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Quasiperiodic optical depth variations have been observed in the Voyager stellar (PPS) and radio
occultation profiles near the Encke Gap of Saturn’s rings, and have also been detected in one
Voyager image. These fluctuations are believed to be the gravitational ‘‘wakes” of a moonlet
orbiting within the gap. The existence of such a body had already been proposed by J. N. Cuzzi and
J. D. Scargle (1985, Astrophys. J. 292, 276-290), based on radial ‘‘wavy edges’’ visible in numerous
Voyager images of the gap. We develop a general model for these wakes, and use the results to
estimate the moonlet’s orbit and mass from the occultation data; this model may have broader
applications to planetary rings. The moonlet longitude is best determined from the PPS scan
interior to the gap, and is estimated to trail the observed profile by 32°. Considering the uncertainty
caused by our neglect of particle collisions and self-gravity, the longitude is consistent with other
estimates obtained from a second portion of the PPS scan exterior to the gap, and also from the
radio profile. The moonlet orbits close to the center of the gap at an estimated semimajor axis of
133,603 = 10 km; it has a mass of 5-10 X 10~'2 Saturn masses, which corresponds to a radius of ~10
km if it is composed primarily of water ice. The consistency of the orbit parameters inferred from
the PPS, radio, and wavy edge data virtually guarantees that a single dominant moonlet orbits

within the gap. © 1986 Academic Press, Inc.

1. INTRODUCTION

The Encke Gap, located in the outer third
of Saturn’s A Ring (centered near radius
133,600 km and of width 325 km) is one of
several gaps which are not associated with
any known satellite resonance. Therefore,
the process which resists the natural ten-
dency of ring material to close the gap by
diffusion has been a major puzzle. The

! Currently NRC Associate, NASA/Ames Research
Center.

Encke Gap does contain two or more nar-
row, discontinuous ringlets which appear
kinked and/or clumpy in the Voyager im-
ages, with morphology and particle size
reminiscent of Saturn’s F Ring (Smith et
al., 1981, 1982). Evidence for additional
fragmental material in the gap is found in
the Voyager stellar occultation observa-
tions (Lane et al., 1982). The F Ring’s pe-
culiar structure has been widely attributed
to the gravitational perturbations from
its two adjacent ‘‘shepherding’’ satellites,
Pandora and Prometheus (Dermott, 1981;
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F1G. 1.1. The ring-moonlet interaction, as viewed in
the rotating frame of the moonlet. Each particle re-
ceives a gravitational *‘kick’’ as it drifts past the moon-
let, and subsequently proceeds on a sinusoidal (eccen-
tric) path. The overall direction of rotation is toward
the left. In this and successive sketches, the radial
scale is greatly expanded; the true ratio of A, to s is
roughly 3.

Showalter and Burns, 1982). The similarity
of the Encke ringlets led to a suspicion that
one or more moonlets might be embedded
within the gap, which could produce the ob-
served ringlet structure and also keep the
gap clear by their gravitational torques (cf.
Lissauer et al., 1981; Hénon 1981, 1983).

Stronger, but still indirect, evidence for
embedded satellites was presented by
Cuzzi and Scargle (1985; hereafter CS),
who demonstrated that the location and
morphology of certain smooth radial undu-
lations along the gap edges could be under-
stood if a single dominant moonlet of about
10 km radius is orbiting within the gap. The
situation and relevant physics, which were
originally developed in the galactic context
by Julian and Toomre (1966), were re-
viewed by Cuzzi et al. (1984); below we
briefly outline the nature of the moonlet-
ring interaction.

As viewed from a moonlet at semimajor
axis? a; within a gap, ring material at nearby
semimajor axis a slowly drifts past due to
the gradient of the Keplerian angular veloc-
ity w(a). During its brief passage a ring par-

2 In this paper, the term ‘‘semimajor axis’’ will al-
ways refer to the radius of the guiding center of a
body’s motion. It will not refer to the osculating orbital
element, which differs from the above definition by
0(J,) (cf. Greenberg, 1981).
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ticle feels a net gravitational acceleration,
which integrates to a small radial compo-
nent of velocity v, toward the moonlet at
the end of the ‘‘encounter.”” Once it has
passed, the ring particle proceeds on a Kep-
lerian orbit, which it maintains without any
further influence from the moonlet until one
synodic period (many orbital periods) later.
Its new radial velocity translates to a small
orbital eccentricity, and it reaches its first
radial extremum (apocenter or pericenter,
depending on the direction of v,) one quar-
ter period after the encounter. The ring ma-
terial drifts relative to the moonlet at a rate

_ o 3
Urel—adas~ zw(a)s,

(1.1)
where s = a — a,. This causes successive
radial extrema to be spaced evenly by the
azimuthal wavelength

2
Nola) = ;(Z—) (@] = 3mls|.  (1.2)

This pattern leads the satellite on the gap’s
inner edge and trails it on the outer edge,
due to the sense of the relative velocity of
ring material (see Fig. 1.1). The measured
azimuthal wavelengths of CS (~1500 km on
both edges) are consistent with a satellite
orbiting near the center of the 325-km-wide
gap.

The amplitude of the induced radial oscil-
lations may be roughly estimated as fol-
lows. The ring particle experiences a radial
acceleration v, ~ GM,/s?, where M, is the
satellite mass, during the brief encounter

time interval fe,. ~ |s/Urq] ~ Vw. The net
radial velocity v, ~ Ut corresponds to an
eccentricity ¢ ~ |v;//aw. Combining these

expressions yields

|Ur| _ % ( a ) (1.3)
aw® M, \a —a/’ '

where M, is the central planetary mass.
When the eccentricity is evaluated within a
formal three-body analysis, the result is the
same expression as (1.3) above, except for
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FiG. 1.2. A sketch of a moonlet wake, showing a number of its qualitative properties, at the outer (a)
and inner (b) edges of a gap. The curves describe trajectories in the rotating frame for ring particles
with uniformly spaced semimajor axes. The radial oscillations show increasing wavelength and de-
creasing amplitude with radial distance from the moonlet. Particles begin their oscillations in phase,
but the varying wavelength causes trajectories to pile up some distance ‘‘downstream.”” Successive
density crests and troughs are numbered by the extremum index m (see Sect. 2.2). The outermost
streamlines begin to intersect within the figure; collisions will modify the pattern beyond this point.
Note that, if it were not for the large radial expansion of this sketch, the density features would be very

nearly azimuthal.

a multiplicative factor of 2.24 (Julian and
Toomre, 1966). The ~2-km radial ampli-
tudes measured by CS indicate that the
Encke Gap satellite is ~10 km in radius,
based on a density of 1 g/cm?.

Of course, the perturbations of such a
moonlet are not only felt by material at the
gap edge, but also by ring material over a
range of neighboring orbital radii. The re-
sultant radial oscillations do, however,
vary in amplitude ae and wavelength A, due
to the increasing distance |s| of the ring ma-
terial from the moonlet. This fact has little
observable consequence near the satellite,
because the induced oscillations are nearly
in phase, and hence the surface density of
material is undisturbed. However, since Ay
is proportional to s, neighboring stream-
lines gradually go out of phase. The dis-
tance between neighboring streamlines be-
gins to vary, resulting in a periodic
variation in surface density (see Figs. 1.2a
and b). Eventually, a point is reached
where neighboring streamlines formally in-
tersect, and the pattern is expected to damp
out soon thereafter.

Despite its wavelike appearance, this
pattern differs in important ways from
other density features in Saturn’s rings. It is
driven entirely by the satellite; no interac-

tions between ring particles are required.
Thus, unlike the well-known spiral density
and bending waves, this pattern’s existence
does not depend on the mass density and
particle collision rate in the rings. In this
sense, 1t is not a wave at all. To emphasize
this distinction, we will refer to this phe-
nomenon as a moonlet ‘‘wake,’” by analogy
to the localized disturbance trailing, and
fixed in the frame of, a motorboat.

By observing the occultation of the star &
Scorpii by Saturn’s rings, the Voyager 2
photopolarimeter experiment (PPS) ob-
tained a complete radial profile of ring opti-
cal depth sampled every 100 m (Lane ez al.,
1982). Immediately interior to the Encke
Gap, it detected a regular pattern of optical
depth fluctuations. The pattern has a wave-
length which systematically increases from
~5 km near the gap edge to ~20 km at a
distance 200 km inward from the edge,
while the amplitude decreases monotoni-
cally; beyond this point, the fluctuations
are masked by noise and other ring struc-
ture.

The Voyager 1 radio occultation experi-
ment obtained an analogous optical depth
profile at microwave frequencies, by mea-
suring the attenuation of dual-wavelength
(3.6 and 13 cm) monochromatic radiation as
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the rings occulted the spacecraft (Tyler et
al., 1981, 1983). Once corrected for diffrac-
tion effects, the resolution achieved inward
from the Encke Gap is ~400 m (Marouf e¢
al., 1986). Here a similar optical depth fluc-
tuation pattern is found, although its wave-
length and amplitude variations are less
pronounced. In this data set the pattern is
only detectible between 100 and 200 km in-
ward from the inner gap edge, and the
wavelength (2-4 km) is generally much
shorter than in the observed PPS pattern.

We show in this paper that both of these
observed patterns, as well as a third ob-
served exterior to the Encke Gap in the
PPS scan, are in good quantitative agree-
ment with the behavior of a satellite wake
as depicted in Fig. 1.2. By fitting these well-
resolved patterns to a theoretical wake
model, we obtain the orbit of the satellite
responsible for each wake to high preci-
sion, as well an estimate of its mass. The
fact that the orbit and mass determinations
are in agreement with one another, as well
as with those of CS based on the wavy
edges, establishes the existence of an em-
bedded moonlet within the Encke Gap be-
yond a reasonable doubt. The long time ba-
seline between the Voyager 1 and 2
experiments makes it possible to specify
the satellite’s orbital period to extremely
high accuracy. We point out that the meth-
ods used in this paper may be of use in
inferring the presence of shepherding satel-
lites near the Uranian rings from stellar or
radio occultations, even if they are too
small or dark to be detected directly by
imaging.

In Section 2, we derive the theoretical
model used to interpret the observations,
while Appendix A contains estimates of
self-gravity and collisional effects. A de-
tailed, nonlinear wake theory, which treats
self-gravity and collisions in a self-consis-
tent manner, is beyond the scope of this
paper. In Sections 3 and 4, we infer the
moonlet’s orbit and mass, respectively,
based on our theoretical model and the ob-
served data. In Section 5, we compare and
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summarize all of the data pertaining to the
Encke Gap’s (as yet) unseen moonlet.

2. PHYSICAL MODEL
2.1. Mass Density Distribution

When a ring particle on a circular orbit
encounters a small, nearby satellite, the
satellite’s gravitational tug gives it an ec-
centricity e (Fig. 1.1). Afterward, its mo-
tion is described by epicycles about the
guiding center of its motion. In a polar co-
ordinate frame rotating with the satellite,
the trajectory is described by

r(t) = a(l — je sin(xt + ¥) + O(e?)),
(2.1.1a)

() = (0 — wy)t

— 2je(cos(kt + ¢) — 1) + O(e?), (2.1.1b)

where the satellite is fixed at § = 0. Here w;
= w(a,) is the orbital frequency of the satel-
lite, which we also choose as that of the
rotating reference frame. The epicyclic fre-
quency x(a) differs from w(a) due to Sat-
urn’s nonvanishing higher gravitational mo-
ments (J,, J4, etc.). Phase constant ¢ will
be discussed below. The parameter j = *1
describes the radial direction from the sat-
ellite to the ring particle, meaning that j =
+1if ¢ > a, and j = —1 otherwise. The
above equations describe a particle’s mo-
tion subsequent to the moonlet’s impulse at
t = 0; prior to the encounter, we assume
that its eccentricity is zero. In reality, the
satellite deflects a ring particle throughout
roughly one orbital period surrounding ¢ =
0; hence, the equations above do not apply
in this interval. However, they are appro-
priate to describe the subsequent behavior,
because the duration of the impulse is quite
brief compared to the synodic period be-
tween successive satellite encounters.

We are concerned with the situation in
which the induced radial motion ae of a ring
particle is much smaller than the radial dis-
tance |s| separating the ring particle and sat-
ellite, and this is in turn much smaller than
the orbital radii a and a; (see Fig. 1.1). It is
useful to define the dimensionless parame-
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ter 8 = s/a, = (a — as)/a,, which describes
the separation of the ring and satellite orbits
in terms of the overall scale of the system.
Thus, we are interested in the situation
where e < |8| < 1; this hierarchy of relation-
ships determines the valid approximations
to be used in the derivation below. For ex-
ample, the 2-km radial wave amplitude ob-
served at the Encke Gap edge (CS) corre-
sponds to e ~ 1073; if the satellite falls near
the center of the gap as they infer, then § ~
1073,

If the perturbations of the moonlet are
symmetric about ¢ = 0, it can be shown that
 vanishes in (2.1.1). [See also the numeri-
cal calculations of Showalter and Burns
(1982).] In reality, the ring particle departs
from the encounter with a nonzero eccen-
tricity, which it did not have during its ap-
proach. This yields an asymmetry in the
moonlet’s attraction of O(e/8), and it fol-
lows that s may also be of this (negligible)
order.

Because the mass density fluctuations
which arise from the satellite perturbations
remain fixed in the rotating reference
frame, it is appropriate to eliminate the time
dependence from the trajectory equations,
and write r as a function of 8 instead. This is
accomplished by first solving 6(¢) (2.1.1b)
for 1(0), and then substituting it into r(¢)
(2.1.1a):

2

r=a (1 —jesinmb + O (%)) 2.1.2)
Here we have defined y = kllw — ws),
which is of order 1/8. Note that nf = (1 +
O(e)).

The two quantities ¢ and 7 are deter-
mined from the mechanics and geometry of
the interaction. The induced eccentricity is
approximated by

Co M

e~ —5

5 (2.1.3)

[cf. Eq. (1.3 ff)], where w is the ratio of sat-
ellite mass M, to planetary mass M, and ¢
is the numerical coefficient 2.24. Note that
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u ~ e82, which is an extremely small quan-
tity. Relative errors in (2.1.3) are of order §
and J,(ry/a)?, where r, is the planet’s equa-
torial radius.

The azimuthal wavenumber v may be ex-
panded as a power series in &:

= o

+n+tmd+. ... (214
Here the coefficients 7); depend upon the
gravitational field of Saturn, and are all of
order unity. Since 70 appears as the argu-
ment of a sine function, it must be evalu-
ated to order unity, which requires the first
two terms of the series. The coefficients
may be evaluated from expansions of w(a)
and «(a) in Saturn’s gravitational moments
(cf. Lissauer and Cuzzi, 1982) and in

powers of §:
2 5
m=-5+3h (g) + (2.1.5a)
1
=gt (2.1.5b)

Note that the J, term is required in the lead-
ing coefficient because, for our purposes,
J»/8 is not a small quantity.

When both the perturbing satellite and
the ring particle begin on circular orbits, it
can be shown that the ring particle’s semi-
major axis changes by O(€%8) = 1077,
which is completely negligible for our pur-
poses. Hence, we will assume that any ring
particle streamline, designated by its semi-
major axis a, maintains its identity during
encounter. By continuity, the ring mass
confined between two nearby streamlines
which crosses any given longitude during
brief time interval dt must be a constant,
independent of the longitude (see Fig. 2.1).
Before encounter, this mass is described by

dmy = oola) - abedt - da, (2.1.6a)

where the particles are bounded by radii a
and a + da and travel at azimuthal velocity
6,. Afterward, it is described by

dm, = a(a,0) - rédt - dr. (2.1.6b)
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Equating (2.1.6a) and (2.1.6b) and solving
for o yields
a é() da

a(a,n) = ooyla) — — -

e drle 2.1.7)

We need to examine each factor in this
expression individually. Mass density oy(a)
is the distribution before satellite encoun-
ter, which we have assumed to be azimuth-
ally symmetric. (This requires that a moon-
let’s wake structure damp out in less than
one synodic period). We also assume that
any variation of o and a is negligible on the
radial wavelength scale of the structure in-
duced by the satellite. By (2.1.2), the factor
alr is of the form 1 + O(e), which differs
from unity by a negligible amount. The fac-
tor 6,/6 may be evaluated by differentiating
(2.1.1b), and using e = 0 for the pre-en-
counter angular velocity 6,. The result is an
expression of the form 1 + O(e/8), which
may also be neglected.

The final factor, dal/drly, is the only one
which differs significantly from unity. Its
reciprocal, which we will call A, is the de-
rivative of (2.1.2):

dr

h(a,0) =Zale = |

+{jae M6} cos 6
Jjae - 0 cosm
€

+ 0 (8, 5). (2.1.8)

We will identify the dimensionless coeffi-
cient in braces by 2. Note that dn/da ~ 1/
ad? [see (2.1.4) and (2.1.5)], so 2 is of order
e/6%, not necessarily small compared to
unity; indeed, e ~ 8% is the requirement for
significant variations in o to arise.

The quantity X is always positive, be-
cause dn/da > 0, and j and 6 are of opposite
signs in a wake which leads the satellite on
the inside and trails it on the outside. It is
also proportional to 6, which means that it
increases monotonically as a ring particle
drifts downstream from the moonlet.
Streamlines will begin to collide when & =
0, where a nonzero range of a values falls
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Fi1G. 2.1. The geometry of the local mass variation
due to streamline compression and rarefaction. The
two streamlines bound a strip of ring material within a
moonlet wake. The shaded regions describe the same
parcel of material before and after its encounter with
the moonlet. Since the area it occupies changes while
the mass is conserved, the surface density must vary
accordingly. At a point where streamlines cross, the
area becomes infinitesimal and the mass density would
therefore become infinite. (Of course, one expects that
collisions will prevent this from occurring.)

atop a single radius (see Fig. 2.1). We de-
fine the critical longitude 6., as that value
of # at which 4 may first go to zero (2 = 1).
This locates the first point along a stream-
line where overlapping may occur:

52

_ (. dm\
(@) = (—jae 1) " = 2

2.19
e (2.1.9)

where we have used (2.1.4).

Finally, combining (2.1.7)-(2.1.9) yields
an expression for the local surface density
of material:

aola)
h(a,0)

ala,fd) =

_ oola)
1+ 2(a,8) cos (n(a))’

(2.1.10)

where 2(a,0) = 0/6.i(a). This expression
actually gives o as a function of the semi-
major axis a, which differs from the true
radius r by O(ae). Hence, to be precise, one
must first convert r to a by inversion of
(2.1.2), and then evaluate o.

According to (2.1.10), the dimensionless
parameter Z equals the relative variation in
mass density,

S = Omax — Omin ~.j()0l"7700
Omax T Omin 84 '

(2.1.11)
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FiG. 2.2. The distribution of (a) density variation (£) and (b) radial wavelength () in an interior
moonlet wake, specified by contours of constant parameter value. The curves are based on Egs.
(2.1.11) and (2.2.7). Longitude from the satellite increases to the left and orbital radius increases
upward in the diagrams; the moonlet itself occupies the upper right (and also upper left) corners. The
shaded region is where streamline crossings are expected to occur, in this model which neglects all
particle interactions. A moonlet mass of 5 X 1071?M, is assumed for the calculations of X.

Note the very strong (67*) dependence of 2
on the radial distance from the satellite. As
8 increases, the eccentricity decreases as
&2, the number of wavelengths traversed
by a particle at a given longitude decreases
as 67!, and the fractional phase shift with
radial distance also decreases as 8~!. Equa-
tion (2.1.10) indicates that, near streamline
crossing, omin approaches half of the back-
ground surface density oy, while om.x ap-
proaches infinity. This is similar to the situ-
ation for strongly nonlinear density waves
(Shu er al., 1985). Figure 2.2a shows the
distribution of 3 values within a typical sat-
ellite wake.

2.2. Density Extrema on a Linear Profile

The Voyager 1 radio occultation and the
Voyager 2 PPS stellar occultation experi-
ments both yield profiles of ring optical
depth along narrow tracks across the ring
system. These tracks are not radial, how-
ever, either in inertial space or in the frame
of an orbiting satellite. Here we will use the
quantitative model just derived to deter-
mine the locations of density extrema along
such off-radial tracks.

We describe the direction of a scan by the
angle « it makes with the radial direction, in
a frame rotating with the moonlet. Since the
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moonlet’s motion is not negligible over the
time it takes to scan the region, this angle
differs significantly from that determined in
an inertial frame. Alternatively, we may de-
scribe the scan direction by a unit vector s,
with radial and tangential components (cos
«, sin a). The extrema on the scan must
occur where

s- Vo =0. (2.2.1)

Recall from (2.1.10) that o = oy(a)/h(a,d),
where oo(a) varies negligibly on the dis-
tance scale of a single wavelength. Hence
(2.2.1) is equivalent to s - VA = 0, which is
considerably easier to evaluate. Expanding
the dot product yields

oh

10h .
—cosa+ ——sina = 0.

or r 40 2.22)

In evaluating the derivatives of 4, it is
convenient to define u = 1/6 = ay/(a — a,),
which is intrinsically a large quantity. In
terms of this variable,

h=1
— jeoumoBu* cos(Inou + n16) (2.2.3)

[by (2.1.3), (2.1.4), and (2.1.8)]. When tak-
ing the partial derivatives for (2.2.2), it is
important to recall the distinction between
radial coordinate r and semimajor axis a.
The radial derivative becomes

oh _ 1dh
or  hdale
eopnof .
= J""T’Z’O— 1bnof sin m, (2.2.4)

where we have neglected a term of lower
order in u. The highest order term in the
azimuthal component of (2.2.2) is found to
be proportional to u°, which may be ne-
glected compared to the radial component
above as long as cos a > § sin « (i.e., the
scan direction is not extremely close to azi-
muthal, o« = 90°. This is not surprising,
since a moonlet wake is very nearly axi-
symmetric. Thus, the extrema on a scan
generally occur where dh/or = 0. By (2.2.4),
this is equivalent to sin n8 = 0, or simply
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n(a)8 = mm, 2.2.5

for nonnegative integer m. By (2.1.10), it is
clear that density minima occur where the
“‘extremum index’’ m is even and maxima
occur where it is odd (see Fig. 1.2). Note
also that r = a whenever sin n6 = 0 (by
2.1.2), so that solving (2.2.5) above for a
yields r directly; it appears that a ring parti-
cle passes through an extremum whenever
it returns to its semimajor axis, as is seen in
Fig. 1.2. Also, since the extremum loca-
tions do not depend on the amplitude ae of
the radial oscillations, they have the useful
property of being independent of the per-
turbing satellite’s mass.

To solve (2.2.5), we replace n by the first
two terms of its power expansion (2.1.4).
This yields

mw ni
— — — + 0(5), 2.2.6
R ), ( )

where r,, = a,, = a,(1 + 1/u,,). Based on
this result, the rough wavelength variation
on a linear scan is found to be

Uy =

rm»ll

(l - I g~ tan a). 2.2.7)

}\r = |rm+l -
82

= 37a, W

Note that the wavelength increases qua-
dratically with the radial distance to the sat-
ellite, and decreases inversely with the azi-
muthal distance. The wavelength depends
only weakly on the scan direction, provided
that a does not approach the pitch angle of
the crests and troughs. In general, A, de-
creases for @ > 0 and increases for a < 0.
The wavelength variation within a typical
wake pattern is shown in Fig. 2.2b.

2.3. Limitations of the Model

We now critically examine some of the
assumptions which went into the model
derivation.

In using the simple expression (2.1.3) for
the eccentricity induced by the satellite, we
have ignored the possibility that this body
may have a nonvanishing eccentricity of its
own. If its eccentricity is es, then (2.1.3)
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will have relative errors of order ¢,/8 (cf.
Showalter and Burns, 1982; Showalter,
1984). But more importantly, nonzero e, in-
validates the assumption that the semima-
jor axis of each ring particle is unchanged
after passage of the satellite. Since stream-
lines do not maintain their identity past the
moonlet, most of the derivation of o(r, ) in
Section 2.1 is no longer appropriate. This is
analogous to the effects observed in Sho-
walter and Burns’ numerical simulation of
the F Ring; eccentricity in the nearby shep-
herding satellites induces a clumping of the
F Ring material which does not occur when
they follow circular orbits. Exactly what
nonzero eccentricity would do to the satel-
lite wake pattern is as yet unclear, but the
effect could be quite pronounced. This
problem will not be important provided the
radial excursions of the satellite ases are an
insignificant fraction of the distance to the
edge of the gap. Jurning the problem
around, the fact that we observe the pat-
terns in the PPS and radio data suggests
that ¢, is small. Perhaps this is not surpris-
ing; theoretical expectations are that the
net transfer of angular momentum between
the moonlet and adjacent ring material at
a combination of Lindblad and corotation
resonances would preferentially damp the
moonlet’s eccentricity to zero (Goldreich
and Tremaine, 1980).

A more important issue is the relative im-
portance of collective effects among the
ring particles, such as self-gravity and colli-
sions; our analysis assumes that stream-
lines do not interact. Although collective
effects are not required for the wake pat-
tern to arise or persist, they may play a
significant role in its detailed evolution. Na-
ively, collisional damping would be ex-
pected to increase rapidly after the point at
which streamlines begin to cross. How-
ever, the Encke Gap’s observed wavy
edges survive for roughly 270° of azimuth,
although with diminishing amplitude (CS).
This is much greater than the 10-20 wave-
lengths expected before streamline cross-
ings should occur. The likely reason why
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the radial oscillations persist is that the col-
lisions do not commence suddenly at the
critical longitude predicted for noninteract-
ing streamlines. In reality, collisions be-
tween particles increase gradually as neigh-
boring streamlines approach; however, the
colliding particles are traveling at nearly the
same velocities, so collisions are very gen-
tle and not disruptive to the wake pattern.
Instead, they probably tend to modify the
phase relationship between neighboring
streamlines, and thereby prevent or delay
the more violent and disruptive collisions
from occurring. In a similar way, it is possi-
ble that the self-gravity of the ring material
may have an effect on the morphology of
the wavy edges. The existence of spiral
density and bending waves near the Encke
gap implies that local enhancements of den-
sity, of the proper morphology, may be
self-enhancing.

Due to these collisional and self-gravity
effects, it is reasonable to expect the ob-
served wake structure to deviate somewhat
from the quantitative model just derived,
particularly in regions where Z is close to
unity. Appendix A contains a more rigor-
ous assessment of these effects. In sum-
mary, we regard our derived model as a
good approximation to the actual situation,
particularly when not far from the moonlet;
observed discrepancies between the model
and observations may provide clues as to
the nature of a more complete, self-consis-
tent solution.

3. MOONLET ORBIT DETERMINATION
3.1. Data Analysis Procedure

The quantitative model just described al-
lows one to predict the resultant mass den-
sity distribution in a ring, neglecting collec-
tive effects, given the orbit and mass of a
perturbing moonlet. We are confronted
with the inverse problem, which is to solve
for a moonlet’s properties, given profiles of
the wake pattern it produced.

Both the PPS and radio scans may be
construed as measurements of normal opti-
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FiG. 3.1. A radial profile of ring optical depth 7 just interior to the Encke Gap, as determined from
the Voyager 2 stellar occultation (PPS) scan. A moonlet wake is visible starting at the gap edge, and
shows the characteristic increasing wavelength and decreasing amplitude with distance from the gap.
A narrow detached ringlet just outside the gap edge appears to be unrelated to this pattern. Extrema
are numbered 1 through 49. This plot was generated by smoothing the data with a variable-width filter,
specifically chosen to mimic the changing wavelength; the entire wake cannot be shown to its best

advantage using a single filter width.

cal depth 7 as a function of position in the
ring. Since 7 is proportional to mass density
o (assuming an invariant size distribution),
our model for o(r, 8) (2.1.10) is readily con-
verted to one for 7(r, 8). In principle, it is
possible to fit each scan directly to the
model, yielding four unknowns: a5, M;, sat-
ellite longitude ¢, at a given epoch, and also
7o, the ring’s unperturbed optical depth.
However, this is not a desirable approach
for several reasons. First, 7o may actually
be an arbitrary function of radius; although
we assume that it varies slowly over the
scale of a single wavelength, we have no
reason to assume that it is constant
throughout the regions of interest. But
more importantly, we expect collective ef-
fects, such as viscosity and self-gravity, to
become important (at least) near streamline
crossing (see Appendix A).

For these reasons as well as computa-
tional efficiency, we break the task down
into two separate parameter fits. First, we
determine the satellite’s orbit based exclu-
sively upon the measured locations of ex-
trema in the scans. As shown in Section
2.2, these locations depend on as and ¢,

but not on M; or 7y. Second, given the orbit,
we perform direct fits to subsets of the
scans to specify 7y and M, ; for small enough
subsets of the data, any variation in 7
should be negligible. In addition, this two-
step approach allows us to better recognize
where and how the model breaks down due
to collective effects.

3.2. The Inner PPS Scan

The most notable profile of a wakelike
pattern is found in the Voyager 2 PPS scan,
just interior to the Encke Gap. It was first
recognized very shortly after the Saturn en-
counter, and was described by Lane et al.
(1982, see their Fig. 9), although no expla-
nation for the feature existed at the time.

The PPS scan is a list of numbers of pho-
tons counted by Voyager 2’s photo-
polarimeter, as it observed the star & Scor-
pii through Saturn’s rings (Lane et al.,
1982). Due to the motion of the spacecraft,
each 10-msec count interval sampled a ra-
dial distance of ~100 m in the ring. The
structure we analyze extends over a dis-
tance of 200 km and therefore covers 2000
PPS samples; it is shown in Fig. 3.1. Since
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TABLE I

ENCKE GAP SCAN GEOMETRY

Parameter PPS scan  Radio scan  Units
Reference radius? Fref 133,459.3 133,487.2 km
Reference longitude?? Bref 171.827 222.496 deg
Reference time®< fref 1981/238 1980/318  y/d

1:38:23.4  3:33:023 h:m:s
Scan radial velocity 4 9.426 82.38 km/sec
Scan direction inertial 11.8 —27.6 deg
Amoonlet ~57.6 —36.0 deg
Effective resolution 94.26 400 m
“Bin’’ size 94.26 200 m
Gap inner edge 133,425.8 133,433 km
Gap outer edge 133,752.5 133,755 km
Gap width 326.7 322 km

@ Reference values apply to an arbitrarily chosen point within the
Encke Gap along each occultation track.

% In the EMESO frame.

¢ Spacecraft event time (UT).

the wavelength ranges from 5 to 20 km
within the scan, it is well-resolved by the
100-m data bins. Table I lists various attrib-
utes of this scan’s geometry, determined by
J. Holberg (private communication, 1985)
using Saturn’s recently revised pole posi-
tion (Simpson et al., 1983). Longitudes are
given in the coordinate frame defined by the
Earth’s mean equator and equinox of 1950
(EMESO0; see Appendix B).

We have labeled each of the extrema in
this scan sequentially by a feature index i,
as is shown in Fig. 3.1. These indices in-
crease with distance from the gap, with
even numbers identifying optical depth
minima and odd numbers identifying max-
ima. Aside from these properties, the spe-
cific value of i associated with a given fea-
ture is arbitrary. We measure the precise
radial location R; of each extremum by con-
volving the raw data with a range of broad
filters to diminish the noise; from feature to
feature, the optimal filter width varies in
proportion to the local wavelength.

Before performing the fit, it is important
to know the approximate uncertainty in
each measurement. Although we may know
the uncertainty in each optical depth value
from the noise properties of the data, it is
very difficult to infer the error in the radial
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location of a peak after severe filtering; in-
stead, we estimate mean errors empirically
from the measurements. Each R; may be
regarded as a random variable, having a
standard deviation o; which varies only
slightly from one point to the next. Noting
that each extremum should fall roughly
halfway between its nearest neighbors, we
define another random variable X; as

X,'E

(Riv1 + R-)) — R;,. 3.2,

DI =

If the variation in wavelength over the dis-
tance scale of a single wavelength is small,
then X; has an expectation value E(X;) <A,
and a variance
3,
var(X,~) = E ag;. (322)
Hence, studying the scatter in X; should al-
low us to estimate the measurement uncer-
tainties o;. Note that, since E(X;) does not
precisely vanish, this procedure may yield
a slight overestimate of the variance.

In the PPS data, we note that the scatter
in X; increases in proportion to the local
radial wavelength A, (approximated by [R;_,
~ R;;1]). This is not surprising, because at
longer wavelengths the wave amplitude is
smaller, making individual extrema harder
to pinpoint. Thus, extremum measure-
ments closer to the gap edge are relatively
more accurate, and should be weighted ac-
cordingly. We find empirically that the
standard deviation o; = 0.04\; in the PPS
scan, meaning that measurements are typi-
cally accurate to 4% of the local wave-
length.

A straightforward weighted nonlinear
least-squares fit to the measurements R;
may now be performed. Three unknown
parameters are sought: a,, ¢ at the mea-
surement epoch, and a reference index
mgs. This reference index is chosen to re-
late the extremum index m; to each feature
i: m; = mys — i. We know a priori that mys
must be an even integer, since optical depth
minima (even m;) are designated by even /.
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TABLE II

SATELLITE ORBIT PARAMETERS*

Feature Extremum Orbital
range reference radius Longitude?
i Miref as (km) s () GOF
PPS scan—inner section
2-49 90.42 + 0.32 1336054 £ 1.2 139.26 + 0.33 1.16
14-49 89.87 + 0.39  133,602.2 + 1.9 13995 + 0.44  0.86
14-49 88 133,593.5 + 0.4 142.02 + 0.05 1.12
14-49 90 1336028 + 0.3 139.81 £ 0.04 085
14-49 92 133,612.1 = 0.4 137.53 * 0.06 t.15
PPS scan—outer section
1-140¢ 4476 + 1.4 133.580.2 + 1.8 155228 1.58
29-140¢ 479 +20 1335799 + 2.5 155.6 = 3.8 1.28
Radio scan
2-88 288.5 + 2.2 133,597.7 + 3.0 66.7 =29 1.34
2-864 287.9 + 2.4 133,597.0 = 3.2 67.4 + 32 1.00

@ All uncertainties quoted are formal 1-o values. They are rescaled by
the goodness of fit to account for possible inadequacy of the model and
uncertainty of the inferred measurement errors.

b In the EMES0 frame, at the reference time listed in Table 1 for each
scan.

¢ Features 111-114 are not visible in the scan, and are omitted from the
fit.

4 Parameter fit using only density minima (i.e., even i).

Nevertheless, we allow it to float freely in
the parameter fits. Note also that, in the
fitting procedure, the actual longitudinal
distance § = ¢ — ¢, between scan and
moonlet must be recalculated at each point
on the scan; the moonlet is moving and the
scans are nonradial, so both ¢ and ¢,
change slightly from one point to the next.

Table I lists the parameter values result-
ing from the fit on features 2 through 49 of
the PPS scan, along with their inferred un-
certainties. Feature 1, the first density max-
imum inward from the gap, has been found
to correspond to the location where the gap
edge truncates the wake structure; since it
is not a moonlet-derived maximum, it is
omitted from this and subsequent solutions.
The overall goodness of fit (GOF) is 1.15;
this is defined as the square root of x*N,
where x? is the sum of squared fit residuals
in units of the standard deviation, and N =
48 — 3 is the number of degrees of freedom
in the fit. Thus, GOF is equivalent to the
RMS fit residual. This value suggests that
either the error has been underestimated by
15%, or the model does not accurately de-
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scribe the data. The former explanation is
unlikely for reasons cited above. To check
the latter possibility, we plot the residual
for each measurement in Fig. 3.2. Note the
large jump in residuals near i = 13. A reex-
amination of the PPS scan shows that the
measurements are accurate, but that the
character of the wake seems to change near
this location. Note the small phase shift and
the change in mean optical depth visible be-
tween features 13 and 14 in the scan (Fig.
3.1). We regard this as evidence that
streamline interactions are beginning to be-
come important, and that our model is no
longer appropriate in the outer portion of
this scan (i < 13).

We next perform the fit only on features
14 through 49; the results are again shown
in Table II. Now the GOF drops to 0.86,
implying that our error bars were slightly
overestimated (as expected). The best fit
value for my is 89.9 + 0.4, which appears
quite consistent with 90, but inconsistent
with the nearest other possibilities, 88 and
92. Finally, we lock m..s on each of these
three discrete values, and determine the
best fit for the remaining two unknowns.
Results are listed in the table. The GOF
changes negligibly for m,; = 90, but is un-
reasonably large for the other two values.
Figure 3.3 is a plot of the residuals for each
mees value, much like Fig. 3.2. For m,; = 88

Residual (stondard deviations)
= I
2%}1

S
-\/:.\;\‘

T
ix%‘

i SN

0 10 20 30 40 50
Feoture Index 7
Fi1G. 3.2. A plot of the measurement residuals from
the initial orbit fit to features 2—-49. Note the large jump

between features 13 and 14, which corresponds to a
phase shift in the wake.
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F1G. 3.3. Plots of the best fit residuals, when the
parameter m is held fixed at each of three plausible
values. The general upward curvature for m,; = 88
and the downward curvature for m,; = 92 imply cor-
related residuals, and hence an inadequate fit to the
data.

or 92, the significant correlation between
neighboring residuals provides strong indi-
cation that the model is not correct; these
parameter values do not allow for a statisti-
cally plausible fit to the data, and may
therefore be rejected.

Apparently, the first minimum (feature 2)
lies exactly 44 azimuthal wavelengths
downstream from the moonlet. Overall, the
moonlet falls 14 km outside the center of
the Encke Gap, and 32° away from the
scan. (See Appendix A for a discussion of
the error in moonlet longitude due to collec-
tive effects.)

3.3. The Outer PPS Scan

We have shown that the wakelike pattern
observed just inward from the Encke Gap
in the PPS scan can be explained by the
influence of a satellite which trails the scan
by 32°. Recall that a moonlet’s wake should
lead it on a gap’s inner edge and trail it on
the outer edge. Thus, one might expect to
see the wake of the same moonlet, 328°
away in the opposite direction, outside the
Encke Gap. Such a wake is expected to
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have a wavelength of ~2 km (see Fig. 2.2),
although streamline interactions would
probably destroy the pattern in the section
closest to the gap edge, as they have appar-
ently destroyed most of the edge ripples at
this longitude (CS).

Figure 3.4 shows a portion of the PPS
scan outside the gap. A region of quasipe-
riodic optical depth variations is indeed vis-
ible, with a radial wavelength of 2-3 km,
commencing roughly 200 km outside the
gap edge. Large variations in optical depth
are evident beyond both ends of this region,
but they do not display the near-periodicity
characteristic of a moonlet wake.

We analyze this structure in the manner
described in Section 3.2. Feature index val-
ues (ranging from 1 to 140) are shown in the
figure, although several intermediate ex-
trema (111-114) seem to be missing; appar-
ently noise or other physical processes de-
termine the ring’s structure in this limited
radial range. This wake is still well resolved
by the 100-m PPS data bins; however, due
to the shorter wavelength, the inferred un-
certainty in extremum locations is ~0.06\,,
somewhat larger than for the interior PPS
wake.

An initial fit to feature locations 1-110
and 115-140 leads to the moonlet orbit
listed in Table II. The large GOF (1.58) in-
dicates that some aspect of the model is
inconsistent with the data. As before, a plot
of the residuals reveals an abrupt phase
shift in the outer section of the wavetrain,
near { = 27, as can be seen in Fig. 3.4. The
results of a new fit, after eliminating all fea-
tures below the 29th, are shown in the ta-
ble. The GOF improves considerably (to
1.28), but residuals are still too large. There
appears to be a real, systematic deviation
between our simple model and this moonlet
wake structure. At this great a distance
from the moonlet, and with such rapid ra-
dial fluctuations, such a deviation should
not be too surprising.

The best fit parameter values indicate
that the moonlet is 344° = 4° away from the
scan, in contradiction to our belief that it is



310

SHOWALTER ET AL.

VO — 17— T — T T T T T T T T ‘;’
o.9l- PPS Scan-outer section 1,
o8 4
o7 -
15
06 ‘ &5 , 105 15 135 !
0, 2! .!‘5 \ \”\l’lll‘l 85 T N M\‘l'” \ 4
t 058 Pk g Y | ) . 1 T
o | | | | 1 |
Rl | M I i | ]
0,4 |H ! N a I |I X \ [0 I | [ —05
03 il R I I| o Vo | Vo laf V1 1
10 [ A | rp | | L o
02 20 Y1 6o %0 130 ]
oA ] 4
[o) n " 1 1 . 1 " 1 s 1 s 1 " 1 1
133940 133,960 133,980 134,000 134,020 134,040 134,060 134,080 134,100 134,120 134,140
Rodius (km)

F1G. 3.4. A radial profile of ring optical depth, beginning roughly 200 km outside the Encke Gap, as
determined from the PPS scan. To diminish noise, the scan has been convolved with a 1-km-wide filter.
Extrema are numbered 1 through 140, except for features 111-114 which cannot be identified. Large
variations in optical depth persist on both sides of the numbered region, but the expected near
periodicity of a moonlet wake is not visible. Apparently, collective effects have destroyed the wake
inward from the numbered region, while other physical processes dominate beyond the wake's outer

limit.

actually 328° away. Note that the semima-
jor axis determinations also differ, by 23
km. Nevertheless, it is absurd to conclude
that these are distinct bodies; two moonlets
this close together (and of comparable
mass, as will be shown in Section 4) would
generate interfering wake patterns on both
sides of the gap, and the scans would look
very different.

We expect any orbit determination based
on a scan so far from the moonlet to be
unreliable, since collective effects would
have had ample opportunity to modify the
arrangement of streamlines within the
wake. The large residuals seem to confirm
that some modification has taken place.
Nevertheless, the deviation from our naive
model after 328° of longitude is surprisingly
small. The wavelengths observed in this
scan range from 4 to 8% longer than would
be expected from the previously derived or-
bit. That ratio decreases monotonically
with increasing radial distance from the
moonlet, which is to be expected, since col-
lective modifications will be reduced (and
our model more accurate) where the wake
amplitude is smaller.

The presence of a wake so far down-
stream from the moonlet has an important
logical consequence; it indicates that only a
single dominant body orbits within the gap.
Any other large body would have had to be
nearer in azimuth, and therefore would
have generated a more prominent wake
outside the Encke Gap.

3.4. The Radio Scan

The Voyager 1 radio occultation, though
similar to the PPS scan in principle, is a
very different sort of experiment. Because
of the coherency of the radio signals gener-
ated onboard Voyager, both the amplitude
and the phase of the signal component that
directly propagates through the rings may
be identified and separated from the Dop-
pler-broadened component scattered by
ring particles just off the line of sight (Tyler
et al., 1981; Marouf et al., 1982). The mea-
sured time history of signal amplitude and
phase actually corresponds to a sampled
one-dimensional microwave hologram
formed behind the rings. Proper recon-
struction of this hologram results in a mi-
crowave optical depth profile whose radial
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FiG. 3.5. A 3.6-cm-wavelength optical depth profile of the ring from the Voyager 1 radio occultation
experiment, ending ~80 km inward from the Encke Gap. For display, the scan has been smoothed with
a 1-km filter. Extrema numbered 2 through 88 appear to be part of a wake pattern. As in the outer PPS
scan (Fig. 3.4), unrelated structure is visible beyond both ends of the numbered region.

resolution varies from 200 m to a few kilo-
meters, depending on the transparency of
the region occulted (Marouf ef al., 1985).
The 3.6-cm-wavelength data set which
we examine spans 250 km of radius just in-
side the Encke Gap inner edge, and is sam-
pled every 200 m; however, the effective
radial resolution achieved in the recon-
struction process in actually ~400 m (Ma-
rouf et al., 1986). Figure 3.5 shows the rele-
vant 180-km section of the data, with
extrema numbered 2 through 88; Table I
lists relevant geometric parameters of the
scan. As in the case of the outer PPS scan,
this wake is apparently destroyed by collec-
tive effects at its outer limit, and is ob-
scured by unrelated ring structure at its in-
ner limit. Here the wavelength measured
ranges from 2 to 4 km. Examination of scat-
ter in the X parameter (3.2.1) shows the er-
ror to be nearly independent of wavelength,
and with an amplitude o; = 200 m, the size
of a single data bin. Apparently, it is the
scan’s intrinsic radial resolution which lim-
its the measurement accuracy attainable.
Hence, in the fit to this scan, each extre-
mum measurement is weighted equally.
Table II lists the parameter values result-
ing from a fit to all of the extrema located in
the radio scan. The GOF is a disappointing

1.34, but an examination of the fit residuals
reveals a notable property: nearly all of the
largest residuals occur at odd features,
which correspond to optical depth maxima.
Because Saturn’s rings were only 5.9° open
as seen from Earth at the time of the Voy-
ager 1 radio occultation, optical depth along
the line of sight is magnified by ~10 times it
normal value. This results in opacity max-
ima (odd-numbered features) which are
most highly affected by noise. One could
simply repeat the fit giving odd-numbered
features a smaller weight; however, consid-
ering the large number of extrema located,
it is reasonable to simply omit all of these
measurements. The only large residual on
an even-numbered feature occurs at i = 88,
which is the innermost point measured. It is
quite plausible that this location is modified
by whatever process terminates the wake;
we therefore also eliminate it from subse-
quent fits.

Forty-three measurements remain for de-
termining the satellite’s orbit. The results of
a new fit are listed in Table II. The GOF
drops to 1.00, indicating that the model pro-
vides a satisfactory description of the data.
Unfortunately, the large formal error on
m,r makes it impossible to specify the pre-
cise number of azimuthal wavelengths be-
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tween the scan and the moonlet, as was
possible for the inner PPS scan. This is a
consequence of the lack of a strong radial
wavelength variation within this scan, so
that a shift of the model pattern by a small
whole number of wavelengths does not se-
verely degrade the GOF.

According to the model, this scan falls
155° downstream from the moonlet, which
is somewhat intermediate between the in-
ner and outer sections of the PPS scan. We
would therefore expect collective effects to
be intermediate in importance. Since col-
lective effects increase the local wave-
length by ~5% in the outer PPS scan, it
would not be surprising if a comparable er-
ror is present here, and the derived orbit
would be correspondingly incorrect. Unfor-
tunately, the region outside the Encke Gap
is too optically thick at the radio wave-
length to detect the corresponding outer
wake; hence we have no independent con-
firmation of a systematic error caused by
collective effects, as we did for the two PPS
scans. Nevertheless, we examine this pos-
sible offset below.

3.5. Comparison of Orbits

In this section, we compare the moonlet
orbits determined above with one another,
as well as with that inferred from the loca-
tions of the wavy edges (CS). From the in-
ner and outer sections of the PPS scan
alone, it is clear that only one dominant
moonlet orbits within the gap; this confirms
the inferences of Cuzzi and Scargle.

The most reliable determination of the
orbit comes from the inner region of the
PPS scan, because here the moonlet is only
32° away. In Appendix A, we show that
collective effects are probably negligible at
this small distance. The moonlet’s semima-
jor axis a; is found to be 133,603 = 10 km.
Although the parameter fit yielded a formal
1-o uncertainty of less than 1 km, the above
more reasonable error bar incorporates the
systematic uncertainty in the radial scale of
the PPS scan, which Simpson et al. (1983)
estimate to be <10 km. The semimajor axis
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corresponds to a mean motion of 625.90 *
0.07°/day, based on a Voyager-derived
value for Saturn’s mass (GM, = 3.79312 x
107 km? sec™%; J. D. Anderson, private com-
munication, 1985) and gravitational mo-
ments given by Lissauer and Cuzzi (1982;
cf. Null et al., 1981).

The simplest comparison to be made is
between the moonlet longitudes derived
from the PPS scan and the distribution of
wavy edges, since the latter were observed
primarily by Voyager 2. Cuzzi and Scargle
(1985) give longitudes in the coordinate
frame specified by solar hour angle (SHA)
at the time of Voyager 2 periapsis (Space-
craft Event Time 1981/238/3:24:08.0),
which occurs 6344.6 sec after the reference
time for the PPS scan (see Table 1). Extrap-
olation of the PPS-derived orbit to this time
puts the satellite at EMES0 longitude 186°.
Cuzzi and Scargle infer that the dominant
moonlet falls between SHA 343° and 16°,
which is 190° = 16° in the EMES0 frame
(see Appendix B). The match is clearly
quite satisfactory.

A comparison of the PPS- and radio-de-
rived orbits is more challenging, due to the
long time baseline separating the Voyager 1
and 2 observations. The reference times for
these experiments are separated by
24,703,521.1 sec, in which time the satellite
traversed 497 orbits plus 38° = 20°. This
places the moonlet at EMESO longitude
102° = 20° at the time of the radio scan,
whereas the fit to the radio data places it at
67° = 3°. The 35° discrepancy is small, but
somewhat larger than the experimental un-
certainty (which is based upon the firm er-
ror limit of Simpson et al., 1983). Of
course, it would not be surprising to find
that our radio-derived orbit is somewhat er-
roneous due to neglected ring particle inter-
actions. A 15° offset of the moonlet closer
to the radio scan location would place it
within the error bar, and is similar in magni-
tude and direction to the correction for col-
lective effects in the outer PPS scan.

However, results are less favorable when
one compares the observed wavelengths
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with those expected from the PPS-derived
orbit. In the data, the wavelength ranges
from 1.8 to 3.6 km with radius, whereas the
most favorable theoretical estimates (estab-
lished by positioning the moonlet at the end
of its error bar) range from 2.1 to 4.2 km.
Thus the predicted wavelength is at least
17% too large in the radio scan, while it is
4-8% too small in the more distant PPS
scan. Although it is not impossible for the
ill-understood collective effects to explain
both of these observations, it is surprising
that they should be greater in magnitude
and opposite in sign nearer to the moonlet.
Alternatively, the precise radial reference
for both scans may be less accurate than
has been previously supposed; a mean mo-
tion of 626.02°/day is needed to make the
Voyager 1 and 2 longitudes coincide, which
corresponds to a radius of 133,586 km.

Despite the quantitative discrepancy, the
error of 35° in longitude is a tiny fraction of
the 497 elapsed orbits. It remains exceed-
ingly likely that a single moonlet is respon-
sible for all three wakes detected near the
Encke Gap, as well as all of the observed
wavy edges.

4. MOONLET MASS DETERMINATION
4.1. Procedure

We have determined the satellite’s orbit
from the locations of extrema in the scans.
We now wish to establish its mass, based
primarily upon the amplitude of the ob-
served variations in optical depth. This is
simplest using the unsmoothed data, be-
cause the act of averaging together neigh-
boring bins tends to reduce the overall
amplitude of the waves. We therefore fit
directly to individual PPS count values.

By (2.1.10), the ring’s optical depth at
any location may be modeled by

To(a)
1 + pg(a,0)’
where the satellite mass is found by M, =

uM,. The function g(a, 8) = jegne® cos(n)/
84 depends only on known geometrical pa-

7(r,0) = 4.1.1)
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rameters. It is necessary here to distinguish
between a4 and r; note that the function a(r,
0), found by inverting (2.1.2), also depends
weakly on the satellite mass.

The number of photons & counted in a
single PPS data bin is related to the optical
depth by

k = kiege ™" B + k., 4.1.2)
where k.r = 39 is the mean number of pho-
tons from the unobscured star, kp, = 6.65 is
the number of background counts expected
even when the star is completely blocked,
and B = 29° is the angle between the ring
plane and the line of sight. By substituting
(4.1.1) into (4.1.2), we establish a theoreti-
cal model for k at a point in the ring as a
function of two unknowns, 7, (assumed
constant over a limited region) and u.

Once again, the uncertainties in measure-
ment values are more difficult to determine
than the measurements themselves. Since
each PPS bin counts a discrete (and small)
number of photons, one might expect Pois-
son statistics to apply, in which case the
variance o = k, where k is the expected
number of counts. This may be tested eas-
ily. Within the PPS scan, the local mean
optical depth 7 [related to k via (4.1.2)]
should vary rather little from one bin to the
next; therefore, two neighboring PPS count
values k; and k;+; may be regarded as inde-
pendent, identically distributed random
variables. It can be shown that the expecta-
tion

Eltk) — kit )2 = 207(k).  (4.1.3)

Thus, we can estimate o as a function of k
by

- I
Gk) ~ 55 2 (i = ki), (4.1.4)

where, for a given 12, the sum is over the N
pairs of neighboring PPS counts for which
(ki + k;+1)/2 = k. It can be shown that the
formal distinction between the sample
mean k and the true (but unknown) mean k
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FiG. 4.1. The statistical scatter in PPS counts ob-
served in the Encke Gap neighborhood, as described
in Section 4.1. At intermediate optical depths, the
scatter between neighboring PPS bins is clearly much
larger than may be accounted for by Poisson statistics.

does not significantly bias such a tabula-
tion. Figure 4.1 is a plot of the standard
deviation estimate &, as a function of £,
based on PPS data throughout the Encke
Gap region. A reference curve for Poisson
statistics is also shown. The data and the
curve match for 7 near 0 or %«, but are
clearly incompatible at intermediate values;
here the scatter between neighboring PPS
bins is substantially greater than may be ac-
counted for by photon counting statistics.
This curve could be explained by a pre-
ponderance of unresolved structure within
the rings (cf. Esposito et al., 1983). How-
ever, Showalter and Nicholson (1986)
present the following more plausible expla-
nation, which does not invoke mysterious
dynamical processes. The argument in fa-
vor of Poisson statistics neglects an addi-
tional source of scatter in the counts. One
tends to think of the Saturnian ring system
as a locally uniform, semitransparent
screen, in which 7 corresponds to the frac-
tion of light which passes through. How-
ever, on distance scales comparable to the
particle size this is clearly not the case; for
geometric optics, the ring optical - depth
may only be infinity or zero, depending
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upon whether or not a ring particle inter-
rupts the path of a photon. The effective
ring area sampled by a single PPS bin is
~150 m long (in the reference frame of ring
particles) and ~8 m wide (one Fresnel
zone). In such a small area, the fractional
area blocked by ~1-m ring particles will ex-
hibit significant statistical scatter, even if
the ring is uniform macroscopically. In ef-
fect, 7 must be described by a probability
distribution of its own. Showalter and Ni-
cholson show that the curve (Fig. 4.1) may
be explained by a ring particle size distribu-
tion which extends up to radii near 10 m;
this is comparable to another estimate of
the upper size limit in Saturn’s rings, in-
ferred from the radio occultation data (Ma-
rouf et al., 1983). Note that the scatter
should approach Poisson statistics in the
limits 7 — 0 and 7 — o, where particle size
is irrelevant.

For our purposes, we will use the results
of the tabulation as an empirical model for
the uncertainty in a given PPS count value,
and weight each bin accordingly. Given the
model and the weights, a nonlinear least-
squares parameter fit determines the most
plausible value for the moonlet’s mass.

4.2. Data Analysis

Figure 4.2 shows the best fit mass values
determined from fitting sections of the PPS
scan’s inner wake. The horizontal bars do
not represent uncertainty, but rather the ra-
dial range of data used in each given mass
estimate. For the most part, 200-bin sec-
tions of the data were used. The mass de-
terminations are reasonably uniform until
an abrupt dropoff appears at a radius of
133,380 km. This occurs 20 km before the
abrupt phase shift in the scan, which we
ascribed to the collective effects; appar-
ently, these effects also act to reduce the
overall amplitude of the wake, and there-
fore our naive mass estimate.

In this wake, no evidence for a significant
variation in the background optical depth is
found; thus, it is reasonable to perform a
mass determination on a larger range of the
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FiG. 4.2. The satellite’s mass, as determined from
sections of the inner PPS scan. The horizontal bars
represent the radial segment of data going into each
determination, and the vertical bar is the statistical
uncertainty of the fit. The longer dashed line repre-
sents a single fit to a data segment eight times larger.
The abrupt cutoff beyond 133,380 km is probably the
result of collisions.

data. The long horizontal dashed bar in Fig.
4.2 represents a fit to 1600 PPS bins, which
still excludes the section of the scan where
collective effects seem to be at work. The
mass is found to be 5.6 = 0.4 x 10712M,,.
However, the small error quoted is merely
the statistical uncertainty from the fit; any
collisional damping of the wake amplitude,
neglected in our model, would lead to an
artificially small inferred mass. Figure 4.2
also reveals a slight upward trend in the
mass determination with distance from the
gap. Although this trend is not particularly
significant in comparison with the uncer-
tainty, it may indicate that some damping
has occurred. For this reason, we regard 5
X 107'2M, as a rigid lower limit on the
moonlet’s mass; a value perhaps twice as
large cannot be excluded until collective ef-
fects are better understood. Nevertheless,
according to Appendix A, we do not antici-
pate effects of this magnitude so close to
the moonlet.

The same fitting procedure may be ap-
plied to the outer wake in the PPS scan, and
its results are shown in Fig. 4.3. The mass
determination appears to be considerably
more erratic, which is probably a conse-
quence of the greater evolution of this wake
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under collective effects. Nevertheless, we
again see an abrupt breakpoint in the mass
determination as the distance from the
moonlet decreases (and streamline interac-
tions become more important). The break-
point occurs at a radius of 133,410 km, 30
km beyond the location of the abrupt phase
shift in this scan. Again, the lack of a signifi-
cant trend in 7o makes it possible to perform
the fit over a larger range of data. The hori-
zontal dashed line corresponds to a fit to
1200 PPS bins; it indicates a mass of 4.5 =
0.4 x 10712M,, which is comparable to the
previous estimate.

It would be desirable to derive the moon-
let’s mass from the radio scan as well as
from the PPS. However, you will recall that
when X is near unity (as is the case through-
out this scan), only the optical depth max-
ima severely constrain the mass; the min-
ima always approach a value of 7y/2. From
Voyager’s shallow viewing angle (B =
5.9°), the wake maxima are completely
opaque to its radio transmissions. As a
result, the radio scan is consistent with a
broad range of moonlet mass values. Nev-
ertheless, a few points may be made. First,
the mere fact that the optical depth maxima
appear opaque, even in the region of the
profile most distant from the moonlet, indi-
cates that M, = 5 X 107 '"’M,,. Furthermore,
if M is much greater than 10 x 10°"2M,
then streamlines would (naively) be ex-

Satellite Mass /My

1 . 1 s 1 )
133,950 134,000 134,050 134,100

Rodius (km)

Fi1G. 4.3. The satellite’s mass, as determined from
the sections of the outer PPS scan. This plot is identi-
cal in meaning to Fig. 4.2.
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pected to cross throughout the observed
wake region; this may or may not be a seri-
ous constraint, since we do not well under-
stand the effects of collisions. Neverthe-
less, the radio occultation seems to
independently corroborate the mass range
inferred from the PPS scan.

The mass of the Encke Gap moonlet al-
most definitely falls into the range 5-10 %
10-12M,,; the marginally smaller mass found
from the outer PPS scan probably results
from collisional damping. Assuming that it
is composed primarily of water ice, the
body has a radius of 9-10 km. This com-
pares favorably with the mass estimated by
CS (15 x 107'2M,,), based on the radial am-
plitude of the wavy edges. Any discrepancy
may be ascribed to the difficulty in measur-
ing such a small radial amplitude in the im-
ages, and also to the fact that the observed
ripples must evolve under poorly under-
stood collisional effects.

5. SUMMARY AND CONCLUSIONS
5.1. Summary of the Observations

We have shown that three different ob-
served features near the Encke Gap in the
PPS and radio scans all appear to be consis-
tent with the gravitational wakes of a single
hypothetical moonlet. These patterns com-
plement the visual detection of wavy edges
(CS). In Fig. 5.1, we graphically summarize
the observations, and show how a single
satellite may account for them all.

This satellite probably also accounts for
the gap’s existence, since its gravitational
torques will act to ‘‘shepherd”” away the
surrounding ring material (cf. Lin and Pap-
aloizou, 1979), in much the same way that
two satellites Pandora and Prometheus are
thought to confine the F Ring. This moonlet
may also induce kinks and clumps in the
Encke Gap’s central ringlet, perhaps by
processes similar to those at work in the F
Ring; although this process is not under-
stood, it may be more widespread than had
been previously thought.
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Fi1G. 5.1. A summary of all of the data now available
on the Encke Gap moonlet, including the wavy edge
images (CS; cf. their Fig. 7). Both scans are shown,
and the sections containing visible wakes are noted
with stripes. All of these observations may be ac-
counted for by a single moon at the location shown by
a solid circle.

As an additional piece of evidence for the
moonlet, and as a visible illustration of the
wake phenomenon, we call the reader’s at-
tention to the Voyager image designated
FDS 43993.50 (see Fig. 5.1). This is the
Encke Gap image with the best resolution
(~5 km/pixel), and it falls rather close in
longitude to the moonlet. This is also the
frame in which Cuzzi first noted a wavy
edge. By reprojecting and enhancing the
contrast of this frame, the edge ripples be-
come plainly visible (cf. CS, their Fig. 1).
Using a slightly different contrast enhance-
ment (Fig. 5.2), the nonazimuthal form of a
density wake is also seen. At this short dis-
tance from the moonlet (26°), the wave-
length is ~10 km (see Fig. 2.2b) and is
therefore marginally resolved by the 5-km
pixels. Although the wake is clearly visible
it is too poorly resolved for a detailed anal-
ysis to further constrain the moonlet’s orbit
Or mass.

5.2. Theoretical Implications

We have noted repeatedly that deviations
of the data from our simple model are most
probably caused by collective ring particle



Fi1G. 5.2 Voyager 2 image FDS 43993.50, reprojected to remove overall curvature and to expand
the radial scale. The narrow ‘*kinky’’ ringlet is visible near the gap’s center, and the inner (lower) edge
shows distinct radial ripples. The Encke moonlet’s wake is visible in the ring region inward from the
gap, as a pattern of nonaximsymmetric stripes.
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effects within the wake. In Appendix A, we
demonstrate that these effects have signifi-
cantly perturbed all but the PPS scan’s in-
ner wake.

Although the theoretical consequences of
collisions and self-gravity in a wake are not
currently understood, the scans provide an
excellent opportunity to see these effects at
work. We note a diminishing amplitude ()
as streamline crossing is approached,
which is not surprising as collisions become
more frequent. Other deviations include a
radial wavelength which is altered (but not
in a consistent direction) at large azimuthal
distances, and the possible appearance of
an abrupt phase shift where the amplitude
is large. In a similar vein, Cuzzi and Scargle
(1985) noted a persistence of the edge rip-
ples far beyond the point where collisions
should have damped them out; the edge
wave appears to be self-reinforcing, and yet
does not change significantly in azimuthal
wavelength. The challenge of any full, self-
consistent wake theory is to explain these
observations.

However, such a theory would have con-
siderably broader implications. The wake is
essentially a short-term phenomenon from
the standpoint of any particular ring parti-
cle; it receives a gravitational kick suddenly
as the moonlet passes, is buffetted by colli-
sions and self-gravity as the wake becomes
more pronounced, and then settles into a
relatively stable circular orbit until the
moonlet’s next encounter. However, the
long-term sum of these gravitational kicks
must be a ‘‘shepherding’’ of ring material
away from the moonlet, and hence the
clearing of a gap. The connection between
these two effects is as yet not well under-
stood. For example, the current shepherd-
ing theory estimates the flow of angular mo-
mentum by either summing over orbital
resonances (Goldreich and Tremaine, 1980)
or by using an impulse approximation
which neglects the formation of a wake (Lin
and Papaloizou, 1979). Both approaches ig-
nore the systematics of particle collisions
expected in a wake; it is clear from Fig. 1.2

SHOWALTER ET AL.

that collisions occur preferentially when
ring particles are moving away from the sat-
ellite. This theory also predicts smooth
density transitions near a shepherded edge
(Lissauer et al., 1981), unlike the very
abrupt edges found in the scans. Some of
the theoretical problems introduced by ne-
glect of detailed interactions in the region of
streamline perturbations have been noted
by Borderies ef al. (1984). Considering the
added mystery of the F Ring’s structure,
which is probably associated with its
nearby moons, it is clear that the shepherd-
ing process requires further investigation.

With this caveat noted, it is interesting to
compare the width of the Encke Gap with
that expected from the moonlet’s influence.
The edges of the gap should fall where the
torque due to viscous spreading of the ring
material is precisely balanced by the torque
of the moonlet. Based on our current un-
derstanding of the shepherding process (cf.
CS, Sect. IVc), a body of the mass inferred
could maintain a gap of 100-200 km radial
width; this value is crudely comparable to
the gap’s observed 325 km width. An im-
proved theory might indicate how a smaller
moonlet could be responsible for the ob-
served gap width.

Along with the work of Cuzzi and Scargle
(1985), this paper has described the first de-
tection of a moon embedded within an opti-
cally thick ring. It is not surprising that it
should be associated with a new, previ-
ously unrecognized ring structure. For rea-
sons given above, we believe that further
theoretical study of the wake phenomenon
will produce a greatly improved under-
standing of how the ‘‘shepherding’’ process
actually works. In addition, the technique
of detecting moonlets by their wakes may
be of great use in future occultation studies
of planetary rings by spacecraft or by the
Hubble Space Telescope.

The Encke Gap moonlet, with a radius of
about 10 km, is about the size of the moons
of Mars. The presence of such a sizeable
object residing well within Saturn’s Roche
limit has far-reaching implications for theo-
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ries of the origin of Saturn’s rings. The
mere fact that the Encke moonlet is sur-
rounded by ring material and not other
moonlets attests to the disruptive effects of
Saturn’s tidal forces, which currently pre-
vent ring bodies from accreting in this
region. This situation probably has not
changed over geologic time. Therefore, it is
unlikely that the Encke Gap moonlet ac-
creted at its present position; more likely, it
accreted further from Saturn and evolved
inward due to some primordial process,
such as gas drag, which terminated before
the moonlet was lost into the planet itself.
One further possible inference is that nei-
ther did the ring material accrete in its cur-
rent location; i.e., it is difficult to imagine
an evolutionary process that could so
strongly alter the orbit of a 10-km moon
while leaving the orbits of far smaller
bodies unaffected. This conclusion would
become even stronger should moonlets of
similar size be found within other gaps.
Clearly, the processes which accompanied
the formation of the Saturnian system were
complex. An important constraint has now
been added to our understanding of these
processes.

APPENDIX A

CoLLECTIVE EFFECTS

It is useful to estimate the importance of
collisions and self-gravity, which were ne-
glected in the analysis of Section 2, on the
form of a moonlet wake. In particular, we
wish to establish the magnitude and sign of
possible errors in the moonlet’s orbit, due
to the neglect of these collective effects.

To obtain this estimate, we first include
forces due to collisions and self-gravity in
the equations of motion. We then make use
of the nearly periodic local form of the final
solutions for velocity and mass density to
convert the linearized equations into a dis-
persion relation; this relates the wavenum-
ber k to the distance from the moonlet, in
terms of local mass density ¢ and disper-
sion velocity c¢. The difference between the
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wavenumber inferred in this manner from
that found in the simple theory will indicate
the role of collective effects. Because the
dispersion relation is obtained from the lin-
earized equations, it is quantitatively valid
as long as X < 1. This condition is fulfilled
for a substantial range of radii and longi-
tudes, extending up to and including most
of the region examined in the inner portion
of the PPS scan. It is not, however, valid
near the other scans of the Encke moonlet’s
wake. Our approach follows that of Hunter
(1973).

We begin with the equations of continu-
ity and motion, written in a frame rotating
with the satellite at angular velocity w:

d
(5;+V-v)(r=0, (A.la)
d
(5;+(v-V)+2mS x)v
+ o X (0w, X1) =1, (A.lb)

where f is the perturbing acceleration (i.e.,
the force per unit ring mass). It may be ex-
pressed as

.2
f= -V, + ) — (‘r—o Vo + vV, (A.2)

with i, the dominant gravitational potential
due to the planet (including oblateness
terms), and 3 the gravitational potential of
the perturbed disk. The remaining terms
describe collisions by forces due to pres-
sure and viscosity, in which the coefficient
of kinematic viscosity » is approximated by
I

vV~ —

P (A-3)

(Goldreich and Tremaine, 1978). We have
omitted the additional bulk viscosity force
from (A.2), as it leads to terms of the same
form and order as the kinematic viscosity.
We now linearize (A.1) by expanding o
and v:

o=o0+ c'(r,0,1)), (A.4a)

(A.4b)

Ur = u’(r7 07 t)s
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vg = rlw — ws) + wi(r,0,t), (A.4c)
where it is assumed that |o'| < o and
lu’,w’| < vy. In this regime, the equations of
motion become (cf. Hunter, 1973)

a;" + ( — )a;.-’
ar 0T @Y 5
oy d(ru') oo ow'
r o or + r 06 0. (A.52)
ou’ u' . 0y
Py + (0w — wy) 30 2w’ = o
¢ do'
— S v, (ALSh)
oy or
a_“}, + ( BW, + Kz ’
PR v P
_ 1 allld (._2 ao’
T r 98 ogr 90
+ vVir(w — w) + w'l, (A.5¢)

where we have used the standard relation-
ship between epicyclic and orbital frequen-
cies
2
w
k2 =40+ r—.

ar (A.6)

We now make use of our a priori knowl-
edge of the solutions for «#’, w' and o’ (cf.
egs. 2.1.1 and 2.1.10), adopting for them
the general wavelike form

X' = Xoei(k?’“’*g’“’). (A.7)
The star superscripts on the wavenumber
components k7 and n* indicate that these
have been modified by collective forces,
and therefore will differ slightly from values
inferred in Section 2. In reality the quanti-
ties Xy, k¥, and n* all vary slowly, but we
assume that such variations are small on
scales of a few wavelengths. Hence,

ax
FT —iX7, ar

aX'
= ikf X',

aX'

= in*X’
30 n*X'.

(A.8)
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The gravitational potential arising due to
the (assumed) sinusoidal mass distribution
is

2wGo’
Ike¥|

2aGo”’
lpd = — k* ~ —

(A.9)

The approximation k* = [k*| is valid be-
cause most of the variations in a mooniet
wake are radial; in other words k} > kf,
where k} = n*/r. Substituting (A.7)-(A.9)
into (A.5) yields

Wao' — ookfu’ = 0, (A.10a)
3 (—217G<ro|k;“| + czk*z) ,
k*O’O .
+ (W + iV()k*z)M,
— Qiw)w’ =0, (A.10b)

iK? .
(%) u' + (W + ivgk*)w’ =0, (A.10c)

where W = (2 — n*(w — wy)), and », is the
viscosity (A.3) evaluated at 7+ = 7y. The
variables «’, w', and ¢’ may be readily elim-
inated, to yield the dispersion relation

Q= 9%w — o) = [k — 2aGoolk|

+ Pk*? 4+ vk (AL
It is necessary that () = 0 for the solution to
be steady in the rotating frame. This then
determines the azimuthal wavenumber,
with collective effects included, in terms of
the total wavenumber k* and average ring
properties:

K
x . K
T 0wy
2aGoglkf 2je*2
i
K2 K
c2k*? To 2)1/2
(ZK(.() 1+ ’T%) - (A2)

In the limit o4, ¢ — 0, n* reduces to the
form predicted by our simple theory (cf.
2.1.2). In the region between the stellar oc-
cultation and the moonlet, oy = 50gcm~2, ¢
=~ (.4 cm sec™! (Cuzziet al., 1984), 7o = (.4,
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and k* = k* < 27/5 km. Thus the collective
terms in parentheses in (A.12) are of order
102 (self-gravity), 1073 (pressure), and 1076
(viscosity), respectively. The viscosity
term is comparable to the pressure term
squared, and is excluded hereafter; its
larger (first-order) effect is to damp the
wake amplitude, but this does not appear in
the real part of the dispersion relation.
Since all the correction terms are small, we
may safely substitute from (2.2.7) for &}
and k¥, obtaining

. (1 _ 2nGay M
e 3ax? 8°

2¢2 97

Sy A1)
or n* = n + 7'(#), with n’ representing a
small wavenumber shift. We can now de-
termine the value of 8 for which collective
effects become important at any level, and
an approximate correction to our moonlet
longitude.

As noted above, the larger term in the
frequency correction is only of order 1072 at
the longitude of the PPS scan (8 = 32°).
However, even a small error in n can add
up to significant error in angular distance to
the moonlet if inferred from a distance of
many waves downstream. Because a fre-
quency shift is merely the derivative of a
varying phase offset, we obtain the cumula-
tive phase offset A6 induced by neglect of
collective effects:

[}

i—f - % [[werde. (a9
Substituting 6§ = 32° and other attributes of
the Encke Gap region, we find that Ad/\,
ranges from 1-10% in the scan. This is com-
parable to the uncertainties in the data anal-
ysis, so that only small errors in the moon-
let orbit arise from neglecting collective
effects. The sign of Aé is such that the
moonlet is further away than inferred from
the simple theory.

We can determine the modified radial
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wavelength due to collective effects from
(A.13), by noting that A, « (31/38)"!:

A= (1 2nGo, 6]
g g ak? §&°

10c? 62
T 92 g;) (A.15)

Thus, the initial effect of self-gravity is to
increase A,. This is opposite to the ob-
served effect in the radio scan, in which the
wavelength is reduced by ~20%. However,
it should be noted that the pressure term in
(A.15) increases more rapidly with #, and
dominates at the gap edge beyond 6 = 130°
(if we may extrapolate into this regime). In-
tuitively, one certainly expects collisions to
dominate near streamline crossing. This
term is also opposite in sign to the self-grav-
ity effect, and has an amplitude of 10-20%
at the gap edge in the radio scan. Although
the pressure effects will be reduced inward
from the edge, they seem roughly consis-
tent with the observations. Aside from
these qualitative results, however, a linear-
ized theory is inadequate to describe this
scan. We are currently exploring a more
satisfactory treatment of this interesting
(but distinctly nonlinear) situation.

APPENDIX B

ANGULAR REFERENCE FRAMES

The Voyager 1 radio occultation and the
Voyager 2 stellar occultation data sets are
generally referenced to different coordinate
frames. In this appendix, we note the
method of relating these frames to our pri-
mary reference frame: Earth’s mean equa-
tor and Vernal equinox of 1950 (EME50).

Longitudes along the radio occultation
track are given by the experimenters as an-
gles measured counterclockwise (i.e., east-
ward) from the ring plane ascending node
on the Earth’s mean equator, Q. Longi-
tudes on the stellar occultation track are
measured clockwise (west) from the subso-
lar direction at the time of the Voyager 1
encounter, Sy;, projected into the ring



322

PPS scan

Radio scan

FiG. B.1. A view of the relevant origin vectors of
alternative angular coordinate frames, as projected
into the Saturn ring plane. The view is from directly
above the north pole, with the EMES50 reference direc-
tion toward the right. The locations is inertial space of
the stellar and radio occultations are also shown.

plane. An additional frame, used by CS, is
the solar hour angle (SHA) system, mea-
sured eastward along the ring plane from
the antisolar direction (—Sy; or —Sy») at
the epoch of the Voyager 1 or 2 encounters.
In this paper we give all of our results in the
more standard EMES50 system, in which
longitudes are measured eastward along the
Earth’s equator to the ring plane ascending
node, and thence along the ring plane.
The key to converting between these
frames is the Saturn pole vector Z, which is
perpendicular to the ring plane. It has been
most accurately determined by Simpson et
al. (1983) by comparing the geometries of
the radio and stellar occultations: aj9s9 =
38.409°, 81950 = 83.324°. J. Holberg (private
communication, 1985) has provided accu-
rate subsolar directions: for VI, a = 2.030°
and 8 = —5.380° for V2, a = 10.670° and &
= —5.914°. Figure B.1 summarizes the di-
rections of the relevant vectors in inertial
space, as projected into the ring plane. Our
reference longitude for the PPS scan is
given by Holberg as 190.388° west of Sy,
which places it at 121.827° in EMESO; the
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reference longitude for the radio scan is
94.087° east of the ascending node, or
222.496° in EMESO0.
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