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Abstract——The convergent series expansions of the Holtsmark distribution P{8), its cumulative
Q(R), its derivative R(3) and the semiconvergent asymptotic series for these functions are used to

calculate rational approximations for P.Q, and R, which are valid for all positive 8 and have
maximum errors of approximately 107%, 10™° and 1077, respectively.

LINTRODUCTION

Despite the great advances over the past three decades in the theory of plasma microfield
distribution functions, which has been conveniently summarized by Iglesias, Hooper and
DeWitt,! the distribution function derived by Holtsmark? is still of considerable value in
dealing with certain properties of low-density, high-temperature plasmas in which particle
correlations are unimportant. Recently, the need for the evaluation of the Holtsmark dis-
tribution, its cumulative and derivative has arisen in the calculation of atomic partition
functions.® The technique of Padé approximants is used to calculate rational approximations
for these three functions which are valid for all values of the reduced field strength 8.

2.ANALYSIS

We consider the Holtsmark distribution function
P(B) = QB/m) J;xdr tsin Bt e” " = (Z/B‘IT)L di tsint e” WA 1)
its cumulative
8
o - [ g Py @

and its derivative, which we here call R(B). Expanding sin 3¢ in the first integral in Eq.
(1) and integrating ierm by term, we obtain

oo

4
P(B) = (4/37) B2 2 a, B, a, = (D" F(E n +2)/F(2n +2). 3)
n=20
Integrating and differentiating this expression yields
0(B) = (4/97) B* 2 b8, b,=13a,/(2n+3), )
n==0
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and

R(B)=(8/3m B E c. B3, c,=m+1Da,. (3)
n a

The coefficients in Eqs. (3), (4) and (5) are normalized so that o, — b, = ¢, = I; values
for larger values of n are readily generated by recursion.

To obtain asymptotic expressions, we follow Holtsmark ? by expanding [exp - (/8)" "]
in the second form of Eq. (1), then replacing sin ¢t by Im e®. Defining a new variable of
integration ¥ = —Jr, we obtain

. E . ‘ 3n
P{B)~ 2/af) { )=+ sin{(3nmid) r(wz— + 2) B lipl. (t)
PR !

Terms with n = 0.4,8,... vanish. [t is convenient to shift the index of summation by one
so that the first term is nonzero:

P(B)~ (15/8) V2/7 B~ E a.B . (7)
mooe 1
where
. — ) Im T\
a, = (8/13) V2ia sinQ3(m + 1)mw/4) T{— { Tl +2) ()
we have chosen the normalization so that &, = 1. Recursion relations for 4, are easily

derived from those for T'(n). Integrating and recalling that P(8) is normalized to unity.
we have

QB =1 - J; dB' P(BY~ 1 - (5/)V2im g +° E b,B
ni {
/;,,‘. = dy, im0 {43

Differentiating Eq. (7) leads immediately to

R(B) ~ (-75/16) V2/m 777 2 &8 E, =+ 3miSa, . {10)
i

o=

3 RATIONAL APPROXIMATIONS

We now calculate rational approximations to P(8), @(8) and R(B) in the following
form:

0< g < p* P(B) = (@/3a7) B2 u (x)iv (x), (i1}
Q(B) = (4/97) B u,(x)iv,{x), (a2
R(B) = B/3m) B u.(x)v{x): (13

B* < B < m: P(B) = (15/8Y V2ia B7*2 4 (p¥v (p), a4
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Table 1. Coefficients for P(B).

n Cla d1n C4n dan
8 =535 , Li=12 , M =13 , Ly =M, =12

L | 53213 B9 9315~z | 5.1623 99953 7559-1 -5.8279 10992 320641 | -6.3385 57111 23444
2| 9.6792 05787 7047-3 | 1.2611 69195 1988-1 1.5802 12612 322643 | 1.AR94  SIOTL 159143
3| 40835 19154 2469-4 | 1.9324 87786 9202-2 -2.5497 91301 923244 | -3,4231 19239 994744
4] 301725 79323 7450-5 | 2.07a4 70827 37513 2.6383 10629 328945 | 4,1165 14954 944245
50| 9.3347 92974 9771-7 | L6494 11125 02784 -1.7461 32102 396846 | -3.3708 17266 375046
o | 0297 73892 3818-8 | 1.0006 56492 1671-5 6.6626 75117 190046 | 1.8365 BIS94 160147
7| Lze34 59051 1209-10 | 4.6967 04829 4008-7 -7.3155 45947 232946 | -5,9159 11850 752247
B 1.8177 22697 7773-11 1.7082 31490 7411-8 -5,2626 44361 957747 4,9132 O01RSY  68812+7
9 | 1.5079 39904 3503-13 | 4.7633 89532 2910-10 2.4110 43181 960248 | 4,5437 54584 69854R
D] 2.0246 46471 2406-15 | 9.9179 96748 2997-12 | 3,198 13057 544148 | ~2,1012 34228 150540
L1 | L.AZE6 57599 3323-19 | 1.463 21335 3989~13 | -2.6036 18538 7OSB7 | 3.B90R 91660 457449
121 1.5130 90778 274620 | 1.3749 76403 S118~15 | -3,7993 38432 T7RT+6 | ~2.7548 75377 666149
3 5.2306 99595 2226-15

QB =1-G/D V2 a B7¥ u,(p)vs(p), (15)

R(BY = (-15/10) V27 B "2 u (3)/v (), (16)
where
x=p y=pgn, an
and
u, ()= 2 culh v 1) = 2 ditr, i = 1,2,..6. (18)
n=2~0 n=190

The coefficients ¢, and d,, are independent of 8* and are equal to unity for n = 0. The
value of 8* may be different for each of the three functions, and is chosen after the coefficients
are evaluated so as to minimize the error.

The coefficients ¢, and d;, are determined by equating in turn each rational expression
(11)-(16) to the appropriate series from Sec. 2, cross multiplying and formally equating
like powers of x or y, as described, for example, by Baker;* this is the simplest form of
the Padé approximation procedure. The resulting linear systems are described by matrices
with elements that depend only on the difference of row and column indices, i.e. so-called
Toeplitz matrices. We exploit this feature of the system matrix, using a subroutine written
by G. B. Rybicki, in order to reduce computing time and to increase accuracy. The cal-
culations have been carried out with 30 sf arithmetic for a number of choices of the
polynomial orders L, and M.

To select the optimum values of L ;, M, and 8*, accurate values of P(B) and R(8)
were evaluated by direct numerical integration using the form

P(B) = (2/Bm) J:“dt sin ¢ 2 @nm + t) exp{-[Qn7w + DIB]¥2}, (19)
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Table 2. Coefficients for Q(3).

' N f
' 1_ i oy } e f Ae,
*
u AT N
| ’ PoAYAL Liul) R0 [ % T PR B { S BTAA DAY 10T S7,0697 0 2FORG IR 76+
‘ R e L Londet asigd s ToISTS MRTEE S 0003 B AR R R
| i
LI R S L L S R R o0 g dae 3080 0 CaLIRPT AT 1A 2en ] 4,2384 0 BEAINAE enRis.
| | i
[ R P B LVI RS AV g R R E N } (L3595 AR TR0 S ! LASAT O RINDO RO
B \ 6.20HD 0RA%4 04 b—h L T T L ! B E T L L Efa_)rao R0 TruT4
n EPRETERNE LR VLI E T PRSI R TR | CORARE RS ET T { LATST O RRNGE TR AR4T
| | |
[ P S AN [ R I T I AL I A B H R N CPARG LG lReF D -0 L1455 27QR% SRR
‘ |
A R L A A S LI R S P S N I PR I L S R ' TLANAR WPAG7 foada
|
I R TR RNIEL T RRTEY. S TN S B R T IR A R T ceNSAN S e ReraeRr | 1 7T RIART anuan
i
L R C RIS S R S PEET LTI} R LN LSRG D1S4F RRR4R l R
! CLRRS AnTon Liia-l) Toe i maQh 2RINS- 1 S HRIT 45ALD RO 14N F—‘.HZ?P 407107 hA U4
‘ ‘ - i
o STOAURY AY I a%E=0 T RL0RS ] i JRAD- T PN AT RS i I T

together with a similar expression for R{f). Error curves were computed for each rational
approximation for the interval 4.0 < 8 < 6.0, in which the small-8 and large-8 forms
were expected to have comparable errors. By choosing the small-8 and large-8 form with
the smallest errors, plotting the error curves and locating the intersection point, we deter-
mined for P{B) the optimum value 8* = 5.35, which corresponds to a maximum relative
error €,,, = 8.9 X 10 * for the approximations with L, = 12, M, = 13, L, = M, =
12. For R(f3), we find B* = 515, ¢,,, = 1.6 x 10 "for L, = 13, M, = 14, L., =
14, M, — 13. No check values were computed for ¢{f), but by comparing the small-3
and large—-B forms for L, = M, = L, = M. = 12 in the neighborhood of 8 = 5.0,
we find B8% = 540 and €,,, =~ 1 x 107", The coefficients of the rational approximations

Table 3. Coefficients for R{3).

T T
n in 'y ) | Jnn
[ : - — | i
L N LR T P P S
i =374 NY75R 238E-1 S.AR90 TAS1] RBAT-| =7,R33I0 ASERER 1084+ J ~8,4000 QRASN AANAE ]
B J.8098 82706 172e-3 1.4339  RORDIL R7%4-1 2075700 80239 ARG LR ‘ VA INE R94DT RADEED
i} ~244970 47397 §578-3 2.3659 23418 BAN4-2 -6, 1205 2R191 D7LA+4 ~ALRG2E RSSTR T3
4 -1.0904 00305 5922-5 2.7557 981K5  8R4K-1 9.12h7  ATASS R3AR4S TLSTRT RLT4 In4as
5 -5.9411 20278  1125-¢ 2.4012 ARYI6 B21N-2 S0.RETI D3096 INAGHA E-l.“?*q 39227 44A55+ 7
i
& -3.0835 58842 5598-8 1.A1539 SS7TRY  5932-5 701555 23R40 OT0T47 5 1L R44LT 27104 1h4aD-R
7 ~6.0080 85045 0585-9 B.944t 17592 2706-7 =3.6H02  A3959 227148 =1.3194  SH456  TRRR+C
8 -1.3513 40679 4647-11 3.5723 07268 9829-H L2099 47069 0470949 TL059R8 1144 Ry iged
9 -2.4485% 98156 7752-]12 1.1773 49943 D426-9 ~2.1701 95814 87040 =2,77R0 INLIT D4R
10 4.5538 91752 9173-1% 3.0167 15665 4T715-11 J7.R558 28BN79 RZSH+A8 7,750 FRRTT PGZALIN
1 -3.2230 605391 6261-16 5.8399 29379 7887-13 2.5883 18206 922049 -1.4429 55383 2RGN+!
12 1.5088 21629 B8286-18 £.0938 93466 Z632-15 -B.23A87 4554 918947 1.5R867 AZONR AGNA4|
13 —1.4026 17976 4104=21 7.2087 5%477 8050-17 ~1.0598 79446 ABAGHR =7 6147 (MRQG PRG 4D
14 3.1227 32286 7957-19 -3.84454  BLBEG  OLIRT77
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Table 4. Values of Functions.

8 P(R) 0(8) R(8)
1.0 2.7122 08070-1 1.0860 77296-] 1.0773 R3690-1
2.0 3.3693 87827-1 4,5176 18482-1 -1.3340 16902-1
3.0 1.7606 29272-1 7.0774 78512-1 -1.3R48 70538-1
4.0 8.0673 54136-2 8.2946 55532~1 -5.9639 21261-2
5.0 4.1180 23725-2 8.8754 44652-1 -2.,4943 R1058-2
6.0 2.3822 08458-2 9.1896 59950-1 -1.177R 55295-2
7.0 1.5164 57557-2 9.3800 57335-1 -6,2662 27225-3
8.0 1.0349 76409-2 9.5054 78667-1 -3.A610 34529-3
9.0 7.4383 07487-3 9.5932 91180-1 -2,2977 n5315-3
1.0 5.5613 46283-3 9.A576 48611-1 -1.5242 96364-3

defined by Egs. (11)-(16) are given in Tables 1, 2 and 3 for P(8), @(8) and R(B),
respectively. To enable users to check that these coefficients are correctly entered into their
programs, we give in Table 4 ten-digit values of the functions for 8 = 1(1)10 generated
by the approximations given here; not all of the digits are necessarily significant.
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