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Abstract We report an improved implementation of the
Wood–Kirkwood kinetic detonation model based on a multi-
species Buckingham exponential-6 equation of state (EOS)
and multiple reaction rate laws. The exp-6 EOS allows for
treatment of chemical systems at a statistical mechanics level,
instead of an atomistic level. Finite global rate laws are used
for the slowest chemical reactions. Other reactions are given
infinite rates and are kept in constant thermodynamic equi-
librium. The global rates do not necessarily correspond to a
specific physical process, but rather to the sum total of slow
physical processes. We model ideal and non-ideal composite
energetic materials. We find that using the exp-6 non-ideal
model improves the accuracy. The detonation velocity as a
function of charge radius is also correctly reproduced.

Keywords Detonation · Kinetics · Explosive ·
Exponential-6

1 Introduction

The detonation of energetic materials is the result of the com-
plicated relationship between chemistry and hydrodynam-
ics. While the detailed chemical kinetics of detonation in
gases has been studied extensively, much less is understood
regarding chemical kinetic processes governing condensed
energetic materials. The primary reason for this is the extreme
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pressure (40 GPa) and temperature (4,000 K) immediately
behind the detonation front. The extreme conditions result in
very broad spectroscopic features that make the experimen-
tal identification of individual chemical species very difficult.
Moreover, computational determination is also very difficult,
with many species being meta-stable.

There is an ongoing need in the energetic materials field
for reliable predictions of energy delivery and detonation
velocity. Applications are wide and varied. This has
conventionally been accomplished through the means of
Chapman–Jouguet thermodynamic detonation theory.
Chapman–Jouguet (C–J) Zel’dovich–von Neumann–
Doering (ZND) detonation theory assumes that thermody-
namic equilibrium of the detonation products is reached
instantaneously. For C–J detonation, the Rayleigh line
(describing conservation of momentum) intersects the shock
Hugoniot (describing conservation of energy). The slope of
the Rayleigh line is proportional to the detonation velocity,
so that the C–J state is the slowest propagating state that can
intersect the shock Hugoniot (and thus conserve energy). It
should be noted that the Hugoniot is not a curve but a locus
of end points.

For the purpose of this study we define non-ideal explo-
sives as those with a reaction zone of 1 mm or more. So-
called “non-ideal” explosives are often poorly modeled by
Chapman–Jouguet the theory, because these materials have
chemical reaction rates that are slow compared to hydro-
dynamic time scale 10−6 s so that the C–J assumption of
instantaneous thermodynamic equilibrium is not valid. For
example, it is found experimentally that the detonation veloc-
ity of non-ideal explosives varies sharply from the C–J value
and depends strongly on the charge radius [1–3]. All explo-
sives behave non-ideally if attempted to detonate on a small
enough length scale. (i.e. The explosive runs out of material
before it has time to reach a steady state.)
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We are therefore forced to consider the interaction of
chemical kinetics with the detonation wave in order to reach
an acceptable representation of detonation in non-ideal explo-
sives. Wood and Kirkwood [4] (WK) proposed a two-
dimensional (2D) steady state kinetic detonation theory that
solves many of the limitations of C–J theory. WK consid-
ered a cylindrical charge of infinite length. They solved the
hydrodynamic Euler equations in the steady state limit along
the central streamline of the cylinder. Radial expansion was
treated as a source term in the 1D flow along the stream-
line.

Erpenbeck [5] extensively analyzed the WK equations. It
is found that the detonation velocity depends on the interplay
between chemical kinetics and radial expansion. In the limit
of no radial expansion, the C–J plane wave result is obtained.
When radial expansion is allowed; however, the detonation
velocity can vary from the C–J prediction. In the limit of
strong radial expansion the detonation wave fails; no veloc-
ity is found which satisfies the steady-state equations. Bdzil
has generalized WK theory to off-axis flow [6] and Stewart
and Yao [7] have studied the effect of kinetic rates on the
decrease of detonation velocity with decreasing size and on
curvature of the detonation wave.

In a previous work by Fried et al. [8] a model of detonation
kinetics based on the identification of individual chemical
species was implemented. The advantage of this treatment is
that the same equations of state and chemical rate laws can
be used on a wide range of explosive mixtures. A mixture
equation of state based on thermal, mechanical, and partial
chemical equilibrium is used. This mixture model is imple-
mented in the Cheetah thermochemical code [9–11]. In the
previous work by Fried et al., small molecules that are gases
at standard conditions were treated with the BKW [12] real
gas equation of state [13]. In the present work, a Buckingham
exponential-6 equation of state (exp-6) is used to model small
molecules [14,15]. This equation of state has been found to
be accurate over a wide range of pressures and temperatures.
It is optimized for above the critical point and has a van der
Waals loop below the critical point for some species, but these
regions of phase space are not used during detonation pro-
cesses. While WK theory successfully explained qualitative
features of detonation, it has traditionally been applied only to
the polytropic ideal gas equation of state (EOS). In condensed
explosives, the adiabatic exponent varies from roughly three
at the C–J state to roughly one after adiabatic expansion.
Therefore, the polytropic EOS is inadequate to quantitatively
model condensed explosives. Recently, we introduced a new
version of our exp-6 EOS. The earlier version was considered
a substantial update of the JCZ3 EOS, which was itself better
than the ideal gas EOS. Not only were individual parameters
improved, but also we moved from simple one-phase models
to multi-phase models, often including multiple solid phases,
for many species. These models are based on a combination

of diamond anvil cell data and shock data. We find that highly
non-ideal explosives, such as ammonium perchlorate (AP),
can be described with some success through the use of sim-
ple empirical reaction rate laws and a high-quality non-ideal
EOS. Solids are treated with a Murnaghan [16,17] equation
of state. Simple pressure-dependent chemical reaction rates
are employed. These rates represent the consumption of the
energetic material by the detonation wave. Fast reaction rates
(partial chemical equilibrium) are assumed for species other
than the initial material.

The Wood–Kirkwood equations are solved numerically to
find the steady-state detonation velocity. The radial expan-
sion is derived from measured radii of curvature for the
materials studied. We find good agreement with measured
detonation velocities using the same set of equations of state
and rate laws for each composite. Although our treatment of
detonation is by no means exact, the ability to model a wide
range of phenomena based on simple equations of state and
rate laws is encouraging. We find that the inclusion of deto-
nation kinetics yields a significant improvement in the pre-
dicted detonation velocity of materials with long estimated
reaction zones. More importantly, we are able to reproduce
the dependence of the detonation velocity on charge radius
for several materials. For materials with short reaction zones,
we recover the results of C–J thermochemistry.

2 WK detonation theory

Wood–Kirkwood theory starts with the hydrodynamic Euler
equations coupled to chemical kinetics. The theory treats the
detonation along the center of the cylinder. The Euler equa-
tions are reduced to their steady state form. The result is a
set of ordinary differential equations that describe hydrody-
namic variables and chemical concentrations along the center
of the cylinder of explosive.

The reader is directed to Fried et al. [8] and Fickett and
Davis [18] (see Eqs. 5.28, 5.37) for a complete discussion.
We define η to be the sonic parameter. If the sonic param-
eter η is greater than zero communication with the shock
front is possible. If it is less than zero the region cannot com-
municate with the shock front. Secondly, we will define the
pressure production termψ . Chemical reactions that increase
the pressure at constant specific volume (v) and energy (E)
will increase the value of ψ . Radial expansion, however,
decreases the pressure (P) and ψ .

3 Solution of the WK equations

The WK equations support a variety of solutions that have
been discussed in great detail by Erpenbeck [5]. Let us con-
sider the behavior of the equations as a function of the
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specified detonation velocity D. There are three qualitatively
different solutions possible. For special detonation veloci-
ties, the solutions pass through the sonic plane, defined by
η = 0. Points behind the sonic plane cannot communi-
cate with the shock front (i.e. The material is detonating
and not simply burning very fast). The WK equations are
finite when η = 0 only if ψ also passes through zero. There-
fore the sonic solutions are defined by the nonlinear equation
ψ(t, D) = η(t, D) = 0. It is possible to think of this as the
kinetic C–J condition. The next possibility is that η never
passes through zero. These solutions are overdriven; that is
the pressure increases with distance behind the shock front.
These solutions correspond to a rear piston boundary con-
dition that drives the shock front forward. Finally, if η = 0
when ψ �= 0, the equations become infinite. This means that
a steady state flow cannot occur at the specified detonation
velocity D. Of all the solutions generated by the WK equa-
tions, only the sonic solutions have the pressure tend to zero
as t becomes large. It is these solutions that correspond to
steady-state self-propagating flow.

4 Mixture equation of state model

We now specify the equation of state used to model molec-
ular mixtures. We treat the chemical equilibrium between
N supercritical fluids or gaseous species and M condensed
species. Liquids that are not supercritical are considered to
be condensed phases. Condensed species i has Ci distinct
phases. The Helmholtz free energy is a function of the sys-
tem volume V , the temperature T , the molar concentrations
of the fluid species x and the molar concentrations of the
condensed species X . Since the gaseous and condensed spe-
cies are assumed to be in separate phases, the Helmholtz free
energy has the form:

A(x, X, V, T ) = Agas(x, Vg, T )+ Asolid(X, Vc, T ) (1)

Here Vg is the volume of the gaseous phase and Vc is the
volume of the condensed phase, so that Vg + Vc = V .

We now consider the condensed and gaseous contribu-
tions to the Helmholtz free energy separately. The gaseous
free energy can be separated into an ideal gas contribution
and an “excess” contribution:

Agas(x, V, T ) = Aideal(x, Vg, T )+ Aex(x, Vg, T ) (2)

For the ideal gas portion of the Helmholtz free energy, we
use a polyatomic model including electronic, vibrational, and
rotational states. Such a model can be conveniently expressed
in terms of the heat of formation, standard entropy, and con-
stant pressure heat capacity C p(T ) of each species. The

excess portion of the free energy comes from a real gas equa-
tion of state.

We now turn to the condensed portion of the free energy.
The i th condensed species has Ci condensed phases, which
may possibly coexist in thermodynamic equilibrium. This
yields the form:

Asolid(X, Vc, T ) =
∑ ∑

Xi j Ai j (P, T ) (3)

with a summation over all species and phases. Here, Xi, j

is the molar concentration of the j th phase of species i .
Ai, j (P, T ) is the molar free energy of the j th phase of spe-
cies i .

The molar free energy Ai, j is expressed as a “reference”
part at standard pressure, and a part due to pressure:

Ai j (P, T ) = A0
i j (T )+�Ai j (P, T ) (4)

The reference part is determined through the JANNAF
compilations of thermochemical data at standard pressure.
�Ai, j is determined by the condensed equation of state. We
use a modified Murnaghan equation of state as follows:

V = V0
[
nκP + exp (−α(T − T0))

]−1/n (5)

V0 is the molar volume when P = 0 and T = T0. κ is the
inverse of the isothermal bulk modulus. T0 is the temperature
of the reference isotherm taken to be 298.15 K. α is the vol-
umetric coefficient of thermal expansion. n is the derivative
d B(P, T )/d P , where B is the bulk modulus.

5 Application to composite energetic materials

The detailed chemistry of composite energetic materials is
very complex. Very many chemical steps are involved in the
decomposition of most large energetic material molecules
into small simple product molecules. In general the com-
position reactions are not well characterized, especially at
elevated temperatures. The situation is made more compli-
cated by the heterogeneous composite nature of most ener-
getic materials. Void collapse and shear dislocations can lead
to so-called “hot spots”— regions of enhanced temperature
behind the detonation front. These regions play an essential
role in high explosive initiation. They preclude describing
the energetic material with a single temperature, and compli-
cate the use of even the simplest Arrhenius chemical kinetic
schemes.

Most reactive flow models of high explosive initiation
overcome these difficulties through the use of pressure-
dependent rates. Pressure-dependent rate laws have been
shown to be sufficiently flexible to model a variety of initia-
tion and non-ideal detonation phenomena, while maintaining
simplicity. The disadvantage of these rate laws is that they
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do not explicitly treat the high explosive microstructure or
the underlying activated chemical reaction rate laws.

We have developed effective kinetic rates proportional
to P2 for a variety of ideal and non-ideal explosives and
their composites. We find that this choice, while simpler
than most reactive flow rate laws for high explosive initi-
ation, is adequate to model steady-state detonation over the
range of materials and diameters provided here. We have
made improvements to the empirical rates laws presented in
Fried et al. [8], and these new rate laws fit a wider range
of new experimental results. We are also studying the effect
of treating a substantial portion of the aluminum present in
aluminized explosives as an inert material. This is not only
reasonable, but also essential because it is well known that
not all aluminum reacts and some of the aluminum started as
aluminum oxide.

We also predict sonic reaction zone widths. The sonic
reaction zone width is the length of the zone behind the det-
onation front for which the local velocity of sound is equal
to or greater than the detonation velocity. This zone is where
chemical reactions contribute to the detonation wave. Beyond
this zone, chemical reactions do not contribute the detonation
wave.

For the purposes of this study, we model the kinetic
processes of the high explosives as being a single decompo-
sition reaction into primary product constituents. However,
because we assume that all of the products are in
thermochemical equilibrium, the results are independent of
the assumed decomposition pathway. This would not be the
case if irreversible reactions were important. Thus these rates
are “global”, rather than a specific well-defined chemical
process.

We assume that the kinetic rates are defined by the fol-
lowing equation:

dλ

dt
= (1 − λ)R P2 (6)

where P is the pressure, R is the rate constant and λ rep-
resents the amount of unburned reactant normalized to vary
between 0 (all unburned) and 1 (all burned). In our kinet-
ics scheme the concentrations of reactants are assumed to be
controlled by the kinetic rate, while all of the products are
assumed to be in thermochemical equilibrium.

For non-ideal explosives, the effects of equations of state
are strongly coupled to the effects of kinetics and hydrody-
namics. For the equations of state, the usual process is to
fit the covolumes of the product gases to experimental deto-
nation velocities of ideal and non-ideal explosives. For this
study we have used an EOS for gases with parameters fit
only to a wide range of experiments and a few first principle
calculations. The modified Murnaghan EOS was fit to shock
Hugoniot and static data for individual product species.

6 Results

The explosives mixtures studied here are composed of HMX
(1,3,5,7-tetranitroperhydro-1,3,5,7-tetrazocine, C4H8N8O8),
RDX (1,3,5-trinitroperhydro-1,3,5-triazine, C3H6N6O6),
PETN (1,3-dinitrato-2,2-bis (nitratomethyl) propane,
C5H8N4O12), and AP (ammonium perchlorate, NH4ClO4),
along with binder HTPB (hydroxyl-terminated polybutadi-
ene, (C4H6)aOb) and metal Al. In Fried et al.’s previous work,
explosives with HTPB were all found to exhibit substantial
non-ideal properties, and are presented in Table 1 [19]. That
is, the experimental detonation velocity is significantly differ-
ent than the calculated C–J theory detonation velocity. In
modeling these composites, we assume that each component
material burns at a rate (see Table 2), which is independent
of the other components in the composite. We find that this
simple approximation is adequate to describe the detonation
velocity of the materials studied here. It should be noted that
the approximation might fail for certain materials, most nota-
bly binary fuel/oxidizer mixtures, where the presence of one
component dramatically accelerates the reaction of the other.
The data for Table 3, as well as the experimental detonation
velocities in Table 4, are taken from experimental results
[1,2]. For all of the composites listed, there are experimen-
tally determined radius of curvature measurements available
to use as input to the WK calculation. The average abso-
lute deviation from experimental values is also included in
Table 4.

A summary of our results is presented in Table 4. There
are notable deficiencies in the C–J detonation velocity calcu-
lations when compared to experiment. In Fig.1 we compare

Table 1 Non-ideal composites

Composite Composition by weight

PBXN-110 HMX, 88%, HTPB, 12%

PBXN-111 RDX, 20%, AP, 43%, Al, 25%, HTPB, 12%

IRX1 HMX, 70.1%, HTPB, 29.9%

IRX-3A HMX, 69.8%, Al, 10%, HTPB, 20.2%

IRX4 HMX, 30%, AP, 24%, Al, 16%, HTPB, 30%

Table 2 Effective chemical reactions controlled by kinetics

Reactant Products R µs−1 GPA−2

Al, O2 Al2O3 0.0075

AP N2, H2O, O2, HCl 0.0075

HMX CO2, H2, N2 0.2000

HTPB C, CH4, H2O 0.0010

RDX CO2, H2O, n2,O2, C 0.2000
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Table 3 Density ρ, charge radius Ro, and radius of curvature Rc of
composite energetic materials studied here

Composite ρ(g/cc) Ro(mm) Rc(mm)

PBXN-110 1.680 24.95 245.10

PBXN-111(1) 1.790 12.60 51.90

PBXN-111(2) 1.790 18.95 107.40

PBXN-111(3) 1.790 23.49 143.30

PBXN-111(4) 1.790 50.00 479.80

IRX-1 1.430 25.00 206.61

IRX-3A 1.580 25.00 177.30

IRX-4 1.500 25.00 130.55

Table 4 Calculated detonation velocities in km/s with C–J theory
(C–J), experimental detonation velocities (EXP), previous Fried et al.
[8] results (OLD), and exp-6 WK (WK). Reaction zones (RZ) are
calculated with WK

Material C–J EXP OLD WK RZ
(mm)

PBXN-110 7.78 8.39 8.37 8.36 0.21

PBXN-111(1) 6.91 5.13 4.78 4.80 1.18

PBXN-111(2) 6.91 5.41 5.44 5.39 2.25

PBXN-111(3) 6.91 5.51 5.62 5.55 2.02

PBXN-111(4) 6.91 5.75 5.97 5.80 1.80

IRX1 6.93 7.49 7.10 7.45 0.36

IRX-3A 7.17 7.79 7.30 7.54 0.35

IRX4 6.60 5.62 4.98 5.22 1.44

Deviation from EXP values 1.08 0.00 0.28 0.15 N/A

detonation velocities calculated with C–J theory to experi-
mental values.

In Fig. 2 we plot detonation velocities obtained with WK
detonation theory and the reactions. The kinetic calculations
are nearly as accurate at detonation velocities. Although the
calculations are not exact, all the large deviations from exper-
iment have been eliminated or reduced.

Figures 3 and 4 show our results for PBXN-111. The open
diamonds are the experimental detonation velocity as a func-
tion of radius from Forbes and Lemar [20], while the solid
diamonds are our calculated values. Our calculated values
reproduce the experimental values reasonably well, while
using generic kinetic rates given in Table 2 (with the notice-
able exception of the smallest explosive charge). The shape
of the curve, however, is sensitive to the rates chosen for AP
and Al. In addition, for we find multi-valued solutions for the
detonation velocity. In such a case we take the smallest figure
of merit. The solution of the WK equations is complicated
from a numerical point of view, since the WK equations will
become singular. We have found it most robust to transform
the root search problem into a minimization. We define a
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Fig. 1 Detonation velocities (in km/s) as calculated with C–J theory
and the exp-6 EOS
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Fig. 2 Detonation velocities (in km/s) as calculated with WK theory
and the exp-6 EOS

figure of merit function to be:

Y (D) = min
0<t<tmax

η2 + t2ψ2 (7)

We have Y = 0 when the detonation is successful. We have
multiplied ψ by t to yield a unitless function that works
equally well for fast or slow reaction rates. tmax is set to
be longer than chemical reaction timescales. If a singular
solution is encountered (η goes to zero when ψ is nonzero),
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Fig. 3 WK theory predicts the detonation velocity as a function of size
for PBXN-111. Open diamonds are experimental values
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Fig. 4 WK theory predicts the detonation velocity as a function of
inverse size for PBXN-111. Open diamonds are experimental values

then tmax is taken to be the time at which the singularity
occurs.

Kennedy and Jones [21] have previously studied the non-
ideal behavior of PBXN-111. Experiments with PBXN-111
have been performed from a charge radius of 50 cm, down
to the failure radius which is less than 9.5 cm. Previous esti-
mates of the equilibrium C–J detonation velocity of PBXN-
111 by Kennedy and Jones range from 6.75 to 8.00 km/s.
Our estimate of the equilibrium C–J detonation velocity of

PBXN-111 is 6.91 km/s. A significant difference between our
calculations and previous ones is that with our carbon equa-
tion of state we predict all of the carbon is in the gas state at
the C–J point, while Kennedy and Jones predict a significant
amount of diamond is produced at C–J.

In conclusion, we have developed a kinetic model for ther-
mochemical detonations based on Wood–Kirkwood theory
and the thermochemical Cheetah code. We find that with
a simple model for kinetic processes we are able to model
many of the features of non-ideal explosives such as their
detonation velocities and their sonic reaction zone widths. In
the future, we plan to extend our kinetic modeling study to
include temperature and pressure dependent rate laws. In this
way we can extend our model to more physically based rate
laws and study more complex non-ideal detonation behav-
ior such as shock initiation, hot spot formation and failure
processes.
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