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TABLE R1 (definitions and scaling properties): The table shows the definitions of diversity indices and their mutual scaling properties.
The references (e.g., T01.4) attributed to the equation marks refer to the derivations of the relationships (see Theses and Proofs T01 for
derivations). The equation marks without references are derived through simple rearrangements of the equations listed in the table. All
listed scaling properties are exact except those marked as  L’. Where possible, indices are defined according to Koleff et al. (2003) and
Gaston et al. (2007); see the column ‘Notes’ for exceptions. Consistent with Koleff et al. (2003), and Gaston et al. (2007), a refers to the

def

number of species shared by the focal assemblages (a & Syny), and b and c represent the numbers of species unique to the first and
second assemblages (b & Sy — Sxny and ¢ ¥ Sy — Syny)- Further references can be found in the 'Notes' column.

Notation Definition scaling properties Notes
BPwhro wr ST Gaston et al. (2007) call Byno as Pwna, for Overall Whittaker (1960) beta-diversity
= @ the case of two assemblages; fy/n, scales  of two sub-assemblages of one assemblage. (in
with indices of Jaccard index family only if ~ this study), S = Sxuy = Sx + Sy — Sxny and
the two sub-assemblages are adjacent, but (S1) = (Sx +Sy)/2
it has fundamentally different inferences. Beta-diversity sensu stricto (T08)
1
Bwha =(T01.4) 21_-1-]
J dgof a Bsim Jaccard index (1912)
T a+b+c J =ro11) m reversed turnover or co-occurrence if applied
def Sxny m on between two species level (T02)
Sx + Sy = Sxny
Bsr o atb+c 1 Schluter & Ricklefs (1993)
T 2a+b+c Bsr =(r012) 1+) turnover or reversed co-occurrence applied on
et Sx + Sy — Sxny between two species level (T02)
B Sy + Sy
Bsar wer 2a _ 5 J Sgrensen (1948) similarity,
~2a+b+c Bsor =(ro13) 1+ reversed turnover or co-occurrence applied on
dgof 25xny between two species level (T02)
Sy + Sy
Boick w 20 _ 5 J Raup & Crick (1979)
“b+c Boics =o117) 1—-J reversed turnover or co-occurrence applied on
25xny between two species level (T02)

- SX + Sy - ZSXﬂY
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Bac def 4 _ a 1 Bray & Curtis (1957) simplified for incidence
2a+b+c Brc =(ro1.16) 1—+] data
ger 1 — Sxny Turnover or reversed co-occurrence if applied
Sx + Sy on between species level (T02)
Bux 2a _ 1-] Harte & Kinzig (1997)
=~ 2a+b+c Pk =(o1s) 1+ Turnover or reversed co-occurrence applied on
ar | _ 25xny between two species level (T02)
Sy + Sy
Bt w btc _ 1-] Wilson & Shmida (1984) in Gaston et al. (2007)
“2a+b+c Be =wove) 1+J Baselga (2010a,2012) calls this index Sgrensen
e Sx T Sy — 25xny dissimilarity
- Sx + Sy Turnover or reversed co-occurrence applied on
between two species level (T02)
Be w DtC Bc =orny 1 -7 Gaston et al. (2001)
“a+b+c ¢ Turnover or reversed co-occurrence applied on
wr 9% TSy — 25xny Be =(ro16r01.7) Zm between two species level (T02)
Sx + Sy — Sxay
Bsim ger min(b, c) Bsim =ro1s) 1 — Bsim Simpson beta
~ a + min(b,c) Simpson (1943); Lennon et al. (2001)
oo MIN(Sy, Sy) — Sxny reversed nestedness (T05)
min(Sy, Sy)
Béim et a Bsim =ro18) 1 — Bsims Lennon et al. (2001), Sizling et al. (2016)
(rN) a + min(b, ¢) Bl = 4R J Bsim €quals N (range nestedness) Sizling et al.
w  SXNY sim ~(T019) “p 14 (2009) if computed between two species
~ min(Sy, Sy) ranges Nestedness (T05)
wer min(b, ¢) Introduced as turnover component of Jaccard
Bjtu ~ “a+ 2min(b,c) B = 2 Bsim dissimilarity in Baselga (2012)
jtu —(T0121) S B reversed nestedness (T05)

wr 5 MIN(Sx, Sy) — Sxny

= “2min(Sy, Sy) — Sxny
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Pg1 P U d L 2—Bg Lennon et al. (2001)
= “2a+b+c 1+ R T0110) —y species richness contrast (T06)
wr o [Sx = Syl B = 1-R (* follows from the above T19.10 equation)
TS+ Sy G T1+R
R L @+ min(b,c) B 2 - By
~ a + max(b, c) R =@o1.10 2+ B, Newbold et al. (2016)scales in one-to-one
. Min(Sx, Sy) J manner with S, by Lennon et al. (2001);

- max(Sy, Sy)

R=wow pr—a vy —J

reversed species richness contrast or species
richness uniformity (T06)

Baselga (2012) (* itis labeled as Sygs in

Bsne =) BnEs & Be — Bsim does not scale with other indices
Baselga 2010)
No family under examination (T09)
Bine = B — Bjtu does not scale with other indices Baselga ( 2012)
No family under examination (T13)
Brps wr o Min(b, c) does not scale with other indices Introduced as (one-for-one) replacement and
~"a+b+c labeled R,; in Podani & Schmera (2011)
., min(Sy, Sy) — Sxny no phenomenon in consideration
Sx + Sy — Sxay
Brps ger atlb—c| ifa=08&b +c Brps =ro1.22) 1 = Brps Introduced as nestedness and labeled Ny,; in
. SXHYH?;f;j _ if there were not for the Podani & Schmera (2011)
= Sx+Sy—Sxny if Sxny # 0 & Sy # Sy extra conditions that make no phenomenon in consideration
L 0ifSyqy =0o0rSy =Sy the index value zero
Brib ot _ & Briv = Bsim Where Sy = min(Sy, Sy) Ruggiero et al. (1998)
T atc else it does not scale with other indices =~ Nestedness or reversed turnover depending on
def SX_ﬂY the direction; Sy stands for species richness of
Y the approached assemblage if we leave

assemblage X (T11)
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(Bsim) 1 (Bsim) =(ro1.11) 1 — (Bsim); arithmetic mean across n Simpson indices as
o EZ Bsim,i (Bsim) Zro112) D in.troduce.d .in Lennon ?t al. (2901.) (:.;1 pair wise
i=1 index); it is labeled simply Sim in literature

(e.g., Gaston et al. 2007)
The scaling (12) works for only assemblages
with a high number of sites (= 10)
reversed Nestedness (T05,T03)

(Bsim) o 1 * , (Bsim) =o111) 1 — (Bsim The scaling between (fs;,) and D works only
def ZZ Bsim,i (Béim) =(ro11171912) 1 — D; for assemblages Wi(til :i(l)l)igh number of sites
i=1 Iy~ AR Y =
(1+]) =(o1.139) (Bsim) (1+R) Nestedness (T05,T03)
(%) if cov({Bgim), (=) = 0, which is likely
D Discrepancy D =(ro1.12) {Bsim) =(ror.11) 1 — {Bsim) Brualdi & Sanderson (1999)
(defined with an algorithm) Scaling (T01.12) works only for assemblages

with a high number of sites (= 10)
Reversed Nestedness (T03)

it would scale with B¢, if there was not No family under examination (T12)

Nyopr L1 t N does not scale with other indices Almeida-Neto et al. (2008)
= EZ NODF,i ca
= for condition Sy =Sy = Nyopr =0

=1
NNODF,i def 1-— ﬁsim'l‘ lf the two
assemblages vary in their
species richness; otherwise

def
Nyopr,i = 0.

Ny Number of gaps does not scale with other indices Patterson & Atmar (1986)
(defined with an algorithm) For two assemblages (in this study),
o ¥ %(:':C) if the two assemblages vary in

their species richness; otherwise Ny & 0.
No family under examination (T10)
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N¢ (defined with an algorithm) 5 — 1— g = Bsor _ J Wright & Reeves (1992),
¢r T ror19) (s)—»if (r01.20) =5~ —(T0L3) 14, For two assemblages (in this study),
Nez —(r04) 2Bsim — 1 Ngy & X0 (standardized as in Gotelli and

Sx+Sy
McCabe 2002); N¢, & Sxny~E(Sxny)

max(Sxny)—E(Sxny)
(standardized as in Wright & Reeves 1992)
N¢,, reversed turnover (T02)

N, Nestedness (T04)
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Theses (theses and proofs): Theses T1-21 state whether or not each index from Table R1
satisfies the constraints of the spatial phenomena (Figure 3 in Sizling et al. 202X), the conditions
for i-independnce of the indices, and the scaling between indices within a family and between
families. The evidences for the theses employ three parameters: a, (the number of shared
species, Sxny,), b (the number of species exclusive to the first assemblage, Sy — Syny), and ¢ (the
number of species exclusive to the second assemblage, Sy — Syny)- The individual arrangements
in Figure 3 in Sizling et al. (202X), are characterized as follows: a = 0 for the arrangements r3
and r4; b = 0 in arrangements r1,r2,r5 and r6; b = 0 and ¢ = 0 in arrangement r5; and by

Cre < Crp < Cpq inarrangements rl,r2,ré.

Understanding the evidence for the theses requires a basic knowledge of linear algebra.
Specifically, one should know: what a system of linear equations is and how it can be converted

. . a12
to a matrix (e.g.,, system: a;1x; + a12X; = by; ay1x1 + azyXx, = b,; the matrix: ])

the Gauss elimination method; Cramer’s rule and the theorem stating that a nonzero
determinant indicates a set of mutually independent (in our work, i-independent) equations
while a zero determinant indicates a set of mutually (i-)dependent equations. Formore details on
the link between linear algebra and indices of diversity see Box 2 and Box 3 in Sizling et al.
(202X).

TO01 (scaling properties): Relationships between the focal indices obey the equations listed in
Table R1. The evidence for the relationships is as follows (the numbering ‘1-22’ refers to the
labels associated with equation marks in Table R1; brackets (.) denote a mean value):

1= a _ minbalra _ _ bBsim

c+b+a c+a)+(b+a)-a cta | bta a T 1+R71- '
( I+ ) min[b,c]+a min[b,c]+a min[b,cl+a BSlm

2.8, = at+b+c _ (1+ a )_1 =i

2a+b+c a+b+c 1+]
_ 2a a+b+c 17\—1 ]
3'ﬁ5¢r_2a+b+c_2(1+ ) =2(+J7)" _2]+1
a+b+c 1
4 Bwnz = Guipreys —m92) 2hsr = 2
_ 2a ] _ 1—]
5.Buk =1 —m =193 1 = Bsor =1-277 =11
6. ﬁ __ 2a+b+c-2a _ _ 2a _ u
87 2a+b+c  2a+btc 2a+b+c  (T195) 14
b+c a+b+c—a a
7B = a+b+c [_b ]a+b+c _ [1b_] a+b+c -7
min[b,c] _ a+min[bcl-a _ . a —1_p
8. Bsim = a+min[b,c] ~ a+min[b,c] 1 a+min[b,c] ~ 1= Bsim:
_ A ! A 1A ] A R
9. JR(L+ R™' = Bsin) =(ror.1) Bsim = J(R+ 1= Psyn " R) = Pim R = T = Psim 7
10.Let b < cthenR = bﬁ and thus B, = 2 ccb _ pleta)=(bta) _ , (c+a)A-R) _
2a+b+c 2a+b+c 2a+b+c

2a+b -1¢ b -1 _ 1-R 2-8
=2(1— R)( at ”) 2(1—R)(“+—+‘j”) =21 -R)(A+R) =272 =>R=""2

2+ﬁgl
11. Bsim =(ro1.8) 1 = Bsim = (Bsim) = (1 — Bsim) = (Bsim) = (1) — (Bsim)
12. Simulation based evidence (see Figure R2 below)

13. -5 =(ro15) Bém 1iz <1—+,> <ﬂslm IR = () = Biim) () + OV (Biimi 1)

Where the i-th values ,BSlml and -ares:- lndependent across all i, cov (ﬁslm, 1;) 0.

Nestedness, S, ;

only one sr component of the Sy, Sy, Sxny) and are llkely s-independent (implying zero
covariance). However, an ecological driver makes covariance nonzero and then the relationship
in Table R1 does not work.
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R J

14.(0<R<1= 0 <T< 0.5), 1tfollows(0<— 0.5& 777 =(ro19) Bsim T = 17 S
0.5k, =] < f?;’fm)
15.] =(ro1.6) 1+£t =(Def Bsne) %
16. Bpc = 1 _SiX:;Y =1- ]% 1—~JBsc = Bpc =1—JBpc = Bpc = 11]
-1
17 force g = Uit = 2y (1- o) =2

Sy -

def _ Sx+Sy=2Sxny _ Sxny _ SxSxny—SySxny _ RSXnY—SySxny _ (RT'-1)Sxny

18. fspe & By — Bsim = — = = = .
SxFoy Sy SyOx+5y) Sy(Ox+3y) Sx Ty

Sy < Sy is an arbitrary choice without losing generality.

S _ Sx+Sy+S —-Sx—S Sx+Sy+S
19. N, & Xny x*+Sy+Sxay=Sx=Sy _ | _ Sx+Sv erzl_’BSR.
S +Sy Sx+Sy Sx+Sy
S 128
20. Ny, & Sxay _ 125xny =35¢r_
Sx+Sy 2S5x+Sy 2
!
21. def mln(SX'SY)_SXnY -9 1-Bsim _ ~ _Bsim
B]tu = : - 7 - o
2 min(Sx,Sy)—Sxny 2-Bsim 1+Bsim
22. Bros + Bros cl:ef(*) Sxny*|Sx—Syl min(Sx,Sy)—Sxny = (sy<sn) Sxny*+Sx—Sy Sy—=Sxny _ _
p P Sx+Sy—=Sxny Sx+Sy—Sxny y= Sx+Sy=Sxny Sx+Sy=Sxny

Sx+Sy—S
“X_°Y SXOY — 1, (*)=no discontinuity conditions
Sx+Sy—Sxny

TO2: Jaccard index (]) is consistent with the constraints on reversed turnover.

Note: All the indices that follow strictly increasing function of ] are consistent with the
constraints on reversed turnover, and all indices that follow a strictly decreasing function of J
are consistent with the constraints on turnover. For the scaling, see Fig. 5 in Sizling et al. (202X),
Thesis T01, and Table R1. For a new index, consult Repository RI4: Calculator.

Evidence: ] = e .Here a = 0 in re-arrangements r3 and r4 in Figure 3 in Sizling et al. (202X).

Hence J[r3] = [r4] = 0, which excludes the species richness contrast but supports turnover as
defined in our framework. Additionally, /[r1] < J[r2] < J[r6] < J[r5] in Figure 3 in Sizling et al.
(202X). Hence, 0 < J[r1] < J[r5] = 1, which supports only the reversed constraints of turnover.

TO03: Discrepancy (D) for a high number of sites approaches a function that is consistent with the
constraints on nestedness.

Note: Figure R2 shows that more than 10 sites are sufficient to achieve consistency with the
constraints.

Evidence: For a small number of sites to compare, index D does not follow any of the focal
phenomena. This evidence is based on D computed for various pairs of sets (M1 = M2 =15,
M3=10, M4 = M5 = M6 = M7 = M8 = M9 = M10 =M11=5, and M12=4.). The rough (non-
standardized) Discrepancy is defined as the minimum number of incidences that must be shifted
along rows of an incidence matrix (rows represent sites; columns represent species) to achieve
absolutely nested assemblages (Brualdi and Sanderson 1999). This definition simplifies to
‘min(Sy, Sy) — Sxny’ for two assemblages. Index D is standardized by the number of incidences
within the focal matrix, thus D = min(Sy, Sy) — Sxny/(Sx + Sy) in the case. The computed order
is therefore 0 = D[r1] = D[r2] = D[r5] = D[r6] < D[r3] < D[r4] = 0.5. The equality

D[r1] = D[r5] excludes species richness contrast, nestedness, and turnover, and the inequality
D[r3] < D[r4] excludes nestedness, but not contrast. However, if the number of sets is large
enough (simulations suggest more than 30 simulations), the standardization by the number of
incidences begins to work properly and the index D will scale with the indices of nestedness
(Figure R2 below). We demonstrate the reason using two extreme cases: with maximum and
minimum possible D. The Discrepancy of an absolutely nested matrix is by definition zero (no
shift of incidences is needed). Maximum Discrepancy occurs in a matrix where almost all
incidences (except the incidences of one site) must be shifted to gain an absolutely nested
matrix. The Discrepancy of an absolutely non-nested matrix (where each site has its unique set
of species) is then computed as the total species richness (sum across all sites) of species that



Sizling et al. 2023 (v0.1.0) p.9/19

has to be shifted (i.e., excluding one of the most species rich sites). This equals ZS‘tesS

max;e5[S;], where S; is the species richness of the i-th site. It is standardized by the number of

Zfltlessl maxSltes[ L] _ maxis‘ttles[sl]

ST mies,
if max Si] < stes S;. This is the case of practically all datasets with large numbers of sites,
and therefore D = 1 can be attributed to absolutely non-nested multisite assemblages. It is
apparent that all matrices between these two extremes have D values between 0 and 1. The
condition max;¢5[S;] « Y31eS S; might only be violated if the maximum species richness was
high and species richness of the other sites was extremely small, which is unlikely. Simulations
show a one-to-one scaling of D with Simpson beta (non nestedness) for matrices of 30 and 100
sites (Figure R2).

incidencies, i.e., Y3565 S;. Hence, D = which approaches one

Sltes[

TO04: N, standardized as in Wright & Reeves (1992) (here labeled N,; labeled as C in Wright &
Reeves 1992) approaches i-dependence on Simpson beta as Species Richness approaches infinity.
N, is i-dependent on species richness.

Note: N, is thus consistent with the constraints on Nestedness.
Sxny—E(Sxny) ;
, where max(S = Sy if we put Sy = Sy, and E() stands for
maX(any)l—E(ngy) o (Sxay) = Sy putoy = oy 0
Ty = 2" Hence N, =
Sy 2

, where r > 0 emulates variation in species richness. Apparently, N, is i-dependent

Evidence: N, &

2Sxny—Sy—1
Sy—1

expectance. So, E(Syny) =
ZTSXny—TSy—l
rSy—1
_ s
onr, and llmr—>oo NC =2 );nY -1= 2:B.S,'im -1
Y

.In general, N, =

TO5: Simpson beta By, and B, are consistent with the constraints on reversed nestedness and
Bsim is consistent with the constraints on nestedness.

Note: The evidence is done for Bg;p,. For the strictly increasing function of S, with fg;,, and the
strictly decreasing function of S¢;,,, with Sg;, see Fig. 5 in Sizling et al. (202X), Thesis T01, and
Table R1.

. min|[b,c
Evidence: fs;,, = bl

arminl.dl BsimIr3] = Bsim[r4] = 1 because a = 0 in these cases; Bsim[r1] =
Bsim|12] = Bsim[r5] = Bsim[r6] = 0 because one of the variables b, ¢ equals zero and a # 0 in
these cases. All the indices are continuous and none of them depends on max(b, ¢). For scaling

between B, Bsim and B, see (T01.8, T01.21 and Figure 5 in Sizling et al. 202X).

TO06: B, and R are consistent with the constraints on species richness contrast and species richness
uniformity (i.e., reversed species richness contrast), respectively.

Evidence: R is the ratio of minimum to maximum species richness. Hence R[r1] = R[r3] <
R[r2] < R[r6] < R[r4] = R[r5] = 1. R is therefore inversely related to species richness contrast,
representing species richness uniformity. B;; scales negatively with R, (see T01.10).

TO7: By, is inconsistent with the constraints on nestedness, turnover or species richness contrast.
Evidence: If we ignore the extra conditions that make f,,,,s discontinuous (i.e., fpps if Syqy = 0
or Sy = Sy) then 0 = .Bnps [r4] < .Bnps [r3] < ﬂnps [r5] = ﬂnps [r6] = ﬂnps [r2] =V,Bnps [r1] =1,
where rl,..,r6 are re-arrangements of two assemblages defined in Figure 3 in Sizling et al.
(202X). The inequality f,,s[r4] < Bnps[r3] excludes nestedness, the equality fBy,,[r2] =
Bnps[r1] excludes the species richness contrast, and the equality B,,s[12] = Bpps[r1] excludes
turnover.

If we add the condition: “B,,s = 0 if Syny = 0” (the variant of the index under discussion
in Sizling et al. 202X, which is labeled N,.,; in Podani and Schmera 2011), then the relations
become 0 = ﬁnps [r4] = lgnps [r3] < lgnps [r5] = ﬁnps [r6] = ﬁnps [r2] = ﬁnps [r1] = 1. This again
excludes species richnesvs contrast and turnover, but it agrees with the constraints on
nestedness (Figure 3 in Sizling et al. 202X). This is only due to the extra condition, so if we
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consider that indices must follow the requirement of continuity, the S,,; does not capture the
nestedness. However, there is another reason why f,,,,;does not capture the experience of
nestedness. The constraints N[r1] = N[r2] implies independence of nestedness from the species
richness of the richer assemblage. If we violate this condition where there is an overlap between
the assemblages (i.e., Sxyny > 0), then we are inconsistent with the constraint N[r1] = N[r2]
(Figure 3 in Sizling et al. 202X). The intuition is that if we enter the sea, then the fraction of how
much we are immersed does not depend on the size of the sea. It is easy to see that f,,),; =
2(Sy — Sxny)/(Sx + Sy — Sxny) changes with changing Sy (= max(Sy, Sy)), which excludes
nestedness (arbitrarily without loss of universality Sy < Sy).

If we add the condition: “B,,,s = 0 if Syny = 0 or Sy = Sy” (this variant of the index that is
labeled Ny,; in Podani and Schmera 2011) then the relations turn into 0 = f,,,,s[r4] =
Bnps [r3] = Bnps [r5] = Bnps [r6] = Bnps [r2] = Bnps [r1] = 1. Again, the equality Bnps [r3] =
Bnps[r5] excludes nestedness, the equality By,s[12] = Bnps[r1] excludes the species richness
contrast, and the equality S,,,s[72] = Byps[r1] excludes turnover.

TO08: Index B, is inconsistent with the constraints on nestedness, turnover and species richness
contrast. The index By, Is also inconsistent with the concept of One-for-One Replacement.
Evidence: The relations for f,.,5 are reversed to the relations for f,,,,; where no extra conditions
that make the index discontinuous are considered (i.e, 0 = f,s[r4] < Brps[r3] < Brps[r5] =
Brps[16] = Brps[12] = Brps[r1] = 1), for Br,s = 1 — By in this case (T01.22). Therefore, the
reasoning for nestedness, species-richness contrast, and turnover follows the evidence T07
above. In the case of one-for-one replacement, there is a constraint R[r4] = R[r3] on the one-
for-one replacement that follows the point of Podani & Schmera (2011). The inequality

Brpslr4] < Brps[r3] therefore excludes one-for one replacement. Because the numerator of 5,5
for r3 equals the numerator of ,.,; for r4, the problem is introduced by denominator (i.e.,
standardization of the index with Sy + Sy — Sxny). One may argue that the one-for-one
replacement of r3 differs from one-for-one replacement of r4, and thus the inequality

Brpslr4] < Brps[r3] does not disqualify 3,5 as a measure of the one-for-one replacement. In this
case, however, there should be a difference between f,,,,;(Sy = 8,5y = 20,Sxny = 1) and
Bnps(17,20,10), but B,,,5(8,20,1) = By,5(17,20,10) (Figure 1 in Sizling et al. 202X).

TO09: Nestedness by Baselga (Ssne) is inconsistent with the constraints on nestedness, turnover and

species richness contrast.

. b+c min(b,c . . e B qs
Evidence: S, = — ,( )_ For re-arrangements rl and r2 in Figure 3 in Sizling et al.
2a+b+c  a+min(b,c)

(202X), Bsnelr1] < Bsnelr2], because Bsim[r1] = Bsim[r2] = 0,b =0, ¢,, < ¢4, and a does not
vary between these two cases. This excludes nestedness. B, [15] = Bsnelr3] = 0, because b = ¢,
which excludes turnover. B¢, [11] > Bsne[r3] = 0, which excludes species richness contrast
(Bsnelr3] = 0, because a = 0; and (Bspe[r1] > 0, because min(b,c) = 0 and b # ¢).

T10: Number of gaps (N,) is inconsistent with the constraints on nestedness, turnover and species
richness contrast.

Evidence: This evidence is based on N, indices computed for various pairs of sets (M1 = M2 =
15, M3=10, M4 = M5 = M6 = M7 = M8 = M9 = M10 =M11=5, and M12=4.). The computed order is
0 = Ny[r1] = Ny[r2] = Ny[r4] = Ny[r5] = Ny[r6] < Ny[r3] = 0.3 for the index that was
standardized by number of incidences within the focal matrix. This matches no experience of the
five spatial phenomena.

T11: The Ruggiero index of beta-diversity (Brip) is consistent with the constraints on reversed
turnover or nestedness depending on the direction.
Evidence: The index rib depends on the order of the focal assemblages. It is defined as

a . .
Brip = — where c captures either the first or second assemblage. In our case, 0 = ¢,5 < ¢;¢ <
a+c
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Cry < €pq and a,5 = Apg = Ay = apq. Hence, 0 < Bgip[r1] < Brip[r5]. At the same time

0 = Brip[r3] < Brip[r4], because a = 0 in these cases. The index Bg;;, thus captures reversed
turnover. If we replace b with c, then B, [r1] = Brip[72] = Brin[r6] = Brip[r5] = 1, because c=0
in these cases. The index rib therefore captures nestedness in the case.

T12: Nestedness by Almeida-Neto et al. (2008) (Nyopr) would be consistent with the constraints
on nestedness if we ignored the condition that Sy = Sy = Nyopr = 0.

Evidence: Where assemblages differ in their species richness, Nyopr equals Sg;,,, from the
Simpson beta family, which is an index of nestedness. Where assemblages have equal species
richness Nyopr = 0. If we accepted that two equal sized assemblages are not mutually nested
(NODF(r5) = 0, but NODF (r6) = 1), then Nyopr would be an index of nestedness. However,
our framework excludes this possibility.

T13: The Nestedness resultant component of Jaccard dissimilarity (Bjn.) s inconsistent with the
constraints on nestedness, turnover or species richness contrast.

Evidence: This evidence is based on N, indices computed for various pairs of sets (M1 = M2 =
15, M3=10, M4 = M5 = M6 = M7 = M8 = M9 = M10 =M11=5, and M12=4.). The computed order is
Binelr3] = Binelr4] = Binelr5] = 0, Bjne[r6] = 0.2, Bjn[r2] = 0.5, and B, [r1] = 0.7. The
equality Sy [r4] = Bjne[r5] excludes nestedness and turnover, and tha equality S [r3] =
Bjnelr4] excludes species richness contrast.

T14: An algorithm to compute Jaccard similarity and Simpson nestedness from two i-independent

indices if one of the indices is partitioned.

The algorithm: Let

I = KiaSxny+K2aSx+K3aSy | K1bSxny +KapSx+KspSy _ I, +1,
LiaSxnytL2aSx+tL3aSy =~ LipSxny+LapSx+LspSy

(if index I, is subtracted the k;, coefficients are multiplied by ‘—1’)

and

I, = K12Sxny +K22Sx +K32Sy .

L12Sxny+L22Sx+L32Sy

Then the triple I,, I, and I, are necessarily i-dependent. Thus
_IaLla - Kla IaLZa - KZa IaL3a - K3a
det|lpL1p —Kip IpLop —Kzp IpLap — Kzp
[ ;L1 — K1z DLy —Kpy  IpLz; — Ksp
I,, and I; are known (I; =1, + I},), so

= 0.

(I = Ip)Lig — Kig (Ih = Ip)Laq — Kaq (I3 — Ip)L3q — K34
det| [IpLip —Kyp IpLop — Kop IpL3p — K3p =0
_ M, M, M,
where M; = I,L;, — Kj5.
After expansion
15Dy, — Iy(IyDy, — Dy, + D) + 1Dy — Dy = 0,
Lig Lyg L3zq Kia Ko Ksq Lig Lza L3g
where D, = det|Liy Lzp L3p|; Dkx =det|Kip Kzp Ksp|; Dix = det|Kip Kzp Kzpl;
M; M, M; My, M, M; My M, M;
Kia Ko Kszq

and DKL = det le LZb L3b

My M, M;
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Having I, we can pick up two i-independent indices and then use the algorithm from Box 3 in
Sizling et al. XXXX to compute any dimensionless index.

This solution works only if the indices I, I}, are mutually i-independent, the indices I, I; are
mutually i-independent, and the indices I3, I, are mutually i-independent (together they are
always i-dependent). If any pair of indices is mutually i-dependent, the solution is simpler:
convert the i-dependent indices to an index from their family (Table R1) and then follow the
algorithm from Box 3 in Sizling et al. XXXX.

T15: Symmetric and linear indices with equal denominators are i-dependent.
That is: Let us have two indices that are defined as

der K1aSf1(Sxny)+Kaaf2(Sx)+K3af3(Sy)
Ig = kllg]}:l((ssxny)):,?;}%((SSX))TJ;?“I{}(??)’ (k1g-3ar li-3 € R),|lzq| + [l34| > 0 (T15.1)
ef *1BJ1\2XNY 2BJ2\PX 3p/3\PY
[ﬁ = Ligfi(Sxny)+lapfa(Sx)+l35f3(Sy)’ (klﬁ_3ﬁ' h-3 € R)’llzﬁ| + |l3ﬁ| >0 (T15.2)
where f;(X) are strictly increasing or strictly decreasing functions from R* to R*, and k,, =
k3a: kZB = k3ﬁ, and lla = l2a~ llﬁ = lZﬁ!
then (11, = l1g & I, = l,5) = I is i-dependent on Ip.
Note 1:if f;(X) = X, VX € R, then Egs. T15.1 and T15.2 turn into Eq. 8 in Sizling et al. 202X.
Note 2: It follows that two asymmetric indices with equal denominators are i-independent.
Note 3: The symmetry required here is a stronger form of symmetry as it necessitates symmetry
in both the numerator and denominator separately. For example, the index R is not a symmetric
index according to this theorem.
Evidence:
[all - kla Ialz - kZa [al3 - k3a
det Iﬁll — klﬁ IﬁZZ — kZﬁ Iﬁlg — k3ﬁ
0 1 1
= Uall - kla)([ﬁlz - kz/i) + Ual3 - k3a)(lﬁll - klﬁ) - ([all - kla)(lﬁl3 - k3ﬁ)
- ([alz - kZa)(IBll - klﬁ)
= I (kap Uz = 1) + Ly (ksp — kzp) ) + Ig (L (kaq = kag) + kra(ls = 12))

+ k1a(k2/3 - k3/3) + kip(ksq — kaq)
Therefore determinant is zero (i.e., indices are i-dependent) If [, — I3 = 0 & k3, — ko, = 0&
kgﬁ - kzﬁ = 0

T16: (species rich and poor assemblages): The variation of S50 = 2(S)R/(1 + R) indicates
inevitable change in richness of the species poorer assemblage, and the variation of S,;.;, =
2(S)/(1 + R) indicates inevitable change in the richness of the species richer assemblage.
Evidence: The evidence is based on the solution of the system of three equations for J, Bg;,,, and
(S). See Box 2 in Sizling et al. 202X. If Sy, Sy, and Sy,yare mutually i-independent, the system
] J -1 0 ;] J —J-1 o0
follows |0 By, -1 I O [~[0 Bim =1 1 0 =S4y = 2(5)]1—1 &Sy = ;’ffy &
1 1 o 29 o o J+1 218 o

_ U+1)Sxny—JSy _ J — i i
Sy = — It follows that Sy = 2(S) TR —(Ea2) 2(S) . The last equality follows

2(5)]-2(8) s
—— R4 = 2(S) (1 —L) = X9 _ 5 Because 0 < R < 1, then

Ji R+1)  R+1 R
Sy < Sx, and we relabel S,y := Sy and S¢p, := Sx. If Sy, Sy, and Synyare mutually i-dependent,

then Bg;, = 1 or R = 1 and the derived equations for S,,,, and S, remain valid.

from Eq. 2. Finally, Sy =

T17: Jaccard index (]) is consistent with conceptual predefinition of co-occurrence if applied to
more sites occupied by two species instead of more species that belong to two assemblages.
Evidence: If we consider the Venn diagrams in Figure 3 (Sizling et al. 202X) to show two species
ranges (sets of occupied sites), then the constraints on Co-occurrence follow:

Min = Co[r4] = Co[r3] < Co[r1] < Co[r2] < Co[r6] < Co[r5] = Max.
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Because 0 = J[r4] = J[r3] < J[r1] < J[r2] < J[r6] < J[r5] = 1, the evidence is completed.

T18: The system of Eq. 10 and Eq. 11 in Sizling et al. (202X) is mutually i-independent if
Sxny # 0 and Sy # Sy # Sxny # Sx-
Evidence: If Sy, Sy, and Synyare mutually i-independent, then the system follows

] J —J-1 0 J ] -1 0

0 Béim -1 I 0 |~|0 PBiim -1 | 0 [ Iffj# —1and] # 0and(S)+ 0 (mean

1 1 0 29 Jo 0o J+1 2/(5)
S), this matrix provides a unique and non-trivial (i.e., non-zero) solution of the system.
;7 -1
Alternatively, det|0 Béimn —1 | =J(1+)) - Bsim # 0,if ], Béim # 0. Since Syny # 0 implies

0 o0 1+]
J # 0, Béim # 0,and (S) # 0, it follows that 2J(S) # 0 and the solution is not trivial (it is non
zero). As an alternative, the last scaling equation can be replaced with Sy + Sy — Sxny = Stor
where Sto7 is species richness of both sites. If the condition ‘Syny # 0 and Sy # Sy # Sxny Z Sx’
is violated, then each index definition is a linear function of two variables and thus two
equations are enough to get a unique solution, making one of the equations i-dependent on the
others.

T19: (i-dependence of three indices): If Sxny # 0 (i.e, ] # 0), then the value of any index defined by
Eq. 8 in Sizling et al. (202X) can be computed from values of Jaccard index (]) and Simpson
nestedness (Bsim) using

[ = J(Bsim (ka+k2)—ka+k3)+Bsimk,

Bl (i)t ) 4By (Equation 12 in Sizling et al. 202X)

Evidence: Consider arbitrary Sy < Sy. Then Syqy # 0 = Sy # 0 = Sy # 0. The new index is
defined as | = “25xov+aSx+ksSy (IL] + |I3] > 0 & |k,| + |k3| > 0), which is the definition Eq. 8 in

1,Sxny+l2Sx+13Sy
§izling etal. (202X). The Eq. 12 results as a solution of the determinant equation
=/ —J J+1
det 0 Bsim —1 | = 0. The proof of the i-independence follows the reverse

Iy —ky, Il3—ks Il;—kq
logic. (i) substitute definitions of J and Bg;,,, into Eq. 12, (ii) convert Eq. 12 into the third equation
of the system of linear equations and (iii) show that the determinant equals zero. In the same
way is proved the equation for triplets I, J, R and I, B;,,,, R. In these cases the restriction
Sxny #* 0 is replaced with Sy # 0.

T20: If Sizling et al. (2016) published only two partitioned indices (Bsne, Bnps) then the referred
information would be unequivocal.

Evidence: When we convert the indices reported by Sizling et al. (2016) into two partitioned
indices, we got s, = 0.1, ,Bnps = 0.61 for the pre-agricultural landscape, and S,,, = 0.00,
Bnps = 0.51 for early agricultural landscape. These indices suggest: Sy = 31.01, Sy = 22.99,
Sxny = 15.48 or Sy = 41.63, Sy = 12.37, Sxny = 2.28 for pre-agricultural landscape; and

Sy = 32.00, Sy = 32.00, Sxny = 21.60 or Sy = 48.32, Sy = 15.68, Sxyny = 0.00 for early
agricultural landscape (thesis T14 or Repository R4: calculator). This can be interpreted as
either increasing species richness uniformity (R increases from 0.74 to 1), or decreasing species
richness uniformity (R decreases from 0.74 to 0.32) species richness uniformity. This dual
interpretation precludes any correct conclusion.



Sizling et al. 2023 (v0.1.0) p. 14/19

T21: Any dimensionless index of turnover (defined by the constraints in Fig. 3) must have both Sy
and Sy in its denominator.

Evidence: Dimensionless indices are ratios with numerators and denominators. Accurate
measurement of turnover requires that information on both assemblages Sy, and Sy be
represented to capture their interaction fully. Including only one of Sy, or Sy in the denominator
while having both in the numerator creates an index without an upper limit. This contradicts the
required bounded nature of the index, as specified by the constraints T[r4] = T[r3] = Max in Fig.
3.
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<rN>

FIGURE R2 (average values): Relationships between indices of nestedness computed for more
assemblages as simulated (30 sites x 30 species - black dots; 100 sites x 100 species - blue dots)
and observed (red dots, R6 - data description). Matrices were generated to cover a wide
spectrum of assemblages (see simulation details below). Indices include D (discrepancy by
Brualdi & Sanderson, 1999); (Sim) (simple mean of the Simpson index across all pairs of
adjacent plots; Lennon et al., 2001); and (rN) = (B¢;,) (simple mean of nestedness as defined in
Sizling et al., 2009); D, was standardized by dividing with the total number of incidences within
the focal matrix (Greve et al,, 2005). The indices scale with each other in a one-to-one manner,
belonging to the same family and measuring the extent of nestedness. For exact evidence, see
theses T03, and TO5.
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FIGURE R3 (interrelated assemblages): Relationship between pairwise indices where there is
no contrast in species richness (a) and where assemblages are perfectly nested (b). As predicted,
no contrast in species richness merges families of /, and fs;,,, together, and perfect nestedness
merges families of /, B¢y, and B; together. The evidence that f,,, shows variability where
nestedness is perfect disqualifies this measure from being a proxy for nestedness component.
Black rectangles delimit the merged families. For a detailed legend, see capture to Figure 5 in
Sizling et al. 202X.

The random points for Fig. R3 and Figs 5,6 in Sizling et al. (202X) follow Syny = Rnd(1) * (1 —
T), Sx = Sxny + trunc(100 * (1 — N) * Rnd(1))/100, Sy = Trunc(100 * (Rnd(1) * (min(1, Sy +
C) — max(0,Sy — C)) + max(0,Sy — €))/100.T,N, C € (0,1) where T=1 indicates no shared
species richness; T=0 indicates all possible overlaps in species richness; N=1 indicates absolute
nestedness; N=0 indicates that nestednes is not constrained; C=1 indicates unlimited species
richness contrast; C=0 indicates no species richness contrast; G=0.2 indicates a maximum 20%
variation in the difference between species richness of the sites. In particular, T=0, N=0, C=1
(Figure 5 in Sizling et al. 202X); T=0, N=0, C=0.2 (Figure 6); T=0, N=0, C=0 (Figure R3A); T=0,
N=1, C=1 (Figure R3B in Sizling et al. 202X).
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FIGURE R4 (Multisite Version of Eq. 2 in Sizling et al., 202X): The accuracy of the
approximate Eq. 2 applied to mean values across multiple pairs of sites follows thesis T01.13.
The exact equality between the X-values and Y values in the plot is affected by the covariance
between B¢, and R/(1 + R), which is expected to be nearly zero. The figure shows the extent to
which this expectation is met for simulated (30 sites x 30 species - black dots; 100 sites x 100
species - blue dots) and observed (red dots) multiple-site assemblages (R6 data description and
RI2: Data). The y-axis shows the left side of the equation (i.e., the mean reversed turnover;

(J/(J + 1))), and the x-axis shows the right side of the equation (i.e., the product of the mean
values of nestedness, {(Bs;,,) and species richness uniformity (R/R + 1)). The points approach an
identity line, showing that the covariance approaches zero as expected. The 30x30 and 100x100
assemblages were produced by the algorithm adopted from Sizling et al. (2009).

§izling, AL, E. §izlingové, D. Storch, J. Reif and K. J. Gaston. 2009. Rarity, commonness, and the
contribution of individual species to species richness patterns. American Naturalist,
174:82-93.
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R5 (i-independence of and s-dependence on species richness):
The Jaccard index (J), and thus all the indices that scale one-to-one with J (Figure R5), has been
referred to as ‘dependent’ on species richness (Simpson, 1943; Lennon et al., 2001; Koleff &
Gaston, 2002; Baselga, 2010a) and on the contrast between species richness of two assemblages
(Simpson, 1943). This has led to a search for an index that is species richness ‘independent’, and
to attempts to modify J, so that ecologists could compare assemblages that varied in species
richness. This s-dependence between J and species richness was based on empirical experience
(Koleff & Gaston, 2002), and on arguments that there are bounds on the / imposed by contrast in
species richness (Simpson, 1943).

We found that all dimensionless (unitless) indices, including J, are i-independent of
species richness. For all indices that can be expressed by the universal definition (Eq. 8 in Sizling
et al. 202X) it holds that

] et k1Sxny+KkzSx+Kk3Sy _ k1pSxny+kapSx+kspSy (
LiSxny+12Sx+13Sy L1pSxny+l2pSx+13pSy ’

p #0) (Eq.R5)

and thus the index does not change when Sy, Sy, and Sy,y scale proportionally to each other. In
this case, the index has the same value regardless of species richness, and thus it is not uniquely
determined by species richness. Any observed s-dependence between the dimensionless index
and species richness is therefore caused by disproportional scaling between Sy, Sy or Sxny-

Disproportional scaling can, however, appear at sites with small species richness
because species richness is an integer. In this case, the frequency distribution of possible J values
is affected by total species richness. This in turn affects the most likely value of J, imposing its s-
dependence on species richness. The reason is that the Jaccard index can only have a finite
number of values. For example, if Sy = 1thenJ =1,1/2,1/3,1/4, ...,0, accumulating possible
values below 1/2. Sy = 2 then allows for 2/3, which is above 1/2, Sy = 3 allows for 3/4 > 2/3
and so on. Further computation of possible J values for increasing Sy (Figure R5) shows an
increasingly even distribution of J-values. This mechanisms works for any index that can be
expressed by Eq. 8 in Sizling et al. (202X), and the effect cannot be eliminated by inventing a new
dimensionless index.
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FIGURE R5: Rank plot of the first fifty values that can reach Jaccard index if Sy is fixed and Sy
and Syny vary within their limits (1 < Sy < o0 and 0 < Sxny < min(Sy, Sy)); the three
distributions on display correspond to Sy = 1 (circles), Sy = 2 (squares) and Sy = 3 (triangles).
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R6 (data description):

For comparison with the results from the artificial (simulated) data, we also plotted observed
values of the indices. This allows us to identify relationships that are mathematically possible
but may be rare or absent in nature. These observations consisted of three different datasets: a
set of 29 microbial assemblages extracted from cryoconite on the Greenland Ice Shield, a set of
24 arctic plant assemblages (4 from Greenland, and 20 from Svalbard), and a set of 20 temperate
zone plant assemblages (10 from the Czech Republic, and 10 from Southern Norway). The
microbial assemblages were sampled by J.Z. and A.S, and processed by ].Z. Plant assemblages
were sampled by A.L.S., Eva Sizlingova and E.T (see Dataset RI.2).

A list of plant species found in a 10x10 m area was recorded. The data are nested in the
sense that the assemblages are grouped so that each group of five assemblages is located within
a 1km diameter circle. For the purposes of this analysis, only Genera were used.

Microbial assemblages were sampled at 300 m intervals along two lines on the western
margin of the Greenland Ice Sheet in the vicinity of Kangerlussuaq. Sampling and sample
processing procedures followed Cameron et al. 2016. Here we use data inferred from
environmental RNA using [llumina amplicon sequencing to detect the active part of the
microbial assemblage. Processing of the sequencing output was performed using the QIIME2
environment (Bolyen et al., 2019), filtering for sequences present at least three times in the
whole dataset, and rarefaction to the sampling depth of 5000 features per sample. This resulted
in the exclusion of 7 samples out of 36 that had fewer features than the sampling depth. The
remaining samples were used for the diversity analysis.

Cameron, K.A,, M. Stibal, . D. Zérsk)'l, E. Gozdereliler, M. Schostag and C. S. Jacobsen. 2016.
Supraglacial bacterial community structures vary across the Greenland ice sheet. FEMS
Microbiology Ecology 92, doi: 10.1093 /femsec/fiv164

Bolyen, E,, J. R. Rideout, M. R. Dillon, et al. 2019. Reproducible, interactive, scalable and
extensible microbiome data science using QIIME 2. Nature Biotechnology 37:852-857.



