DOI: 10.5281 /zenodo.1177535
February 14, 2018

Comment on 1801.10488
Peter B. Denton®, Hisakazu Minakata®, and Stephen J. Parke®

®Niels Bohr International Academy,
Niels Bohr Institute,
University of Copenhagen,
Blegdamsvej 17, 2100,
Copenhagen, Denmark

bInstituto Fisica Tedrica, UAM/CSIC,
Calle Nicola’s Cabrera 13-15,
Cantoblanco E-28049 Madrid, Spain.
& Research Center for Cosmic Neutrinos,
Institute for Cosmic Ray Research,
Unwversity of Tokyo, Kashiwa,
Chiba 277-8582, Japan

¢Theoretical Physics Department,
Fermi National Accelerator Laboratory,
P. O. Box 500, Batavia, IL 60510, USA

*

Abstract
We perform a comparison between 1604.08167 and the recent paper 1801.10488. We show that
the logic, methods and results are identical, apart from trivial convention and notation differences.
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The two papers 1604.08167 (DMP), [1] , and 1801.10488 (IP), [2] give highly accurate
methods for calculating the neutrino oscillation probabilities in uniform matter, perturba-
tively. Here we compare the logic, methods and results of these two papers, emphasizing
the differences.

These two papers use different conventions for the vacuum MNS mixing matrix which
are related as follows:

Uip = UUypp = Upa,U® using U° = diag(0, 0, %) (1)

where Uy, Ugmp and U,g, are mixing matrices in [1] (eqn 2.1.4) , [2] (eqn 12) and [3] (eqn
14.6), respectively. Since all three matrices have equal Jarlskog invariants, these three mixing
matrices give identical physics.

Both papers perform three rotations; first in (23) subspace, second in (13) subspace' and
third in (12) subspace. The combined rotations, denoted by Uj,  and Uj, are

Ugmp = U23(023,6)U13(¢)Ur2(v) and Uy = U° Us3(023, 6)U1s(07%) U12(073). (2)

dmp

These are eqn 2.5.2 of [1] and eqn 24 of [2] , with Uys(6a3, §) = (U°)*Oa3(023)U°, etc . Simple
algebra, see Appendix?, gives that the variables of [2] for these rotations, 673 and 673, are

exactly identical to ¢ and ¢ of [1] , respectively, i.e.
07y = ¢ and 6], =1, and therefore U» =U°UJ . (3)

Ugmp and U are the mixing matrices in matter, and are identical apart from the U 9 which
is just a reflection of the different MNS phase convention, as eq. (1) and (3), must agree in
vacuum.

After these three identical rotations, the Hamiltonian in the matter basis is identical in
both papers, given by

0 a
Ul (0)U{5(6) { Urs(613)Us2(612) Am3, Uty (012)U5(013) + 0 Ur3(9)Ur2(v), (4)
Am3, 0

with @ = 2v/2GrN,E. Again, it is simple algebra to show that difference of the diagonal
elements of this Hamiltonian, A\, in [1] and 2E(H,; — Hy,) in [2] are identical?,

2F (7‘[,2 — Hl) = A)\gl and 2F (H3 - 7‘[1) = A)\gl. (5)

Since at zeroth order in this approximation, all that one needs to calculate the oscillation
probabilities in matter are ¢ = 073, 1 = 073, Ay = 2E(Hao—H1) and Adgy = 2E(Hz —H4),
as well as fy3 and ¢, the zeroth order oscillation probabilities are also identical.

The off-diagonal elements of the above Hamiltonian are identical. Therefore, all higher
orders in the perturbative expansions are identical. Only zeroth is given completely in

1 Paper [2] performs two rotations in the (13) space, a y and then immediately follows with 6,, —6 rotation.

We combine these rotations here, as in [2] , eqn. 24.
2 Eqn 26, 27, 21 & 23 of [2] (v2) are identical to eqn. 2.3.5, 2.4.9, 2.4.7 & 2.4.7 of [1] , respectively.



[2] with a sketch of first order, whereas zeroth, first and second order are given in explicit
detail in ref. [1] .

We conclude that the logic, methods and results of 1801.10488, [2] , are identical to those

of 1604.08167, [1] , apart from a trivial phase convention difference in the MNS matrix and
minor differences in notation. An even more intuitive notation is given in an Addendum to
1604.08167, see [1], using the following variables for the mixing angles and Am?’s in matter:

013, 012, Am?3; and Am?2y,

as well as the unmodified variables 053 and ¢.
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I. APPENDIX: SIMPLE ALGEBRA

The key results of 1801.10488v3 , [2] are contained in equations (21), (23), (26) and (27).
Here, we show how to trivially derive these equations by using the results of 1604.08167 ,
[1], and changing the notation, i.e. we show that the key variables

o, 07

13? 12

2E(7‘L2 - 7‘[1) and 2E(7‘L3 - 7‘[1) of 1801.10488v3
are algebraically, and hence numerically, IDENTICAL to
¢, ’lp, A)\Ql and A)\31 of 160408167V1,

respectively, for all values of the matter potential.



A. 073 = ¢ : Start from 1604.08167 /eqn 2.3.5:

()\c - >\a)

cos2¢ = "% where AM,_ = A; — A = /(A — Ao)? + (5in 20;3Am2, )2

AN,

Ae — Ao = Am?Z, cos20i3 —a = Am? (cos 2013 —€,) with ¢, = a/Am?,

: 2 2 2 2 2 2 2 2
using A, = a+ s13Ame, + 51,Amy;, A = CigAme, 4 s7,Amy,

AN, = Am?2 \/(cos 2013 — €,)% + sin? 20,3 used later in 2E (H3 — H1)

(cos 2013 — €,)

cos2¢ = = cos207; = 1801.10488v3/eqn (26).

B. 2F

Ao

Ao — A

using  Ag

Aoy

cos 21)

C. 2F

Adg =

\/(COS 2013 — EQ)Q + SiIl2 2613
(Ho —H1) = Aoy then 07 = ¢ : Start from 1604.08167/eqn 2.4.5 & 2.4.9:

= /(h0 = A2)? + (cos(¢ — 1) sin 20:5Am3, )2

= Am3, cos 20,5 — (aci + Am?_sin®(¢ — 013)) = Am3,(cos 2015 — €5)
with eo = (acj, + AmZ, sin®(¢ — 013))/Am3,

= N\ =CHAmM3, A= )\aci + )\03(2;s — 2Am2, 513¢13 54C4

= ac}, + Am?, sin®(¢ — 013) + s3,Am3,

= Am%l\/(cos 2015 — €5)2 + cos?(¢ — 013) sin? 2019 = 2 (Hy — Hi)
= 1801.10488v3/eqn (21)
_ QoA (c0s 2613 — <o) — cos 207}

Al V/(cos 2015 — €5)? + cos?(¢p — B13) sin® 260,
— 1801.10488v3/eqn (27)

(Hs — H1) = A)s; : Starting from 1604.08167 /eqn 2.4.5:

1 1
)\3 — )\1 = >\+ — 5()\0 + A — A/\Ql) then USng )\:I: = §(>\a + )\C + A)\+_)

3 1 1
ZAA+_ + 4_1()\“ + A —2X) + §A)\21 with A\, Al given above,

3 1 1
ZA)\+_ + Z(Amge + a) + §(A)\21 — Amgl COS 2912) =2F (H3 - 7‘[1)

= 1801.10488v3/eqn (23)

D. Appendix A of 1801.10488

Eqn (30) of Appendix A in 1801.10488v3 is equivalent to eqn 3.2.5 of 1604.08167 .
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