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Existence Criteria and Hyers-Ulam Theorem for a Coupled P-Laplacian
System of Fractional Differential Equations

Kiran Tabassum, Liu Xiangyang, Syed Furgan Rafique, Irfan Jamil

Abstract— Dealing with high order coupled systems of FDEs
through nonlinear p-Laplacian operator. We analyze existence,
uniqueness & Hyer-Ulam stability (HUS) of the solutions by
means of topological degree method. For this purpose, we
transform the supposed problem into an integral system via
Green’s function(s) and assume certain operator equivalent to
the integral form of the problem. Then after, the results are
proved with some necessary assumptions.

Keywords— Fractional differential equations (FDESs), Hyer-
Ulam stability (HUS), topological degree theory, existence
and uniqueness of solutions (EUS).

. INTRODUCTION

The real world physical phenomena described by
mathematical models of fractional differential equations
(FDEs) are more constructive and practical in memory as
compared to the models of integer order differential equations.
. Due to the application of FDEs, one can learn fractional
calculus in diverse fields like metallurgy, signal and image
processing, economics, fractal theory, biology and other
disciplines [16-26]. Existence of solutions for FDEs is one of
the most attracted research areas. For the different classes of
FDEs, one can study different methods for existence and
uniqueness of solutions. Various nonlinear mathematical
models can be found in the scientific fields to study dynamic
systems. The classical nonlinear operator ¢_p is one of the
most important and frequently used nonlinear operators, which
satisfies

1 1 ,
st~ b bp(s) = |s|P™"s,

" p > 1andg,(0) = ¢, (6).

For details and applications of nonlinear operator ¢,, we
pass on readers to [27-34].
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Here we highlight some related and interested research
problems and contribution of scientists. Baleanu et al. [1]
proved existence of some super linear FDE solutions and
presented some applications of their results. Kuman et al. [2]
presented stability and existence results for a class of FDE with
help of topological degree theory. Baleanu et al. [3] proved
existence solution for a nonlinear FDE on partially ordered
Banach spaces. Baleanu et al. [4] studied that under certain
assumptions the solutions of FDEs are eventually large and
eventually small. Mahmudov and unul [5] studied a FDE with
integral conditions involving order 2 < a < 3, an impulsive
fractional differential equation [6] and FDE with p-Laplacian
operator [7], for existence of solutions.

Hu et al. [8] calculated existence of non-linear FDEs using
the p-Laplacian operator:

D}, (& (D)) + £ (%10, D, u®) = 0, t€ O,
D{.u(0) = 0 = D§, u(1),

where 0<p,y<1,1<p+y<2,D_(0+)"p,D_(0+)"y are in the sense
of Caputo derivatives.

Ali et al. [9] calculated the EUS and HUS for coupled system
of FDEs:

Dy x(t) = f(t,y(®),
Dy, y(6) = f(&x(D)),

1 T
MO =0, Ol =5 | 7= s,
0

t €[0,1],
t €[0,1],

1 T
YO =0, YOl =155 | T =9 a0 s
t=1 l—w(é\) 0
wherep,y,0,8 € (1,2],D),, D}, are in the sense of Caputo
derivatives, p,q € L[0,1].

Khan et al. [36] recently calculated the existence and
uniqueness of positive solutions and HUS for the following
system of coupled FDEs:

Dlt (4, (p63x(®)) = ~wi(6y®). DIz (, P2y )
= —%,(t,x(®)),

DELx(0) = 0 = (qb,, (Dgix(t))), lizo = DL () ]12yy, x (1)

re-6,)
= 1711‘511 _9P1 61¢q (:Jgﬁrlpl (t,y(t))) le=p,,
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D5y = 0 = (9, (D§29(®)) le=o = DIV (O)lemyr v (D
rz-a¢
= (—2)7p2_52¢q (j(})/-zi—lpz (t,x(t))) |t=n2

n21—52
where t € [0,1],p;,v: € (1,2],1;,8; € (0,1], fori = 1,2,
and D{, D}, Dy fori = 1,2 are denoting Caputo fractional
derivatives.

In classical cases the fixed point theorems have some very
strong conditions which limit the applications of the results to
big extent for the study of many categories of FDEs and their
coupled systems. Nowadays, degree theory plays a significant
role in relaxing of the necessary conditions required for the
study of fixed points of operators and EUS for a large number
of FDEs and its coupled systems for their solutions. Different
types of degree theorems have been produced including the
well-known Brouwer and Leray-Schauder theory which have
been considered by a large number of scientists for the

where a;, B; € (n — 1,n], ¥y, ¥, € L[0,1]andDy’, ngrfori =
1,2 stand for Caputo fractional derivative ¢, (V) = |V [P 72NV
is non-linear operator ¢, satisfying 1/p + 1/q =1¢,
represents inverse of ¢,,. Here, we affirm that applying degree
method to treat existence, uniqueness also to get the

Il.  AUXILIARY RESULTS

Definition 2.1. The fractional integral of order a > 0 of
f:(0,+0) - R is defined as

1 t
I&Mo=ﬁaﬁa—w*%@Ma

Given that integral on R.H.S is point wise defined on the
interval (0, +0), where

INa) = fo

Definition 2.2. For a function 1 (t) the fractional Caputo’s
derivative of « order is defined by the following integral form
(provided it exist)

+oo
e Ss*1ds.

Dy () =

1 ‘ - a
m[g (t — s)lal-a @l+D (5)ds,
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D (&, (051u®)) = —wn (e.v®), 0§z (@, (§
(¢,, (Dg;u(t))) liey = 0, (¢p (Dg‘;u(t)))(k) lieo = 0,fork = 1,2,3, ..,n— 1,

) a a (k)
(¢p (Dojv(t))) ez = 0, ((;bp (Dojv(t))) le=o = 0,fork = 12,3, ..,n — 1,

u®) =0,fori =0,1,2,.....m—2,m,....,n— 1L, u™ V(1) =0,
v®(0) =0,fori =0,1,2,....m—2,m,...,n—1,v™ V(1) =0,

exploration of different aspects of fractional calculus especially
dealing with existence of positive solution of differential
equations involving integer order as well non-integer. A
version of the degree theory acknowledged as topological
degree theory which was introduced by Mawhin [10] and
further expanded by Isaia [11] was considered for the existence
results of linear as well nonlinear FDEs. The proposed
technique is also known as prior estimation technique, which
does not involve the compactness of operators. For new results
on topological degree theory, we suggest the readers for the
study of some recently developed results in [12-14].

Enthused from the abovementioned studies, we study the
EUS and HUS of a coupled system with initial and boundary
conditions and non-linear operator ¢, using the topological
degree method:

v(t))) = -, (t,u®),

(1.1)

conditions for the stability of Hyers-ULam to a coupled
system of (FDEs) with ¢, (1.1) has not been explored to our
loyal awareness and understanding. Therefore, this work may
get the attention of researchers to the study of Hyers-Ulam
stability for more complex problems. We test enough
conditions for the stability of EUS and HUS for system (1.1).

Where [«] is the integer part of a.
Lemma 2.3. Let @ € (n — 1,n],y € AC™},then
I§ D§p() = P(t) + ¢ + et + cpt? + - 4 ¢y "7,

Forthe c; e Rfori =0,1,2,...,n — 1.

Consider the space of real valued continuous functionsV =
C([0,1],R) with Topological norm || v ll= sup{|v(t)|:0 <
t<Ifor veVThe product space wx*=FxV with the norm
Il (w,z) I=lv I +lzI is also Banach space. We give a
notation S to the class of all bounded mappings in w.

Definition 2.4. For the mapping ¢:S — (0,0) Kuratowski
measure of non-compactness is:

E(M) = infifir > 0: M the finite cover for sets of diameter
<r}

where M € S.
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Definition 2.5. Let T:9 —» V be bounded and continuous
mapping with 9 c V. Then T is an & —Lipschitz, where ¢ = 0
if

f(T(M)) < ¢&(M)for all bounded M c 9.
And T is a strict &é-contraction with ¢ < 1.
Definition 2.6.The function T is £-condensing if

E(T(M)) < E(M)for all bounded M < 9 such that £(M)
> 0.

Therefore £(T(M)) = &(M)yields £(M) = 0.

More we have T:9 — V is Lipschitz for ¢ > 0, such that
IT@W)-T@) ISclv—vl forallv,v€d.

The condition ¢ < 1, then T is a strict contraction.

Proposition 2.7. The T is said to be é-Lipschitz with ¢ =
Oifand only if T:9 — V is said to be compact.

Proposition 2.8. The T is said to be &-Lipschitz for constant
value ¢ if and only if T: 9 — V, is Lipschitz with constant ¢.

(083 (0 (061u(®)) = —pae. v,

a a (k)
| (¢p (Doju(t))) liey =0, (cp,, (D@u(t))) lieo = 0, fork = 1,2,3,..,n — 1
u®(0) =0,fori =0,1,2,....,m—2,m, ....,n — 1, u™ D) = 0,
is given by the integral equation
u
1 1
(x) = f H1(t,s) ¢, (f HF1 (s, )y (t,V(t))dt> ds, (3.2)
0 0
where H*1(t, s), HP1(t, s) are Green’s function(s) defined by
(t—s)al_l m—1 (1_S)a1—m
—t > 0<s<t<],
Hags) =4 0 ) (33)
—t rm)r(a;—(m-1)’ Ost=s=<1
[ (-5t (1-skt
B - 1 1
HP1(t,s) = (1 it S (3.4)
—l _ —_— S —_— .
I'(B1)
Proof. Applying operator Igi on (3.1) and with help of Lemma (2.3), we proceed the following
by (Dgiu(t)) = —Igill)l t,v() + ¢ + ot + -+t (3.5
-y . a (k) a
Condition (qbp (Doiu(t))) l;zo =0, fork =1,2,3,...,n—1results ¢, =¢c3 =--=c¢, =0. And (d),, (Doiu(t))) le=1 =0,
implies
1 1
= by (6o (O)er = s [ (1= s, v() ds (3.6)
T'(B1) Jo
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Theorem 2.9. [11] Let T: V — V be an é-condensing and
H = {z € V:there exist 0 < A < 1 such thatz = ATz}.

If H is a bounded in V,
M, (0),with degree

deg(l — 2G,M,.(0),0) = 1 forevery A € [0,1].

So, T has atleast one fixed point and collection of all fixed
points of T are contained in M, (0).

there exists a >0, and H c

Lemma 2.10 [15] For the nonlinear operator ¢, , we have

1. If1<p<2,¢4,¢,>0and|4],|f;] 2m > 0,then

|¢p(€1) -, ()= (p— DmP 2|4, — 4,].
2. Ifp> 2,and |#],]¢1] < F,then

|, (£1) — ¢, (£)| < (p — DFP 2|4, — £,

I1l.  MAIN RESULTS

Theorem 3.1. Let i; € C[0,1] be an integrable function
satisfying (1.1). Then the solution of
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By using values of ¢; fori = 1,2, ...,nand (3.5), we have

¢y (D5 1u(®)) = — 15191 (£, v () + 1§11 (£, 0(0) ]

-1 | (= 5Py (5, v($))ds + e | (1= P11 (5,0(s)) ds
TR Jy T Jo

1
= J- HB1(t, s) (s, v(s))ds,
0
whereHP1(t, s) is a Green’s function given in (3.4).
Applying ¢, = ¢, "in (3.7), we get
1
i) = ¢, ( [ esne, v(s))ds).
0

Applying operator I(‘)"j on (3.8) and Lemma 2.10, we get

1
1KO=1ﬁ<%<L}ﬁ%t9¢ﬂ$v@n¢0>+Zy+ht+m+aﬁm*+u-
+ z,t" !

Using condition u®(0) = 0, fori =0,1,2,...,m —2,m,...,n— 1, we obtain z; = z, = 2, 1 = Zn 41
condition ™~V (1) = 0, we have

(3.7)

(3.8)

(3.9)

=--z, =0. From

1 a1—(m-1) ! B
ey L A O | RECOACT O [ (3.10)
Now putting the values of z;, fori = 1,2, ...,m, ...,n in (3.9), we have
1 tm—l —om— 1
u(®) = I} <¢q ( | mm@ov, (s,v(s))ds)> ~ ol (qbq ( | ames wl(s,v(s»ds)) o=t
( [ A ) )qb < | HE (5, 0) 91 (0, v )
= —s — S, R s
ran) Jy T(m) Jo T(a —(m—1)) 7\, '
1 1
- [ Haws9, ( [ #6.om (so.v(so))dso) ds (311)
0 0
whereH%1(t, s), HP1(s, ) are defined by (3.3), (3.4), respectively, as Green’s function(s).
Following Theorem 3.1, we may write our problem in the following system
1 1
@ = [ H@ 4, ( [ 60w, v(so))dso) ds, (3.12)
0 0
1 1
v = [ ), ( [ e wz(so.u(ga))dso) ds, (3.13)
0 0
where H%2(t, s), HP2 (s, t) are Green’s function(s) defined by
— )21 _ \az—m
ETfl;——tm*F S )" o 0<s<t<1,
a — —
) = Y g (2= Gm = 1) (3.14)
_gm-1 ) 0<t<s<Ll
\ rmr(a, — (m-1)
t —s)B2-1 1 —g)p21
! F(S)) 44 F(S)) , 0<s<t<1,
HP2(t,s) = 32_1 B (3.15)
(1 —s)" 0<t<s<l1
T o N Stss=< 1
I'(B2)
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Define T;:V —» Vfor(i = 1,2) by

1 1
Tru(e) = f H1(t,5) ¢, ( f HP (s, ) wl(so.v(so))dso) ds
0 0

1 1
T;v(t) =f0H“2(t,S) bq (fo Hﬁz(s,sf))wz(@,u(@))d@) ds

(3.16)

(3.17)

We further define F(u, v) = (Ty' (w), T; (v)). Then, with help of Theorem 3.1, the solution of (3.12), (3.13) is equivalent to any

fixed point, say (x,y), of operator equation

(x,y) =F(x,y).

To proceed further, we need following assumptions in the
main results of the paper.

Q) With positive constant values of
ay, by, M, , Ml and kq, k, € [0,1], functions 1,1, satisfy
the following growth conditions

|91 Cx, )| < @y (aq vl + MG, ),

Y2 (e, W] < ¢y (by lul®2 + M, ).

(@) There exist real valued constants 4,,,, 4, such that for
allu,v,x,y €V,

[Y1(t,v) — Py (t, )| < Ay, lv —x],
[2(t,w) — Yo (&, Y| < Ay, lu—yl.
For simplicity in calculations, we define the following terms:

v 1 1 1
te (F(a1 +1) + r(m)I'(a; — m + 2)> (F(ﬁl +1)
1\

* re, + 1)) ’

(3.18)

(1 1 1
2= (r(a2 1) T (e, = m 2)) (F(ﬁz D
NG

TG+ 1)) ’
pi =+ )My, +M;,), 6" =(a+b)(Y; +Y2),
1
' 1
e, —m + 2)) (r(ﬁ1 D
1
+ r(B; + 1))’
1
% = &= 00"y, (o
1

+ T (e = m + 2)) (F(Bz D

"TE D)

Theorem 3.2.With assumption (Q; ), the operator F: w* — w”* is continuous and satisfies following growth condition

F(u,v)(t) < 6" Il (,v) I+ pj

For each (u,v) € M, c w*

(3.19)

Proof. Consider a bounded set M, = {(u,v) € w: |l (u,v) II< r} with sequence {(u,, v,,)} converging to (u, v)in M,. To show

that I| T*(u,, v,) — T*(u,v) ll-= 0 as n — oo. Let us consider
Ty up () — T u(t)]

1

< fo |[H*1(t,s)

1
— ¢, ( fo HP1(s, ) ¥y (so,v(so))dso>| ds,

And

International Journal of Engineering Works

1 1 1 )
f H (69) ¢ < J H‘“(s,so)wl(so,vn(m)dso)ds— ] H (2, ) ( j Hﬁl(s,so)lﬁl(@,v(@))d@)ds
i 2 1 0 0
¢ < fo HF1 (s, 0) 1 (80, v (@))ng> ds

(3.20)
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|T; v, (t) — Ty v(t)] . .
= | f He2(t,s) ¢, < f HﬁZ(s.so)wz(sO.un(so))dsO) ds
? ?
- f H (t,5) b, ( f HP2 (s, 2) 1, (so,u(so))dso) ds|
0 0
1 1
3f |H2(t, 5)|| pg (f HﬁZ(s.so)wz(so.un(so))dso>ds
0 1 0
— ¢q ( f H’*Z(aso)%(so.u(so))dso)|ds. (3.21)
0

With the help of (3.20), (3.21) and due to the continuity of the functions 4,1, we have |Tju, (t) — Tyu(t)| = 0 as n - 0.This
implies that T7" is continuous. Similarly, |T; v, (t) — T, v(t)| = 0 as n — oo, which implies T, is continuous. The continuity of
Ty and T, implies that operator F = (T, T5) is continuous.

Now, for the inequality (3.19), from (3.16), (3.17) and assumption (Q;), we continue as

ITru(®)| =

1 1
f H1(t,5) g (f HP1(s, 9) 1!’1(80,17(&0))(180) ds
0 0

1 1
Sf |H*1(t,s)| P, (f IHﬁl(s.so)IIwl(p,v(p))ld(@)ds (3.22)
0 0

1 1
gf IH1 (8, 5)| (f |HP1 (s, )|, (ag Il v 111+ M;;)l)dgo>ds
0 0

1 1 1 1 q-1
= (F((Xl + 1) * F(m)r(al -m+ 2)) (F(Bl + 1) + [‘('81 + 1)) (al Ilv "k1 + Mlpl)
=Yy (ag v M+ My,).
And

;v =

1 1
f H (2, 5) b, ( f |HP2(s, ) ||, (so.u(so))ldso> ds
0 0

< Jy 1He2(t,9)| b (J 112 (s, 0) |12 (0, u()) 1dg0 ) ds (3.23)

1 1
< f He2(t,5)| &b, ( f |HP2 (5, ) by (by [l + M:;Z)dso) ds
0 0

= (F(a;+1) + l"(m)l"(otlz—m+2)) (F(B;+1) + F(ﬁ;+l))q 1 (bl Ilu "k2+ Ml*/’z)
=Y, (by [ul*2 + M;,)
With the help of (3.22), (3.23), we proceed
IF*(w,v)(O] < Yy (a v 194+ M) + Yo(by w2+ M)
<8N (wv) I+ p; (3.24)
This completes the proof.
Theorem 3.3.Assumethat (Q;) holds true. ThenF*: w* — w™ is compact and ¢ — Lipschitzwith constant zero.

Proof. Theorem 3.2 implies thatF*: w — w is bounded. Next, let B € M, c w*. Then, by (Q;), Lemma 3.1, Eq. (3.12), (3.13),
then for any t,, t, € [0,1], we have
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[Tru(ty) — Tru(ty)|

1 1
J(-]Hal(tl,s) bq <f0 Hﬁl(S,X’J)%(X’J,U(SO))dSO) ds

1 1
— fo H(t,5) ¢, < fo HF1(s, 9) (so,v(@))dso) ds (3.25)
1 1
< [ 1) - g (691, ( [ 1926010, @ 1w 1+ Mr,,l)dso) ds
0 0
[t1%1 — £, "1 |6, — £, 1 -t L .
= ( M@, +1) Tt —m+ 2)) (r(ﬁ1 DT T 1)) (ar v+ MG,),
|T;v(t) — Tov(ty)] ) )
= | f H2(ty,s) ¢, < f HP2(s, ), (so.u(so))dso> ds
0 0
1 1
- fg He2(ty,s) ¢, < JO HP2 (s, 90) ¥, (p,u(p))d@) ds (3.26)
1 1
< [ e, - He @1, ( [ 1926010, Glul’ + M;;,Z)d@) ds
0 0
[t,%2 — t,72] 6™t — ;™ 1 1 -t 5 X
= ( T, +1) Tomra, —m+ 2)) (F(ﬁz D) TG, + 1)) bylul* + My,),
From (3.25), (3.26), we have
[F*(u,v)(ty) — F*(u,v)(t)] X . i
R I 1 1\ o
= ( M@, +1) Tt —m+ 2)) (r(ﬁ1 T TG T 1)) (az v 1+ b3, )
[t,%2 — t,%2] [yt — ¢, 1 1 -1 "
( T, +1) Tmr(a, —m+ 2)) (I‘(Bz DTG+ 1)) (by ]
+ My, (3.27)

As t; = ty, (3.27) approaches to zero which may be observe on the right side. Thus, the operator F* = (Ty,T,) is an equi-
continuous on B. Arzela-Ascoli theorem implies that F*(B) is compact. Ultimately, B is ¢ — Lipschitz with constant zero.

Theorem 3.4. With assumtions @, — Q,andd” < 1, the system of FDEs with ¢, (1.1) has a bounded solution in w*.

Proof. For existence of solution of the coupled differential system of fractional order (1.1), we take help from Theorem 2.9. Let us
consider the set

S = {(u,v) € w*:there exist 1 € [0,1], such that(u,v) = AF(u, v)},

We show that S is bounded. For this we assume a contrary path. Let for some (u,v) € S, such that || (u,v) ll= J — . But from
Theorem 3.2, we have

I (w,v) 1= AF (w,v) I<Il F(u,v) | (3.28)
<8 Il (wv) Ik+ pj
Since || (u, v) = J, then (3.28) implies
I (w,v) I 8" Il (w,v) I*+ p;

<8 I (u,v) I* pi
I wv) Il I @)l
1 *
1< 5*(71_1( +%—> 0,as J —
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This is a contradiction. Ultimately, || (u, v) < oo and hence the set S is bounded and therefore, by Theorem 2.9, the operator F

has atleast one fixed point which is the solution of the coupled system of FDEs (1.1). And the set of solution of (1.1) is bounded
inw”.

Theorem 3.5. Assume that Q; — @, hold. Then Eqg. (1.1) has a unique solution provided that 9; + 9, < 1.
Proof. From (3.16), (3.17) and assumptions Q; — Q, and Lemma (2.10). Then for any t;,t, € [0,1], we proceed
IT7u() — Tyu®)]

1 1 1 1
f H (8, 5) b, ( f Hﬁl(s,so)wl(so,v(so))d@) ds — f H(t,5) ( f Hﬁl(s,sowl(so,ﬁ(so))dso) ds
0 0 0 0

1 1
=f |He1(t,s) | |, (f Hﬁl(s,so)wl(so,v(so))d@ds)
0 0

1
— ¢, ( fo HF1(s, ) ¥y (90, ﬁ(so))dso) ds (3.29)

1 1
= (p - D)o?~2 f [H (8, )| j (s, ) | |1 (2, v(82)) — ¥u (0, 5()) | diods
0 0

< (- D07y, (o + ) (rery + o) (9 — 50D,
"Iy +1) Tm)I'(ay —m+2)/\I'(B;+1) TG +1)
= 5,(v(0) ~ 50,
And
IT50(®) = T390

1 1 1 1
f H (t,5) b, < j HﬁZ(s,so)wz(so,u(so))dso) ds — j H (t,5) b, ( f HﬁZ(s,sowz(so,a(so))dso) ds
0 0 0 0

1
- f He2(2,5) |
0

1
b, ( jo HP2 (s, 90) ¥, (mu(so))) dgods

1
— ¢, ( fo HF2(s, ) 1, (@,ﬁ(@))d@> ds (3.30)

1
= (p - 1)o?? fo |H2(t, 5)

1
f |HP2 (s, ga)| [W2 (92, u()) — 2 (0, u())|dgods
0

< -1y, (F(a 1+ SRCONC, 1— m 2)) (I‘(ﬁ 1+ DTG 1+ 1)) (lu()) —a(®)
2 2 2 2
=9, (Ju®) — u(®)).
From (3.29), (3.30), we have
|F*(u,v)(t) — F* (@, 2) ()| < 9;(Jv(®) — 9(®)]) + 9, (Ju®) — u(®))
< (01 + 9) Ul (w,v)(®) — @, v)(@) ID. (3.31)

With assumption 9; + 9, < 1, Banach’s contraction principle implies that F* has a unique fixed point. As a result, the solution of
the system of fractional order with ¢, (1.1) is unique.

Recently, Khan et al.[35] studied the stability of Hyers-Ulam for the following system of FDEs with ¢,
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Dy (¢p D“lu(t) ) + 1, (t,v(®) =0, Dj? <¢p (D“%(t))) +,(tu(®)) =0,
( é, (Dalu(t))) ooy = Iﬁl—l (wl(t:v(t))) et (3.32)
) (¢p (D&ru(e) ) oy =0 = (¢,, (D“lu(t)))” le=o,
CYER) )|t L =127 (9 (6 u(®)) Lo,
)

(¢, (D520(6))) 1e=1 =0 = (6, (D5?v(®)) le=o0,
u(0) =0=u"(0), u() =0, v(0)=0=v"(0), v(1) =0,
Where 2 < a;, B; < 3,1,¥, € L[0,1], and D“l Dﬁl for i = 1,2 are in Caputo sense.

They converted (3.32) system into following coupled system of Hammerstein-type integral equations given below:

1 1
u(t)=f H1(t,s) ¢, (f }[ﬁl(s,e)lpl(@,v(e))d6> ds, (3.33)
0 0

1 1
v(t) = f H2(t,s) ¢, < f f}-[ﬁz(s,e)l,bz(e,u(e))d8> ds, (3.34)
0 0

where the Green’s function(s) H*1(t, s), HP1(s, 8), H %2 (t, s), HF2 (s, 8)are defined in [35].
Definition 3.6. [35] The integral (3.33) and (3.34) is HUS if there exist positive constants Dy, D, fulfilling the conditions below:
For every 14,4, > 0, if

1 1
|u(t) _j(; gal(t' S)¢q <J(; gﬁllpl(l’,v(‘[))) dSl Sllﬁ

1 1
() - fo Go, (6,5, ( fo gﬁzwz(uu(r)))dﬂ <1, (335)

There exists a pair, say (u*(t), v*(t)), satisfying

1 1
u’(t) =f Gay (£,5) g <f s, (5,9)1/)1(9,v*(9))d9> ds,
0 0

1 1
v*(t) = J G, (£, ), ( J Gg, (s, 9)1/)2(9,u*(9))d9) ds, (3.36)
0 0
Such that
[u(t) —u"(O)| < DiAy,
[v(®) — v*(t)| < D;A,. (3.37)

Khan.et al also studied HUS for a coupled system of FDEs with initial and boundary conditions [36].
1. Hyers-Ulam stability

Here we study Hyers-Ulam stability of nonlinear system of FDEs with p-Laplacian operator (1.1). By taking help from
Definition 3.6 and the work [35], we propose the following definition.

Definition 4.1. If there exist positive constants D;, D; , then coupled systems of integral equations given by (3.12), (3.13) are
Hyers-Ulam stable, satisfying:

For every A;,4, > 0, if
1 1
!u(t)—f HL(t,s) ¢, (f Hﬁl(s,so)llll(so,v(so))dso>ds
0 0

1 1 “4.1)
lv(t) —J H2(t,s) ¢q (f HP2 (s, ) 1!’2(80,11(80))6180) ds
0 0
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There exist a pair, say (u*(t), v*(t)), satisfying

1 1
ju*(t) = J; H*1(t,5) g <f HP (s, ) 1,01(80,17*(50))6150) ds,
0

1 1
lv*(t) = fo H(,5) ¢q (fo HP2 (s, ) ¥, (9, u*(@))d@) ds,

Such that
[u(®) —u ()| < DiAy,
[v(t) — v ()| < D52,.

(4.2)

(4.3)

Theorem 4.2.With the assumptions (Q,),(@), solution of couple system of FDEs ¢, (1.1), is Hyers-Ulam stable.

Proof. From Theorem 3.5 and definition 4.1, let (u(t), v(t)) be a solution of the system (3.12), (3.13). Let (u*(t), v*(t)) be any

other approximation satisfying (4.2). Then, we have

[u(®) —u (O] =

1 1
< (p - Do?~2 ( f HL (8, 5)| f |HP1 (s, 0)| [ (2, ()
0 0
— (g, v*(so))ldsods>

1 1 1 1
f HA(E,5) b, ( f Hﬁl(s.so)wl(so,v(so))dso)ds— f HA(E, ) b, ( f Hﬁl(s,so)wlcso,v*(so))dso>
0 0 0 0

ds

(4.4)

1

< (p - 1a?22 ( + - )(
s @ Y1 F(a; +1) T(m)T(a; —m+2)

=9 lv(®) —v*(®) I,
And

1
TG +D TG +D

) I v(E) = v*(©) |

1 1 1 1
lv(t) —v ()] =| f He(t,s) P, < j HﬁZ(s.@)wz(p,u(p))d@) ds — j H(t,s) ¢, ( f HﬁZ(s,so)wz(so,u*(p))dp> ds
0 0 0 0

1 1
< (p - 1)o?2 ( f IH (8, 5)] f |HP2 (s, ) |12 (0, u(2))
0 0

— (o, u" () Id@ds)

1

(4.5)

< (p - 1)0’1)_211’02 (

=9 lu(®) —u" (@) I

1 1
T+ 1) ToT(a, —m + 2)) (r(ﬁ2 DTG D

) lu(®) — () |

Where Df = 9,1, D; = 9,. Hence, by the help of (4.4), (4.5) the system (3.12), (3.13), is Hyers-Ulam stable. Therefore, Eq. (1.1) is

Hyers-Ulam stable.

CONCLUSION

We have considered a high order coupled system of FDEs
with nonlinear p-Laplacian operator for the examination of
existence, uniqueness of solution and Hyer-Ulam stability by
using topological degree theory. For these aims, we
transformed the supposed problem into an integral system via
Green’s function(s) and assumed certain necessary conditions
over a Banach space. Our results are more general and useful
than the standard case.
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