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Abstract

The interaction of an absorption line and a resonant laser is often modeled using a spectral overlap
integral. Previous investigators have modi"ed the traditional overlap integral to obtain a dimensionless
overlap integral that a!ords a more practical interpretation. Unique to the derivation of the modi"ed
integral is the treatment of the laser-spectral-irradiance pro"le* its area is normalized to equal the spectral
full-width at half-maximum. In this paper, the modi"ed laser spectral irradiance is applied to obtain
a dimensionless overlap integral for multi-photon absorption, including the case of two-photon absorption.
Close attention is given to the units applied to the calculation of absorption rate coe$cients, including those
for the laser #ux, laser irradiance, interaction cross sections, and distribution functions. The results are
tabulated for two cases* frequency expressed in units of wave numbers and frequency expressed in units of
Hertz. ( 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The use of resonant laser absorption processes has become a popular method of making
quantitative gas-phase measurements, e.g., measurements of concentrations of minor species (nitric
oxide, carbon monoxide, and the hydroxyl radical) in #ames [1}3]. In practice, the absorption
transition and the laser are not monochromatic, and the overlap integral is applied to take into
account the resulting ine$ciencies in the absorption process. The overlap integral is typically
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de"ned as the spectral integration over all frequencies of the product of the spectral distribution
functions of the laser and of the absorption line. These distribution functions are normalized by
forcing their respective areas to equal unity. The resulting overlap integral has units of centi-
meters. Noting the ambiguous physical meaning of this traditional form of the overlap integral,
Partridge and Laurendeau [4,5] developed a dimensionless equivalent which they applied to
spectral computations. The modi"ed overlap integral, as noted by these investigators, can be
interpreted as the ratio of the total photon-absorption rate coe$cient to the ideal photon-
absorption rate coe$cient that would result for a monochromatic absorber interacting
with a monochromatic laser. In deriving their modi"ed overlap integral, these investigators
normalized the spectral-irradiance function of the laser by forcing its integral over all frequencies to
equal the full-width at half-maximum (FWHM) of the distribution. The resulting integrated laser
irradiance was expressed in terms of parameters that are measured in common laboratory
experiments.

Partridge and Laurendeau treated the case of one-photon absorption; however, two-photon
absorption is required for concentration measurements of a number of di!erent species in reacting
#ows. For many light atoms and molecules such as CO, the lowest lying excited states can be
resonantly connected to the ground state with single photons of vacuum-ultraviolet energy. Hence,
for visible #uorescence detection, two-photon excitation is necessary to populate a state that is
separated from a lower level by a suitable energy. A number of measurements have utilized
two-photon excitation for detecting species such as N, O, C, H, and CO using subsequent
#uorescence [6}15] or ampli"ed spontaneous emission [10,16,17]. Two-photon absorption often
populates levels near the ionization continuum; as a result, a third photon from the laser can ionize
the molecules. Collection of either electrons or ions in such cases results in impressive limits of
detection [18,19]. In this study, we extend the analysis of Partridge and Laurendeau to obtain
a dimensionless overlap integral for two-photon absorption.

A number of two-photon spectroscopic models are documented in the literature. In some cases,
a chosen function is normalized in such a way that the area equals unity; these cases include the
spectral pro"le of the laser, the autocorrelation of the spectral pro"le of the laser, and the overlap
integral. The overlap integral is often ignored when assuming that the molecular bandwidth is
much larger than the bandwidth of the laser. In this study, we consider the application of
a dimensionless approach for two-photon absorption that is analogous to the method of Partridge
and Laurendeau. In many applications * particularly in #ames * the laser photons can be
absorbed by more than one process. For instance, two di!erent species (such as NO and NO

2
, CO

and NH
3
, or NO and O) [20}24] can absorb photons from the same laser, as can two di!erent

transitions of the same molecule [3,7,18,19]. In these cases it would be convenient if the overlap
fractions for both absorbers were expressed on a dimensionless basis using the same normalization
procedure. We consider this possibility in the present investigation.

A variety of approaches can be taken in the treatment of dimensions. For example, literature
values of the two-photon `cross sectiona have been reported with units of centimeters raised to the
fourth power, centimeters raised to the fourth power divided by watts, centimeters raised to the
fourth power divided by seconds, and centimeters raised to the fourth power multiplied by seconds.
Therefore, Table 1 containing symbols, their de"nitions, and units was constructed.

Mathematical details appear in Appendices A}C. Because the two-photon developments are
analogous to those for an equivalent one-photon derivation, one-photon absorption calculations
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Table 1
Nomenclature used in the examination of the overlap integral. The second column contains units corresponding to the
case in which frequency is expressed in wave numbers. The third column contains units corresponding to the case where
frequency is expressed in Hertz

Symbol Frequency representation Description

Wave numbers Hertz

A
L

cm2 cm2 Cross-sectional area of laser
c cm s~1 cm s~1 Speed of light
E
L

J J Energy per laser pulse
f(l) cm s Traditional spectral lineshape function of laser
f
PL

(l) Dimensionless Dimensionless Laser spectral shape function, Partridge and Laurendeau
g(l) cm s Spectral lineshape function of absorber
GW2X(0) Dimensionless Dimensionless Second-order intensity correlation function at zero delay
GWnX(0) Dimensionless Dimensionless nth-order intensity correlation function at zero delay
h J s J s Planck's constant
I(l) Wcm~1 J cm~2 Spectral irradiance of laser
I
0

Wcm~2 Wcm~2 Integrated irradiance of laser
I
0,PL

Wcm~1 J cm~2 Integrated laser irradiance, Partridge and Laurendeau
N cm~3 cm~3 Number density
*t

L
s s Temporal pulsewidth of laser

=(l) cm s~1 Dimensionless Spectral absorption rate coe$cient
=

0
s~1 s~1 Integrated absorption rate coe$cient

z cm cm Position
!W1X cm s Traditional one-photon overlap integral
!WnX cm s Traditional n-photon overlap integral
!W1X
PL

Dimensionless Dimensionless One-photon overlap integral, Partridge and Laurendeau
!WnX
PL

cm~(n~1) s~(n~1) n-photon overlap integral, Partridge and Laurendeau
!K W1X Dimensionless Dimensionless Modi"ed traditional one-photon overlap integral
!K WnX Dimensionless Dimensionless Modi"ed traditional n-photon overlap integral
!K W1X
PL

Dimensionless Dimensionless Modi"ed one-photon overlap integral, Partridge and Laurendeau
!K WnX
PL

Dimensionless Dimensionless Modi"ed n-photon overlap integral, Partridge and Laurendeau
iW1X(l) cm~1 cm~1 Spectral absorption coe$cient for one-photon absorption
iWnX(l) cm~1 cm~1 Spectral absorption coe$cient for n-photon absorption
l cm~1 Hz Frequency
*l

L
cm~1 Hz Spectral bandwidth of laser (FWHM)

'(l) cm~1 s~1 cm~2 Spectral #ux of laser
'

0
cm~2 s~1 cm~2 s~1 Integrated #ux of laser

'
0,PL

cm~1 s~1 cm~2 Integrated laser #ux, Partridge and Laurendeau
pW1X(l) cm2 cm2 Spectral cross section for one-photon absorption
pW1X
0

cm cm2 s~1 Integrated cross section for one-photon absorption
pWnX(l) cm2 cm2 Spectral cross section for n-photon absorption
p8 WnX(l) cm2n sn~1 cm2n sn~1 Normalized spectral cross section for n-photon absorption
p8 WnX
0

cm2n~1 sn~1 cm2n sn~2 Integrated, normalized cross section for n-photon absorption

are discussed in Appendix A. Details of two-photon calculations are given in Appendix B. Finally,
because of the possible applications of higher-order photon absorption [25}31], the general
overlap fraction for n-photon absorption is considered in Appendix C.
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2. Background

The spectral distribution function can be expressed as the product of a shape function and the
strength factor, S. The shape function is a dimensionless relation describing the shape of the
distribution function, and the strength factor is determined by the method used to normalize the
shape function. For example, Partridge and Laurendeau used the example of a Lorentzian
distribution function D(l) in terms of the frequency, l (cm~1), expressed as

D(l)"SG1#C
2(l!l

0
)

*l D
2

H
~1

, (1)

where l
0

denotes the central frequency (cm~1) and *l represents the FWHM (cm~1). Although we
prefer to express frequency in units of wave numbers in this paper, many investigators prefer to
express frequency in units of Hertz. The nomenclature appears in Table 1, where the variables are
de"ned along with their units using both conventions (the Hertz-based system is considered in
addition to the wave number-based system in Appendices A}C). Traditionally, Eq. (1) is nor-
malized to unity [32,33]; thus, S"2/(p*l), which has units of centimeters. In this example, Eq. (1)
can be applied to both the absorption transition and the laser, and the spectral overlap function
can then be calculated using the expression

!W1X"P
=

~=

g(l) f (l) dl, (2)

which has units of centimeters. Here, g(l) and f (l) denote the spectral distribution functions of the
absorption line and the laser, respectively (cm), and the superscript S1T denotes one-photon
absorption.

Partridge and Laurendeau [4,5] chose to normalize the distribution function of their laser to its
FWHM, *l

L
, such that

P
=

~=

f
PL

(l) dl"*l
L
, (3)

where the subscript PL is used to denote quantities unique to this normalization method. The
resulting strength factor is given by S

PL
"2/p. Consequently, f

PL
(l) and !W1X

PL
are dimensionless, and

the traditional overlap integral can be obtained by multiplying !W1X
PL

by *l
L
. The dimensionless

form of the overlap integral is equal to the ratio of the total photon absorption rate coe$cient in
the actual broadened system to that which would exist in the limit of a monochromatic laser
interacting with a monochromatic absorption line (for which !W1X

PL
"1). Hence, the dimensionless

form has a simple and practical interpretation. Their spectral normalization scheme is also of
practical bene"t, which can be observed by writing the spectral irradiance I(l) (Wcm~1) as

I(l) dl"I
0,PL

f
PL

(l) dl (4)

and

I
0,PL

"

1
*l

L
P

=

~=

I(l) dl"
E
L

A
L
*l

L
*t

L

, (5)
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where E
L

is the energy per laser pulse (J) (which is commonly measured using a joulemeter), A
L

is
the cross-sectional area of the laser (cm2), and *t

L
is the temporal pulsewidth (FWHM) of the laser

(s). Therefore, the integrated irradiance, I
0,PL

(W cm~1), is expressed in terms of physically
measurable parameters. An example of the application of this normalization scheme to one-photon
excitation of NO in #ames is provided in Ref. [34]. Partridge and Laurendeau [4,5] also discuss
similar normalization of the temporal distribution function. Because in this paper we are concerned
primarily with the spectral interaction of the laser and the absorbing molecules, the temporal
pulseshape is embedded in the integrated irradiance. It is not our intention to imply that the
temporal normalization scheme should be neglected; indeed, we often apply both spectral and
temporal normalization schemes to our computations [35]. Similarly, the radial pro"le of the
cross-sectional irradiance is neglected in this paper.

In terms of the traditional approach, the absorption rate coe$cient can be written as

=
0
"pW1X

0
'

0
!W1X"

pW1X
0

I
0

hcl
!W1X, (6)

as noted in Appendix A. Here, pW1X
0

is the integrated cross section for one-photon absorption (cm),
'

0
is the integrated laser #ux (cm~2 s~1), h is the Planck constant (J s), c is the speed of light

(cm s~1) and I
0

is the integrated laser irradiance (Wcm~2). In terms of the dimensionless overlap
integral, the corresponding integrated absorption rate coe$cient is expressed as

=
0
"pW1X

0
'

0,PL
!W1X
PL

"

pW1X
0

I
0,PL

hcl
!W1X

PL
. (7)

3. Approach

Two-photon absorption involves the simultaneous absorption of two photons, with the restric-
tion that the sum of the photon energies must equal the change in energy between the initial and the
"nal molecular states [36}41]. The two-photon overlap integral can be written as (see Appendix B)

!W2X"P
=

~=
P

=

~=

g(l
1
#l

2
) f (l

1
) f (l

2
) dl

1
dl

2
(8)

which has units of centimeters. The two-photon overlap integral can be used to calculate an
integrated two-photon absorption rate coe$cient using the relation

=
0
"2p8 W2X

0
'2

0
GW2X(0)!W2X. (9)

Here, p8 W2X
0

is the integrated, normalized cross section for two-photon absorption (cm3 s) and GW2X(0)
is the second-order intensity correlation function at zero delay.

The equivalent expressions for n-photon absorption (as shown in Appendix C) are

!WnX"P
=

~=
P

=

~=

2P
=

~=

g(l
1
#l

2
#2#l

n
)[ f (l

1
) f (l

2
)2f (l

n
)] dl

1
dl

2
2dl

n
(10)
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and

=
0
"np8 WnX

0
GWnX(0)'n

0
!WnX, (11)

where p8 WnX
0

is the integrated, normalized cross section for n-photon absorption (cm2n~1 sn~1) and
GWnX(0) is the nth order intensity correlation function at zero delay. Thus, the overlap integral for
n-photon absorption has units of centimeters, independent of the value of n. In contrast, if the laser
spectral pro"le function of Eqs. (4) and (5) is applied, the resulting absorption rate coe$cient is
given by

=
0
"np8 WnX

0
GWnX(0)'n

0,PL
!WnX

PL
, (12)

where

!WnX
PL

"P
=

~=
P

=

~=

2P
=

~=

g(l
1
#l

2
#2#l

n
)

][ f
PL

(l
1
) f

PL
(l

2
)2f

PL
(l

n
)] dl

1
dl

2
2dl

n
(13)

which has units of cm~(n~1). Therefore, the simple and practical nature of a dimensionless overlap
fraction is lost in the case of multi-photon absorption.

Often encountered in spectroscopic applications is the case in which the FWHM bandwidth of
the absorber is substantially larger than that of the laser. The overlap integral can then be
simpli"ed by holding g(l

1
#l

2
#2#l

n
) constant at n times the centerline frequency of the laser

(l
L,0

); this results in the approximate expression for the overlap integral, based on the normaliz-
ation method of Partridge and Laurendeau,

!WnX
PL

+g(nl
L,0

)P
=

~=
P

=

~=

2P
=

~=

[ f
PL

(l
1
) f

PL
(l

2
)2f

PL
(l

n
)] dl

1
dl

2
2dl

n
(14)

and the equivalent approximate expression using the traditional normalization routine,

!WnX+g(nl
L,0

)P
=

~=
P

=

~=

2P
=

~=

[ f (l
1
) f (l

2
)2f (l

n
)] dl

1
dl

2
2 dl

n
. (15)

Eqs. (14) and (15) highlight two approaches to placing the overlap integral on a dimensionless basis.
In Eq. (14), the quantity outside the integral has units of centimeters, while the remaining quantity
has units of cm~n. Therefore, it is desirable to de"ne a dimensionless quantity given by

!K WnX
PL

"A
1

*l
L
B

n~1
!WnX

PL
(16)

for which the integrated absorption rate coe$cient is

=
0
"np8 WnX

0
Gn(0)'n

0,PL
*ln~1

L
!K WnX

PL
. (17)

Because we often apply the normalization of Partridge and Laurendeau in one-photon spectral
computations, we prefer this normalization scheme when computing two-photon absorption
spectra.
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A di!erent approach can be found from examining Eq. (15), where it is obvious that the
integrated quantity is already dimensionless, regardless of the number of photons absorbed. This
suggests the de"nition of two new variables

g( (l)"*l
C
g(l), (18)

and a modi"ed (and dimensionless) overlap integral

!K WnX"P
=

~=
P

=

~=

2P
=

~=

g( (l
1
#l

2
#2#l

n
)[ f (l

1
) f (l

2
)2f (l

n
)] dl

1
dl

2
2dl

n
(19)

which can be inserted into Eq. (11) as a direct replacement of the quantity !WnX. Here, *l
C

(cm~1) is
a parameter describing the broadening of the absorbing medium, which, for example, could
represent collisional broadening. A potential disadvantage of this scheme is that treatment of the
laser irradiance a!orded by Eqs. (4) and (5) is neglected in favor of the traditional normalization
method.

4. Conclusions

For a one-photon absorption process, Partridge and Laurendeau have shown that a dimension-
less overlap integral is of practical value for spectral computations. Although a dimensionless
two-photon integral would be of equal utility, it cannot be obtained directly using their modi"ed
laser spectral distribution. We have developed two alternative methods for obtaining dimensionless
overlap integrals for multi-photon absorption. First, a dimensionless equivalent for n-photon
absorption can be obtained through multiplication by the spectral bandwidth raised to the power
n!1. Because historically we apply the normalization scheme of Partridge and Laurendeau to
one-photon calculations, we prefer this method for our present calculations of two-photon spectra.
Alternatively, a dimensionless spectral distribution function for the absorber can be obtained by
multiplying the dimensional quantity by the spectral FWHM bandwidth. Finally, careful attention
has been given to the units that should be applied for each variable. Table 1 containing the
variables and dimensions is useful when calculating two-photon-absorption spectra and also for
interpreting the literature values for absorption cross sections.
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Appendix A. One-photon absorption

Development of an expression for the dimensionless two-photon overlap fraction is analogous to
that for one-photon absorption. Therefore, the absorption rate coe$cient for one-photon absorp-
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tion will be reviewed in this appendix. Consider the attenuation of the spectral irradiance (W cm) in
a frequency interval dl (cm~1) propagating in the z (cm) direction [42],

1
I(l) dl

dI(l) dl
dz

"!iW1X(l), (A.1)

where iW1X(l) is the spectral absorption coe$cient (cm~1), and the superscript S1T is applied to
denote a one-photon absorption process. Since iW1X(l) is proportional to the number density of
ground-state molecules N (cm~3), we can write

iW1X(l)"NpW1X(l), (A.2)

where pW1X(l) is the spectral absorption cross section (cm2). Eqs. (A.1) and (A.2) apply when
expressing frequency in units of wave numbers or Hertz. The spectral absorption cross section
contains spectral broadening information concerning the absorbing molecules and can be written

pW1X(l)"pW1X
0

g(l), (A.3)

where g(l) is traditionally normalized such that

P
=

~=

g(l) dl"1. (A.4)

Therefore, for frequency expressed in wave numbers, g(l) has units of centimeters; for frequency
expressed in Hertz, g(l) has units of seconds. The integrated absorption cross section, pW1X

0
, has units

of either centimeters or cm2 s, respectively, for frequency expressed in wave numbers or Hertz, and
is related to the spectral absorption cross section by the equation

pW1X
0

"P
=

~=

pW1X(l) dl. (A.5)

The cross section can be used to calculate the absorption rate coe$cient, which, on a spectral basis,
takes the form

=(l) dl"p(l)
I(l) dl
hcl

, (A.6)

where I(l) is the spectral laser irradiance with units of W cm~1 when frequency is expressed in wave
numbers and J cm~2 when frequency is expressed in Hertz. From Eq. (A.6), we "nd that=(l) has
units of cm s~1 when frequency is expressed in wave numbers. However, when frequency is
expressed in Hertz, Eq. (A.6) is replaced by the expression

=(l
H;

) dl
H;

"p(l
H;

)
I(l

H;
) dl

H;
hl

H;

, (A.7)

and =(l
H;

) is dimensionless. To eliminate the need for two expressions describing the spectral
absorption rate coe$cient, we can write

=(l) dl"p(l)'(l) dl, (A.8)
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where '(l) is the spectral #ux, which is obtained by dividing the spectral irradiance by the energy
per photon. The spectral #ux has units of cm~1 s~1 or cm~2 when frequency is expressed in wave
numbers or Hertz, respectively.

The laser spectral shape function is traditionally normalized such that its area is unity, as
indicated by the expression

P
=

~=

f (l) dl"1. (A.9)

Thus, f (l) has units of centimeters when frequency is expressed in wave numbers and units of
seconds when frequency is expressed in Hertz. We can then write

I(l)"I
0

f (l), (A.10)

where I
0

is the integrated laser irradiance (Wcm~2) given by

I
0
"P

=

~=

I(l) dl. (A.11)

In the same manner, we can write

'(l)"'
0

f (l), (A.12)

where '
0

is the integrated laser #ux (cm~2 s~1), which can be expressed as

'
0
"P

=

~=

'(l) dl. (A.13)

Integration of Eq. (A.8) over all frequencies yields the integrated absorption rate coe$cient (s~1),
which is given by

=
0
"pW1X

0
'

0P
=

~=

f (l)g(l) dl. (A.14)

Substitution of Eq. (2) into Eq. (A.14) yields the rate coe$cient

=
0
"pW1X

0
'

0
!W1X, (A.15)

where !W1X has units of centimeters when frequency is expressed in wave numbers and units of
seconds when frequency is expressed in Hertz.

Appendix B. Two-photon absorption

Consider the absorption of two photons, l
1

and l
2
, subject to the condition that the quantity

2hc(l
1
#l

2
) corresponds to the energy di!erence between two states that are coupled by a two-

photon transition (2hl
1
#2hl

2
when frequency is expressed in Hertz). The attenuation of the

spectral irradiance in the frequency intervals dl
1

and dl
2

can then be written as a pair of coupled
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di!erential equations [42}48],

1
I(l

1
) dl

1

dI(l
1
) dl

1
dz

"!iW2X(l
2
, l

1
) (B.1)

and

1
I(l

2
) dl

2

dI(l
2
) dl

2
dz

"!iW2X(l
1
, l

2
), (B.2)

where the superscript S2T is used to denote a two-photon absorption process. The coe$cient
iW2X(l) (cm~1) is analogous to the spectral one-photon absorption coe$cient. Therefore, we can
write

iW2X(l
1
, l

2
)"NpW2X(l

1
, l

2
) (B.3)

and

iW2X(l
2
, l

1
)"NpW2X(l

2
, l

1
), (B.4)

where pW2X(l) is the spectral two-photon-absorption cross section (cm2). Unlike in the case of
one-photon absorption, the spectral two-photon-absorption cross section that describes the
absorption of a photon in the frequency interval dl

1
depends on the spectral irradiance in the

frequency interval dl
2
, and the absorption of a photon in the frequency interval dl

2
depends on

the spectral irradiance in the frequency interval dl
1
. Therefore, the functional representation

of the absorption coe$cients given in Eqs. (B.3) and (B.4) re#ects this interdependence through
the laser frequency with reversed subscripts 1 and 2. Hence, we may write

pW2X(l
1
, l

2
)"p8 W2X(l

1
#l

2
)GW2X(0)'(l

1
) dl

1
(B.5)

and

pW2X(l
2
, l

1
)"p8 W2X(l

1
#l

2
)GW2X(0)'(l

2
) dl

2
, (B.6)

where p8 W2X(l
1
#l

2
) is the normalized spectral absorption cross section (cm4 s) [47], and GW2X(0) is

the dimensionless second-order intensity correlation function at delay zero [38,45}47,49}52]. The
normalized spectral cross section can, in turn, be written as

p8 W2X(l
1
#l

2
)"p8 W2X

0
g(l

1
#l

2
), (B.7)

where p8 W2X
0

is the integrated, normalized absorption cross section, with units of cm3 s when
frequency is expressed in wave numbers and units of cm4 when frequency is expressed in Hertz
[52}63]. The integrated, normalized absorption cross section can be written as

p8 W2X
0

"P
=

~=

p8 W2X(l) dl. (B.8)

Analogous to the one-photon treatment of the spectral absorption rate coe$cient, we can write

=(l
1
) dl

1
"pW2X(l

1
#l

2
)'(l

1
) dl

1
(B.9)
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and

=(l
2
) dl

2
"pW2X(l

1
#l

2
)'(l

2
) dl

2
. (B.10)

Since one photon is absorbed from each of the frequency intervals dl
1

and dl
2
, we can combine

Eqs. (B.9) and (B.10) and apply Eqs. (A.12) and (B.7) to obtain

=(l) dl"2p8 W2X
0

'2
0
GW2X(0)g(l

1
#l

2
) f (l

1
) f (l

2
) dl

1
dl

2
. (B.11)

Integration of Eq. (B.11) over all frequencies yields the integrated absorption rate coe$cient, which
is given by

=
0
"2p8 W2X

0
'2

0
GW2X(0)P

=

~=
P

=

~=

g(l
1
#l

2
) f (l

1
) f (l

2
) dl

1
dl

2
. (B.12)

As in Appendix A for the case of one-photon absorption, we can now de"ne the spectral overlap
integral for two-photon absorption as

!W2X"P
=

~=
P

=

~=

g(l
1
#l

2
) f (l

1
) f (l

2
) dl

1
dl

2
. (B.13)

The resulting integrated absorption rate coe$cient is then written as

=
0
"2p8 W2X

0
'2

0
GW2X(0)!W2X. (B.14)

Note that the spectral overlap integral for two-photon absorption has units of centimeters when
frequency is expressed in wave numbers and units of seconds when frequency is expressed in Hertz.
We can then write Eq. (B.13) as [9,46,62,64]

!W2X"P
=

~=

g(2l
L
)h(2l

L
) d(2l

L
), (B.15)

where

h(2l
L
)"P

=

~=

f (2l
L
!l

2
) f (l

2
) dl

2
(B.16)

is the autocorrelation of the laser spectral pro"le. Here, l
L

is the laser frequency and l
L,0

denotes
the central frequency of the laser spectral pro"le, which is tuned to coincide with half the central
frequency of the absorber. If we assume the laser shape function to be Gaussian, such that

f (l
L
)"

2
*l

L
S

ln 2
2p

expC!4 ln 2A
l
L
!l

L,0
*l

L
B

2

D (B.17)

then substitution of Eq. (B.17) into Eq. (B.16) yields the distribution

h(2l
L
)"

2
*l

L
S

ln 2
2p

expC!4 ln 2A
2l

L
!2l

L,0
J2*l

L
B

2

D. (B.18)
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2The unit GM is equal to 10~50 cm4 s.

Thus, the laser spectral pro"le has an e!ective bandwidth for two-photon absorption that is
J2 times greater than that for one-photon absorption [9,56,60,65}69].

If the spectral bandwidth of the molecular absorber is much wider than that of the laser
[36,39,70}73], the molecular spectral pro"le function can be evaluated at twice the centerline
frequency of the laser and taken outside the overlap integral, as demonstrated in Eq. (15). This
situation is often encountered in spectral studies of the condensed phase in which the quantity
p8 W2X
0

g(2l
L,0

) can be reported in units of `GMa2 [74}76] (in honor of Maria GoK ppert-Mayer, who
"rst documented the concept of two-photon absorption) [77]. Note that units of GM apply only
when frequency is expressed in Hertz.

Appendix C. Multiphoton absorption

For absorption of n photons, we can write the following set of n coupled di!erential equations
[47,78]

1
I(l

1
) dl

1

dI(l
1
) dl

1
dz

"!iWnX(l
1
,l
2
,l
3
,l
4
,2,l

n
),

1
I(l

2
) dl

2

dI(l
2
) dl

2
dz

"!iWnX(l
2
,l
1
,l
3
,l
4
,2,l

n
),

F

1
I(l

n
) dl

n

dI(l
n
) dl

n
dz

"!iWnX(l
n
,l
1
,l
2
,l
3
,2,l

n~1
), (C.1)

where the spectral absorption coe$cients can are written as

iWnX(l
1
,l
2
,l
3
,l
4
,2,l

n
)"NpWnX(l

1
,l
2
,l
3
,l
4
,2,l

n
),

iWnX(l
2
,l
1
,l
3
,l
4
,2,l

n
)"NpWnX(l

2
,l
1
,l
3
,l
4
,2,l

n
),

F

iWnX(l
n
,l
1
,l
2
,l
3
,2,l

n~1
)"NpWnX(l

n
,l
1
,l
2
,l
3
,2,l

n~1
). (C.2)

The laser-dependent spectral cross sections (cm2) can be expressed in terms of the normalized
spectral cross sections by

pWnX(l
1
,l
2
,l
3
,2,l

n
)"p8 WnX(l

1
#l

2
#2#l

n
)GWnX(0)['(l

2
) dl

2
'(l

3
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3
2'(l

n
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n
],
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2
,l
1
,l
3
,2,l

n
)"p8 WnX(l

1
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2
#2#l

n
)GWnX(0)['(l

1
) dl

1
'(l

3
) dl

3
2'(l

n
) dl

n
],

F

pWnX(l
n
,l
1
,l
2
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)"p8 WnX(l

1
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2
#2#l

n
)GWnX(0)

]['(l
1
) dl

1
'(l

2
) dl

2
2'(l

n~1
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], (C.3)
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where

p8 WnX(l
1
#l

2
#2#l

n
)"p8 WnX

0
g(l

1
#l

2
#2#l

n
). (C.4)

Therefore, the normalized spectral cross section for n-photon absorption has units of cm2n sn~1.
The integrated, normalized cross section for n-photon absorption has units of cm2n~1 sn~1 when
frequency is expressed in wave numbers and units of cm2n sn~2 when frequency is expressed in
Hertz [38,79,80]. The spectral absorption rate coe$cient becomes

=(l) dl"np8 WnX
0

Gn(0)'n
0
g(l

1
#l

2
#2#l

n
)[ f (l

1
) dl

1
f (l

2
) dl

2
2f (l

n
) dl

n
]. (C.5)

Integration over all frequencies yields the integrated absorption rate coe$cient,

=
0
"np8 WnX

0
GWnX(0)'n

0
!WnX, (C.6)

where the spectral-overlap function for n-photon absorption has been de"ned as

!WnX"P
=

~=
P

=

~=

2P
=

~=

g(l
1
#l

2
#2#l

n
)[ f (l

1
) f (l

2
)2f (l

n
)] dl

1
dl

2
2dl

n
. (C.7)

Fast #uctuations in laser irradiance are taken into account by application of the nth-order
correlation function GWnX(0) [38,49,50,65].
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