
PHYSICAL REVIEW B 68, 113308 ~2003!
Calculation of Si nanowire thermal conductivity using complete phonon dispersion relations
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The lattice thermal conductivity of crystalline Si nanowires is calculated. The calculation uses complete
phonon dispersions, and does not require any externally imposed frequency cutoffs. No adjustment to nanowire
thermal conductivity measurements is required. Good agreement with experimental results for nanowires wider
than 35 nm is obtained. A formulation in terms of the transmission function is given. Also, the use of a simpler,
nondispersive ‘‘Callaway formula,’’ is discussed from the complete dispersions perspective.
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Determining the thermal conductivity of semiconducti
nanowires plays a crucial role in the development of a n
generation of thermoelectric materials.1 However, experi-
mental results are still scarce.2 The first measurements of th
thermal conductivity of Si nanowires in the;20–115 nm
range have been recently reported in Ref. 3. From a theo
ical point of view, it is important to be able to quantitative
calculate lattice thermal conductivities of nanowires in a p
dictive fashion. In the past, several techniques have bec
widespread in the calculation of thermal conductivities
bulk materials.4–7 These works are based onlinearized dis-
persionmodels that involve a certain number of adjusta
parameters. In principle, one might hope that a proper
count of the boundary scattering in the nanowires might
able us to predict nanowire thermal conductivities using
procedures of Ref. 4 or 5, without any parameters other t
those obtained from fitting the bulk data. Nevertheless,
culations using those two approaches did not yield reas
able results for nanowires.8 First goal of this paper is to show
that, using accurate phonon dispersion relations,predictive
calculations of the nanowire thermal conductivities can
done, whichdo not involve any adjustable parameter to
the nanowire experimental curves. The second result in this
paper shows that the use of a ‘‘modified’’ Callaway approa
is still possible for nanowires, although this second appro
is not predictive, and requires adjustment to nanowire m
surements.

For a nanowire suspended between two thermal re
voirs, its thermal conductance,s(T), is defined as the flow
of heat current through the wire when a small temperat
differenceDT exists between the reservoirs, divided byDT
and taking the limitDT→0. If the phonons transmit ballis
tically, the conductance is

sb~T!5(
a

E
0

p/azdkz

2p F\vvz~a,kz!
d fB

dT G , ~1!

wherea is a set of discrete quantum numbers labeling
particular subbands in the one-dimensional phonon dis
sion relations;f B is the Bose distribution, andvz is the speed
of the phonon in the axial direction of the nanowire,z. Using
vzdkz5dv we have9
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sb~T!5(
a

E
va

i

va
f dv

2pF\v
d fB

dT G[E
0

`

Jb~v!
\v

2p

d fB

dT
dv,

~2!

whereva
i ( f ) is the lower~upper! frequency limit of subband

a. Here we have defined the ballistic transmission functi
Jb(v), which simply corresponds to the number of phon
subbands crossing frequencyv.

However, in general, phonon scattering takes place in
wire and at the contacts, so that the transmission functio
not given by the simple mode count stated above. In gene
the transmission function can be obtained from the Gr
function of the system. This allows us to study the interest
issues of ballistic versus diffusive transport,10 or the effect of
one dimensional localization.11 We shall not be concerne
with those phenomena here, but shall assume that diffu
transport takes place and the Boltzmann transport equatio
valid. From this standpoint, it has been shown that a mod
transmission can be described in terms of a character
relaxation length in the wire’s direction,la(v), such that

sdi f f~T!.(
a

E la~kz!

L

\va~kz!

2p

d fB

dT
vz~a,kz!dkz ,

whereL is the nanowire’s length.12 The thermal conductivity
is defined ask(T)5(L/s)s, wheres is the cross section o
the nanowire. Therefore, in this diffusive regime

k~T!5
1

s (
a

E
0

p/az
la~kz!

\va~kz!

2p

d fB

dT
vz~a,kz!dkz .

~3!

To obtain the thermal conductivity we must compute t
complete dispersion relations for the wire,va(kz), which,
usingvz(a,kz)5dva(kz)/dkz , allows us to express the pre
vious equation as

k~T!5
1

sE0

`S (
a

la~v! D\v

2p

d fB

dT
dv, ~4!

with

la~v![H la@kz~a,v!# va
i ,v,va

f

0 otherwise.
~5!
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If the modes’ lifetimest(v) are independent of the sub
band, and only depend on the frequency, then, the relaxa
lengths are given by

la~v!5vz~a,v!t~v!, va
i ,v,va

f . ~6!

Knowing va(kz) andt(v), Eqs.~4–6! already allow us to
compute the thermal conductivity. Nevertheless, it is use
to recast Eq.~4! into an equivalent form, so as to explicitl
retain the ‘‘transmission function’’ concept. For this, w
define Nb(v) as the number of phonon subbands cross
frequencyv:13

Nb~v![(
a

Q~v2va
i !Q~va

f 2v!, ~7!

Q~x!5H 1 x>0

0 x,0.
~8!

The average group velocity in the axial direction is defin
as

^vz~v!&[S (
a

vz~a,v! D /Nb~v!, ~9!

where the sum extends to subbandsa such thatva
i ,v

,va
f . From Eqs. ~5! and ~6! and ~9!, it follows that

(ala(v)5t(v)(avz(a,v)5t(v)Nb(v)^vz(v)&. Thus
Eq. ~4! can be recast into its completely equivalent form15

k~T!5
L

sE0

`

J~v!
\v

2p

d fB

dT
dv ~10!

with

L

s
J~v!5Ñb~v!t~v!^vz~v!&. ~11!

Here, the diffusive transmission functionJ has been de-
fined, and

Ñb~v![Nb~v!/s. ~12!

Computation of the transmission function requires the obt
tion of the full phonon dispersions for the nanowire. We no
proceed to separately study each of the three factors in
~11!: Ñb(v), t(v), and^vz(v)&.

Ñb(v) is obtained from the complete dispersion relatio
for the wire. To compute them, we have used the interato
potential proposed in Ref. 16, in which the energy of t
system is given as the sum of two and three body terms.
two body terms are defined as

dE0~ i , j !5
1

2
C0~di , j2d0!2/d0

2

for every pair of nearest neighborsi and j, wheredi , j is the
distance between the atoms andd0 is the lattice equilibrium
distance. The three body terms are defined as

dE1~ i , j ,k!5
1

2
C1dQ i , j ,k

2
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for every pair of bonds joining atomsi, j andk, wheredQ is
the deviation with respect to the equilibrium angle betwe
the two bonds in the lattice. The constants areC0549.1 eV
andC151.07 eV.16 With this potential the dynamical matrix
of the system is constructed, and the dispersion relations
the wire are calculated. The inset of Fig. 1 shows one
ample. The bulk dispersions obtained with the Harrison
tential are close to those experimentally measured. Altho
a more sophisticated calculation of the interatomic poten
is possible usingab initio techniques, this would only resu

in minor differences in the calculatedÑb and the conductivi-
ties computed from it.

The dispersions in general depend on the cross-secti
shape of the wire, and on whether its surface is reconstru
or not, clean or coated by an overlayer, etc. As the surfa
volume ratio decreases, these differences become sm
and for wide enough wires of cross sections, the function

Ñb(v)[Nb(v)/s approaches a limiting form,Ñb
`(v), inde-

pendent of the surface features. To ascertain whether

valid to approximateÑb(v) by Ñb
`(v) for nanowires wider

than 35 nm, the former was calculated for nanowires of
creasing width, with frozen boundary conditions.~As com-
pared to ‘‘free boundary,’’ frozen boundary conditions a
more similar to the experimental situation, where 1 nm
SiO2 coats the wire.! For a rhomboidal cross-section wire o

17 nm side,Ñb deviates from the limiting valueÑb
` by less

than 0.1%.17 Therefore, for the widths considered herel

.35 nm), Ñb5Ñb
` is a valid assumption. In the therma

conductivity calculations presented here,Ñb
` for the 110 di-

rection was used~Fig. 1!.
The phonon lifetime is commonly given by Matheissen

rule, expressing the total inverse lifetime as the sum of
inverse lifetimes corresponding to each scattering mec
nism. For bulk or a macroscopically thick whisker, th
expressions used for boundary, anharmonic, and impu
scattering are,19

FIG. 1. Solid line: function Ñb
`(v) for the 110 direction, calcu-

lated using complete phonon dispersions.Dotted line:parabolic ap-

proximation toÑb
`(v) for a nondispersive medium.Inset: disper-

sion relations for a 2.2-nm wide wire with frozen boundary.
8-2
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tb
215~^1/c&blF !21,

ta
215BTv2e2C/T, ~13!

t i
215Av4.

From here on,̂ &b denotes averaging in the three acous
branches, i.e.,̂1/c&b[ 1

3 ( i 51
3 1/ci , whereci is the speed of

sound for each branch.~Do not confuse with averages ove
subbands denoted by^ &.! A, B andC are numerical constant
specified later.l is the wire’s lateral dimension, andF relates
the boundary scattering rate to the shape and speculari
the sample’s boundary. Eqs.~13! are always valid for wire
thicknesses larger than a certain threshold,L3D . On the other
hand, if the width of the whisker is very small, such thatL
!L3D , the frequency difference between consecutive p
non subbands gets large. This confinement modifies the in
subband scattering, and the validity of Eqs.~13! breaks
down.20 A criterion to estimateL3D is: confinement is impor-
tant if the energy spacings between consecutive subba
\Dv, are larger or comparable to the thermal energykBT.
The largest inter-subband spacings are of the order of\Dv
;(2p/ l )\c. Thus for Eqs.~13! to be valid at temperature
40 K or higher, we needl .10 nm. This is well fulfilled for
nanowires in the 37–115 nm range, as the ones experim
tally measured.3 Therefore, for these widths, we use Eq
~13! without modification. The good agreement with expe
mental results corroborates their validity. For sub 20
widths, confinement effects may be expected.21

Anharmonic scattering should include the effects of u
klapp as well as normal processes. In some works nor
processes have been omitted in favor of umklapp scatter
without extensive discussion.2,22 In general, if resistive pro-
cesses dominate, the normal relaxation time can
disregarded.12 For the higher frequencies, umklapp scatteri
is proportional tov2, and it thus dominates over the norm
processes, which depend linearly on frequency.23 At the
lower frequencies, in case of nanowires, boundary scatte
dominates. This justifies the form ofta in Eq. ~13!, which is
the functional dependence for umklapp scattering at hig
frequencies. ConstantsB and C were adjusted to reproduc
the bulk material’s experimental thermal conductivity curve
yielding B51.73310219 s/K andC5137.3 K.24 Parameter
A51.32310245 s3 is analytically determined from the iso
tope concentration, and it should not be adjusted,19 so we
maintain the value given in Ref. 5.

The third term in Eq.~11!, ^vz(v)&, is also calculated
from the dispersion relations. In a frozen boundary wire, i
a matter of simple geometry to prove that at the lower par
the spectrum,25

^vz&. 2
3 ^1/c&b /^1/c2&b , ~14!

where ^1/c2&b[ 1
3 ( i 51

3 1/ci
2 . The relaxation times, Eq.~13!

are quite rough, since they only depend on the lower sp
trum speeds of sound. Thus, no additional approximatio
incurred if Eq.~14! is used for the third term in Eq.~11!.

Figure 2 shows the results of the calculation using
complete dispersionstransmission function into Eq.~10!.
11330
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Calculations for nanowires of diametersFl 538.85, 72.8,
and 132.25 nm are shown together with experimental res
from Ref. 3. Although the SEM measured diameters of
experimental nanowires were 37, 56, and 115 nm, variati
in cross-sectional shape, as well as thickness of the nan
ire’s oxide surrounding layer are possible, so that the cro
sectional area is not accurately known. Assumingl equal to
the SEM diameters, values can be assigned toF, which in the
current case areF.1.05, 1.3, and 1.15. These values su
gest that the boundary scattering is very diffusive, rather t
specular.

Let us see what would happen if, instead of the atomi
cally calculated complete dispersions, a nondispersive
dium were used. In such a case, for frozen boundary, fu
tion Ñb

`(v) is analytical, having a parabolic dependence:

Ñb
`~v!.(

i 51

3 E
0

v/ci
2pk'

dk'

~2p!2

5
3

4p
v2^1/c2&b ~non dispersive!. ~15!

Substituting Eq.~15! into Eqs.~10! and ~11!, the Callaway
formula4,5 is obtained. Since now the subbands extend
infinite frequency, an upper cutoff has to be imposed, wh
was not necessary when using the complete dispersions
cause for these ones the upper bands’ limits are well defin
Traditionally, the Debye frequency,vD ~86 THz for Si!, has
been used as cutoff.4 If we do this, the calculated therma
conductivities for nanowires are in large disagreement w
experimental measurements. As Fig. 3~a! shows, no calcu-
lated curve agrees in shape with any experimental curve,
theoretical inflection points are always too high. Comparis
of the parabolic approximation toÑb

` @Eq. ~15!# with the

correctÑb
` , in Fig. 1, shows that the former grossly overe

timates the transmission of the high frequency phonons, i
cutoff is set atvD . Nevertheless, if a lower cutoffvC is

FIG. 2. Thermal conductivities vs temperature calculated us
the complete dispersions transmission function, forFl 51.05
337 nm ~solid!, 1.3356 nm ~dotted! and 1.153115 nm~dashed!.
Dots: experimental results from Ref. 3.Inset: bulk.
8-3
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chosen, the ‘‘Callaway’’ and ‘‘correct’’Ñb
`(v) curves are

more similar. UsingvC , the shapes of the theoretical the
mal conductivity curves agree well with the experimen
ones@Fig. 3~b!#. The values of the lifetime parametersB and
C are those that yield the correct bulk limit: 3.
310219 s/K and 223.1 K for Fig. 3~a!, and 1.7310219 s/K
and 151.8 K for Fig. 3~b!.

For bulk, it is possible to obtain a good fit of experimen
data using eithervC or vD ~see inset of Fig. 3!, because the

FIG. 3. Thermal conductivity normalized by its value at 320
for nanowires of different widths, calculated by the Callaway f
mula with cutoff atvD ~86 THz! ~a!, and atvC ~42 THz! ~b!.
~Experimental results from Ref. 3.! Inset:bulk thermal conductivity
for the two cases~overlapping almost completely! and experimental
curve from Ref. 5~dots!.
ys
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l

dominant umklapp scattering makes the role of high frequ
cies less important. For nanowires, boundary scatte
dominates, and high frequencies play a more important r
Therefore, using the experimental Debye frequency as a
off for the Callaway formula does not yield correct resu
for nanowires, although good results can be obtained wit
lower, adjusted cutoff. This one must be determined by co
parison with nanowire experimental results~nonpredictive
approach!. On the other hand, if the atomistically calculate
complete dispersionrelations are used, good agreement w
experimental results is obtained~Fig. 2!, with no need for
prior knowledge of any experimental measurements
nanowires.

To conclude, it was shown that, by using complete, a
mistically computed phonon dispersions, it is possible topre-
dictively calculate lattice thermal conductivity curves fo
nanowires, in good agreement with experiments. On
other hand, it was not possible to obtain correct results w
the approximated Callaway formula. Still, good results co
be obtained with a modified Callaway formula, althou
nonpredictively. The results of this paper are only expec
to apply to ‘‘nanowhiskers’’ for which phonon confineme
effects are unimportant. Si nanowires wider than;35 nm
are within this category.

I am indebted to D. Li, A. Majumdar, and Ph. Kim fo
communication of their experimental data and discussio
and also to A. Balandin and Liu Yang for discussions.
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