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The spin-adapted normal-ordered Hamiltonian for a spin-restricted set of orbitals is

Ĥ =
∑
pq

fpq{Epq}+
1

2

∑
pqrs

〈pq|rs〉{EprEqs}, (1)

where p, q, r, and s are spatial orbitals,

Epq = a+pαaqα + a+pβaqβ (2)

is the singlet unitary-group generator, and

fpq = hpq +
∑
i

Lpiqi (3)

is the spin-restricted Fock matrix where

Lpqrs = (2〈pq|rs〉 − 〈pq|sr〉) (4)

Brackets around the unitary group generators imply normal ordering of the component annihilation
and creation operators. We choose the convention that i, j, k, · · · denote occupied orbitals, and
a, b, c, · · · denote unoccupied/virtual orbitals. In addition, permutation operators for two, three,
and four pairs of indices are defined by their actions on functions of the indices as, respectively,

P ab
ij f

ab
ij = fab

ij + f ba
ji , (5)

P abc
ijk f

abc
ijk = fabc

ijk + facb
ikj + f bac

jik + f bca
jki + f cab

kij + f cba
kji , (6)

and

P abcd
ijkl f

abcd
ijkl = fabcd

ijkl + fabdc
ijlk + facbd

ikjl + facdb
iklj + fadbc

iljk + fadcb
ilkj

+ f bacd
jikl + f badc

jilk + f bcad
jkil + f bcda

jkli + f bdac
jlik + f bdca

jlki

+ f cabd
kijl + f cadb

kilj + f cbad
kjil + f cbda

kjli + f cdab
klij + f cdba

klji

+ fdabc
lijk + fdacb

likj + fdbac
ljik + fdbca

ljki + fdcab
lkij + fdcba

lkji (7)

The non-zero commutators of the Hamiltonian with the single-excitation unitary group generators
are, [

Ĥ, {Eai}
]
= 2fia +

∑
p

fpa{Epi} −
∑
p

fip{Eap}+
∑
pqr

〈pq|ra〉{EprEqi}

−
∑
prs

〈pi|rs〉{EprEas}+
∑
pr

Lpira{Epr}, (8)

1



[[
Ĥ, {Eai}

]
, {Ebj}

]
= P ab

ij

[
Lijab − fja{Ebi} −

∑
p

Lijap{Ebp}+
∑
p

Lpjab{Epi}

−
∑
pr

(〈jp|ra〉{EbrEpi}+ 〈pj|ra〉{EprEbi})

+
1

2

∑
pq

(〈pq|ab〉{EpiEqj}+ 〈ij|pq〉{EapEbq})

]
, (9)

[[[
Ĥ, {Eai}

]
, {Ebj}

]
, {Eck}

]
= P abc

ijk

[
−Lijac{Ebk} −

∑
p

〈kp|ab〉{EpjEci}+
∑
p

〈kj|ap〉{EbpEci}

]
,

(10)

and [[[[
Ĥ, {Eai}

]
, {Ebj}

]
, {Eck}

]
, {Edl}

]
=

1

2
P abcd
ijkl [〈kl|ab〉{EdjEci}] (11)

If the reference determinant built from the occupied spin-restricted orbitals is denoted |0〉, the
action of the above commutators on this determinant may be written as[

Ĥ, {Eai}
]
|0〉 =

(
2fia +

∑
b

fba{Ebi} −
∑
j

fij{Eaj}+
∑
bj

Lbija{Ebj}

+
∑
cbj

〈cb|ja〉{EcjEbi} −
∑
bkj

〈bi|kj〉{EbkEaj}

)
|0〉, (12)

[[
Ĥ, {Eai}

]
, {Ebj}

]
|0〉 = P ab

ij

[
Lijab − fja{Ebi} −

∑
k

Lijak{Ebk}+
∑
c

Lcjab{Eci}

−
∑
ck

(〈jc|ka〉{EbkEci}+ 〈cj|ka〉{EckEbi})

+
1

2

∑
cd

〈cd|ab〉{EciEdj}+
1

2

∑
kl

〈ij|kl〉{EakEbl}

]
|0〉, (13)

[[[
Ĥ, {Eai}

]
, {Ebj}

]
, {Eck}

]
|0〉 = P abc

ijk

[
−Lijac{Ebk} −

∑
d

〈kd|ab〉{EdjEci}+
∑
l

〈kj|al〉{EblEci}

]
|0〉,

(14)

and [[[[
Ĥ, {Eai}

]
, {Ebj}

]
, {Eck}

]
, {Edl}

]
|0〉 = 1

2
P abcd
ijkl [〈kl|ab〉{EdjEci}] |0〉. (15)
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