or Frobenius norm for matrices. We recall the

inequality ‖.‖2 ≤ ‖.‖F where ‖.‖2 and ‖.‖F represent the

induced 2 norm and the Frobenius norm, respectively. The

L2 norm is also defined as ‖.‖L2
= (

l∫
0

‖.‖2dz)
1
2 .

The rest of the paper is organized as follows. In Section

II the class of DPS under consideration is described and

the state feedback optimal control approach is explained.

Section III demonstrates the simulation results and Section

IV provides the conclusion of the paper.

II. ADAPTIVE OPTIMAL CONTROL OF DPS MODELED

BY PARABOLIC PDE

In this paper, a DPS governed by a linear one-dimensional

parabolic PDE dynamics expressed as

∂x(z, t)
∂ t

=
∂ 2x(z, t)

∂ z2
+λ (z)x(z, t), (1)

is considered, where x(z, t) ∈ H2[0, l] is the system state

with z ∈ [0, l] being the spatial variable, l > 0, t representing

time and H2 being the Sobolev space of second order;
∂x
∂ t

is the time derivative of x,
∂ 2x
∂ z2

is its second spatial

derivative and λ (.) ∈ C1([0, l]) with C1 being the space of

continuously differentiable functions. Considering the above

PDE dynamics, in the following, the NDP controller is

designed under Dirichlet boundary actuation condition.

Consider the linear DPS (1) with Dirichlet boundary

control at z = l and general Robin boundary condition at

z = 0 as

x(l) = gu,
∂x
∂ z

|z=0 =−hx(0). (2)

where u is the control input and g,h∈ℜ are known constants.

The objective is to design a controller to minimize the

following infinite horizon cost functional V̄ given by

V̄ (x,u) =
∞∫

t0

{
Q(x)+ ru2

}
dt, (3)

where r is a positive constant and Q(x) is a positive definite

function. If the system state is a finite dimensional n× 1

vector x f , it is well-known that Q(x f ) could be defined in

quadratic form as

QL(x f ) = xT
f Qlx f =

n

∑
i=1

n

∑
j=1

x fiQli j x f j (4)

where Ql is a positive definite n × n kernel matrix, x fi
is the ith element of vector x f and Qli j is the entry of

matrix Ql at the ith row and jth column. However, in

the case of DPS, since there are infinitely many states

[x(z0),x(z1), ...,x(zk), ...]
T zi ∈ [0, l] [12] that are continuous

in the spatial domain, the finite dimensional summations in

(4) should be substituted by integrals. Therefore, intuitively,

taking s,z∈ [0, l] as continuous spatial variables for a surface

kernel function q(s,z) which correspond to discrete variables

i, j as rows and columns of matrix Ql in (4), Q(x) for DPS

can be specified equivalent to (4) in the following surface

integral form as

Q(x) =
l∫

0

l∫
0

x(s)q(s,z)x(z)dsdz, (5)

where q(., .) ∈ C2([0, l], [0, l]). Note that q(., .) is a two

dimensional continuous kernel function that has the same

role of the kernel matrix Ql in finite dimensional definition

(4).

Remark 1: In order to further clarify the definition of

Q(x) in (5) as extension of finite dimensional definition (4),

take 0 = z0 ≤ z1 ≤ ... ≤ zn−1 ≤ zn = l and 0 = s0 ≤ s1 ≤
...≤ sn−1 ≤ sn = l as two partitions for [0, l]. Assigning x f =
[x(z1), ...,x(zi), ...,x(zn)]

T as a n×1 finite dimensional subset

of x and defining Δzi = zi − zi−1 and Δsi = si − si−1 for 1 ≤
i ≤ n, one can express Q(x) in (5) as

Q(x) =
l∫

0

l∫
0

x(s)q(s,z)x(z)dsdz

≈
n

∑
i=1

n

∑
j=1

x fiq(si,z j)x f j ΔsiΔz j

(6)

where the Riemann approximated definition of integrals is

used. By defining Qli j = q(si,z j)ΔsiΔz j, equation (6) can be

viewed analogous to definition of QL in (4). This implies that

definition of Q(x) in (5) reduces to (4) for conventional finite

dimensional state spaces. In order to proceed, the following

assumption is necessary:

Assumption 1: The function q(., .) is symmetric, i.e.

q(s,z) = q(z,s), and Q(x) is positive definite, i.e. Q(x) ≥
qmin‖x‖2

L2
with qmin ≥ bq where bq is a positive constant

that will be defined later in the paper. Note that Q(x) can be

designed arbitrarily.

The optimal cost functional is represented by V̄ ∗(x, t).
Similar to NDP control design of linear LPS with quadratic

cost function [10], if p(s,z) ∈C1([0, l], [0, l]) is a symmetric

kernel function, V̄ ∗(x, t) can be represented by a surface

integral as

V̄ ∗(x, t) =
1

2

l∫
0

V ∗(x(z, t),z)dz. (7)

where V ∗(x(z, t),z) =
l∫

0

x(s, t)p(s,z)x(z, t)ds. By taking the

current time interval [t, t + δ t), V̄ in (3) can be represented

in the recursive form as

V̄ (x,u, t) =
t+δ t∫
t

{
Q(x)+ ru2

}
dt +V̄ (x,u, t +δ t), (8)

where V̄ (x,u, t +δ t) is the cost to go from time t +δ t to ∞.

Hence, the optimal value functional can be represented as

V̄ ∗(x, t) = min
u
{

t+δ t∫
t

{
Q(x)+ ru2

}
dt +V̄ (x,u, t +δ t)}. (9)
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Now invoking the principle of optimality, Equation (9)

becomes

V̄ ∗(x, t) = min
u
{

t+δ t∫
t

{
Q(x)+ ru2

}
dt +V̄ ∗(x, t +δ t)}. (10)

It is assumed that V̄ ∗(x, t) is Gáteaux analytic [13], i.e. its

differential with respect to infinitesimal change of state x ex-

ists in the direction of system trajectory in the neighborhood

of (x(z, t), t). If an integral functional Y (x) =
l∫

0

y(x)dz with

y(x) being a function of x is Gáteaux analytic, according

to calculus of variations [13], Y (x+ δx) with δx being an

infinitesimal change in x can be represented by its first order

approximation as

Y (x+δx)≈ Y (x)+
l∫

0

yxδxdz (11)

where yx =
∂y
∂x

. Moreover, according to (7)

1

2

l∫
0

V ∗
x(s,t)δx(s, t)ds =

1

2

l∫
0

V ∗
x(z,t)δx(z, t)dz. (12)

Therefore, revisiting (10), V̄ ∗(x, t +δ t) can be expressed in

its first order approximation form as

V̄ ∗(x, t +δ t)≈ V̄ ∗(x, t)+
1

2

l∫
0

V ∗
x(s,t)δx(s, t)ds

+
1

2

l∫
0

V ∗
x(z,t)δx(z, t)dz+

∂V̄ ∗

∂ t
δ t = V̄ ∗(x, t)

+

l∫
0

V ∗
x(z,t)δx(z, t)dz+

∂V̄ ∗

∂ t
δ t,

(13)

where δx is an infinitesimal variation in x as a consequence

of δ t change in time, V ∗
x(s,t) =

∂V ∗

∂x(s, t)
and V ∗

x(z,t) =
∂V ∗

∂x(z, t)
are partial derivatives of V ∗ with respect to x(s, t) and x(z, t),

respectively and
∂V̄ ∗

∂ t
is partial derivative of V̄ ∗ with respect

to t. Substituting approximation (13) into equation (10) and

canceling V̄ ∗(x, t) on both sides yields

0 = min
u
{Q(x)+ru2 +

l∫
0

V ∗
x(z,t)δx(z, t)dz+

∂V̄ ∗

∂ t
δ t}. (14)

Dividing through by δ t, letting δ t → 0 and substituting

dynamics (1) yield

min
u
{Q(x)+ru2 +

l∫
0

V ∗
x(z,t)

∂x
∂ t

dz}= min
u
{Q(x)

+ ru2 +

l∫
0

V ∗
x(z,t)[

∂ 2x
∂ z2

+λ (z)x(z, t)]dz+
∂V̄ ∗

∂ t
}= 0.

(15)

Since due to infinite time horizon, the cost functional V̄ ∗
as defined in (7) is only state dependent and not explicitly

dependent on time,
∂V̄ ∗

∂ t
= 0 [10]. Therefore the Hamilton

Jacobi Bellman (HJB) equation can be represented by

0 = min
u
{Q(x)+ru2 +

l∫
0

V ∗
x(z,t)[

∂ 2x
∂ z2

+λ (z)x(z, t)]dz}. (16)

In [11] a similar result but with using a different approach

is derived for parabolic semi-linear PDE. Subsequently, the

Hamiltonian is defined as

H = Q(x)+ru2 +

l∫
0

V ∗
x(z,t)[

∂ 2x
∂ z2

+λ (z)x(z, t)]dz. (17)

Accordingly, using integration by parts twice, Hamiltonian

can be represented as

H = Q(x)+ru2 +
l∫

0

V ∗
x [λ (z)x]dz+V ∗

x (l)
∂x
∂ z

|z=l −V ∗
x (0)

∂x
∂ z

|z=0 −{∂V ∗
x

∂ z
|z=lgu− ∂V ∗

x

∂ z
|z=0x(0)−

l∫
0

∂ 2V ∗
x

∂ z2
xdz},

(18)

where
∂V ∗

x

∂ z
and

∂ 2V ∗
x

∂ z2
are the first and second spatial

derivative of V ∗
x with respect to z. Moreover, x(z, t) and

V ∗
x(z)(x,z) are represented by x(z) and Vx

∗(z) for brevity.

This convention will be used throughout the paper. Based on

necessary conditions of optimality, in order for the control

input to be minimizing for Hamiltonian (18), the Fréchet

derivative of this equation with respect to u should be zero

[13]. Therefore,

∂H
∂u

=−g
∂V ∗

x

∂ z
|z=l +2ru = 0 ⇒ u∗ =

1

2r
g

∂V ∗
x

∂ z
|z=l . (19)

Substituting the optimal control in equation (18), the HJB

equation for DPS (1) under Dirichlet boundary condition (2)

can be represented in the form,

H∗ = 0 = Q(x)+
l∫

0

V ∗
x [λ (z)x(z)]dz+V ∗

x (l)
∂x
∂ z

|z=l

−V ∗
x (0)

∂x
∂ z

|z=0 +
l∫

0

∂ 2V ∗
x

∂ z2
xdz

+
∂V ∗

x

∂ z
|z=0x(0)− 1

4r
g2 ∂V ∗

x

∂ z

2

|z=l .

(20)

Since solving partial integro-differential equation (PIDE)

(20) for the exact V ∗(z) is too difficult and time consuming,

the objective is to find a suitable structure for estimation

of V ∗(z). The continuous kernel function p(s,z) in (7) can

be interpreted as an infinite dimensional array of unknown

parameters to be approximated. It is well-known that radial

basis function networks (RBF) can estimate an unknown

continuous multi-variable function with a large enough yet

finite set of basis functions [14]. The function p(s,z) in (7)

can be represented in RBF approximated form as

p(s,z) =W T
V φ(s,z)+ εp(s,z), (21)
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where φ(s,z) : [0, l]× [0, l]→ [C2]
np is a vector of np radial

basis functions ϕ j((s,z)− (s0 j,z0 j)),1 ≤ j ≤ np, WV ∈ ℜnp

and εp(s,z) is the estimation error. It is assumed that the

uniform norm of estimation error and its first and second

spatial derivatives, i.e.
∂εp

∂ z
,

∂ 2εp

∂ z2
are bounded with the

bounds εpM , εpzM and εpzzM , respectively. Note that the

estimation error εp can be reduced by increasing the number

of neurons.

Hence, V ∗(x,z) can be represented in approximated form

of

V ∗(x,z) =
l∫

0

x(s)W T
V φ(s,z)x(z)ds+ εV (x,z)

=W T
V Φ(x,z)+ εV (x,z),

(22)

where Φ(x,z) is a np ×1 vector defined as

Φ(x,z) =
l∫

0

x(s)φ(s,z)x(z)ds, (23)

and εV (x,z) =
l∫

0

x(s)εp(s,z)x(z)ds. Subsequently, the optimal

value functional can be expressed as

V̄ ∗(x) =W T
V

l∫
0

Φ(x,z)dz+ εV̄ , (24)

with εV̄ =
l∫

0

εV dz. Consequently, the optimal control can be

rewritten as

u∗ =
1

2r
g

∂ΦT
x

∂ z
|z=lWV + εu, (25)

with εu =
1

2r
gεVxz |z=l . The HJB equation becomes

H∗ = 0 = Q(x)+
l∫

0

W T
V Φx[λ (z)x(z)]dz+W T

V Φx(l)

∂x
∂ z

|z=l −W T
V Φx(0)

∂x
∂ z

|z=0 +
l∫

0

W T
V

∂ 2Φx

∂ z2
xdz+

∂ΦT
x

∂ z
|z=0

WV x(0)− 1

4r
W T

V
∂Φx

∂ z
|z=lg2 ∂ΦT

x

∂ z
|z=lWV + εH ,

(26)

where Φx(z) denotes Φx(x,z) for brevity and εH is derived

as

εH =
l∫

0

εVx(z)[λ (z)x(z)]dz+ εVx(l)
∂x
∂ z

|z=l

−εVx(0)
∂x
∂ z

|z=0 +
l∫

0

∂ 2εVx

∂ z2
xdz+

∂εVx

∂ z
|z=0x(0)

− 1

4r
g2(

∂εVx

∂ z
|z=l)

2 − 1

2r
W T

V
∂Φx

∂ z
|z=lg2 ∂εVx

∂ z
|z=l .

(27)

If the value functional is estimated as

ˆ̄V ∗(x) =
l∫

0

V̂ ∗(z)dz = Ŵ T
V

l∫
0

Φ(x,z)dz, (28)

the approximated HJB becomes

Ĥ = Q(x)+
l∫

0

Ŵ T
V Φx[λ (z)x(z)]dz+Ŵ T

V Φx(l)
∂x
∂ z

|z=l

−Ŵ T
V Φx(0)

∂x
∂ z

|z=0 +
l∫

0

Ŵ T
V

∂ 2Φx

∂ z2
xdz

+
∂ΦT

x

∂ z
|z=0Ŵx(0)− 1

4r
Ŵ T

V
∂Φx

∂ z
|z=lg2 ∂ΦT

x

∂ z
|z=lŴV ,

(29)

and therefore, the control input can be represented by

û =
1

2r
g

∂ΦT
x

∂ z
|z=lŴV . (30)

The value functional weight tuning law for Dirichlet

boundary control is defined as

˙̂WV =−α1
ωD

ζ 2
D

Ĥ −α2ŴV −α3ŴV‖ŴV‖2 −α4‖x‖2
L2

ŴV ,

(31)

where

ωD =

l∫
0

Φx[λ (z)x(z)]dz+
l∫

0

∂ 2Φx

∂ z2
xdz

+Φx(l)
∂x
∂ z

|z=l −Φx(0)
∂x
∂ z

|z=0 +
∂Φx

∂ z
|z=0x(0)

− 1

2r
∂Φx

∂ z
|z=lg2 ∂Φx

∂ z

T

|z=lŴV ,

(32)

and ζD = c1‖x‖2
L2

+ c2x(0)2 + c3(
∂x
∂ z

|z=l)
2 + c4 with

c1, ...,c4 and α1, ...,α4 being appropriate positive design

parameters.

Remark 2: The first term in update law (31) reduces

the approximated Hamiltonian whereas the other terms are

necessary to insure the closed loop stability as will be

explained in the proof. Note that the convergence rate to

the optimal control input depends on α1, ωD and parameters

c1, ...,c4. Under the update law (31), and control input (30),

it will be shown that system state vector x and the weights

estimation error W̃V will be ultimately bounded (UB).

In the next theorem, the authors will illustrate the ul-

timately boundedness of the closed-loop system with the

boundary control input (30) and under the value functional

weight update law (31). Before proceeding, the following

lemma is necessary:

Lemma 1: The following inequality holds

|εH |� cH1‖x‖2
L2

+ cH2x(0)2 + cH3(
∂x
∂ z

|z=l)
2, (33)

where cH1, ..., cH3 are positive constants. Moreover |εH | ≤
ξDMζD with ζD defined as in update law (31) and ξDM being

a positive constant dependent on reconstruction error.

Proof: Omitted because of space constraints.

Theorem: Consider the DPS system with PDE dynamics

(1) and boundary conditions (2). Under Assumption 1 with

the boundary control input (30) and the infinite-horizon cost

functional (3), the DPS system state x and estimation error

W̃V will remain UB under the update law (31) where 0 <
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Fig. 1. Closed loop state evolution under Dirichlet boundary condition

α1 < 1, α2 > α3 and α3 > θ D
α3

with θ D
α3

being a positive

constant. Moreover, the actual control input will be bounded.

Proof: Refer to Appendix.

Remark 3: The presented control design is also applicable

to more general linear PDE dynamics such as [4]

∂x
∂ t

(z, t) =
∂ 2x
∂ z2

(z, t)+λ (z)x(z, t)+ c(z)x(0, t)

+
ρ∫
0

f (z,w)x(w, t)dw,
(34)

where c(.)∈C1([0, l]), f (., .)∈C1([0, l], [0, l]), 0 ≤ ρ ≤ l and

w ∈ [0,ρ] is the integral variable. The basic PDE dynamics

(1) are primarily chosen in this paper in order to avoid

complicating illustrations. Moreover, it has been shown [4]

that most widely applied DPS modeled by linear parabolic

PDE are either in the form of or can be transformed into (1).

In the following section, numerical implementation of the

controller will be illustrated through simulation on a reaction-

diffusion process.

III. SIMULATIONS

In this section, in order to verify the performance of

proposed controller, a simulation example is provided. A

typical linear reaction-diffusion system [4] with following

linear parabolic PDE dynamics is considered:

∂x
∂ t

=
∂ 2x
∂ z2

+βα x (35)

where βα > 0, z ∈ [0,1] and control input is only present at

z= 1. The MATLAB pdepe function was used for simulation

of dynamics in a real-time control setting with dz= 0.05. The

boundary and initial conditions are expressed as

x(0) = 0, x(1) = gu, x(z,0) = sin(πz). (36)

When u = 0, the open loop response of system can be

obtained as

x(z, t) = 2
∞

∑
n=1

e(βα−π2n2)t sin(πnz)
1∫

0

sin(πnz)x(z,0)dz, (37)

which is unstable for βα > π2. For this example, βα was

chosen to be 17 and g = 1. The sampling time for updating

control input was ts = 2msec. The chosen q(s,z) in cost

functional (5) can be expressed as

q(s,z) = Ln(distance(s0 + z0 −1 = 0,(s,z))) (38)

with Ln(.) being the Landau kernel, which is a continuous

approximation for Dirac delta function, with n = 500, and

the function distance(., .) calculates the distance between the

diameter s0 + z0 −1 = 0 and point (s,z) ∈ [0,1]× [0,1]. The

motivation behind choosing this q(s,z) is that it acts as an

extension of the identity matrix for infinite dimensional cost

functional (5). Thirty six radial basis functions were chosen

as φis to approximate p(s,z) with the structure expressed as

φi(s,z) =
k

1+ν‖(s,z)− (si,z j)‖2
(39)

where ν = 40,k = 0.2 and sis and z js 1 ≤ i, j ≤ 6 were cho-

sen from the set S = {0.1,0.25,0.4,0.55,0.7,1}. However,

since p(s,z) is symmetric, only 21 weights were needed

to be updated and other weights could be found based on

symmetry. The update law parameters were expressed as

α1 = 0.1,α2 = 0.2,α3 = 0.1,α4 = 0.01,c4 = 0.02, c1 = 2,

c2 = c3 = 0.01 and Ŵ0 was a random vector with positive

entries. It can be easily verified that the necessary design

conditions, i.e. α2 > α3 and α3 > θ D
α3


 0.08 are satisfied

for these parameters. Fig. 1 shows the good performance of

controller in regulation of the DPS state. The smoothness

of control input and fast convergence of HJB error are

also shown in Fig. 2. In addition, as depicted in Fig. 2,

increasing the update law parameter α1 would speed up HJB

error convergence rate. Fig. 3 shows the estimated p̂(s,z)
at the end of simulation. As shown, kernel p̂(s,z) can be

interpreted as a continuous two dimensional array which

resembles a kernel matrix with infinitely many entries in

LPS optimal control. Finally, Fig. 4 depicts the control input

gain kernel Ku(s) = Ŵ T
V

∂φ(s,z)
∂ z

|z=l , 0 ≤ s ≤ l corresponding

to estimated p̂(s,z) in Fig 3. Qualitatively, Fig. 4 shows that

feedback from the middle of spatial domain is significantly

more important for system stabilization than places near the

boundaries.

Fig. 2. Control input and HJB error for Dirichlet boundary controller
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Fig. 3. Estimated p̂(s,z) for Dirichlet boundary controller

IV. CONCLUSIONS

This paper developed an NDP-based near optimal bound-

ary control scheme for DPS governed by one-dimensional

PDE under Dirichlet actuation condition without any finite

dimensional model approximation prior to control design. By

defining the value functional as the extension of its definition

in linear LPS optimal control design, the HJB equation was

derived in original infinite dimensional state space. Based on

defined structure for the value functional as a surface integral,

a RBF was proposed to estimate its unknown parameters as

a continuous two-variable kernel function. The update law

for RBF unknown weights was defined to reduce the HJB

error while insuring system stability. Ultimate boundedness

of the closed-loop system was verified by using the standard

Lyapunov theory. Since model reduction was not utilized in

control development, the design is more reliable and can be

applied to achieve accurate control and closed loop stability

of the original infinite dimensional system. The performance

of proposed control method was successfully verified on a

diffusion reaction process.

Fig. 4. Feedback gain kernel Ku(s) for Dirichlet boundary condition

V. APPENDIX

Proof of Theorem: Consider the following Lyapunov

function

L =
1

2
μaW̃ T

V W̃V︸ ︷︷ ︸
La

+

l∫
0

V ∗(x)dz

︸ ︷︷ ︸
Lb

, (40)

where μa is a positive tuning constant and W̃V = ŴV −WV .

If α2 > α3 and α3 > θ D
α3

=
‖φlz‖4

L2
g4

8c2
1r2 define η = 1

2 (α2 −α3).

Therefore, if 0 < α1 < 1

L̇ ≤− qmin
2 ‖x‖2

L2
−μaη‖W̃V‖2 + ε. (41)

where ε = μa
2 ξ 2

DM + μaα2
2 W 2

V M + 81μaα3
4 W 4

V M + μaα3
2 W 6

V M with

WV M the bound for ‖WV‖. Therefore L̇ is always less than

zero if ‖x‖L2
>
√

2ε
qmin

or ‖W̃V‖>
√

ε
μaη . Consequently, the

closed-loop system is UB.

Note that ε can be made small by reducing ξDM in Lemma

1 through increasing number of neurons and reducing α3

through increasing the update parameter c1. Moreover, the

bound ‖x‖L2
∈
√

2ε
qmin

can be made smaller by increasing the

design parameter qmin and ‖W̃V‖ ∈
√

ε
μaη can be reduced by

increasing η through the update parameter α2.
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