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Theory and experiment for ultrahigh pressure shock Hugoniots
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Abstract

Several equation of state models for hot, dense matter are compared with experimental data for the shock Hugoniots of
beryllium, aluminum, iron, copper, and molybdenum up to extreme pressures. The best models are in good agreement with
experiment and with one another, suggesting that our understanding of dense, partially ionized matter is good. 2001 Published
by Elsevier Science B.V.
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1. Introduction

When matter is subjected to a strong shock wave
the shocked material is heated, becomes partially or
completely ionized, and in the case of an extremely
strong shock the density approaches the ideal gas limit
of ρ = 4ρ0, whereρ0 is the initial density [1]. The col-
lection of the pressure–density points of the shocked
material, or Hugoniot, depends on the details of the
equation of state (EOS) of the matter. At intermedi-
ate shock pressures when the material becomes par-
tially ionized, the Hugoniot will depend on the precise
quantum-mechanical state of the matter. Thus the the-
oretical estimation of Hugoniots is part of the prob-
lem of understanding the physics of hot, dense matter.
Comparisons of theoretical and experimental shock
Hugoniots in the partial ionization region have been
published in the past [2–4], but only for a limited range
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of materials and theoretical models. In this Letter we
make comparisons for a wider range of atomic number
and for rather different EOS models. Our objective is
to determine how accurately the present set of EOS
models agrees with experiment and how the models
agree with one another.

New experimental methods, including the Sandia Z
machine [5] and high-powered lasers [6] have the
potential to generate shocks above 10 Mbar, and in
the case of the National Ignition Facility at Livermore,
above 100 Mbar [7]. In anticipation of new shock data
in the regime of strong electronic excitation, we here
re-examine the theoretical predictions of the present
generation of EOS models.

2. Models

Theoretical EOS models valid for ionization states
must include accurate descriptions of atomic structure.
The simplest ionization model is the Saha model [8],
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which assumes a noninteracting ideal gas with ion-
ization states given by the experimental values of the
ionization potentials. The statistical mechanics of the
equilibrium mixture of ions and electrons predicted by
the Saha model is well understood and is useful in the-
oretical astrophysics. The Saha approximation can be
systematically improved by adding electron–ion, ion–
ion, and electron–electron Coulomb interactions, ex-
cited states, and corrections for degeneracy and liquid
correlations [4].

Another approach is to compute the atomic to-
tal energies with quantum-mechanical self-consistent
field methods [9,10]. The atomic boundary conditions
must reflect the condensed-matter state and the ex-
cited state energy levels are populated according to
a Fermi distribution at nonzero temperatures. This
is an average-atom model that includes all excita-
tion and ionization states in a single model atom.
The simplest average-atom model is the semiclassi-
cal Thomas–Fermi model [11]. Thomas–Fermi accu-
rately represents the high density and high tempera-
ture limits of matter, and it can be systematically im-
proved with exchange and quantum terms. Solving the
Schrödinger or Dirac equation self-consistently in the
one-electron local-density approximation gives a more
realistic model of the atom. Each model type makes
strategic approximations that ultimately must be tested
against experiment. We have generated shock Hugo-
niot curves with several different EOS models in order
to compare them with experimental data and with each
other.

QEOS is a global equation of state model developed
in the 1980’s [12]. It started as an online subroutine for
hydrodynamic codes, and it has evolved into a table
generator for EOS data libraries. The QEOS model
separates the thermodynamic functions into electronic
and ionic parts. The electronic part is approximated
by the Thomas–Fermi model, corrected by a volume-
dependent bonding term which enforces the conditions
P = 0,E = 0 at the reference density and temperature.
The ionic part is composed of a Debye model for
the solid, a Lindemann melting curve, and a soft-
sphere model for the liquid. There is no volume
discontinuity at the melting point in the QEOS model.
QEOS has been modified to allow more accurate
fitting of experimental data in the low-temperature
region [13]. This includes fitting shock Hugoniots,
isotherms, and liquid–vapor critical points. In general,

QEOS is a good first approximation to a global EOS
which gives good fits to the low-temperature EOS. The
fundamental limitation of QEOS is its reliance on the
simple Thomas–Fermi model, which overestimates
the ionization of electrons, and leads to pressures
along the Hugoniot which are too large.

ACTEX [4] is a plasma model based on an ac-
tivity expansion of the grand partition function for
a Coulomb gas of ions and electrons. The activity
expansion is renormalized to produce terms repre-
senting the relevant ionic and atomic species in the
plasma. ACTEX uses parameterized electron–ion po-
tentials fitted to experimental spectroscopic data and
has corrections for strong ion–ion coupling. ACTEX
fails where the electron–ion coupling becomes strong,
typically at temperatures below 10 eV.

HOPE [9,14] is a self-consistent Dirac–Slater aver-
age atom model and it can account for detailed elec-
tronic configurations. In HOPE the boundary condi-
tions for the bound states are given at the ion-sphere
radius requiring that either the wave function or its
derivative be zero, thus giving a rough estimate for
the widths of the electronic bands. The bound states
in HOPE are normalized within the ion-sphere radius,
which distinguishes it from the INFERNO model de-
scribed below. The low and high-energy continuum
states are separated and they are treated quantum me-
chanically and in the Thomas–Fermi model, respec-
tively. The primary purpose of HOPE is to compute
opacities, but since opacities require an accurate quan-
tum mechanical basis, the EOS is an important part of
the HOPE code.

INFERNO [10] is a model of an atom in a jellium
plasma. The one-electron Dirac equation is solved
self-consistently with the constraint that the atomic
volume is electrically neutral. Exchange and correla-
tion are included through the local density approxima-
tion. The atom will have bound states and a contin-
uum. The continuum is treated in the same way as the
bound states so that the transition from bound to con-
tinuum states is smooth, and resonant states are com-
puted accurately. Since the atomic wave function can
spread out beyond the cell boundary into the jellium,
there is some arbitrariness in the separation of the atom
from the jellium medium and in the calculation of the
thermodynamic functions.

The next improved level of physics modeling is to
solve the quantum mechanical problem of atoms in a
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solid or liquid state at finite temperatures where par-
tial ionization can occur. Warm dense matter (WDM)
models include finite-temperature band structure mod-
els [15] and quantum molecular-dynamics models
with electronic excitation [16]. These are local-density
approximation models with finite-temperature ex-
change and correlation functionals. The WDM models
are among the most realistic models of electronically
excited dense matter.

3. Experimental data

Experimental Hugoniot data on Be [17–20], Al [21–
27], Fe [17,21,28], Cu [17,21,27], and Mo [17,21,27,
29] have been collected for comparison with the EOS
models discussed above. There are several experimen-
tal methods [30] that have been used for generating
well-defined shock states, from low pressures in the
tens of kilobars, to high pressures above 100 Mbar.
At lower pressures, explosive-generated plane shock
waves have been used. Two-stage gas guns have been
used to generate pressures up to 5 Mbar. Explosive-
driven spherical implosions and laser-driven plane
waves can yield shocks in the 10 Mbar range. Under-
ground nuclear explosions have been used for gener-
ating shocks up to 4000 Mbar. If the shocks have been
measured accurately, superimposing all of these data
should yield a single smooth shock Hugoniot curve.

The maximum pressures reached in the experiments
are Be, 18 Mbar; Al, 4000 Mbar; Fe, 105 Mbar; Cu,
61 Mbar; and Mo, 40 Mbar. These ultrahigh pressure
states lie well within the strongly excited regime where
the thermal electron pressure is a significant part of the
total pressure.

Laser and magnetically driven shocks have already
begun to produce data in this regime, and we can ex-
pect a steady stream of new data above 10 Mbar. Once
new data begin to accumulate, it will be necessary to
test the best theoretical models for adequacy.

4. Computations and comparisons

We used the models described in Section 2 to com-
pute shock Hugoniots from room temperature up to the
full ionization temperature for the elements Be, Al, Fe,
Cu, and Mo. The Hugoniot points were obtained from

the EOS tables produced by each model by solving the
equation

(1)E − E0 = (1/2)(P + P0)(V0 − V ),

whereE, P , andV are the internal energy per atom,
pressure, and volume per atom, respectively. The sub-
script “0” refers to the initial state, which is at room
temperature and 1 atm pressure. EOS tables were pro-
duced for a temperature–density grid and Eq. (1) was
solved numerically for each isotherm in the table. The
spacing of the grid points determines the resolution
of details in the computed Hugoniots. For the QEOS
and ACTEX models, accurate models of the ionic mo-
tion are included. For the HOPE and INFERNO mod-
els, the ions are assumed to be ideal gas particles. In
Figs. 1–5 we show the comparisons between the theo-
retical and experimental Hugoniots.

All of the theories show density maxima in the
range 5ρ0–6ρ0. In this region the electrons from the
ionic cores are being ionized. The shock density in-
creases beyond the infinite pressure limit of 4ρ0 in the
electron ionization region because ionization increases
the heat capacity without a corresponding pressure
increase. As ionization is completed, the plasma ap-
proaches an ideal gas of nuclei and electrons and the
density approaches 4ρ0.

QEOS shows no structure in the ionization region
because it is based on the Thomas–Fermi statistical
theory, which has no electron shell structure. ACTEX,
HOPE, and INFERNO do show oscillations in the
density because the successive electron shells are
accurately represented and are ionized askT reaches
the ionization potentials of each electron shell.

For Be, the ACTEX, HOPE, and INFERNO pre-
dictions show a single density maximum, correspond-
ing to the ionization of the K electron shell. The
three predicted shock curves in the density maxi-
mum region are in good agreement. QEOS predicts
higher pressures and a lower density maximum. The
two WDM calculations are done with finite-tem-
perature plane-wave electron band theory plus ideal
gas ions. The two cases shown use theT = 0 and
the finite-temperature exchange–correlation function-
als. The finite-temperature exchange–correlation re-
sults appear to be too low in pressure. All of the other
models come into good agreement with experiment in
the 10 Mbar region.
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Fig. 1. Beryllium Hugoniots. Experimental data are black squares.
The high-temperature band structure (WDM) points are given by
squares with diagonal (T = 0 exchange–correlation) and squares
with cross (T > 0 exchange–correlation).

Fig. 2. Aluminum Hugoniots. Experimental data are black squares.
The quantum molecular dynamics data (WDM) are open inverted
triangles (T = 0 exchange–correlation) and open triangles (T > 0
exchange–correlation).

Fig. 3. Iron Hugoniots. Experimental data are black squares.

Fig. 4. Copper Hugoniots. Experimental data are black squares.

For Al, there are two density maxima correspond-
ing to the K and L electron shells. Again, ACTEX,
HOPE, and INFERNO are in good agreement in pre-
dicting the density maxima. Comparison of the QEOS
data with previous three serves as a good example to
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Fig. 5. Molybdenum Hugoniots. Experimental data are black
squares.

demonstrate the effect of the presence or absence of
electron shells. QEOS does not have oscillations due
to the ionization of the L and K shells, since elec-
tron shell structure is not included in the Thomas–
Fermi model. The QEOS Hugoniot shows lower den-
sities than the ACTEX, HOPE and INFERNO Hugo-
niots and consequently, the QEOS pressures are higher
before the L shell ionization and lower before the K-
shell ionization. Similar results hold for Figs. 3–5. The
WDM models are based on quantum molecular dy-
namics withT = 0 and finite-temperature exchange–
correlation functionals. The WDM models were only
taken to the lower density maximum, but they agree
well with the other models. Al is the one case where
experimental data are available over the whole range
of shock ionization. Although the experimental errors
at the highest pressures are large, the data are consis-
tent with the best theory.

For Fe and Cu there are three density maxima or
inflections corresponding to the K, L, and M elec-
tron shells. The L shell ionization feature gives the
largest density increase. The disagreement between
HOPE and INFERNO is now larger than for Al, and
HOPE actually overlaps the QEOS results. For Mo,
there are three density inflections or maxima corre-
sponding to the K, L, and M shells, and a rather weak
feature near 40 g/cm3, which apparently corresponds

Fig. 6. HOPE values ofZ∗/Znuc along the Hugoniots of Be, Al, Fe,
Cu, and Mo, plotted against the density ratioρ/ρ0.

to the N shell. The disagreements between HOPE and
INFERNO in this lower-pressure region are now very
noticeable. For these three elements, INFERNO gives
better agreement with experimental data, and gives
perhaps the best prediction of future shock experi-
ments.

The degree of ionizationZ∗/Znuc and the tempera-
ture along the Hugoniot are useful variables that the
EOS codes can compute. These variables are com-
puted with the HOPE code and are plotted against the
reduced variableρ/ρ0 in Figs. 6 and 7. Fig. 6 shows
that the starting slopes ofZ∗/Znuc decrease with in-
creasing nuclear charge. We attribute that to the fact
that at low temperatures theZ∗’s differ only slightly
due to the different ionization energies of the top lev-
els, thus the division byZnuc yields smaller num-
bers for the heavier elements. It is interesting that the
maximum shock compression appears to increase with
Znuc, but we do not have an explanation of this at
present.

In summary, the good agreement of the quantum-
mechanical EOS models with experiment and with
each other for Be and Al in the region of high ioniza-
tion suggest that accurate predictions of the EOS are
possible. We hope that with the forthcoming National
Ignition Facility laser, more high temperature experi-
mental data will be available for the heavier elements.
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Fig. 7. HOPE values of shock temperature (in eV) for Be, Al, Fe,
Cu, and Mo, plotted against the density ratioρ/ρ0.
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