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Mikheyev and Smirnov have observed that neutrino oscillations in the Sun can be greatly
enhanced through the mechanism of %olfenstein matter oscillations. %'e develop a qualitative
understanding of this phenomenon in the small-mixing-angle limit and carry out extensive calcula-
tions in order to apply it to the solar-neutrino problem. Our simple theoretical model agrees re-

markably well with the calculations. After determining those values of Am and sin~28 in the
small-mixing-angle limit for which the '8 plus 'Be neutrino capture rate in "Cl is suppressed by a
factor 2—4, we predict the corresponding capture rate for pp plus Be neutrinos in 'Ga. The galli-
um capture rate can range from no reduction to a factor of 10 reduction. %e also determine the
modified spectrum of '8 neutrinos arriving at Earth and discuss the importance of this spectrum as
a means of choosing between oscillations and the solar model as the cause of the solar-neutrino

problem, and also as a means of distinguishing between different sets of oscillation parameters.

I. INTRODUCTION

Mikheyev and Smirnov' have recently observed that,
given the high densities of matter encountered in the inte-
rior regions of the Sun, the oscillations between neutrino
flavors caused by small mass differences can be greatly
enhanced by Wolfenstein matter oscillations. i In particu-
lar, intrinsically small mixing angles can be converted by
th1s eilhancellleilt rlieclialllsili into large effec'tive mixing
angles, and a neutrino born as an electron neutrino v, in
the core of the Sun can emerge from it as an almost pure
muon neutrino v„. This means that instead of regarding
the solar-neutrino problem as a probe of oscillations with
very small mass differences (b,m =10 " eV ), and rela-
tively large mixing angles (sin 28=0.3), we can also use it
to explore very small mixing angles (sin 28=0.001—0.1)
and somewhat larger, but still terrestrially inaccessible,
mass differences in the range of 10 '—10 eV2.

In this paper we describe a simplified model which ex-
plains the principal features of the Mikheyev-Smirnov-
Wolfenstein (MSW} enhancement mechanism, and we re-
port on a series of calculations in which it is assumed to
be the cause of the reduction in the capture rate of 8 plus
Be (upper energy line) neutrinos in Cl by a factor 2—4,

as observed by Davis. %e locate that region in the
(b,m, sin228} diagram which yields the requisite rixluc-
tion in the Davis experiment, and we then predict the cap-
ture rate for pp plus Be (both energy lines) neutrinos in

Ga for eacli polilt lil this regloil. We also calculate the
corresponding modified spectra of 8 neutrinos arriving at
Earth.

II. OSCILLATIONS AND THE SOLAR MODEL

On the basis of our calculations we can develop the fol-
lowing scenario for the solar-neutrino problem. There are
two lines in the small-sin 28 region of the (bm, sin 28)

plane for which the 8 plus Be capture rate in Cl is re-
duced by a factor =3 [see Fig. 5(a)]: (i) hmz=10 ~ for
all sin 28 and (ii) logio(sin 28)+logio(bin')= —7.5 [Fig
5(a) is a log-log plot. j

From calculations of the modified spectra of sB neutri-
nos arriving at Earth [Figs. 6(a) through 6(f) and Table
II], we see that the first line corresponds to the case in
which the higher-energy 8 neutrinos are suppressed,
while the lower-energy ones are unaffected. (The separa-
tion between "high" and "low" occurs in the neighbor-
hood of 5—7 MeV, depending on the value of sin 28. ) By
contrast, the second line corresponds to a suppression of
all 8 neutrinos, but most especially in the low- and
middle-energy range. It follows that for oscillation pa-
rameters on the first line, the spectra of pp plus Be neu-
trinos will be unaltered, and the capture rate in 7'Ga will
be exactly as in the standard model, namely, about 105 so-
lar neutrino units4 (SNU). Parameters on the second hne,
however, modify the pp and Be spectra to varying de-
grees, and they can give reductions in the 'Ga capture
rate by as much as a factor of 10. The calculated capture
rates as functions of b,m and sin 28 are shown in
Table I.

The impact of the first-line solution on 'Ga can also be
understood on the basis of the spatial distribution of neu-
trino production. In Sec. IV we demonstrate that the first
line corresponds to the occurrence of the MSW effect in
the core of the Sun, and that the second line corresponds
to the effect occurring in the main body of the Sun. A
much higher percentage of 8 neutrinos is created in the
core than is the case for pp or Be neutrinos.

The MSW mechanism is a beautiful device for enhanc-
ing oscillations with intrinsically small mixing angles, and
it presents us with a most attractive solution to the solar-
neutrino puzzle. From this point of view, the 7'Ga experi-
ment will enable us to determine whether the first or the
second hne is the correct solution, and a measurement of
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TABLE I. Various expected captore rates for pp+'Be in "Qa in SNU for paraxneters that yield a
factor of 3 reduction in '8+ Be in 'Cl (underhned values). The rest were filled in for completeness.
100 SNU was taken to be 100%.
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the spectrum will provide the final confirmation for it.
The spectrum can also be used to remove ambiguities be-
tween the MSW mechanism and older attempts to solve
the puzzle.

For example, should the outcome of the 'Ga experi-
ment be exactly as predicted by the standard solar model,
then the first-line MSW solution will most likely be
correct. However, unless we measure the spectrum of v,
from 8 decay arriving at Earth, we will not be able to ex-
clude some modification of the solar model as an explana-
tion of the Davis experiment. The first-line solution leads
to a suppression of the higher-energy half of the spec-
trum, whereas a modification of the solar model will
reduce the overall normalization, but not the shape of the
spectrum.

Should the outcome of the 'Ga experiment be a signifi-
cantly reduced capture rate, as compared with the predic-
tions of the standard solar model, then we can certainly
conclude that neutrino oscillations are taking place. In
the event that the reduction factor for 'Ga turns out to
be smaller than that for Cl (say, —', instead of 3) or much
larger (say, 5—10, see Table I), it would be most likely
that the second-line MSW solution is correct. If however,
the reduction factors for the two experiments are approxi-
mately equal to one another, then we will have to choose
between MSW-enhanced oscillations with parameters in
the range sin 28 10 —10 ' and Am =4—1&10
eV (so: Table I), and the possibility of large mixing an-
gles (sin 28=0.3—0.4) with small hami(=10 '0—10
eV ). Again we can use the spectrum to make the choice.

If we plot the probability that a v, emitted in an 8 de-
cay in the Sun remains a v, when it arrives at Earth, as a
function of energy, i.e., P(v, ~v„' E„),then we find that
for oscillation parameters in the MSW range, the lower-
energy neutrinos are heavily suppressed, but the probabili-
ty function climbs steadily to a value of 0.4—0.5 at the
high-energy end [see Figs. 6(c) and 6(d)]. In the case of
large mixing angles and hm =10 ' eV, the oscillation
lengths for both B and Pp neutrinos are much smaller
than the astronomical unit, and so the suppression is in-
dependent of energy (P=l ——,

' sin 28). As hm becomes
smaHer, some oscillatory structure will develop in

P(v, ~v, ; E„) for 8 neutrinos, but at the high-energy
end the probability will generally tend to a value close to
unity.

III. SLAB MODEL

We now describe a simple model for the MSW effect
which accounts for most of the qualitative features, and
even the quantitative features, of our computations in the
case of small mixing angles.

According to Wolfenstein the time development of
vacuum and matter oscillations is described by the dif-
ferential equation

A 8
dt vp

(3.1)

in the basis of eigenstates
~
v, & and

~
v„&. The elements

of the "Hamiltonian" matrix are

m 2c~+m ~s2

+v 2G,X, ,
2F.

hm'- 2E" (3.2)

PPl) S +Pl C

2E

where mi and mi are the masses of the neutrino mass
eigenstates

~
v, & and

~
v2 &, respectively, and hm

2 2 .:—m2 —mi is measured in units of eV . The mixing an-2

gle 8 is defintxl by c:—cos8, s =—sin8, and

~
v, &=c

~
vi&+s

~
vi&,

~v„&= —s ~v, &+c ~v, &.
(3 3)

GF is the Fermi constant, N, is the density of electrons in
the Sun, and E is the neutrino energy (momentum) mea-
sured in units of MeV. The location of the neutrino in the
Sun at any time t is R, where R =ct =t (A'=e =—1).

It should be noted that the matter oscillation contribu-
tion to A, namely, ~2GFN, in (3.2), differs from that
originally given by Wolfenstein in the factor of ~2 and in
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sign. The factor of v 2 has been noted by several authors'
and it comes about because, when one evaluates the
coherent (i.e., spin-nonflip) part of the $V+-exchange dia-
gram for v, —e scattering in the electron rest frame, one
must keep in mind that the incident neutrino is polarized,
essentially 100%. As for the sign, there are now three in-
dependent arguments which agree with the one above:
one is a direct calculation by I.angacker; another, given
by Wolfenstein, is based on the observation that the for-
ward amplitude for v, —e scattering below the W pole in
the s channel must have a definite sign; and the third is
based on the facts that, in the Glashow-Weinberg-Salam
model, the W-exchange diagram has the opposite sign to
the Z -exchange diagram, and that Z exchange gives rise
to an attractive force between v, and e (Ref. 8). As em-
phasized by I.angacker, the positive sign means that
MSW enhancement will now occur when the dominant
component of v, is the lighter of the two neutrinos.

As the neutrino travels through the Sun, the density of
electrons, N„changes and hence the matrix element A in
(3.1) is a function of time. If we eliminate v„ from the
coupled equations of (3.1) and take out a time-dependent
phase factor from v„

=2(p, )otan28 . (3.11)

The corresponding spatial extent of the region is therefore

26Ro =2h—to 2[5——p, /(dp, /dR)]o . (3.12)

%e now examine the model in which the neutrino oscil-
lates in the region

(Ro bRo—Ro+ARo)=(to —bto, to+bio)

and nowhere else; Ro ——to is the location of the MSW
enhancement.

An equivalent way of writing the enhancement condi-
tion (L/Lo ——cos28) is A D=O —[see (3.1) and (3.2)]:
therefore the probability amplitude p(t) of (3.5) obeys a
simple oscillatory equation P'+B p=O in the neighbor-
hood of the enhancement. If we assume that just before it
hits the enhancement region p =e', then from continuity
across the enhancement region boundary we find that

For fixed E/hm, the change in density across the
MSW-enhancement region is from (3.8):

2', =v 2)&10 (b,m /E)sin28

t
v (re)~p(r)exp —l J A (r )dr

we find that p (t) obeys the second-order equation

p i (A
' ——D)p+B p =0.

(3.4)

(3.5)

p(t) = e' cosB (t to+ 6—to)

(ro —pro & l & to+ bio ) . (3 ~ 13)

Thus p (t) emerges from the enhancement region with the
value

The probability that a neutrino born as a v, at t=0
remains a v, at time ~is given by

P(ve~v, ;r)= ~p(t)
~

(3.6)

and the density at enhancement is

j,0
(bm /E)cos28 .

2
(p, )o= (3.10)

The relationship between the effective mixing angle for
oscillations in matter, sin 28, and the intrinsic mixing
angle sin 28 can be written as

sin 28
sin 28

[sin'28+(L/Lo —cos28)']
'

(3.7)
L —=4mE/hm, Lo =2m/(v 2GFNe) .

Obviously the MSW enhancement occurs at L /L o
=cos28 and its full width at half maximum is given by

25(L/Lo) =2sin28 . (3.8)

For very small intrinsic mixing angles (sin 28
=10 —10 ') this is a very narrow region, and outside it
sin 28 is very small. Thus we can adopt a simple model
for small mixing angles in which a neutrino travels from
the core of the Sun to the narrow region around the
enhancement without oscillating, undergoes maximal os-
cillations inside this region, and emerges from it as some
admixture of v, and v& which remains essentially un-
changed all the way to Earth.

In terms of the electron density p„measured in units of
Avogadro's number, the ratio L/Lo is given by

(3.9)

p (to+ hto ) =e' cos(2Bb, to ) (3.14)

and the probability for its being an electron neutrino at
Earth is

sin 28 AmP ( Ve Ve )Earth =COS
ho 2E

(3.15)

where Iio is the scale height of the solar density distribu-
tion at enhancement:

1 dpe

p, dR
(3.16)

The essential feature of this model, and the one that
determines its domain of validity, is that the distance
2bRo over which maximal mixing occurs (sin 28 =1) is
assumed to be small compared with the oscillation length
at the point of enhancement:

26Ro «L =4mE/(bm sin28) =—n/B . (3.17)

Thus the argument of the cosine function in (3.14) and
(3.15) is always less than m, and the change in the nature
of the incident neutrino takes place in some fractional
part of the maximally oscillating wave. In other words,
the region sensitive to MS% enhancement is so small that
it locks in only a part of the wave.

This is essentially the reverse of the adiabatic approxi-
mation, in which the region of large mixing angles
sin 28~ must be large compared with the oscillation
length I. at the point of enhancement. This condition
makes it possible for the eigenvex:tors of the "Hamiltoni-
an" (or effective mass) matrix (3.1) and (3.2) to rotate
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Q t v I j slowly as the neutrino moves through the enhancement re-

gion; consequently an eigenvector associated with the
larger (smaller) of the eigenvalues at one point in the path
of the neutrino maintains its association with the larger
(smaller) eigenvalue at another point.

In terms of sin 28 and Elb m, the criterion for validi-

ty of our slab model is that

sin 28/(E/bm )(2mho . (3.18)

CC)

CG
Ci

CL

10

1 Q i w

1Q

I

106 E
Q

7 108

E/aM~ (Mevt'ev~)

For a fixed, small value of sin 28, the probability for
v, =-v, at Earth (3.15) starts out at 1, goes down to zero,
and climbs steadily back to 1 as E imam increases
through the range of values consistent with (3.18). The
scale for this behavior is set by sin 28: the smaller sin 28,
the smaller the region in E/b m 2 for which the probabili-
ty remains small. These qualitative features are well illus-
trated by the results of computer calculations shown in
Fig. 1, especially for the regime in which the probability
climbs from small values back to large ones. Earlier parts
of the curve are better described by the adiabatic approxi-
mation.

IV. APPLICATIONS OF THE SLAB MODEL
0 i

104

1 0

8

1 Q5 10 10

E/gM~ (Mevt/ev~)
108 1Q Another aspect of the slab model concerns the relation

between sin 28 and b,m for a fixed suppression. If the
scale height ho is a constant, as happens for the exponen-
tial density distribution found in a large part of the Sun
beyond the core (see Fig. 7), then for a fixed value of
P(v, ~v, ), we must have, from (3.15), that

(sin 28)(bm ) =const

or

log~o(sin 28)+log~a(hm ) =const .

(4.1)

10" 10 , 06 10

E//~ M~ ( M e v/ e v~ )

(MODiFiED)

10

Furthermore this property survives when we integrate the
product I'(v, ~v, ) X fiux&(capture cross section over the
energy range of B neutrinos. By a simple change of vari-
ables we can show in this case that the quantity fixed by a
given total suppression of the B capture rate [in other
words, the analog of the argument of the cosine function
in (3.15)] is

sin 28 hm
~ o Emax

(4.2)

1 Q5 106 0 7

L/QM~ .', Mev/ev~ ) p, (R) p, (0)exp( —8 /P), (4.3)

where E,„ is the maximum energy of the B neutrinos.
Furthermore, Q has the general property that as the in-
tegral of P(v, ~v„E) increases, so the value of Q must
decrease.

Given the scale height of the density distribution in the
body of the Sun, we can use (4.2) to determine the con-
stant appearing on the right-hand side of (4.1). If we ex-
press the density at R as an exponential function

FIG. 1. Probabihty that a single-electron neutrino created at
the center of the Sun arrives at Earth versus E/hm for a given
sin228. (a) sin220=0. 01; (1}0.04; (c) and (d} 0.20. (d) is modi-
fied: probabihty at edge of the Sun and more Ejism~ points
help smooth out the plot.

P=Rs„„/10=7)&10 m .

The scale height is simply the inverse of p, and so

(4.4)

where R and p are measured in meters, then we find from
Fig. 7 that
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l,=(7X 10')-'m -'=3X 10-"ev .

It then follows from (4.2} that

logio(sinz28) + log to(hm (CV) ) =logioQ + logioho

+ log io(E,„(CV))

(4.5)

=logioQ —7.4 . (4.6)

Since Q is a number of order 1 for suppression factors in
the range 2—4, we obtain

logio(sinl28)+ log»(hm ')= —7.4 . (4 7)

(sin 28)(bm ) g2mltoE (eV)=10 (4.8)

The range of parameters on the second line are well
within this limit.

As has been emphasized by Bethe, the first line solu-
tion of Fig. 5 corresponds to the adiabatic approximation,
which is vahd when the inequality in Eq. (3.18} is re-
versed. This approximation accounts for the earlier (in
E/bm ) parts of the curves of Fig. 1 in which the proba-

Considering the crudeness of our model, the agreement
between (4.7) and the second solution in Fig. 5(a) is ex-
tremely good. Because we neglect energy spreading, spa-
tial spreading, and multineutrino types (all of which are
llicllldcd ill Fig. 5},wc cail cxpcct soinc dlscrcpallclcs.

We also note that as P(v, ~v, ) increases (i.e., the
suppression factor decreases}, Q decreases and so the con-
stant on the right-hand side of (4.6) decreases. Thus the
second line in Fig. 5 should move down the page as the
suppression factor decreases, and up the page as it in-

creases. This is exactly what happens in the computer
calculations.

From (3.18), the criterion for the validity of the slab
model for the exponential density distribution is

bility for an original v, to remain a v, at Earth starts out
close to unity, falls rapidly, and then remains close to
zero. Since the region of rapid fall occurs close to
E/hm =10 for a large range of values for sin 28, the
solution is approximately constant as a function of mixing
angle. The value of hm (=10 eV ) indicates that the
enhancement occurs in the core region of the Sun.

V. COMPUTER CALCULATIONS

=2.5X10 E/6 m[MCV/(CV) ] km,

L,=2m/(v 26+%, ) =1.77X10'/p, (x) km,

5x =0.00001,

(5.1)

where p, (x) is the hydrogen/helium corrected electronic
density' in units of Avogadro's number (see Fig. 7).

Once we know 10, iii, s, and s at the edge of the Sun
(P~s, =w'»+s*s), the probability of Earth, PE,„h, can
be computed making use of the equation for vacuum-only
oscillations;" we obtain

Equation (3.5) plus the initial conditions
(v, (0)

~
v, (0))=1 and {v„(0)

~
v„(0))=0 form the basis

of our computations. It is convenient to represent P as
w +is Equ. ation (3.5) then becomes two couplai second-
order differential equations in w and s. The above initial
conditions can be shown to be equivalent to w(0}=1 and
s (0)=iii(0) =s(0)=0.

We use Runge-Kutta techniques for two coupled
second-order differential equations to solve for P~s, . We
use the following parameters:

x=R/Rs„„(RS,„-—6.96&(10 km),

L= 4n E/b, ml

PF ~h =alii 28S111 (KR«/L)( 1 —2Peds, )+P,ds, +sm28 cos28 sm (mR« /L)(2/8)((os —sw )

+sin28 sin{nR«/L)cos(nR„/L)(2/B)(ww+ss ), (5.2)

where R„ is the distance from the edge of the Sun to
Earth (=1.5&(10 km) and L is as defined in (5.1). The
last two terms in (5.2) are interference terms which can be
constructive or destructive and help explain why the vacu-
umlike oscillations in Fig. 2 are not bounded by sin 28.

The energy spectrum for sB neutrinos was taken from
Bahcall, ' that for Be from Bahcall et al. , and the latest

pp spectrum was personally given to us by Bahcall. The
most recent normalizations were used (4.0X 106 no. /cm /
sec for B, 3.2X10 for both Be lines combined, and
6.1X10' for pp) {Ref. 13). Chlorine cross sections were
taken from Bahcall' and galhum ches sections were tak-
en from Bahcall. '

We wrote a series of programs of increasing complexity
using the data described above. The simplest program
computes P{v,-+v, ) at Earth as a function of E/hm
for a given sin 28 assuming that a single electron neutrino
is produced at the center of the Sun; typical results are
shown in Figs. 1(a), 1(b), and 1(c). The roughness of the
oscillations about the envelope are an artifact of the plot,

I

but the oscillations themselves are real and can be
smoothed out by taking finer steps in E/hm, as illus-
trated in Fig. 1(d).

The next program follows the probability P(v, ~v, )

for an electron neutrino as it travels through the Sun with
a given mixing angle and oscillation length. Figure 2(a)
beautifully displays the regions of suppression, amplifica-
tion, and vacuum-only oscillations as described by Mi-
kheyev and Smirnov; Fig. 2(b) shows a similar graph for a
smaller oscillation length, demonstrating a larger suppres-
sion of v, . Figures 2(c) and 2(d) show examples of "dou-
ble enhancement. " Neutrinos produced behind the center
of the Sun can sometimes undergo enhancement twice due
to the symmetric nature of the Sun. However, the deriva-
tive of the density switches sign traversing the center.
This can lead to further suppression, Fig. 2(c), or raise the
pr'obablllty back up llcai' ollc, Fig. 2(d), dcpcndlllg on 'thc

phase of the wave arriving at the second region of
enhancement (thereby dependent on E/hm ).

Subsequent programs take into account the dependence
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of PE,„!,on where the neutrinos are produced. 8 neutri-
nos are produced predominantly at the center of the Sun,
but pp neutrinos can be produced as far out as one quarter
of the solar radius. For comparison, Fig. 3(a) shows the
modified results for PE,„h with the same parameters as
were used to generate Fig. 1(a); note that the region of
suppression is now slightly smaller than before. A greater
shrinking of this region occurs for pp neutrinos as can be
seen from a comparison of Figs. 3(b) and 1(a). The
method by which spatial dependence is taken into account
is described in Appendix A.

The most comprehensive programs allow for the cap-
ture cross sections (see Appendix 8) and the energy spec-
tra of the 8 and PP neutrinos, and they yield capture
rates as functions of b,m for specific values of sin 28.
Typical results for sin 28=0.01 are shown in Fig. 4 in
which an averaging process (see Appendix 8) has been
used to smooth out the curves. Our most important re-

sults are contained in Fig. 5, which determines the values
of sin22!9 and hm 2 for a given reduction of the 8 capture
rate; Table I, which gives the predicted capture rates for
the 'Ga experiment for the parameters shown in Fig.
5(a); and Fig. 6, which shows the modified spectra of sB

neutrinos at Earth corresponding to these parameters.
(Figure 6 is presented in numerical form in Table II.) We
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FIG. 2. Probability of a single-electron neutrino created at
the center of the Sun at each point in the Sun for a given sin228
and Efh, m . All plots are for sin 28=0.001. (a) E/hng2
=3& 106 MeV/eV'; (b) 6& 10', (c) "double enhancement"
Efh, m =5X10~ MeV/eV2; (d) "double, " 1X10'.

FIG. 3. Similar to Fig. 1 but with spatial spreading (see Ap-
pendix A) taken into account. Both plots are for sin228=0. 01.
(a) 8 neutrinos; (b) pp neutrinos. Not depicted: Be neutrinos
whose effect hes somewhere in between. All subsequent pro-
grams take spatial spreading into account.
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have concentrated on the small angle region, but the pro-
graQ18 work %vith arbitrary mixing angles. O O

VI. FINAL COMMENTS

We have shown by extensive computation that, if the
anomalously low capture rate for solar neutrinos observed
by Davis is due to enhancement of neutrino oscillations in
the Sun itself, the Mikheyev-Smirnov-Wolfenstein or
MSW effect, then there are two classes of solution for the
oscillation parameters in a two-state model. In one case,
the enhancement takes place in the core region of the Sun
and b,m is roughly constant, with value =10 ~ eV2, for
a range of values of sin 28 between 10 and 10
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(See Fig. 7.) In the second class, the enhancement occurs
in the main body of the Sun, where the density falls off
exponentially, and we find that the product
(sin 28)(b,m )=10 ' . We have also shown that the two
classes yield different spectra for the 8 neutrinos arriving
at Earth: in the former case, the low-energy neutrinos
(E(5—7 MeV) are unaffected by oscillations, but the
high-energy ones are strongly suppressed; whereas in the
latter case neutrinos of all energies are suppressed, but
most especially those with low or intermediate energies.
This contrasting behavior may prove to be a key element
in the resolution of the solar neutrino problem.

Our emphasis on small in Uaeuo mixing angles led us to
a simple model in which any change in the nature of the
neutrino occurs in a relatively thin slab around the
enhancement density. This model works surprisingly well
in accounting for the results of our computations, but the
criterion for its vahdity is the reverse of the criterion for
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FIG. 7. Solar electronic density in units of Avogadro's num-
ber. Generated by combining mass density and hydrogen/
helium mixture plots. Note the sloshier dropof'f in the core than
in the body.
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the adiabatic approximation: our model requires the
product (b,m )(sin 28)/E to be smal/er than a certain
number, whereas the adiabatic approximation requires the
same product to be greater than another number, roughly
equal to the first one. Thus the two approximations com-
plement each other.

0
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APPENDIX A: SPATIAL DEPENDENCE
OF PRODUCTION RATES

I 0

To account for the spatial dependence of production
rates —the dependence on where the neutrinos are actually
produced in the Sun—we divided the Sun into a semicir-
cular grid (see Fig. 8). By symmetry, this accounts for all
the different distances the neutrinos have to travel toward
Earth and most importantly the density that the neutrino
"sees." The number of semicircles (solid lines) depends on
the neutrino type, being fewer for B neutrinos since they
are produced near the core, and greater for PP neutrinos
which are produced over a larger region. The number of
radial lines (dashed lines) was determined by continually
increasing their number until the resulting calculations
converged. As it turned out —for B, Be, and PP
neutrinos —only two dashed lines were needed: 0 and
180'. lt is assumed that the Sun is far enough away for
the rays to be considered parallel.

The intersection of solid and dashed lines are ihe pro-
duction nodes each assigned a weight W; (normalized to
1) that only depend on the radial direction and were taken
from Hahcall et +al.

Let P; (E/b m, node i ) be the probability at Earth cal-
culated from node i. The probability we are interested in

FIG. 8. Typical semicircular grid used to model spatial
spreading (see Appendix A).

PF«h(E/bm ) = g W;P;(E/bm, node i) . (Al)

APPENDIX 8: ENERGY DEPENDENCE
OF PRODUCTION RATES AND DETECTOR

CROSS SECTIONS

%hen electron neutrinos are produced in the Sun they
are produced with a spread in energy which is different
for B, Pp, and Be neutrinos. We made the spread
discrete, choosing various energies E; with fiuxes F;(E;).
Detector cross sections, which depend on energy and
detector type, were also made discrete: cr;(E; )

From the probability that an electron neutrino reaches
Earth versus E/b, m, P(E/b, m ), which is known from
our earlier programs, we can find the number of
events/scatterer/sec versus hm in SNU:

C{bm )sNU
——const X g QF„(x)FF(E)oF(E)Pa«h(E/hm, x)

=const g FF(E)az{E)g F„(x)PF«i,{E/hm, x)

=const QFF(E)crx(E)P(E/bm ) . (B1)
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The sums over x are spatial sums over the production
nodes (see Appendix A) and the sums over E are over the
discrete energies E.

For a given 4m, the program "grabs" the appropriate
P (E/4m ) from the output of our earlier calculations for
each E/b, rn . Actually, we average P(E/hm ) over a
small neighborhood to smooth out the graphs. More ad-
vanced analysis could include the standard deviation of
the neighborhood and other sources of deviation. We did
not bother to do so.

APPENDIX C: COHERENCE OF %'AUE PACKETS

Throughout this work we have tacitly assumed that the
two in Uactto mass eigenstates within the initial neutrino
wave packet remain coherent during the enhancement pro-
cess. ' As discussed by Kayser, ' the length I, over which
the neutrinos remain coherent is related to the length 1~

over which they are produced by
r

(Cl)
km 2(eV)

If i is of order of atomic dimension (lz-10 ' m), then
for 8 neutrinos i, varies between ( —,', ) of a solar radius to
about one thousand solar radii as httt 2 ranges from 10 4

eV to 10 s eV~. The corresponding oscillation lengths in
Uacuo are about one thousand times smaller, and hence
one does not expect any serious problems with coherence
for 8 neutrinos.

For pp neutrinos the coherence lengths are about 3 or-
ders of magnitude smaller than those for 8 neutrinos,
ranging from 100 km to 1000000 as b,m varies over the
range given above. Clearly there could be problems with
coherence for the larger b,m . In general, i, is significant-
ly longer than the sn Uaeuo oscillation length I.,

i, /2 =2 X 10 E(eV )

=60 for pp neutrinos

and so the oscillation length for pp neutrinos in matter at
a point of enhancement will also be much smaller than i,
provided that

sin28~&1/[2X10 E(eV)j= ~

Whether or not the MSW enhancement will occur de-
pends upon the condition:

[E(MeV)]/(bm (eV) ) =(10 cos28)/p, . (C4)

For pp neutrinos, E=0.3 MeV and the mixing angle for
enhancement must be

cos28=0.3(p, /100)(10 /b, m ) .

In a significant range of value of p, and hm, the in ua-
ctto mixing angle must be large. Thus, for small mixing
angles there can be no MSW enhancement. Combining
this argument and the one in (6.3), we conclude that the
question of coherence is not a serious one for small in Ua-

cQO ITlixing angles.
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