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Abstract—Testing the independence of the entries of multidi-
mensional Gaussian observations is a very important problem
in statistics, with a number of applications in signal processing,
radar, cognitive radio, seismography and multiple other fields.
Typically, the problem is formulated as a binary hypothesis
test, whereby the presence of correlation is declared when the
value of a certain statistic is higher than a certain predeter-
mined threshold. Most of the statistics for correlation tests are
constructed from the sample correlation matrix (also known
as sample coherence matrix in signal processing), which is
defined as a power-normalized version of the sample covariance
matrix. In this paper, correlation tests constructed from linear
spectral statistics (LSS) of the sample correlation matrix are
analyzed under the asymptotic framework where both sample
size and observation dimension become large but comparable in
magnitude. A Central Limit Theorem (CLT) is established on
this class of statistics, which is valid for generally correlated
Gaussian observations. Results show that LSS asymptotically
fluctuate as Gaussian random variables under both hypotheses,
with an asymptotic mean and variance that can be established for
each particular test. In particular, this general CLT can be used
to establish the asymptotic behavior of two of the most important
correlation test statistics, namely the Generalized Likelihood
Ratio Test (GLRT) and the Frobenius Norm Test (FNT), under
both null and alternative hypotheses. As a by-product, it is
established that LSS of sample covariance and sample correlation
matrices have exactly the same first order behavior, but quite
different asymptotic fluctuations in the second order regime. In
both cases, the LSS asymptotically behave as Gaussian random
variables, although with quite different asymptotic means and
variances.

Index Terms—Linear Spectral Statistics, Coherence Matrix,
Hadamard test, Random Matrix Theory.

I. INTRODUCTION

The detection of correlation between multiple Gaussian
random signals is an important problem in multiple scientific
fields, such as wireless sensor networks, multiantenna radar,
radioastronomy [1], [2], cognitive radio or cooperative com-
munications. The problem is equivalent to testing whether the
covariance matrix of the observations has a diagonal structure,
and can typically be formulated as a binary hypothesis test.

In order to introduce the problem, let y,,, n = 1,..., N,
denote a collection of M-dimensional random observation
vectors, which are assumed to be zero mean, independent
and identically distributed (i.i.d.) according to an M -variate
law with covariance matrix R ;. The detection of correlation
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between the different entries of the random vector y,, is then
trivially formulated as a binary hypothesis test!

7‘[0 : RM = dg (RM)
Hi: Ry #dg (Ry)

where dg (Rps) = Ry © Iy and where ® denotes Hadamard
product and I,; the M-dimensional identity matrix.
The problem is equivalent to testing whether the matrix

Cy = DX;/QRMDX/[I/Q

is equal to the identity, where (-)1/ ? denotes the positive square
root and D s = dg (Rs). This matrix is typically referred to
as the “correlation matrix” of the observations in the statistics
literature, although the name “coherence matrix” is more often
used in the signal processing field. The diagonal entries of C
are all equal to one, whereas the off-diagonal values are the
correlation coefficients between different spatial entries of the
observations.

Typically, the correlation test problem is solved by con-
structing a statistic based on a sample version of the correlation
matrix defined above. More precisely, let Y, denote an
M x N matrix gathering the N observation samples, i.e.
Yy = [yi,.--,yn]. We define RMA = +Yu Y% as the
sample covariance matrix and Dy, = Ry © I/ its diagonal.
The sample correlation matrix (also sample coherence matrix)
takes the form

Cy =D RyD2 (1)

Here again, the diagonal entries of C m are all equal to one,
whereas the off-diagonal entries are the Pearson’s correlation
coefficients between different rows of Y ;. Correlation tests
typically reject the null hypothesis based on a certain statistic
that somehow measures how high the magnitudes of the off-
diagonal entries of C )y are. Commonly proposed statistics in
the literature include: the maximum of the off-diagonal entries
of C m [3] (usually referred to as the coherence of the random
matrix Y ), the maximum eigenvalue of c M [4], the squared
sum of the off-diagonal entries of (®) M [5] or the determinant
of C M [6], among others.

Traditional statistical analysis of these tests —or, more gen-
erally, of the entries of C i~ have mainly been established
the large sample size scenario [7], whereby N — oo for fixed
M . However, practical applications must typically work with a
sample size NV than is not much higher (or even lower) than the
observation dimension (). In these situations, classical large
sample volume approximations are not accurate anymore, and

INote that the diagonal entries of the covariance matrix Rj; may be
different depending on the hypothesis.



other asymptotic settings that allow both NV and M to increase
without bound become much more relevant. In this type of
asymptotic approach, the two parameters are allowed to grow
while being comparable in magnitude, typically by forcing
their quotient to converge to a positive constant, namely
M/N — ¢, 0 < ¢ < oo. Most of the recent works in the
statistics literature have analyzed the correlation test problem
from the perspective of this alternative asymptotic setting.

In particular, it was shown in [3] that under H the empirical
distribution of eigenvalues of the sample correlation matrix
converges to a Marchenko-Pastur distribution when both N
and M grow to infinity but M /N — ¢, 0 < ¢ < oo. This result
is exactly the same as for the sample covariance matrix, and
implies that the normalization by the diagonal D, does not
affect the asymptotic eigenvalue distribution. Here, we will see
that a similar result holds also under ;. Additionally, [8], [9]
established the fact that under H the maximum and minimum
eigenvalues of Cu asymptotically fluctuate according to a
Tracy-Widom law, just as it happens in the sample covariance
matrix case. This result turns out to be quite useful in order to
design the correlation test that rejects the null hypothesis for
sufficiently large values of the maximum eigenvalue of Cu,
as proposed in [4]. Another correlation test statistic that has
recently been characterized in this high observation asymptotic
setting is the coherence of the matrix Y, defined as the
maximum magnitude of the off-diagonal entries of Cu. It
was shown in [10] that when M, N — oo at the same rate, a
normalized version of this statistic (multiplied by 1/ N/ log N)
converges almost surely to 2 and asymptotically fluctuates as a
Type I extreme distribution. Later, this result has been refined
and generalized to less restrictive assumptions [11], [12], [13],
[14].

In this paper, we are concerned with somewhat different
statistics of the sample correlation matrix, namely those that
make use the whole spectrum of the sample correlation matrix.
One classical correlation test that falls within this class is the
Generalized Likelihood Ratio Test (GLRT) under Gaussian
observations. The GLRT statistic is constructed by considering
the quotient between the probability densities of the obser-
vation Y, under the two hypotheses (denoted as f1 (Yar)
and fo (Yar)), which in the zero-mean Gaussian case can be
written as

1 Y
log fi(Yar) _
MN = fo(Ym)
= e g det © RuR! DyD:}
=~ [ogdet M+ tr [RMRM} —tr [ M M”
where ¢ is a boolean variable fixed as ¢ = 0 for real-valued
observations and ¢ = 1 for complex, circularly symmetric

observations. Given the fact that the above statistic cannot be
constructed (since Rj; and D), are unknown), the GLRT
proposes to an ad-hoc alternative obtained by replacing these
two matrices by their Maximum Likelihood estimates, which
are given by Ry and Dy, respectively [6].

Thus, assuming N > M, the GLRT rejects the null
hypothesis for large values of the following statistic

_]_ “
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Keeping in mind that the arithmetic mean of the eigenvalues of
Casis equal to 1, one can readily identify the above statistic as
a measure of how disperse the eigenvalues of C )y are. Clearly,
a sample correlation matrix with very distinct eigenvalues will
indicate a clear departure from the identity matrix, which will
in turn imply that the observations are highly correlated.

There exist multiple extensions of the GLRT to more general
statistical observation structures [15], [16], [17]. One of the
most studied generalizations of this test is testing whether sev-
eral components of a Gaussian vector are correlated, namely
Wilks’ test [18]. Note that the above statistic is a particular-
ization of [18] to the case where the tested components are
all scalars. This generalization of the above GLRT has been
asymptotically studied under Hy when the dimension of the
tested vector signals scales up with the sample size [19], [20],
whereas the number of tested components remains constant.
This approach is different from the one that will be taken
here, in the sense that we will allow the number of tested
components (M) to scale up with the sample size.

The GLRT does not really exist in the undersampled sce-
nario (N < M), because f1 (Ys) is not bounded in the set of
positive Hermitian matrices. In order to tackle this problem,
it is customary to heuristically adapt the GLRT obtained in
the oversampled regime by simply changing the role of M
and N in the original test (see, e.g. [21], [22]). The idea is
equivalent to considering only the positive eigenvalues of Cu
in the GLRT, which in our case leads to

M

>

m:[M—N]++1

= Ml log A, 3)
where [z]" = min (x,0). From now on, we will consider
this extended version of the GLRT, which is equally valid
in the undersampled (N < M) and oversampled (N > M)
situations.

It is well known that the above correlation GLRT can be
outperformed by other alternative heuristic tests that, while
still exploiting the whole spectrum of Cu, directly examine
the magnitude of the off-diagonal entries of Cur. As explained
above, one such consists in measuring the total squared mag-
nitude of the off-diagonal elements of the sample correlation
matrix. Since the diagonal entries of Cj; are all identically
one, this this is equivalent to checking the squared magnitude
of the entries of the whole matrix. One popular choice to
measure these magnitudes is the Frobenius Norm Test [5],
which rejects the null hypothesis for sufficiently large values
of

N ¢ HQ _ it [(‘32 ] (4)

M T T A M
This test was proposed in [1] as an approximation of the GLRT
for low values of the cross-correlation coefficients under H;
and was recently shown to be a locally most powerful invariant
test (LMPIT) for the correlation detection problem [23]. The
asymptotic behavior of 75 NT under Ho was examined in [5]
under the assumption that both M and N tend to infinity
while M/N — ¢, 0 < ¢ < oo. More specifically, it can
be shown from [5] that the statistic in (4) asymptotically
fluctuates around the value 14-c as a Gaussian random variable.




Here, we will prove that this is also the case when #; holds,
and we will determine the asymptotic means and covariances
under either one of the hypotheses.

By examining the form of (2) and (4), we can come to the
conclusion that both tests are based on linear combinations of
a function of the eigenvalues of the sample correlation matrix.
Indeed, one can write both tests as

) L M A
v = 5V mXZ:l / (>\m) &)

for some specific choices of the function f(z), namely f(z) =
2% in (4) and

z#0

z=0 ©)

—log z
in (2). The random quantities that can be formulated as in (5)
are generally referred to as Linear Spectral Statistics (LSS) of
the sample correlation matrix. The objective of this paper is
to provide a complete asymptotic description of this class of
statistics, by characterizing their convergence and fluctuations
in the general regime where both the sample size (/N) and
the observation dimension (M) are large but comparable in
magnitude. In particular, we will establish that the LSS 7, in
(5) is asymptotically close to a deterministic sequence 7y, in
the sense that 9y — a7 — 0 almost surely as M, N — oo
at the same rate. Furthermore, we will also prove that 7,
asymptotically fluctuates around #,; as a Gaussian random
variable, and we will provide closed form simple expressions
for its asymptotic mean and covariance. These results will be
particularized to the two LSS cases presented above, namely
the FNT and the GLRT. Results will be valid under both Hg
and 4, so they can be used both to establish the threshold
level that guarantees a certain asymptotic probability of false
alarm, as well as to study the asymptotic power of the tests.
It should be pointed out that our study for LSS of the sample
correlation matrix is quite similar to the one carried out in [24]
for the sample covariance matrix and later extended to the
GLRT for non-Gaussian observations under Hg in [25], [26]
and to the non-centered case [27]. In fact, it will be shown
in the following sections that (under the centered Gaussian
assumption) the LSS based on these two matrices have an
equivalent first order behavior, whereas the second order
asymptotic fluctuations turn out to be substantially different.
Our study reveals that both quantities asymptotically fluctuate
as Gaussian random variables, but with different means and
variances. This means that the normalization by the diagonal
random matrices ]A)X/[l/ % in (1) is equivalent to the normaliza-
tion by the deterministic DX;/ 2 only as far as the first order
asymptotic behavior is concerned. A substantially different
behavior is observed in terms of fluctuations depending on
whether random or deterministic normalization is employed.
On the other hand, it was recently brought to our attention
that a similar study as the one presented here has recently been
carried out in [28]. This paper also analyzes the asymptotic
behavior of LSS of sample correlation matrices under the same
asymptotic conditions. The results in [28] are derived under
general (not necessarily Gaussian) observations, although the

asymptotic description is only valid under the null hypothesis
Ho. Here, by resorting to the Gaussian assumption, we have
been able to provide a more general result that encompasses
both Hy and #;. Furthermore, our expressions for the asymp-
totic mean and variance of the LSS can be easily particularized
to the FNT and the GLRT presented above, resulting in a
very simple description of the asymptotic behavior of these
statistics.

Finally, it is worth pointing out the existence of correla-
tion detection tests based on the linear transformations of
the sample covariance matrix (see, e.g. [29]) instead of the
sample correlation one. In some cases, one may resort to the
asymptotic results in [24] in order to analyze the asymptotic
performance of these tests and compare them with the class of
LSS considered here. We will not carry out such comparison
study in this paper, although this is an interesting subject for
further study.

The rest of the paper is organized as follows. In Section
II we establish the almost sure convergence of the LSS
under the general setting where the observations are possibly
correlated. Section III then presents the main result of this
paper, namely the CLT that establishes the Gaussianity of the
LSS. These results are then particularized to the FNT and the
GLRT statistics. The proof of this theorem is presented in IV,
although most of the technical derivations have been relegated
to the appendices.

Notation The M x M identity matrix is denoted by I,
and e,, is its mth column. The symbols ® and © denote
Kronecker and Hadamard (element-wise) product between
matrices. Furthermore, vec(A) is a column vector formed by
piling the columns of A on top of each other and dgvec(A) is
a diagonal matrix with diagonal entries given by vec(A). On
the other hand, vdg(A) is a column vector constructed using
the diagonal entries of the square matrix A. Given a matrix
A, ||A|| denotes its spectral norm and, assuming A square of
dimensions M x M, we will write dg (A) = A ®I,,. For a
given random variable X, its expectation is denoted as E [X]
and its variance as var(X), whereas P [A] is the probability
of a certain event A.

The following lemma will be of constant use throughout
this paper.

Lemma 1: For any two matrices A and B of the same
dimensions, we have

IAB| < [|A[[|B]
A+ B[ < [|A] +[IB]
A @ B[ = [A][B].

If A, B are generic M x M matrices and B is Hermitian
positive semidefinite, we have

1 1
3t IAB] < JA] S (B] < max (B), AT

and
IA © B < max {B};; Al

Proof: The first four statements are quite conventional
[30]. For the last one, see [31, Theorem 5.5.18]. [ |



II. ALMOST SURE CONVERGENCE OF THE LSS

This section will characterize the asymptotic behavior of the
LSS described in (5). Let v < ... <~y and Kiq,..., Kz
denote the M different eigenvalues of the true correlation
matrix Cj,; and their associated multiplicities, where clearly
1 < M < M. In the classical regime, whereby N — oo for
fixed M, one can easily show that

v — v — 0

almost surely, where

1 M
nv = iV Z Ko f (Ym) -
m=1

We will see in this that this is not the case when the
observation dimension M is allowed to scale up with the
sample size N. In this situation, we will see that the random
variable 7, has an asymptotic deterministic equivalent, 7,
such that the difference 7; — 7757 converges to zero almost
surely as M, N increase without bound at the same rate. In
general terms, the deterministic equivalent 75, is generally
different from the quantity n,; above.

We will be making the following assumptions throughout
the paper:

(Asl) The set of M-dimensional observations y,, n =
1,..., N can be expressed as y,, = R}V/jzxn where x,, n =
1,..., N, are standardized i.i.d. Gaussian vectors of zero mean
and identity covariance matrix. The Boolean variable ¢ takes
on the value ¢ = 1 when the observations y,, are real-valued
and ¢ = 0 when they are complex and circularly symmetric.

(As2) The observation dimension M is a function of N.
Furthermore, we assume that we are either in the under-
sampled or the over-sampled regime, so that if ¢,y = M/N,
we have either

0 < liminf ey < limsupcpy < 1 @)

and the number of observations is always higher then the
observation dimension, or

1 < liminf ey < limsupep < 400 ®)

so that the number of observations is always lower than the
observation dimension.

Note that in the above assumption we are implicitly avoiding
the situation where ¢p; = M/N = 1. This is because the
structure of our proof requires that all the positive eigenvalues
of the sample correlation matrix stay away from 0 when the
dimension of the matrix scales up with the sample size. It is
well known that this can only be guaranteed when c;; stays
bounded away from 1, as guaranteed by (As2). The following
assumptions are rather standard in the statistics literature of
LSS (see, e.g. [24]):

(As3) The eigenvalues of Ry, are contained in a compact
interval of the positive real axis, R, for all M.

(As4) The complex function f(z) is analytical on the
positive real axis R*.

Assumption (As3) is necessary in order to guarantee that
the eigenvalues of R, (and, by extension those of lflM) stay
bounded above and away from zero. These assumptions are

necessary to guarantee the weak convergence of the LSS.
As for (As4), it is not strictly needed (in the sense that
all the results in this paper hold for more general functions
f(2)), although the analycity of f(z) greatly simplifies the
derivations.

We will first analyze the first order (almost sure) asymptotic
behavior of the LSS 7,s. In this study, it is important to
notice that the diagonal entries of the sample covariance matrix
converge to the true diagonal entries, even if the observation
dimension scales up with the sample size. In other words, we
can guarantee that

Hf)M—DMH 50 )

almost surely under (Asl) — (As3), where ||-|| denotes spec-
tral norm and where we recall that D r and D, are the
diagonal matrices constructed from the diagonal entries of Ry
and R, respectively (see Appendix A for a proof). A direct
consequence of this is the fact that the diagonal entries of
D) are almost surely contained on a compact interval of R
for all NV sufficiently large. Indeed, observe that the diagonal
entries of D, are upper and lower bounded by the maximum
and minimum eigenvalues of R, respectively, and that all
these eigenvalues are contained in a compact interval of R
according to (As3). Therefore, the convergence result in (9)
| and |[D3/|| will be bounded
with probability one for all N sufficiently large. This property
is used next in order to establish the almost sure location of
the positive eigenvalues of Cjy.

Lemma 2: Assume that (As1) — (As3) hold and define the
covariance-type random matrix

readily implies that both Hﬁ M

Cy =D;;*RyD;} >

Then,

H(EM—CMH—W (10)

almost surely. In particular, there exists 7, a compact interval
of the positive real axis, such that all the positive eigenvalues
of C ) are almost surely located inside 7 for all N sufficiently
large.

Proof: A direct application of Lemma 1 allows us to write

[Ex - <
~—1/2] || & —1/72|| || & 21/2 1/2
< ([[o5 = [ + Joae ] l]en ) [ 03° - D7

By (9) and (As3) we establish that both H]A)]T/Il/ 2” and

(LD]T/IU 2 H are almost surely bounded for sufficiently large N.
n the other hand, it is proven in [32] that all the positive
eigenvalues of the sample covariance matrix R, are almost
surely located inside the interval S = [a,b] for all large N,
where

a = inf (1—/em)’ HRXjHil and b = Sup (1+ vear)? Rl -

1D
This shows that both uc M l and HC M || are bounded with
probability one for sufficiently large M. On the other hand,



if dk v and dy s represent the kth diagonal entries of D M
and D, respectively, we have

‘\/Jk,M — \/dk,M‘ =

Since both dj, s and dk M are bounded away from zero, we
see that f)}\f - D}V/IQ ’ — 0, proving (10). To prove the
second part of the lemma, observe again that [32] establishes
that all the positive eigenvalues of C,; are located in an open
subset of the interval

1
T = [inf (1~ V) 2

di v di v

—e,sup (14 +/car) 0 + ¢
M

where

6 = sup | Ra| sup | Ry || (12)

and where ¢ is small enough so that 7 CR*. The spectral
norm convergence in (10) together with Weyl’s inequality es-
tablish that the maximum of the absolute differences between
the ordered eigenvalues of C)s and the ordered eigenvalues
of Cj; converges to zero with probability one. Therefore, the
positive eigenvalues of C s will also be almost surely located
inside 7 for all large N. [ |

Lemma 2 has an important consequence for the purposes of
determining the convergence of the LSS 7). Indeed, let 775, be
defined as 77, replacing Cs with C M- A direct consequence
of Lemma 2 is the fact that, under (Asl) — (As4),

7 — | — 0 (13)
almost surely. Indeed, we know from Lemma 2 and [32]
that the eigenvalues of both (¢ m and Cj; are almost surely
located on the compact interval 7 for all N sufficiently
large. Furthermore, the convergence in (10) establishes that
the maximum of the absolute difference between the ordered
eigenvalues of these matrices converges to zero. This, together
with the absolute continuity of the LSS function f(-) on the
compact 7 shows (13).

An important consequence of (13) is the fact that we
can establish the first order convergence of LSS of the
sample correlation matrix Cu by simply studying the LSS
of the normalized sample covariance-like matrix Cj;. The
asymptotic behavior of this type of random matrices is now
well understood in the random matrix theory literature, see

g. [33], [34]. In particular, let my(z) denote the Stieltjes
transform of the empirical eigenvalue distribution of Cjy,
defined as

in(2) = %tr {(éM - zIM)_l}

where z € CT = {2z € C:Imz > 0}. The following the-
orem establishes that the random function 7 ,/(z) has an
asymptotic deterministic equivalent, in the sense that there
exists a deterministic analytic function mm,/(2z) such that
|mar(2) — mas(z)] converges to zero with probability one for
all z in the upper complex semiplane.

Theorem 1: [33], [34] Let z €
(Asl) — (As3) hold. Then, |ma(2)

C* and assume that
—mp(2)] = 0 almost

surely, where ms(z) is defined as
-1 N N 1
7 =_—(1-2)_-L
o (2) z < M> M wys (2)

and where wjy (2) is the unique solution to the following
equation in C*:

(14)

_m (15)
Ym — wi (%)

The deterministic function iy (z) can be directly used
to establish the first order convergence of the LSS through
the integral formula (46). Indeed, by the well-known location
properties of Cj; established in [32] we know that for all N
sufficiently large, 75 can be expressed with probability one
as

ﬁM = QLTF_] C_f(Z)T?L]w(Z)dZ (16)
where C~ is a negatively oriented simple contour independent
of N that encloses the set 7 and not {0}. The pointwise
convergence in Theorem 1 can easily be established to hold
uniformly on C [24]. This directly establishes the following
corollary.

Corollary 1: Under (Asl) —

most surely, where

(As4), |9y — v — 0 al-

M (2)dz. 17

It is interesting to particularize this result to the two specific
tests introduced in Section I, namely the GLRT and the
FNT. In order to obtain a closed form expression for the
asymptotic deterministic equivalent of the two corresponding
statistics, we introduce here the change of variable proposed in
[35]. Indeed, consider the analytical extension of the function
wyy (z) defined in (15) to the set C\ (7 U {0}), the existence
of which can easily be established by the Schwarz reflection
principle [35]. Define the mapping z — w = wys (z) and its
inverse w — z = z)s (w), given by

M

1 Ym
zyw)=w|l——= K., (18)
M( ) N 7;:1 Ym — W
Let C = wy (CT) and
Fy (w) = f(2m (W) -
We can re-write (17) as
_ Ny 1 f(z)
M < M>27rj oz
N 1 FM(w)
D 1
M27T_] ek w w(w)dew (19)

where we have defined Dy (w) as

dew(
:7_1—— E K . 20
dw L) m ’}/m— )2 ( )

It can be shown [35] that CJ is a simple positive contour
that encloses all the eigenvalues of the correlation matrix

DM(W)



{¥m}. Additionally, in the oversampled regime (7) C,, does
not enclose {0}, whereas in the undersampled one (8 ) it does.
Using this information, one can solve the above integrals via
classical Cauchy integral calculus.

A. Particularization to the Frobenius Norm Test statistic

If we set f(z) = 22 in the above integral definition of 7/,
only the second term turns out to be non-zero, and

N 1 1
iy = — — - D dw. 21
M M27rjj£;erM(w) v (w)dw 21
where we have defined
2
Quw)=w? |1 - = Z Ky (22)

The following lemma leads to the solution of the above
integral.

Lemma 3: Let Qp(w) be defined as in (22) and let CJ
denote a positively oriented simple contour obtained as C} =
wns (C1) where CT is a simple contour enclosing 7 (defined
in Lemma 2) and not zero. Then,

1

o = K,, 2— K,
o] ciQM( w)dw = N Z Vo Z Yo

Besides, if ¢ is a complex number located in (C\C;r , we have

+ 5 ZKr%

1 Qs (w )

27j Jeo wfg

= (C+en)?

if ¢ is enclosed by CF and

_Q—ZK

1 QM

27 Jor w—

(ve + cmr)

when ( is not enclosed by Cj . Finally, for any ¢, 1 < ¢ < M,
we can write

L e,
27y Jey (W =)

1 O (w)
2m7£+ (- w)gdw

Proof: 1t follows from standard residue calculus together
with the fact that the diagonal entries of the correlation matrix
are all equal to one. ]

Using a partial fraction decomposition of Djs(w)/w in (21)
and applying Lemma 3 we readily see that

('Yq + CM)

=1

1 M
i > Ky +car

m=1

v = (23)

Note that this expression is valid for both the undersampled
and the oversampled regimes.

B. Particularization to the extended GLRT statistic

In this case, setting f(z) as in (6), we can readily see that

N 1 1
i, — D d 24
= s S @PUE QY
where we have defined
Ly(w)=log [w|1l- i (25)

and where log(-) here denotes the principal branch of the
complex logarithm. In the above identity we have used the
fact that the original contour C* does not enclose {0} by
definition, and therefore the first term in (19) is identically
zero. The above integral is generally difficult to obtain due to
the presence of the logarithm. In this paper, we develop an
integration technique based on the approach in [36] which is
equally valid in the undersampled and oversampled regimes. In
order to introduce the results, we consider the M + 1 solutions
to the following equation in g,

1 M
“N;K’”

which will be denoted by po < p1 < ... < pgz. It can
readily be checked that ;o = 0 < pp in the oversampled
regime, whereas ;0 < 0 = pp in the undersampled regime
(see [35] for further details). On the other hand, it can be
readily seen [35] that the contour C, always encloses the
points {'ym, P, =1,..., M } but not pg. In particular, we
see that C,, encloses zero only in the undersampled regime.

The following proposition essentially provides the result to
the integral in (24).

Proposition 1: Let L (w) be defined as in (25) and assume
that cps # 1. Let CF be a positively oriented simple contour
obtained as Cl = wys (CT), where C* is a simple contour
enclosing 7 (defined in Lemma 2) and not zero. Then,

=0

(26)
TYm — U

1 1 M 2
— Ly (w)dw = — K, —=—. 27
27y Jex ule) N mZ::l Ym = Ho

On the other hand, if ¢ is a complex number located in C\C.},
we have

1 EM(LO)
2 =1 — 2
2 fo o — ¢ 0 =108 (¢~ po) (28)
if ¢ is enclosed by C,, but ¢ & UM_, (jiym,ym) and
1
— EM(w) dw _
27j Jer w—C
1 M ~
= _log|1=-= K, L (29)
s Nmzzjl (Ym = t0) (ym =€)

if ¢ is not enclosed by C,,. Finally, for any ¢, 1 < ¢ < M, we

may write
L% Lulw) , 1
27y Jez (w — 'yq)2 Yg — Ho

(30)



and
ij{ de:—%. (31)
21 Jes (w =) 2 (g = o)
Proof: See Appendix B. [ |
The integral in (24) can be directly solved by applying the
above proposition, differentiating between the undersampled
and oversampled regimes. In the oversampled regime, C,, does
not enclose {0} and po = 0, so that we can write

1 N-M M

v = —— logdet Cy, 1—-—

M 2 osdeton + i N

On the other hand, in the undersampled regime C, always

encloses ;1 = 0 and po < 0, so that using again Proposition
1 we obtain

log +1. (32)

1 N
v = — 57 logdet Cay + (1 - M) log [pol +

Tm N
— |+ —. (33)
Tm — Ho M

1 M
+ i ; K,, log
Observe that the GLRT statistic does not become asymptoti-
cally close to the quantity —M ~!log det Cjs, meaning that

the statistic is not a consistent estimator of this quantity in the
considered asymptotic regime.

III. A CENTRAL LIMIT THEOREM ON THE LINEAR
SPECTRAL STATISTICS

In the past subsection we have seen that, under assumptions
(Asl) — (As4), the LSS defined in (5) accepts an asymptotic
deterministic equivalent, that is a deterministic value 7, for
each M such that |y — 7ar] — O almost surely. In this
section, we will investigate how the statistic 77, fluctuates
around 7, in this asymptotic regime. The idea is to derive
a result equivalent to the one derived in [24] for LSS of the
sample covariance matrix, but characterizing the asymptotic
distribution of LSS of the sample correlation matrix. In order
to do that, we consider an L x 1 vector of LSS given by

T
iar = [0l
where
1M R
i = L5 5 ()
m=1
and where f;(z),£ =1,..., L, are functions defined according
to (As4). In principle, the case L = 1 would be enough
to characterize the asymptotic distribution of a single LSS.
However we present here a more general result considering
multiple LSS (L > 1) for the sake of completeness and
because the derivation is almost identical to the case L = 1.
Let 17, denote the L x 1 vector of deterministic equivalents,

namely
"
7T]M ]
=(6)

where each 7,,; is defined as in (19) replacing f(z) with
fe(2). The objective here is to characterize the asymptotic
fluctuations of 7}, around j,;, by establishing a Central
Limit Theorem (CLT) on the statistic M (1, — 7,,)- To that

_ _(1
ﬂM:[nJ(w)w--

effect, we define two quantities that will take the role of the
asymptotic mean and covariance matrix respectively.

Let Fy(w) be defined as f¢(z) after applying the change of
variable z = z); (w) defined in (18), namely

Fy(w) = fo(zm (W)

and let @ (w) = (Cps — wIM)fl. Define C~ as a clockwise
oriented simple contour that encloses the interval 7 defined in
Lemma 2 and not zero, and let C, denote wy; (C™), see further
Section II. Recall from (As1) that ¢ is a Boolean variable that
takes the value ¢ = 0 if the observations are complex-valued
and ¢ = 1 if they are real-valued. We define p,; as an L x 1
column vector with ¢th entry equal to

1
{part, = 27}{ Fy(w)im (w) dw (34
T Jes
where iy (w) is a scalar complex function defined as
fin (w) (35)

. %tr [C?w@?w (w)]
1— +tr[C2%,0% ()]

+ l;gtr[(CM@M (w) —2C2%,03%; (w)) ® C®n )]
+ wlggtr [(Cr©%, (w) ® Chr) (Bnr (w) © Cay)] -

On the other hand, define ®,; as an L x L matrix with (k, £)th
entry equal to

-1
{(DM}IC,Z = m-%c—é_Fk(wl)Fz(WQ)ﬁ?M (wl,wg) dwldwg
S (36)
where 5%, (w1, w2) is a bivariate complex function defined as

1+¢ _ 1+¢
(w1 —w2)® N

1+¢
N tr [CarAns (w1) CrrApy (we)]

and where have defined
Ay (w) = OF (w) — dg [CuOF (w)] .

We are now in the position to establish the CLT on the statistic
M (fjp; — 7ps ), which is formulated in what follows.

Theorem 2: Assume that (Asl) — (As3) hold, and that
the functions fy(z), ¢ = 1,...,L, belong to the functional
class in (As4). Consider the definitions in (34) and (36),
and assume that the column vector p,, has bounded norm
and that all the eigenvalues of ®,, belong to a compact
interval of R* independent of M. Then, the random vector
@;11/2 (M (fp; — Tpg) — ) converges in law to a multi-
variate standardized Gaussian distribution, i.e.

(I>17v11/2 (M (Dpr — Mar) — o) 5 N(0,1p).

Proof: The proof is postponed to Section IV. ]

As an immediate consequence of this theorem, we see
that LSS based on the sample correlation matrix will asymp-
totically fluctuate as Gaussian random variables, with an
asymptotic mean and variance that will generally depend on
the selected hypothesis. We next particularize this result to the

Far (w1, wa) = tr [C3,O% (w1) OF (w2)]

+ (37)



correlation tests presented in Section I to illustrate the practical
applicability of Theorem 2.

It is interesting to compare the expression of the asymptotic
mean and variance of the LSS in Theorem 2 with the corre-
sponding expressions established for the CLT of LSS of the
sample covariance matrix (f{M) in [24]. More specifically,
it was established in [24] that LSS of sample covariance
matrices asymptotically fluctuate according to a Gaussian law
with mean and variance equal to the first terms on the right
hand side of (35) and (37) respectively. The above result
shows that the normalization by the diagonals of the sample
covariance matrix has no effect on the first order behavior of
LSS but completely modifies the asymptotic behavior in terms
of fluctuations of the LSS. The last two terms in (35) and (37)
introduce the corrections in the asymptotic mean and variance
that take into account this normalization effect.

A. Asymptotic Fluctuations of the FNT Statistic

We recall that the asymptotic equivalent 77, for this statistic
has been derived in Section II. Hence, in order to study its
asymptotic fluctuations, we only need to particularize Theorem
2 to the specific case where L = 1 and f(z) = 22. We first
derive an expression for p;, and ®,,, which are both scalars
in this problem, by solving the corresponding integrals in (34)
and (36) respectively. It is shown in Appendix C that in this
situation the asymptotic mean takes the form

1+ 2+g

pa = ot [(CM ® CM)ﬂ - w[ch] 69
whereas the asymptotic variance can be expressed as
1 2
Dy =2(1+45) (Ntr [Cﬂ]) -
1+
+4——tr|(Cur (Cu —dg (C}))’] . (39

It is also shown in Appendix C that sup,, |¢,,] < 400 and
0 < infpr [®pr] < supy, |®ar| < +oo. Therefore, we can
conclude that the hypotheses in Theorem 2 hold, and therefore
the normalized FNT statistic will converge in law to a standard
Gaussian random variable. This means that, in practice, we
may approximate the law of 7, as a Gaussian random variable
with mean 77 + g, /M and variance @, /M?, with fps, oy,
and ®), given in (23), (38) and (39) respectively.

B. Asymptotic Fluctuations of the GLRT Statistic

We showed in Section II that the GLRT statistic is almost
surely equivalent to a deterministic quantity 77, given by (32)-
(33) depending on whether we are in the oversampled or the
undersampled regime, respectively. We can now characterize
the fluctuations of this statistic around this value by particu-
larizing Theorem 2 to the case L = 1 and f(z) given by (6).
It is shown in Appendix C that the asymptotic mean takes the

form
= —Slog (1- e [C3r©% (1o)]
M 3 N M9Mm
1+4¢ 21+
- oM+ %Ttr [(CM © Oy (Mo))ﬂ
1+¢
— o N tr [CM@M (MO) O] CMeM (MO)] (40)

whereas the asymptotic variance can be expressed as

by =—(1+¢)log (1 - %tr [C3,0% (ﬂo)])

1+¢
v [C2©% (1o)]
1+¢
+ -t [ (Car (Our (10) = dg [CarOus (o))’
(4D
where we recall that ©y; (o) = (Cas — polar) ™ and po

denotes the smallest solution to (26). It should be pointed
out that the above formulas can be greatly simplified in the
oversampled regime, whereby cyy < 1 and po = 0. In this
situation, we are able to write

S 1+¢
Ha = —5log (1 —enr) — ——cu

1
D, = (1 +§) —CM — log (1 — C]\/[) =+ Ntr (C]u — IM)Q}:| .
43)

(42)

It is shown in Appendix C that sup,, |p,,;| < +oo and
0 < infps |[®ps] < supyps |[®ar] < +oo in both undersampled
and oversampled regimes. This implies that Theorem 2 is
applicable here, and therefore the GLRT statistic asymptoti-
cally fluctuates as a Gaussian random variable with the above
mean and variance. We may approximate the law of 7,s as
a Gaussian random variable with mean 7); + pp,/M and
variance ® 7 /M?, with s, p,, and ®,; respectively given
by (32), (42) and (43) in the oversampled regime and by (33),
(40) and (41) in the undersampled regime.

C. Numerical Analysis

To illustrate the accuracy of the above asymptotic approx-
imations, a simple example was considered where the true
covariance matrix was equal to the identity matrix under H,.
Under H; the covariance matrix followed a Toeplitz structure,
with (4, j)th entry equal to {Ras}; ; = pl"~7! for some real-
valued p fixed to p = 0.2. A total of 105 realizations of
the GLRT and the FNT statistics where evaluated, and the
corresponding false alarm and detection probabilities were
evaluated for different values of the threshold («). Both
complex and real-valued observations where considered, and
multiple tests were conducted for both undersampled and
oversampled scenarios.

Figures 1 to 2 provide a comparison between the simulated
probabilities and the asymptotic ones as a function of the
threshold («) in two situations where M = 30, N = 40 and
M =100, N = 80 respectively. The asymptotic probabilities
were obtained according to a Gaussian law with mean and
variance as established in the past two subsections. Observe



that the accuracy of the asymptotic approximation clearly
increases as M, N become large, and that some slightly better
fitting to the Gaussian law is observed in the GLRT for
moderate values of M, N. Figure 3 represents the probability
of detection as a function of the probability of false alarm for
the two tests under analysis. As illustrated in this figure, the
FNT generally outperforms the GLRT for the whole range of
false alarm probabilities.

P and Plaof he GLAT (comple obs ) M<30, =40 PG and Plaof ho FNT (compiox cbs) M<30, Ned0

09

08

08

05

03

8 05 =3 % 3 07 Yo e a7 s e
P ativoshoid

Fig. 1. Simulated versus asymptotic probabilities of false alarm and detection
for the GLRT (left hand side) and the FNT (right hand side) when M =
30, N = 40 and p = 0.2. Upper and lower plots respectively correspond to
complex and real-valued observations.
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Fig. 2. Simulated versus asymptotic probabilities of false alarm and detection
for the GLRT (left hand side) and the FNT (right hand side) when M =
100, N = 80 and p = 0.2. Upper and lower plots respectively correspond to
complex and real-valued observations.

IV. PROOF OF THEOREM 2

We devote this section to the proof of the CLT in Theorem
2. We will essentially follow the methodology established in
[37] to derive a CLT on the mutual information of large MIMO
channels. The method in question is based on the use of
Gaussian tools, which have proven to be extremely useful in
order to determine the asymptotic law of functionals of large-
dimensional random matrices with Gaussian entries. The main
idea behind the proof is to establish pointwise convergence
of the characteristic function of the statistic 7j,, towards the
characteristic function of a Gaussian random variable.

By the Cramer-Wold device, to show that M (7j,; — 71,,) is
asymptotically jointly Gaussian distributed, it is sufficient to

ROC, real obsarvatons, =100, N-60

At em)

Fig. 3. Probability of detection as a function of the probability of false alarm
when p = 0.2 and M = 30, N = 40 (left) or M = 100, N = 80 (right).
Upper and lower plots respectively correspond to complex and real-valued
observations.

show that ZeL:1 ag (ﬁg\? — 77](\?) is asymptotically Gaussian.

for any collection of real numbers ay, £ = 1,..., L. Consider
the function

L
War () = exp udl > an (a7 = 157")

(44)
m=1
Our main objective will be to show that
T‘I’ )
E[Uas (u)] — exp <jaT,uMu - a2Mau2) —0 (45
pointwise in u, where a = [a1,...,az]” and where p,,

and ®),; are as defined in (34) and (36) respectively. By
assumption, the norms of p,, and ®,,; are bounded by a
positive quantity independent of M. This assumption together
with a trivial modification of [37, Proposition 6] will complete
the proof. The rest of the section is therefore devoted to
showing (45).

The crucial point in the proofs of this paper comes from
the fact that, according to (As4), we can rewrite the LSS in
(5) in integral form as

~(m) 1 ~
i fm(2)as(2)dz (46)
M
where we have defined
1&g
and 1
Qu(z) = (RM - ZDM) (48)

and where C, is a negatively (clockwise) oriented simple con-
tour enclosing the positive eigenvalues of C s and not zero.
The matrix Q M (2) will play an important role throughout the
derivations. In particular, using the spectral norm inequality in
Lemma 1 one can establish that

o] < s e o10) | < g

< st (2,7T)
(49)

for some positive constant K independent of V.
The first step of the proof consists in replacing the original
contour C,; in (46) by a contour C~ that does not depend



on M, as in (16). Unfortunately, the large-M representation
of 775\7) obtained by direct replacement of Cp; by C as in
(16) is not useful here, because the characteristic function
of the resulting random variable may not exist for all M.
This is because there might exist realizations for which the
eigenvalues of C s become dangerously close the contour C
or even on C. In order to overcome this difficulty, we will
follow the approach in [38], [39] and consider an equivalent
(large-M) representation of 77](&”) that is guaranteed to have
characteristic function for all M.

Recall the definition of the support S in Lemma 2 and define
S = {z e R:dist (z,8) < ¢} for € > 0. Assume that € is
small enough such that Sy, does not contain {0}. Let ¢ denote
a smooth function ¢ : R — [0,1] such that ¢(z) = 1 for
x € S and ¢(x) = 0 for z € R\Sz.. We will write ¢pr =

det ¢ (RM . By [32], we know that ¢y = 1 with probability

one for all M sufficiently large. Therefore, we may represent
)
Ui

~ (m,) 1

M 27TJ (50)

o b I s (o

almost surely for all M sufficiently large. Having introduced
this regularization parameter, we are now in the position of in-
troducing the main technical tools that will be used in the proof
of Theorem 2. Following the approach in [37], our derivations
will be based on the partial integration formula for Gaussian
functionals, together with the Poincaré-Nash inequality. We
introduce these tools in the following proposition.

Remark 1: In what follows, the symbol O(N~F) will de-
note a general bivariate complex function that is bounded in
magnitude by € (21, z2) N™F, where € (21, 22) does not depend
on N and is such that
(51

sup |l (21, 22)|| < Fo0.

(z1,22)ECXC

The function itself may be different from one line to another,
and it may be matrix valued, in which case (51) is understood
as the spectral norm. On the other hand, O(N ) should be
understood as a bivariate complex function that can be written
as O(N~*) for every £ € N.

Proposition 2: Assume that, for each fixed z € C, the
function (X, X*,2) : R*MN — C is continuously differ-
entiable and such that both itself and its partial derivatives are
polynomically bounded. If X is real valued, simply consider I"
as a function on RMYN  with the same properties. Than, under
(Asl) we can write

. 00 (X, X*, z)
where?
0 1+g 0 11— 0
9X;, 2 ORe(Xy] ) 2 0Im[Xy]

2The second term is understood to be zero when X is real-valued (¢ = 1).

On the other hand, we can also write

o0 (X, X*,
var [Q (X, X*, 2 <ZZE‘ 2|’
=1 j=1
20 (X, X*, 2)|”
z
1-¢E|———— 53
+(1—9) e (53)
where now

0  1+¢ 0 e 0

The function ¢j; is continuously differentiable (on R2MN

for complex-valued observations, RMN for real-valued ones)
with polynomically bounded partial derivatives. If, in addi-

tion, sup,cc E (|Q (X, X*, 2) <zSM|2) < C for some positive
deterministic C' independent of M, then under (Asl),

E[Q (X, X", 2) ¢j] = E[Q(X, X", 2) o] + O (N7Y)
(54)
for any r € N, and also
« oo -N
E [Q(X,X ,2) aXij] =0 (N7 (55)

where the term O (N
1 above.

Proof: The first identity is the integration by parts formula
for Gaussian functionals, see [38], [37]. The second one
corresponds to the Poincaré-Nash inequality, see [38], [40].
For the rest of the proof, see Appendix E. [ |

The identity in (54) basically states that we can disregard
the presence of powers of this regularization factor. One of the
conclusions of Proposition 2 is the fact that we can basically
ignore the presence of the regularization term ¢j,; up to an
error of order O (N ’2) for any ¢ € N, which will be irrelevant
for the purposes of our derivations.

Consider therefore the expectation of the function W, (u)
in (44) where 771(\4) takes the form in (50). It can readily be
checked that this function is continuously differentiable, and
one can express its derivative as

JMZCL@E [(

=] Zaz%ﬁjfé_ fe(z1)E [anr (21) Uar (w)] dz1 (56)
=1

*N) should be understood as in Remark

dE [\I/M ﬁg\?> Ty (u)}

where we have defined
ay (2) = M (i (2)pn — mar(2)) -

The main objective of the following derivations is to investi-
gate the asymptotic behavior of the term ME [a s (2) Uy (u)]
in (56) by means of Proposition 2.

First of all, we consider a matrix formulation of the quantity
ap (2). In (47), we have introduced an expression of 1,/ (2)
as a function of the random matrix Qy(z), defined in (48).
Using the definition of wjs () in Theorem 1, we can equiva-
lently express the deterministic equivalent 7y, (2) in (14) as

itr (D Qus(2)]

ma(2) = 57



where we have defined

WM (Z)

Qu(z) = (Ras — 2Dyy) (57)

Therefore, we can express apy (2) as

ay (z) =tr [f)MQZW(Z)(bZW - DMQM(Z)} :
The following related quantity will also be useful in the
derivations of this section:

Bu(z) = tr [RM (Qﬂl(z)¢ﬂl - QM(Z))} . (58)

In order to handle quantities like aps (2) and Bas (2), we will
repeatedly use the Gaussian tools based on the integration by
parts formula in (52) and the Poincaré-Nash inequality in (53).
Before going into the technical details, we present first an
informal sketch of the rest of the proof.

A. Sketch of the proof

Let us first provide an informal explanation on how to
analyze E [aps (21) Uar (w)] in (56). We consider the two
products Qa7 (2)Ra; and Q(2)Dys and use the definition
of the sample covariance matrix to write

M N

Ry = ZZX”RMQ =

=1 j=1

Rl/ 2 (59)

where e; is the ith column of the identity I, and x; the jth
column of X. By inserting the decomposition in (59) into the
following expressions (and the equivalent for D,,) and then
applying the integration by parts formula in (52), we will be
able to write

E {QM(Zl)]jvaM‘I’M (U)} =E {QM(ZI)DMd)M\I/M (U)}

+ (other terms) + O (N~")  (60)
and
E {QM(Zl)RMQbM\I/M (U)} = WMZE D
x E {QM(Zl)R]u(;S]\/j\IJM (u)] + (other terms) +0O (NiN)
(61)

Then, combining the above two equations by the trivial identity

Qu(z1) (f{M - 21]3M) =1y (62)

and right multiplying both sides of the result by Qs (z1)D s,
we will obtain

E |Qur(21)Dardar s (u)} = Qu(21)DME [par Vs (w)]
+ (other terms) + O (N ).

This can be directly inserted into (60), leading to (after taking
traces)

E [aar (21) War (u)] = (other terms) + O (N7N).  (63)

By investigating the asymptotic behavior of the “other terms”
we will obtain

far (war (21))
D (wnr (z1)

- am [ fm(22)5% (Wu (21) ,0m (22))
+Jumz::1 2mj Je- Dy (wu (21)) D (Wi (22)) d

X E[Wa (w)]+0 (N7Y)  (64)

Elan (21) Y (u)] =

L

(W (u)] +

Z9 X

where D) (w) is defined in (20). Inserting this back into (56)
and using the change of variables z — wjy (z) presented in
Section II (see (19)), we will obtain

W = (ja" py — va’ ®pra) E[Wy (u)]+0 (N71)
where the term O (N ’1) is bounded in u when this variable
is confined to a finite interval. Solving the above differential
equation, we finally obtain (45) and the proof is complete.

Next, we provide a formal proof to the above statements. In
order to facilitate the exposition, we will simplify the notation
as indicated in the following remark.

Remark 2: In the rest of this section, we will omit the
dependence on M of all quantities. Furthermore, we will write

wi = wir (21), o = am (2i), Bi = B (21), Qi = Qui(z:),
Q; = Qu(z), i = 1,2. We will also omit the dependence on
u in Wy (u). Furthermore, from now on we assume ay = 1
(note that this is done without loss of generality by simply

redefining the functions fy(z)).

B. Asymptotic characterization of E [ (21) Way (u)]

We will follow the approach that has been outlined in
the above sketch of the proof. We begin by analyzing (61),
inserting the decomposition in (59) and applying (52), (54)
and (55), namely

sl
il 172 8% J 1/2y
;Z:j X QIRY? =RV 0g
) [QlR\If } —E [Qll‘{thr [RQ@H
—orE[QRrQRwg] + V8 Qg (QR) R
L
S+ ucM;;m b fula)E [QRT,RW] dz
+0 (N7

where we have defined

T, = Q:DQ, - dg (QRQ, ). (66)



In order to obtain this expression, we used the fact that the With these two equations, we have obtained an expression

partial derivatives of R and Q1 with respect to X;*j are for the “other terms” in equations (60) and (61) above. As
IR ! explained before, one can combine these two equations by
— = —R1/2 [Xje +ceix ]Rl/ 2 (67) using the identity in (62). After left multiplying the result
8Xi N by the deterministic matrix Q; we obtain the following
a0 1 . . fundamental equation:
8)(?: = ——QlRl/2 [XjeiT + <eix§{} R2Q, (68) d
o E[(Qi-Qi)we| (73)
(1 +9) A 1/2, T1/2) A
+ Q dg (R"“xje; R Q1. 1 _
— —2 1 E [QiRdg (RQ, ) Q0o
Next, we observe that the second term on the right hand side
of (65 ) can be expressed as - <Z1N [Q1Rdg RQ1) QI\I/(b}
. 1 R A A 1 _ PR e
E [QlRthr [RQlﬂ —E[QRwo] Gr[RQ] 4 B [QRQ VoA |+ < LE[QRQRQ,T)
1 (e o 2 (149, [ -
E [QiRwos | - R [Qudg (QiR) ]
ty Q:1RY¢p o N E [Q:dg (QiR) RQ, ¢

where (3, is defined in (58). Note that the term E [Qlf{\hb} +222 1 [Q (R oRT & Q1) Ql\I’fb}
that appears on the right hand side of the above equation
coincides with the one on the left hand side of (65). We can +i 7u Z fm (22) 1+¢
insert the above identity back into (65) and use the fact that w1 27r3 N

©9) xE [Ql {RTQR—wldg (RYQR)] Qlw} dzy+ O (N7Y).

X

1 w
1+ 5t [RQy] = le

which follows from the definition of w; in (15). Since the We could try to use this expression on the first term on the
integration contour does not contain z = 0, we can ensure right hand side of (72) and, after taking the traces, obtain the

that (see Appendix F) expression for E [a; U¢] that we are looking for. However, it
£ inf 0. 70 turns out that the terms in 3y will need to be further developed.
llr\le leré Jwnr (z1)[ > (70) For this reason, we will first consider the fundamental equation
Therefore we can freely multiply both sides of the resulting in. (73) as a means to obt.ain an expression for E [, W], which
equation by 2L and write will prove to be useful in the further development.
! In order to obtain an expression for E [3;U¢|, consider
E [Qlf{\hj)} (71) again the equality in (73). Multiplying both sides by R, taking
7 A o 1 o traces and recalling the definition of 3; in (58), we see that
= ZE[QRUg| - 2 ZE | QiRwes|
w1 wi N (1-T1u)E[5Yg] (74)
21 1 ~ A A 1 A R _
S N [QlRQlR‘W} = —n~Btr {Qleg (RQl) QlR\I/qS}
22 (1+ N A N 1 A aoa N\ =
+ L0 Ig (0,05 (QR) Rwo] — ¢z Btr [QiRdg (RQl) QRUg|
w1 N N
L 1 N =
z 1 L4+Q Ta o o 2L E [y 2 L [QRQ,RQ,RUy|
2D g Sl B [QRTA R 4t WEPATOIT G BT [QRQRQ RS
L ¢ Z 1+¢ ~
ro(v). - o B[ Qude (QuR) RQu R
ol +¢

On the other hand, a similar derivation can be performed with 4 ;2 ">y {(R ® Q1) (Q1RQ1 ® R) N, ¢]
E [Qlf)\luﬁ}, which gives N

2 [QuDvd] - +j§1u; 7§ fnlea)
_E {lequ] . %E [Qlf{dg (RQl) \M] x Etr [Ql [RTQR—wldg (er )} QlR\IJd)} dzy + O (N~
_ gﬁ {Qleg (RQ1) \If¢)} where we have defined

+(1+5) zlﬁ Qi (RoRT 0 Q1) wg| pr=tr | QURQ,Ro| - %tf [QIRQ,R]

~ju ZL: z%]g,fm(@) Ltey |Qidg (RT:R) wo| dz
m=1 ¢

Lo (NN, Tar (wi,w2)

and also I'1; = T'pr (war (21) ,war (21)), where

2
Tm . 75
’Ym ) (’Ym - w2) ( )

ﬁM:‘



It can be shown (see Appendix F) that

sup sup ITas (w1, we)] < 1 (76)

M (wq,w2)EC,XCy
and therefore we can divide both sides of (74) by 1 — I'y3
in order to obtain an expression for E[3;P¢]. Using this
expression in (73), multiplying both sides by D and inserting
the result into (72), we finally obtain an expression for
E [o1 ¥ ¢], given by

Elon¥g] = fi(z +JUZ ?{ (21, 22) fim(22)dz2

(77
+&(z1) +O (N7

where /i (z1), © (z1,22) and & (z1) are defined as follows.

The term [i (z1) contains the information about the asymptotic

mean and can be derived into two parts, namely [ (z1) =

i1 (z1) + fi2 (21), where the first term
11 ~ o ~

21) = - 7Etr [RQRQ, 7|

fia ( (78)

2
1 Al 1 N A A —
(2 L gt [RQ,RQ,RQ, ¥0)|
v (2) oy [RORQRQW
appears only if the observations are real-valued, whereas the
second one —given by (79) at the top of next page- is always

present. The term O (21, 2z2) is associated with the asymptotic
covariance, and can be expressed as

2
~ z 1 1+4+¢
O = (2) o Ee

1 Z1 1
+ _ -
w1 w1 1-— Fll

where we have defined the matrix
Y, =Q,DQ, —dg (QlRQ1>

and where Y5 is defined in (66). Finally the term & () is a
residual error that takes the form

£(z1) = —%%E [a1 81T ]

+1 2\2 1 1
w1 w1 1—FN

Observe that the identity in (77) corresponds with the one in
(63), where now the “other terms” have been fully established.
By simple identification of the different terms in (77) with
those in (64), we see that the proof will be concluded once
we show that

N piw )

[R*i‘lR‘rQ\pqs}
(80)

- 1> LI [RQ,RT, 0]

(81)

E[B1p1¥¢].

Ala) = Hro B+ O (82)
(21,22) < thz +h(21,22))E[‘I’]+O<N_1)

(83)
{(z1)=0(N ) (84)

where i (wy), 02 (w1, ws) and D (w) are as defined in (35),
(37) and (20) respectively (dropping the dependence on M)

and where h (21, 22) denotes any bivariate complex function
such that

4’/T2f h 2’1, 22) led,Zg =0 (85)
c—

so that this term does not contribute to the asymptotic variance.

We will begin by analyzing the error term 3 (21), and then
proceed to the study of the mean and covariance related
quantities /i (z1) and © (21, z3).

C. Analysis of the error term g(zl)

The objective of this subsection is to prove that the error
term §~ (21) decays as in (84). By applying the triangular
inequality in the definition of £ (z;) in (81) and using the
bounds in (70) and (76), it suffices to investigate the terms
N7E [a15,V¢] and N~'E[B1p1V¢]. A direct application
of the Cauchy-Schwarz inequality leads to

2 2
el ss 3 e[
= N? (‘EO;‘Q + var (?\})) <’E/]B\; + var (f\}))
+0 (N*N) . (86)

The following proposition leads to the desired result.

Proposition 3: Assume that A;, i = 1, 2, 3 are deterministic
matrices with bounded spectral norm, and let B; be an
Hermitian positive semidefinite matrix with bounded entries.
Consider the following two functions

Fi(z) = %u« (41014, 0 B1) Ao 87)
Fi(z) = %tr (A1QiRA: 0By ) Ags|  (89)
Then,
E[F1 (21)] = 1ot [(A1@1A2 0 By) Ay] +0 (V)
(89)
E[F1 (z1)] = i%u [(A;QiRA, ©By) Ag] + O (N )
(90)

Furthermore, varf;(z;) = O(N72?) and varfi(z) =
O (N72).
Proof: The result follows from the application of Propo-
sition 2, see further Appendix D. ]
Direct application of this proposition shows that
INEay|* = O (N-2) and var (N~1ay) = O (N~2), and
that the same holds if a; is replaced by ;. Inserting the result
into (86), we have shown that N 'E [y 51 ¥¢] = O (N71).
Proceeding in the same way, we can also established that
N7T'E[Bi;¥¢] = O(N'), which directly leads to
£(z1) = O (N~') as we wanted to show.



%%Etr [f{Qldg (QlR) w]
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1-Ty, N

fiz (1) 1-Tyy N

- 7(21 /w1)2 iIEtr

[RQ,dg (QIR) RQ, Wo] + 2

RQ, [Rdg (RQ, ) +sRdg (RQ, )] Q1w

(21/w1)’ 145

Y
1-Tq, :

Bt [(Ro Q) (RQ, 0R) Wo|. (79)

D. Analysis of the mean-related term [i(z1)

The procedure that we follow in order to analyze the
different terms of fi (z1) is as follows. We observe that i (z1)
can be expressed as the sum of quantities of the type E [X U]
where X is a certain random variable, typically expressed as
the normalized trace of a function of the sample correlation
matrix. The idea here is to decorrelate this random variable
from the characteristic function, by expressing

E[X U] =E[XQ|E[V] +E[(X¢)°V] ©n

where (+)° (-) — E(-). The second term above can be
bounded by virtue of the Cauchy-Schwarz inequality, namely

var(X¢) (92)

BI(X0)°8] < | var (o) 0] =
where we used the fact that |V 1. By showing that
E[X¢] = X + O (N~1) for a certain deterministic quantity
X, together with var(X ¢) = O (N~2), it readily follows that
E[XU¢] = X + O (N~'). We will apply this reasoning to
each of the terms that define i (z1), and this will lead us to
the desired result.

As before, we divide [i(z1) into two terms, [i(21)
fi1 (z1) + fi2 (21), and analyze them separately. Let us be-
gin with the quantity fi; (z1) in (78), which is only dif-
ferent from zero if the observations are real valued. Using
the bounds in (70) and (76), we only need to study the

asymptotic behavior of quantities N~ 'Etr {Q RQ 1 RU (b}

and N~1Etr [RQlRQlf{Ql\II¢] . We will use the following
result, which can be established using Proposition 2.

Proposition 4: Assume that A;, ¢ = 1,2,3,4 are de-
terministic M x M matrices with bounded spectral norm,
and let B; and By denote two M x M Hermitian positive
semi-definite matrices with bounded entries. Define the two
functions f o = Fo(21,22) and F o = F o(21, 22) as

Fa= %tr {A1 (A2Q1A3 © Bl) Ay (ASQQAG © B2> ¢}
93)

Fo= %tr {A1 (Alef{Ag ©) B1> Ay (ASQZAG © B2> ¢} .
%94)

We can state that E[f5] and E[F| can be expressed
as in (95)-(96) at the top of next page. Furthermore,
varf o(z1,22) = O (N_Q) and varf (21, 22) = O (N_2).
Proof: See Appendix D. ]
Proposition 4 provides a very general result but may turn
out to be difficult to manage in the characterization of fi (z1).
For this reason, we provide next a more particular result that
will be more convenient in order to study the two quantities
in this section.

Corollary 2: Assume that A;, ¢ = 1,2 are deterministic
M x M matrices with bounded spectral norm. Then, we can
write

1 A A z1 1 _ _
VE [A1QiRAQu0| = 7 TEir [A1QRALQ)]

Z1 22 1 1 — — 1
A2 R [AQRQ,] —t
w1 ws 1 —T1a N r[A1QIRQ,] Ftr

2 1 _ _ 1 — =
w SEtr [A1QIRQ,] -t [RQ,RA, Q]
+0O (N

[Q2RA]

+

and

%Etr AlQlAgngb} = %]Etr [A1Q1A,Q:]

(z1/wn) (z2/w2) L 0

+ 1-To N

[A1QRQ,] 1t [4:Q:RQ)]
+O (N

where 115 is defined in (75). Furthermore, the variance of
these two quantities can be written as O (N *2).

Proof: Particularizing Proposition 4 to the case where
B; = B, = 117, where 1 is an all-ones column vector, and
using the fact that 17 (A; ©® AZ) 1 =tr (A;A) we see that

1 A o 1

NEU‘ |:A1Q1RA2Q2¢1| == %N]Etr
22 29 1 A A 1 =~ = 1

+L 2 Ear [AlquQQQﬂ St [Q:RQ, DA +0 (N 1)

w1 W2

[A1Q1RA,Q;]

and also

1 A - 1 _ _
NEU {A1Q1A2Q2¢} = N]Etr [A1Q1A2Q:]
+ 222 g (A1 QiRQy0] i (QuRQAL) 1O (V)
W1 wo N 11 2 N 2 1432 .
where we have additionally used Proposition 3 together with
the bounds in Lemma 1. Particularizing the second equation
to the case A, = R we obtain

1 1

1 A A
NEtr AlQlRQ2¢:| = mﬁEtr

+O (N7

[A1QRQ,]

where we have implicitly used the bound in (76). Replacing
this result into the first two equations, we obtain the result. H

We have now all the ingredients to characterize
the asymptotic behavior of the mean and variances of
N-ltr QlRQlfw} and N1t {RQlRQlf{Qﬂb} that
appear 1n (78). Using the fact that the variances of these two
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N
pal

— Et
w1 N2 '

E [F2(2’1722)] = 2711

w1 N
21
w1N2

z ~ A T n o~ — T
. 1}Eu~[ (Al o (AQQlRQ2A6) ) B, (A4 © (A5Q2RQ1DA3) ) Bso

(Al ® (A2Q1RQ2A6)T) B (A4 © (ASQQR@A:;)T) B:¢

+O(N7Y). (95)

1 — _
—tr [Al (AQQlRA3 O] Bl) Ay <A5Q2A6 © BQ)]

+O(N7Y) (96)

terms take the form O (N~2) together with the reasoning in
(91 )-(92), we can write the term fi; (21) as

11 A s n
i (1) = —s - Bt [RQRQu0| E[v]

oL (m S| y
gwl w1 1—F11

X %Etr [RQlf{QlRQl(;S} E[W]+0(N7Y).

Therefore, developing the expectation of the two terms
N—ltrinRQlfw} and N~Ltr [RQlRQlf{Q@} accord-
ing to Corollary 2, we obtain

fir (z1) = ¢— ———5 X
3
Z1 1
X — | =t
((Wl) N

Let us now deal with the term iz (1) in (79), which is
composed of four separate terms that will be denoted as
ﬂgl) (z1),... ,gé‘” (z1). Here again, using the bounds in (70)
and (76) we may investigate the asymptotic behavior of each
of the sum terms in fis (z1) separately. The first two terms can
be directly handled using Proposition 4 and decorrelating with
respect to the characteristic function as in (91)-(92 ), that is

[(RQ1)3} - 1111> E[P]+O(N7").

i (1) = (1+9) (w) x

1

x (;Etr [Q:Rdg (RQ1)]> E[W]+0 (N1

_ 1+s (&)’
1Ty \w

x B [(QiR)” dg (RQ)| E[¥] + 0 (V)

s (21)

For the other two terms, we need some additional results, that
we summarize in the following proposition.

Proposition 5: Let A;, i = 1,2 be two deterministic M x

M matrices with bounded spectral norm. Then, we can write
LEir [Qudg (QuR) RA0)
— %Etr [Qldg (QlR) RAl}
) [;]tr [QJ‘{AJ %u« [RQldg (QlR)H +O (N7
o7

and also

LEu (41010 42) (Q:oR) 9] =

N
1 . A
= B [(A1Qi0Ay) (Q:0R)| +O (N7, 08)
Furthermore, the variances of these two quantities are
O (N?).
Proof: See Appendix D. ]

Let us first analyze the third term /153) (21) . With the help of
the above proposition together with the bounds (70) and (76)
and decorrelating with respect to the characteristic function as
in (91 )-(92), we are able to write

%Etr {RQldg (Q1R> RQfM}
= VEir [RQRQ,ds (QR) | E (W]
_ Eutr {QllelR} x
X %tr [RQldg (QlR)} }E W] +0O (N

The first term on the right hand side of the above equation
can be handled using Proposition 4. As for the second term,
we can apply again the decorrelation procedure and express
the expectation of the product of two variables as the product
of expectations plus an error term. More specifically, if X and
Y are two random variables, we can write

E[XY]=E[X]E[Y] + E[X°Y]
IE[X°Y]| < VvarX |/E [m?]

If Y is bounded and the variance of X is O (N *2), we can
conclude that E [XY] = E[X]E[Y]+ O (N~'). Using this,



together with Propositions 3 and 4 we obtain

-(3)
fiz” (21)

3
- _%%E“ [(RQ,)"dg (QiR)| E[¥]

Fll (21/w1)2 1 + <

+ tr [RQ,dg (QiR)|E[¥] + O (N71).

1-Ty;, N

Finally, for the fourth term, we may also apply Proposition 5
and decorrelate with respect to the characteristic function, so
that

%Etr [(Ro Q) (QRQ, @ R) w9

= B [(Ro Q) (QRQ, o R) 6| E[w] + 0 (V)
Then, a direct application of Proposition 4 leads to

i) (21) = z

1 Z1 2)(
"1-Ty \w
1+¢

ot [(QioR) (QRQ, ©R)|E[¥]+0O (N 71).

X

Gathering the expression for fi; (z1) and ﬂ(;) (z1), i =
1,...,4, and using the fact that, by definition,
_ w
Q=—
21
we obtain (82), where fi (w) and D (w;) are defined in (35)
and (20) respectively.

D /2(C—uwI) ' D2

E. Analysis of the variance-related term © (21, 22)

To finalize the proof of Theorem 2, it remains to show
that © (21,22) can be asymptotically expressed as in (83).
We will follow the same procedure as in the characterization
of the mean-related term fi(z1), by first decorrelating with
respect to the characteristic function according to (91)-(92)
and then investigating the asymptotic behavior of the resulting
expectations. Recalling the form of © (z1,22) in (80), we
observe that we will need to characterize the expectation
of traces of quantities containing three different stochastic
matrices Q(z). In particular, from the expression of © (z1, 23)
we see that we need to characterize the asymptotic behavior
of random quantities of the form

C(Alv B17 BQ) =
= i [R(A1Qi 0 B)) R (QRQ, 0B, ) 0]

where A; is a deterministic matrix with bounded spectral
norm, and B4, B are two real-valued symmetric deterministic
matrices with bounded entries. The following result provides a
first step towards the characterization of the asymptotic mean
and variance of f (A1,B1,By). We will differentiate four
different situations, depending on the B, By have bounded
norm or are all-ones matrices.

Proposition 6: Let A; have uniformly bounded spectral
norm, and B;, B, Hermitian positive semidefinite and with

bounded entries. Then, var [é(Al,Bl,Bg)} = O(N72).

Furthermore, if both B; and By have bounded spectral norm,
we have

. B (22/w2)?
E [((A1 BBy = 22
x %Eu« [R(A1Q: ©B1)R(Q:RQ, ®B)]+0O (N7Y)

99)

On the other hand, if B; = 117 is an all-ones matrix and B,
has bounded spectral norm,

E[{(Ar, 117 B,)] =

2
) o
= %N]E“ [RAIQIR (Q:RQ, © By)]

(21/w1) (22/w2)2 1 _
— Wﬁtr [AlQlR] X

x B [RQR (Q:RQ, ©By)] + 0 (V) (100)

whereas if B, = 117 and B; has bounded spectral norm,
E [E(Ala Bla 11T)] -

3
1 ~ _
= %Nﬂitr R (A:1Q: ©B1) R (Q:RQ,)]

X %Etr [RQ,R (A1Q: ©By)] +O(N71). (10D
Finally, if By = B, = 117, we have
E [f(Al,llT,llT)} -
3
—_ (ZQ/WQ) itr [R (AlQl) R (QQRQQ)]

(1 — FQQ) (1 — Flg) N
; (Zzlv]E“ (A\QRQR] — +tr [A1Q13]> %
zl/wl (ZQ/CL}Q)S i

1- 1_‘22 (1 — F12)2 N

29 /wa 23 /wo

1 _ _
i NP < (1 —Tae)(1— I‘12)> v [RQ,RA;Q]

ZQ/LUQ Flg 1 —
— (1 — (1 — F22) (1 — I‘u)) —tr [AlQlR]

1-T12 N
+O(N7Y (102)
Proof: See Appendix D. ]
Using this proposition together with Propositions 3 and 4,
we can readily establish that O (21, z2) is as in (103) at the
top of next page, where A = (1 —T'11)"" (1 —Tg2) " and
T, =Q,DQ, —dg (Q:RQ,)
T2 = QDQ, —dg (Q2RQ2> .
We can further simply this expression by assuming that z; #
zo. It can readily be checked that

(21 — 22) = (w1 —w2) (1 = Ty2)

tr [RQ; R (Q:RQ,)]




~ A(l+¢q)I

A(1l+9) <2122
(1-Ty)

W12

Wiwsz

) (R (@DQ) R (@:DQ,) v

) B[R (QDQ)) RO 1r [RQUR (Q:DQ,) B[]

2129 1+¢
A >
+ <w1w2> N

tr [RY;RY:]E[¥]+O (N71) (103)

and therefore we may assume that w; # wo whenever z; and
z9 are located on the contour C, because [['12| < 1 in that
situation (cf. (76)). Furthermore, one can easily check that the
following identities hold true

1 _ _ Ty + o — 2T
7[R (@DQ)R(@DQ)] = 25 (wji =
21 2 1l+g 1T
<w> 2oy B [R(@DQ)RQ) - 0

Using these identities in (103) and noting that A =

D! (w1) D~ (w2) we obtain (83) with
-1
Bz, 2) = —
(21— 22)°

Observing that the integral in (85) is zero for this definition
of h(z1, 22), we conclude the proof of this theorem.

V. CONCLUSIONS

A central limit theorem for linear spectral statistics of the
sample correlation matrix has been obtained under the assump-
tion that both the sample size and the observation dimension
increase to infinity at the same rate. The theorem holds for both
real-valued and complex-valued Gaussian observations with a
general covariance structure (not necessarily proportional to
the identity) and can be applied to both the undersampled and
oversampled regimes. The result has been particularized to the
GLRT and FNT statistics, which are designed to determine
the presence of correlation among multiple —non-necessarily
identically distributed— Gaussian signals. It has been shown
that under both null and alternative hypothesis, these statistics
asymptotically fluctuate as Gaussian random variables, with
a mean and covariance that can be expressed in compact
analytical form. The analysis provided could be used in order
to establish the optimum choice of function f(-) in the LSS
in order to guarantee the best asymptotic performance in the
limit as M, N — oo at the same rate. However, this appears
challenging from the mathematical perspective, given the
complicated dependence of the asymptotic mean and variance
on this function. Finally, it would be interesting to compare
the asymptotic performance of correlation tests based on LSS
of the sample correlation matrix with those based on LSS of
the sample covariance matrix. Note that the results derived in
this paper are in direct relationship with those provided for
the sample covariance matrix in [24], so it seems feasible to
compare different correlation detection tests based on these
two different random matrix models. This is left for further
research.
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APPENDIX A
PROOF OF (9)

In this appendix, we prove that Dy — Dy converges to
zero in spectral norm. Since the spectral norm of a diagonal
matrix is the maximum absolute value of its diagonal entries,
we only need to prove that

{’dAk,M — th’} — 0 a.s.

max
1<k<M

where dk’ ~ and dj n represent the kth diagonal entry of D M
and D, respectively. To see the above, we observe that for
any € > 0 we can write

P( max {‘Cik,M —dk,M‘} > 6) <
1<k< M
M

< P(‘dAk’]\y*dk,M‘ >6).
k=1
On the other hand, observe that we can express
9 XX > ((1+<)N)
(I+¢)N
where x? (n) is a chi-square distributed random variable with
n degrees of freedom. Consequently,
5
- ]
=O(N7?%)
By Markov’s inequality,

P <1£I]1:g§w {‘dk,M - dk,M‘} > 6) <O(N?)

and the result follows from the Borel-Cantelli lemma.

dpyr = el RYV2Z_RY2e, = dy,

~ 5 5
E Udk,M - dk,M‘ } = lde,u["E (1+¢)N

’xQ((1+<)N)

APPENDIX B
PROOF OF PROPOSITION 1

In order to prove Proposition 1, we follow the procedure
established in [36] for similar integrals. Observe that all the
integrals of Proposition 1 can be generally expressed in the

form
1

o P @)L

27j
cd

TIn = (104)



where L£(w) is as defined in (25) —ommiting the dependence
on M- and where h(w) is a general complex function. By
noticing that pg is a root of (26), we can subtract the left
hand side of (26) evaluated at y = pg from the argument of
L(w) and equivalently write

L(w) =log | (w — o)

'7
NZ ’mewm "

The main advantage of this expression with respect to the one
in (25) comes from the fact that w — pg is always ensured to
have positive real part for all w in C}, regardless of whether
we are in the undersampled or the oversampled regime. This
will tremendously simplify some of the integration steps that
follow.

Let us briefly summarize the approach in [36]. Observe that
the integral in (104) can be obtained by evaluating at x = 1
the function J, (z) : [0,1] — R, defined as

— fto)

1
TIh () = Tﬂ%h(w)ﬁ(ww)dw
cd
where
L(w,z) =1log |(w— o) 17— ZK m
B B (105)
and where K,,, m = 1,..., M, are the following positive
weights:
K, = K, —Im™ (106)
Ym — MO

The main idea behind the approach in [36] comes from the
observation that 7, (x) is a differentiable function of z, and
that both 7, (0) and dJp () /dz can be easily computed
using conventional residue calculus. Therefore, one can find
the value of 7, (1) by finding a primitive of 7/ (x) and using
Jn(0) to fix the undetermined constant. We will begin with
the following lemma, which establishes the differentiability of
Tn(x).

Lemma 4: Let h (w) denote a complex function such that

sup |h(w)] < oco.
weld

The integral
1

fj{h(w)ﬁ(w,x)dw

27j
cd

In(z) =

is a differentiable function of x with derivative

1 oL(w,x
Tila) = = pw) 2
cd
-1
-1 T
C+
’Ym.

xNZK

where K, is defined in (106).

Proof: Note that J)(z) is well defined for some = €
[0,1], for example for x = 0. On the other hand, the partial
derivative W exists for all Cf x [0,1] and is absolutely
bounded by an integrable function for all z. To see this, we
need to use the triangular inequality to express

-1

Ym

Mi‘
X

<

OL(w,x)
ox

m=1

which is clearly bounded for all w € CJ. Indeed, by the
Cauchy-Schwarz inequality we will have

M 1 M Y 2
Z - <NZKm<7nL—,uO> x

m=1

1 M ~ 2
X — K n <1
¥ 2

where the last inequality follows from the fact that w € C
and from the the fact that pg always lies outside C’j (cf. [35,
eq. (49)]). A direct application of the Dominated Convergence
Theorem concludes the proof of this lemma. [ |

Next, we proceed to the application of the above lemma in
order to obtain the different integrals in Proposition 1.

A. Proof of (27)

Observe that this integral can be expressed as Zy (1), where

1
Ty (x) = Tﬂfﬁ(ww)dw
o

By Lemma 4 we know that this function is differentiable on
(0,1). Using the fact that Re (w — ) is always positive for
all w in C} we obtain

1
1 =
2@% og (w—pp)dw =0

c+

7o (0) =

whereas ~
M
= i ()
k=1

where pj, () is the derivative of ju (x), and pg (x), k =
1,..., M, are defined as the ordered solutions to

mzl Mk( )

Observe that there exist exactly M solutions, and that they are

always located inside’ Cl. Note also each py () is a simple

root of a polynomial equation, and is therefore differentiable
n (0,1), so wj, (x) is well defined.

(107)

3Indeed, one can readily check that puy (x) € (ux,vx) when z € (0,1)
and since the segment (pz,, vy ) is always enclosed by Co, so will be gy, ().



Taking the primitive of 7}, () with respect to z, we see that

M
—Zuk z)+C

k=1

for some unknown constant C, which can be determined by
forcing Zy (0) = 0 and noting that py, (x) — v, when z — 0.
Hence,

M M
Zo=1o (1) —ZM/H-Z%
k=1 k=1

where up = up(1), k = 1,..., M, correspond to the roots
of (26). In order to obtain the expression of this integral in
Proposition 1, we use the fact that po is a solution to the
equation in (26) and factorize this equation as

1——ZK 7’%“ =0.

1) (Ym —

(1 — po) 10)

By dropping the term (x — 1) we obtain an equation defining
the M largest roots of the original equation in (26). This is a

polynomial equation that has roots piz, £ = 1,..., M, so that
we may identify the following two polynomials
M M
[Te—w=T10e-w
=1 =1
M M
1 Km’yz H
-=> m T (e — ). (108)
N 1 (Ym — MO)fil

By isolating the coefficients of the terms in MM ~! on both
sides of the above equation, we obtain the identity

Km'V?n

s hvs | Ji
;Mkigf}%iﬁmzzl (Ym — ko)

which directly leads to the expression of (27) in Proposition
1.

B. Proof of (28)-(29)

We want to compute Z; (1), where Z; (z) is a function on

the unit interval given by
1 [L
_ j{ (W),
2y )] w—=C(

ch

Il (Z‘) =

where ¢ is a certain complex number not belonging to the
contour C7. We know from Lemma 4 that the above function
is differentiable because of the boundedness of h(w) =
(w—=¢ )_1 on the contour. Therefore, we can apply the strategy
in [36] once again. We will differentiate between two cases (
inside C and ¢ outside CJ.

1) The value ¢ lies outside C}: Assume first that ¢ lies
outside the contour C. In this situation, we can write

1 1
S— 1 —_— =
27rj7{w—§ og (w—pp)dw =0
cd

7, (0) =

which follows from the fact that the integrand is holomorphic
inside the contour, since jq is always outside CJ. As for the
derivative of Z; (), classical residue computation leads to

i ()

|
M=
=

where u (z), k = ., M, are solutions to (107). In
order to find the primitive of the above function, we need
to differentiate between different regions for the location of
¢. If ¢ € C\(RTU{0}), we can write the primitive of the
above function as

=

log (pi (x) = ¢) +C (109)
k=1

for some constant C, where log(+) is the principal branch of

the complex logarithm. Forcing Z; (0) = 0 we obtain the value

of C, and using the identity in (108) evaluated at p = ¢ we

conclude that

erm

) (Ym — Q)

Assume now that ¢ € R*T U {0}. In that case, the primitive is
given by (109), but taking the absolute value of the argument
of the logarithm. Operating as above, we reach the conclusion
that

M
=T, (1)=—log [ 1 - NZ

m’Ym

0) (rm — Q)|

However, the modulus of the argument of the logarithm can
be dropped, because (by Cauchy-Schwarz)

Ms

Li=T, (1) = logl——

M M

1 Knym, <Ly K

— 2
N el (Ym — ko) (ym =€) N = (Ym — o)

M
1 K,
L Ym S <1
m=1 ('Vm - C)

where the last inequality stems from the fact that both g and
¢ lie outside C:j . Therefore, the same formula is valid for all
values of ( outside the contour.

2) The value ( lies inside C:j : In this situation, we can
trivially obtain Z; (0) using classical residue calculus, namely

T2 (0) = g f o (= ) o = log (¢ = ).

(110)
Regarding the derivative 77 (x), the integration technique will
ultimately depend on the value of (. We will differentiate
between two different cases, namely (1) ( = -, for some
¢; and (2) ¢ & (pe,ve), £ =1,..., M. We will show that that
in these two cases, the integral can be expressed as in (28).



a) Case ( = v, for some £ = 1,...,M: In this case,
the derivative of the original function Zj () can easily be
computed using the classical residue theorem, namely

I’()—l—f - (2)
x = (r) — e )

where, again, py, (), k = 1,..., M, are solutions to (107). We
recall that that p () € (ue,ve) when z € (0,1). Finding a
primitive of the above equation and forcing (110) to determine
the indeterminate constant we obtain

Km} T
log + 1o ’ - —
kzl :c) N e — pe (z)
kAl
where we have used the fact that
_ K 2
i Ve M (®) _ Kk (111)
z—0 X N Ye — Mo

Therefore, the value of Z; is obtained by allowing x — 1 in
the above expression, which leads to

Kg’yg 1

Ve — Yk
N ve—

M

Il = Z 10g
k=1 7
k#L

Using the identity in (108) evaluated at © = v, we obtain the
value in (28).

b) Case ¢ does not belong to any interval (pg, e, € =
1,...,M: In this case, the derivative of the original function
i (x), z € (0,1), can be computed by obtaining the residues
at the simple poles {yy, (z),k=1,..., M} and {¢}. These
are all different, because py () € (ug, k), and ¢ does not
belong to any one of these intervals. The derivative Z} () can
be expressed as

T (x) =

& Sme TS . 1 /
- _ x).
R 2w @
(112)
In order to find the primitive of this cost function, we must
differentiate between the different locations of (.
Assume first that ¢ belongs to C\ (RT U{0}). In this
situation, we may write

Y'L
mv —C

M
Ty (z) = log 1—%2[?
m=1

M
=D log (uk () =)+ C
k=1
for some constant C, where log(-) is the principal branch
of the complex logarithm. Indeed, observe that the argument
of the second logarithm never lies on the negative real axis,
because ju;, (x) € (pr,vx) and py > 0. As for the first term,
we observe that the logarithm argument lies on the negative
real axis if and only if ( is real-valued and
M
¥ 2 K

m=1

Vm - z
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implying that ¢ € (g, y¢) for some ¢, which is in contradiction
with our initial assumption. Hence, imposing (110), we see
that for ¢ € C\ (RT U {0}) we may write

M
e — ¢
+log (¢ — po) + > log () . (113)
kZ:l pe () = ¢
Forcing x — 1 in the above equation we see that

7, (1) = log (¢ — o)

where we have used the fact that ¢ € C\(R*T U{0}) by
assumption, together with the identity in (108) evaluated at
p=C

Next, consider the case where ¢ € RT™ U {0}. In this
situation, the primitive of (112) takes the form in (113) but
taking absolute value in the argument of the last logarithm. The
value of the original integral is obtained by allowing x — 1
in the above expression. Assume first that ( = p, for some
¢ > 1. In this case, we can see that

T, = log (pe — po)

where we have used the fact that

() —pe [ 1 =
ignl -z = NZKm

together with the identity obtained by taking derivatives on
both sides of (108) evaluating the result at y = pp, namely

—1

M M
T - Z — | %
r=1,r#¢ m=1 :U’f>

M
< [T On -
r=1
Finally, assume that ¢ ¢ {ux, k=1,...,M}. Following the

same procedure, one can show that the formula in (28) is also
valid in this case.

C. Proof of (30) and (31)

We will follow the same procedure as in the above deriva-
tions. The proof of (30) does not present any further compli-
cation and is therefore omitted. Regarding the proof of (31),
we consider once again the function

L Lty
27TJ ) (w — fYq)

w

I3 ()

where L(w, ) is defined in (105). Applying Lemma 4 with
h(w) = (w— fyq)_s we see that this function is differentiable
on the unit interval. We can easily compute Z3(0) with
conventional residue calculus, namely

L%log(w—uo)dw:

27j (w— 'Vq)g
C+

T5 (0) = S (114)

2(vg — o

w



As for the derivative of Z3 (), one trivially finds that

2
/ Vg — Mo
(@) 33‘"’(va§> _7ZK —q
rn;ﬁq
M
= 1y, ()

where py(z),k = 1,..., M, are the solutions to (107). One
can easily find a primitive of this function as

1 (N (vg— o) ’
T = — = 1—-2x— E K
3 (@) 2332( K2 x m ‘ Y — Vo
m#q
11\7[
+§§ +C

= ( 7'1)

for some constant C' that can be determined by forcing (114),
namely
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and
i( 1 1 )
2 2
i\ (k=) (e —g)
k#q
- 2
M
1 1
)] -
1 Yk — Vq HE — Vg
k#q
M
1 1 1
> (-]
(Vg = tg) 7=\ Vg =% Vg — b
k#q
1oL
_9_ Ke—2— (116)
q Kovgimn (=
k#q
are valid for ¢ = 1,..., M.

Proof: The identity in (115) can be proven by taking
first order derivatives of the polynomial identity in (108) and
evaluating the result at u = ~,, see further [35, Appendix
IV] . The identity in (116) is obtained by taking second order
derivatives at either side of (108), evaluating the result at y =
4 and using (115) together with the identity

1 Mo M = M
C=-= Ko Ky
2 ﬂq N Z ’Yq H (H’F - ’Yq) = *$ H (7@ - "Yq)
m#q =1 t=1,0#q
N ,uo which is obtained by forcing u = 7, in (108). [ |
q’y N Z K’"L Fy )
1 m-! Tm = APPENDIX C
i DERIVATION OF THE ASYMPTOTIC MEAN AND VARIANCES
1 1 1 OF THE GLRT AND FNT STATISTICS
2
2 = (ke — ’Vq) 2 (g — ho) In this appendix, we derive the asymptotic mean and vari-
k7 ance for the two test statistics considered in this paper, namely
where we have used (111) together with the GLRT and the FNT statistics. The main tools are given in
closed form expressions for the integrals in Lemma 3 and
Proposition 1.
1 1 K, 1
lim | — — — Ll = — Z K i A. Asymptotic mean and variance of the FNT statistic
=0\ x N oye— g (2) N Ym = Yk . . . .
%;}C Regarding the asymptotic mean, we can divide the integral
. o in E3)4) into two different parts, namely p,, = (1 +¢) ugw) +
pm (L1 K 1 S R Ym Sy, » where
o0z |z Ny —pe(z) N~ " ym—
m#k 1 1 1
. i &):Tf‘%—ﬁtr (CI\/[@M( )—QC [(") ( ))
Kivi x~ 7 Im JJes
e ZKmW —71«)2
fidora " OCuON (W) | Qum (w) dw
Inserting the expression of C into I3 (x) and taking the limits 1
- - — ¢ w—tr| (Cu®3}; (w) ®Cur) x
as x — 1 we obtain the final expression for Z3. The formula 21 Jo- N M= M M
in (31) is obtained by applying the following lemma. -
Lemma 5: The identities X (@ (w) ® Car) | Qur (w)dw  (117)
M N M N
ZK‘I( T Mk ):ZK’“< Yo Ha )nd
1 Yq — Yk Yq — Mk 1 Ve — Vg Ve — Mg @) 1 %tl‘ [C?WG)?W (w)]
k#q k#q By = Oy (w)dw (118)

(115)

2 e 1- 31w [C3,03 )



where Qs (w) is defined in (22). To solve the first integral, we
can use the eigen-decomposition of Cj; together the partial
fraction expansion of the resulting polynomial quotients and
the integral results in Lemma 3, so that

1
(CM ® C]V[)Q} — QNU' [C%M]

1

where we have used the fact that (Ip; © Cps) = Iy
In order to obtain a closed form expression for ugf),
we notice that the integrand is holomorphic except for the

eigenvalues 7,,, m = 1,..., M, and the 2M solutions to the
equation

1= Lt [C2,02 ()] (119)

N
which will be denoted as U,,, m = 1,...,2M (we allow for
possible repetitions in case of multiplicities of order 2). It can
be trivially seen that all these values are inside the contour
C,. Indeed, the region outside C,, belongs to the set of points
in the complex plane such that [35, eq. (49)]

M
weC Nz::

Therefore, it suffices to prove that the points 9,,, m =
.,2M are such that

VL

This is a consequence of the Cauchy-Schwarz inequality,
because

1 M ~ 2 1 M '}/2
1=— K, " < = K,—T
N Z (%» —19m> N Z e — O |?

and the fact that equality only holds for z € T, defined in
Lemma 2, whereas z € C bgr assumption (see also Appendix
F). Therefore, the integral p;, can be evaluated by computing
the residues at all these points, leading to

<1
_w|

> 1.

[ = Ol

()

1237,
2
s | M N
== |m |-y K EKomYom
m=1 N r=1 Yr — TYm
r#m
M M
1 1 ~2
-3) —K.YAl1-=) K, r
mz_l N ( N ; (VT - 'Ym)2
r#m
_ _ 2
2M 1 M 5
- 2 [1-=) K,—ZF 120
+ mz:j 2 N ; — (120)

The expression of this integral can be further simplified by
applying the following lemma.

Lemma 6: Let ¥,,, m = 1,...,2M denote all the roots
of (119), with possible repetitions in case of higher order

22

multiplicities. Then,

12 v M
32 Om= m (121)
m=1 m=1
1 2M M 1 M
32 =D Tt 2K (122)
m=1 m=1 r=1
Furthermore, for any ¢ = 1, M we have
2M M
1 1 1
- = (123)
2m:1ﬂmirw nlzzlfymirw
m#£L
2M M
1 1 1
- = (124)
2 =t Wm =) mzzjl (Ym = ve)
m#L
M
N 1 ~2
+ 1 K, ~
Kevg N ; (v —W)Q
r#l

Proof: Consider the following polynomial identity, ob-
tained by expressing (119) in polynomial form
2M

wr
Hm:l (Im — ) = Hm:l (ym — 19)2
1 Y i

The identity in (121) is obtained by identifying the coefficients
of the terms of order 2M — 1 on both sides of the above
equation. On the other hand, the identification of the term of
order 2M — 2 leads to (122). To obtain (123 ), simply take
first order derivatives on both sides of (125) and evaluate the
resulting polynomial identity at 9} = ~y,. Finally, taking second
order derivatives on both sides of (125) and evaluating the
result at 99 = ~, we obtain —after some algebra— (124 ). [ |
Using the identities in Lemma 6, we are able to write

Y — ). (125)

_ 2

1 2M 1 M ~
SN2 (1= K =
2 Z mn NZ k’Yk 19771
m=1 k=1
_ _ 2
1 M M
_ 2
=352 Kl [ 2 K
r=1 r=1
2
M 1 M N
k
+D | 1l-= Ky
k#m
1 M 1 M "
+3=) Kni|l1-=) K, r
N ; N% (7 — )

Inserting this into (120) and using the identity (obtained by
exploiting the symmetry with respect to the sum indexes)

M M M M

2
Tm Y
23 Y KKy S S KK
m=1 r=1 Tm Tr m=1 r=1
r#m r#m



we finally obtain

5\24) - N ZK7FY'I

and therefore p,, as given in (38).
Regarding the asymptotic variance, we may re-write (36 )
as

Py = 4772% f Qur (w1) Qur (wa) 3y (w1, w2) dwr duws

where 7%, (w1, ws) is defined in (37) and where we have
slightly deformed the contours so that C, is enclosed by C_,
We can first compute the integral with respect to w;, which
will be denoted as

1
Tar(ws) = 271172 Our (w1) 72, (w1, ws) door.

Using the identities in Lemma 3 and the eigendecomposition
of Cj; one can easily establish that

1 oy (wi,w2)
— d
2rj fo, M 0 T
M M
1 T 1 2 Vw2
m 2 m 3
Nrnz::I (Ym — wa) N? m,Z:l (Ym — w2)
M M
1 Vou Vi 1
+2— K, K,—=
NQ;}; Ym = Ve (Y — w2)

1 .
- QNtr [C‘?MQ?M (w2)] — QCWNtr [C?w@?w (w2)]
1
+ QNJDI' [C[\/[ [CM —dg [C?\/IH CulA (UJQ)] .
So, finally integrating with respect to ws (again, with the help
of Lemma 3) and using the following two identities (obtained

by exploiting the symmetry with respect to the sum indexes)

M M

1 77n7k
NP DD I v
N® o = Tk

k#m

Z Km%ﬂ N N2 Z

m=1

1 M M ’Y4 5 . M
mVk _ 5CN 3
2ﬁ Z Z Kon K, " - QW mzzjl Kwﬂ/m

m=1 k=1 Ym — Vk
k#m
Lo L 2
=357 D Ko+ | 2 K
m=1 m=1

we obtain (39).
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1) Boundedness of the mean and variance: Using Lemma 1
we see that, under (As2) — (As3), the mean p,, is absolutely
bounded for all M, i.e.

lasl < (1 +¢)ear [(Car © Cur)|?
+ 2+ em ICull® < (3+2) e < +00

where the last inequality follows from the fact that the diagonal
entries of C); are all one and the fact that ||C||* < 62, with
0 being defined in (12). Using the same reasoning, one can
show that

2

2
1
1By > 2(1+¢) (Ntr [C?ﬂ) >2(1+¢) 2 >

94

and also

@] < 2(1+5) 3 [Cuall*
+4(1+) ea |ICul* (ICu | + ]| C3 [H) < +o00.

B. Asymptotic mean and variance of the GLRT statistic

As in the past subsection, we divide the mean into two
inteerals. i _ (1) (2) )
grals, i.e. py, = (1+<)py, + spy/, where here g/
and uﬁ) are as in (117 )-(118) but with Qps (w) replaced by
—Ls (w). The first integral can be computed by considering
the eigen-decomposition of Cj,; and using the results in

Proposition 1. After some algebra, we arrive at

1) 1

Ky = _§CM
1 -1 -1
- MONU {CM (Car — polnr) " © Cur (Cas — polng) ]
Ko 1 _ -1
+ 9 NtI‘|: ((CM ,LL()IM) ® CN[) X

X ((CM —poly) Tt @ CM) } .

Let us now deal with the second integral associated with the
asymptotic mean, i.e. ug\?. To compute this integral, we will
follow the approach outlined in Appendix B. We can express
Ngu) = J(1), where J(x) is the following function on [0, 1]:
j(l‘) — L% %tr [C?M@?\/l (w)]
2mj Jes 1 — ytr [C3,03 ()]

and where Ly (w,z) is defined in (105). The value of the
function at z = 0 can be easily computed using the classical
residue theorem. Indeed, observe that we can express

Ly (w,x) dw

if{ +tr [C2,03, (w)]
27j Jex 1 — Lt [C3,03, (w)

J(0) = ] log (w — po) dw

and since po is always located outside CJ, log(w — o)
is holomorphic inside the contour. The only poles of the
integrand are the eigenvalues v,,,m = 1,...,M, and the
2M values that null out the denominator, which are denoted
by ¥, m = 1,...,2M (counting multiplicities). It is shown
above that all these values are inside the integration contour.



Therefore, computing the residues at these two sets of poles,
we can express J(0) as

(126)

ot
= 10g (Ym — Ho —leog — Ho)
m=1

On the other hand, according to Lemma 4 in Appendix B,
J () is a differentiable function of 2 on the unit interval, and
we can compute its derivative as

T(z) = 1 %tr [C%w@?w (W)} 0Ly (W,Jﬁ)d
(x)_27j 1 L [C2,@2 P v
Ca N r[ MOM (W)] z

where

i 1
0Ly (w, x) x ~ Y
- 1—-—= Kn
ox N mZ:l L'ym —w X
1 M ~ v

XNZKm — (127)

and where IN(m is defined in (106). The integral can be
solved using conventional residue calculus, taking into ac-
count that the only poles are the eigenvalues {v,,}, the
values {¥,,,m=1,...,2M} considered above, and the
zeros of the denominator in (127), which are denoted
as {ftm (z),m =1,...,M}. Computing the corresponding
residues, we readily obtain

_ Y M 2
i TN Kb (@)

N L7 (e — s (2))°
Ty =" - S )
m=1 N r=1 KT (’Yr_Nm(“j))z
2N 1 M -
1 N T:l K vrryﬁm
3

Vm

where p) (z) is the derivative of p,, (z). Finding a primitive
of this function and imposing (126) we obtain

J(z) = Mlogz
1 & K,
PR 1“ZK e
2M
1
_§mz:110g (Om — o) 1——ZK —19m

where we have used (111). The result can be obtained by
letting * — 1 in the above equation. The following lemma
will simplify the result.

Lemma 7: The following identities hold for any r =
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1,..., M
2M M
(W =) = = Ko [T O =) (128)
a=1 k=1
k#r
Wg—pr) =] e —pr)” |1 = = D K"
q=1 k=1 N m=1 (me - /’LT)
(129)
M M
K.~ 1
Bg — V) = ] (0 — ) (130)
e CATE | S
k#r
On the other hand,
2M M M
(Vg — o) = [ [ (v = 1o)® fz 5
a=1 k=1 N = “0)
B (131)
and for any r = 1,...,2M, we have
M M 1 M ~ ~
1L =0 = ] e =00 1= 2 ¢ ”1’”
q=1 k=1 =1 (Ym — 9r)
(132)

Proof: The fact that the quantities p, and 9, are roots
of polynomial equations allows to identify their associated
polynomials as in (108) and (125) respectively. Equations
(128), (129) and (131) are directly obtained by evaluating
(125) at ¥ = ,, ¥ = pu, and ¥ = pg respectively. On the
other hand, (130) and (132) are obtained by evaluating (108)
at u =y, and p = 19, respectively. ]

Direct application of Lemma 7 allows us to write

M N2
@ _ L (-1
i =l | 2 e e

Let us finally compute the asymptotic variance of the GLRT,
by direct evaluation of (36), namely

-1

M=

f+ N EM (wl) ,CM (LUQ) 5'12\4 (wl,wg) dwlde
C Cio

where 7%, (w1, ws) is defined in (37) and where we have
slightly deformed the contours so that CJ is enclosed by C .
We will separate ®,; into three terms, i.e. ®y; = QE\Z) +
@S\i) + ‘I’g\?}), corresponding to the three terms of 53, (w1, w2)
in (37). We will compute these three terms separately. A direct
application of Proposition 1 leads to

I+¢ 1
q)(2) N ’
N 12 v Jes, Lr (w1) Lar (wa) X

x tr [C3,03 (w1) O3 (w2)] dwidw,

1 2
;gtr[c 2,02, (110)]




and

3 alts —1%
‘I’M = N A2 C+2£1u (wl)EM ((,UQ) X

X tr [CMA]W (wl) C]\/[AM (wg)] dwldwg
= 1+ <tr [(CM (®JVI (/J()) - dg [CIMQM (/‘0)]))2} :

Therefore, it remains to compute

_1+<%j{
472 et Jez,

Note, first of all, that by using the integration by parts formula
and classical residue calculus we can write

L% Ly (wl)ZdM:L]{ 1
et ( cd, (w1 —w2)

27TJ & w1 —(.UQ) 27TJ
M 1 1
_Tnz::l (Wz—lim a w2—’)’m>

and therefore, using Proposition 1 together with the identity
in (108) evaluated at 1 = o, we obtain

Lar (w1) Lar (w2)

(w1 — wa)?

1 A

dw1dws.

dﬁM (wl)
dw1

2
_ Om
m

1
(Dgw) == 2
— Ho)

(1+¢)log | 1—

1) Boundedness of mean and variance: Let us first analyze
the obtained expressions in the undersampled regime. In this
situation cp; < 1 and pg = 0, so that the asymptotic mean and
variances respectively take the form in (42 )-(43). It follows
directly from (7) that sup,, |pt5;] < co. On the other hand, the
function z — —z — log (1 — ) is monotonically increasing
in [0,1] from 0 to +occ. This, together with (7) implies that
@,/ is bounded away from zero for all M (note that the third
term is nonnegative). Since the spectral norm of C,; is also
bounded, we reach the conclusion that ®,,; is also bounded
for all M.

The oversampled regime is a bit more complex to analyze,
due to the presence of a strictly negative value p. This value
is the negative solution to

M
Z 7}'L
Let Ymin and ymax denote the minimum and maximum eigen-
values of Cj;. One can readily establish the fact that

=1.
— Mo

(133)

CM —

1

Yamin < |to] < enr (134)
Indeed, the inequality on the right hand side follows from
(133) and the fact that pg < 0 and trCjy; = M. The identity
on the left hand side is obtained by rewriting (133) as

CM_l:iiK 1o
e M A=y + ol
L~ o1 ol
<ol 37 D Ko < =

dw

1
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As a consequence of (134) and (As2) — (As3), |uo| is always
contained in a compact interval of the positive real axis. On
the other hand, we can also establish the bounds

[C?\/[@?\/[ (,UO)] < YmaxCM

YmaxCM + “Ymin (CM - 1) -
(135)

Indeed, the inequality on the left hand side follows from
the application of the Cauchy-Schwarz inequality to (133),
whereas the inequality on the right is obtained as

1 1
CJW S Ntr

M
1 1 ’ym 'Ymax
—tr[C2,02 < |~ K
N (GO (10)] < Nm2=1 Ym — 1o | Ymax + |0l
— _ max
Ymax + ‘/J’0|

together with the lower bound on |ug| established in (134).
The bounds in (135) together with (As2) — (As3) imply that
this quantity is located in a compact interval inside (0, 1) for
all M. At this point, we have all the ingredients to bound the
asymptotic mean and variance of the GLRT statistic.

A trivial use of the triangular inequality and Lemma 1 in
(40) shows that

IS 1
lis—2bg<b—Nw

mﬁ®bmm>

2
|M0|

1+¢ 2 2
5 +1> o] |Cas[I” [|©ar (120) |l

+

ev+(L+¢)em (

Since z — —log (1 — z) is monotonically increasing in [0, 1]
from 0 to 4+oo, we see from (135) that the first term is
bounded. The second and third terms are bounded thanks
0 (As2) — (As3), (134) and the fact that ||@ps (uo)|| <
(Ymin + |N0D71

Regarding the boundedness of the variance ®,; in (41),
using the fact that © — —z — log (1 — z) is monotonically
increasing in [0, 1] from 0 to +oo and (135) we readily see
that inf,; @5, > 0 and that

1
+§t

T (C]\/[ (@]u (/lo) — dg [CZMGZW (}U'O)]))z}

for some positive constant K independent of M. On the
other hand, using Lemma 1 together with (As2) — (As3) and
1© a1 (120)|| < (Ymin + |0]) " We see that the second term
above is also bounded for all M.

APPENDIX D
ASYMPTOTIC BEHAVIOR OF QUANTITIES BASED ON THE
RESOLVENT

In this appendix, we follow the convention in Section IV
and obviate the dependence on M in all quantities, so QZ =
Q]w(zi), w; = wys (2;) and so on. We will denote by A; and
B, certain general deterministic matrices. The A;’s will be
assumed to have bounded norm, whereas for the B; we will
only require that they are Hermitian positive definite and have
bounded entries. We recall that the spectral norms of R, Qi,
qu, Qigzﬁ, etc. are bounded uniformly in z € C. The following
lemma will be constantly used throughout this appendix.



Lemma 8: Useful identities related to the Schur-Hadamart
product:

tr[A (As © Ag)] = tr [(A; © A) As]
(A®B")1 =vdg(AB)

(a; ©ag)(ag © a4)T = (ala3T ® aQa4T)

(136)

vdg (A1)" (B ©BY) vdg (As) = tr[dg (A1) B1dg (A2) B

(alag ® Bl) (a3a4T [O) B2> = a1a4T ® (Bldg (a3ag) BQ)

tr [(alag ® Bl) (agaf O] Bg)] =
= (a1 0ay) (B1 ©@B]) (a3 © as).

A. Proof of Proposition 3 (one resolvent)

Using the first identity in Lemma 8 and observing that
A, (Ag ® BIT) A has bounded spectral norm (see Lemma
1), we see that it is sufficient to prove the result for the case
As = A; = Iy and By = 117, Let us first concentrate
on the expectation of (88). We fist note that we can express
the sample covariance matrix R as in (59) where X is the
(7,7)th entry of X and where e; is the ith column of the
M x M identity matrix. Using this, we can write

M N

S E [XijAlQlRl/QeixJHRl/?qs .

i=1 j=1

1

E [A1Q1R¢] =N

Each of the terms of the sum on the right hand side can be

developed using the integration by parts formula in (52) of
Lemma 2

E[A1QiR| =E [4,QiR0]
+ z%lﬁj A:1Qidg (QIR) Ro)|
o[ e fa
—g%ﬂi {AlQlRQlf{qb} +O (NN . (37)

Using the definition of 81 = 8 (21) in (58) we can express the
above equation as

(1 bt [QlR}) £[A1QuRo| -

1;%5 {A1Q1dg (QlR) Rfi)}

) [A1Q1R¢} +2

—%E [(AlQlfw) 51} —§%E {A1Q1RQ1R¢} +O (N7Y).

Now, using the identity in (69) together with the lower bound
on (70) we see that we can write

~ 1 A
E[F1(21)] = Etr [A1QiRg)|
2 1+¢
w1 N2

_AE Htr [A1Q1R¢] *81} —i—lg !

— %%Etr [A,QuRa| +

_Etr [AlQlRQlfw}

w1 N 1 Ni
+O(NT).

Etr [A1Qidg (QiR) Ro
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Using Lemma 1, the second and fourth terms on the right hand
side of the above equation can be easily bounded by quantity
of type O (N~1), so that

E[F1(21)] = %%Etr [41QiR0] (138)

1 A A _
- %E {Ntr [A1Q1R¢>} f\}] +O(N7Y).

Next, consider next the quantity E {Al Qlf)} Using the fact

that D = dg <fl), inserting the expression of R (59) and
applying again the integration by parts formula (52) in Lemma
2, we can similarly write

%Etr {AlQll“)qs} - %Etr {AlQqus}
11:;;15“ [4:Q1 (@ oRT O R) o]

- %Etr [AlQlf{dg (RQl) qs}

= g%Etr [A1QiRdg (RQ, ) 6| + O (N 7).
Using here again Lemma 1 we readily see that

+ 2z

L Eir A:1QuDo] = L Eir [A1QiDo) + O (N 1),

N N (139)
Hence, combining (139) and (138) we obtain

1 N _

NEU {Al <Q1¢ - Ql)} =

- 25| yo [aRa0] §
w1

-1
N N]+O(N ). (140)

Assume that we have proven that varf 1(z1) = O (N72), so
that in particular var (81/N) = O (N~2). This will imply

%Etr {A1 <Q1¢ - Ql)} =
~ g [}Vt [Alalﬁalgs}] E m LONY) (141

and the result will follow from the fact that | [N -1 51] =
O (N71). To see this last point, define Q; = Q(z1), where

~ . -1
Q(z) = (R - ZD)
and note that, similarly to (49), we can establish the bound

‘(ézIM)_ < m

for some positive KX > 0 independent of N. On the other
hand, we can also establish the identity

Q-Q=xQ (]j—D> Q:

and this implies that

5[8] - Lee[r(Qo-a)]

|ae)| <D (142)

N| TN
+ zlﬁEtr [QlRél (f) _ D) (;5} . (143)



Now, from well known results of the sample covariance matrix,
the first term is well known to be expressible as O (N *1) [37].
As for the second term, we can use the fact that

dgR = g enel Re el

m=1

M N M

Z Z Z ene, X”Rl/ze xHRl/QemeT

where in the second identity we have inserted the expansion of
R in (59). Inserting the above equation into the second term
on the right hand side of (143) and applying the integration
by parts formula (52) in Lemma 2 together with the bounds
in Lemma 1 and (49)-(142) we can obtain

%]Etr [QlRél (13 - D) ¢] =0 (N 7).

From (143) we conclude that E[3;/N] = O (N~!) as we
wanted to prove. Using this fact in (141) directly proves (89).
As for (90), it follows directly from the application of (89)
into (138), together with the fact that E [N"13,] = O (N7!)
and var (81 /N) = O (N~2) (note that this last fact is still to
be shown).

To conclude the prove of Proposition 3, it remains to
see that the variance of the two random quantities under
analysis are O (N2). In particular, this will prove the fact
var (81/N) = O (N—2), which was needed in the asymptotic
characterization of the above expectations. To see this, we will
directly apply the Poincaré-Nash inequality presented in (53)
of Proposition 2. In particular, we observe that we can write

2
_ M N |9itr |[A QiR
Var[fl(zl)]gzzlg N [6X11 }
i=1 j=1 v
2
oLtr|A; QiR
P Nr{ 1Q1 ¢}

0X};

whereas an equivalent expression is valid for var [F 1(z1)]. The
following lemma together with the bound in (49) allows us to
conclude that these variances are all O (N~2).

Lemma 9: Let T = Y (X, X", 21, 22) be an observation-
dependent random matrix such that sup,; [|Y¢| < oo uni-
formly on (z1,22) € C x C. Then, we can write

2
R || o
e
M N 1 6@1 2 »
;;E A lTaXi*jgb =0(N7?)

M N 2
0 _
Y E| | —ow

i=1 j=1

Furthermore, the same identities hold when O()/0X; is
replaced by J(-)/0X;; in all the expressions above.
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Proof: To prove the first identity, we simply use (67) in
combination with Jensen’s inequality and Lemma 1, so that

I

2
R 2 1 L
— < —
22 tr[ 5 qu < Etr[’I‘RT Rqs}

2 _
+§N2N O(N7?).

Regarding the second identity, we use (68) also together with
Jensen’s inequality and Lemma 1, namely

N 2
1 0Q1

Etr [‘I‘HRTRgb}

M N

2. E

i=1 j=1

BN

<4l Leer R (QurQ) Ras (Qrr @) o

2
|21]
N2 N

+ 4]\}2 JbEtr {(Q1TQ1) R (Q1TQ1)H R(ZS}

+4g

r {Rdg (QlTQl)H Rdg (QlTQ1> ¢]

=0 (N7?).

+4§W NEU [(QlTQ1) R (Q1TQ1>H fw)}

Regarding the last identity in the statement of the lemma, we
know from Appendix E that

- s (o (1) (1)

where adj(A) is the adjugate of A. Therefore,

M N

D) E

=1 j=1

1 N N . 2

_ 49’ J]rvg) r {RR (¢ (R)adj (¢ (R))) ]
and the quantity on the right hand side is shown to be
O (N7N) in Appendix E . The proofs for the case where
d()/0X3; is replaced by 9()/0X;; are completely equivalent
and are therefore omitted. ]

8X*

B. Proof of Proposition 4 (two resolvents)

We define the following matrices, which will be useful in
the algebraic development of this section:

Iy = dgvec (In) Z eTe R e,e ) (144)

N
HMN*ZZ eje ® e;€ )

=1 5=1

(145)

where e; (respectively €;) denotes the ith (respectively jth)
column of the M x M (respectively N x N) identity matrix,
and where dgvec(A) denotes a diagonal matrix with diagonal
entries equal to vec(A). We will also write TTy; = Ty a.
The above matrices have very interesting properties related to
the Kronecker and Hadamard products, that are summarized
in what follows.



Remark 3: The M? x M? matrix I, is idempotent and
can be decomposed as Iy = W MW where the M2 x M
matrix W, is defined as

Wy = [elelT, R eMeff]

Furthermore, it holds that [41] W (A@B)W, =
(A®B) for any two M x M matrices A and B. The
MN x M N permutation matrix 11 M,N 1s sometimes referred
to as the Kronecker commutation matrix. Indeed, if A is
an N x M matrix and B is an M x N matrix, we have
15, v (A®B)Ily,y = B® A. It holds that Wi Tly =
Wﬁ, so that IT/I15, = IIp,.

The following two lemmas will be repeatedly used in this
subsection:

Lemma 10: Let Aq,...,Ag,and By,...,Bgbeall M x M
matrices. Then, the identities in (146 )-(147) at the top of next
page hold true, where I, is as defined in (144).

Proof: To prove the first result, we begin by us-
ing the fact that, for four matrices of appropriate di-
mensions Aj...Ay, one can write tr[A;AsAsA,] =
vec (A4T)T (AT @ Ay) vec (Ay), so that, using vec(ajal ) =
as ® a; and noticing that a; ® ag = dgvec (a1) a2 we obtain
the result. The second identity is proved similarly. ]

Lemma 11: Let Aq,...,Ag, and Bq,..., B3 be matrices
of appropriate dimensions. Denote by €; the jth column vector
of the N x N identity matrix (as opposed to e;, that denotes
the ith column vector of the M x M identity matrix). Then,

M N
Z Z tr [Al (Ageiéng ® Bl) A4 (A5éjeiTA6 ® Bg)]

i=1 j=1

— tr [(A1 ® (AQAG)T) B, (A4 © (A5A3)T) Bg}

and the identites in (148 )-(149)-(150)] at the top of next page
hold true, where II,; is the Kronecker commutation matrix
defined in (144).

Proof: Very similar to the proof of Lemma 10, and there-
fore omitted. The only interesting point is the simplification
that is applied to the first equation, which is a consequence
of the identities tr[Ajdgvec(B;)Azdgvec (Bs)] =
vec (By)" (A2 ® AT) vec (B2) and
vec (B1)" (A1 ® Ag)vec (Ba) = tr [ATBTA,B,], valid
for matrices of appropriate dimensions. ]

Having introduced these analytical tools, let us focus on
the proof of Proposition 4. The fact that varf o(21, 22) and
varf o(z1,22) are both O (N~2) follows directly from the
Poincaré-Nash inequality in (53) of Proposition 2 together
with Lemma 9 presented above. Indeed, observe that both
OF 5(z1, 22)/0X;; and OF o(21, 22)/0X7; can be expressed as
a sum of terms of the form given in the statement of Lemma
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9, for example

OF 2(21, 22)
8Xij
Qi 4 OR
IEtr Bigx. Roé| + Etr E, Q) —— 5%, gb}
1 an ()
+ NEtr E, X, ol + Etr {EzQzﬁb} X,
+O (NN,

where we have defined
B = A (As (A5Q2Ac ©B2) A 0BT ) A:Qu (15D)
E, — Ag (A1 <A2Q1RA3 © Bl) AO BQT) As  (152)

and where we basically applied the property in (136) of
Lemma 8. Using Lemma 1 we can readily check that the
matrices multiplying the matrix derivatives inside the traces
have uniformly bounded norm. Therefore, application of
the Jensen’s inequality together with Lemma 9 shows that
varf o(z1,29) = O (N~2). The same reasoning applies to
varfF o(z1, 22)-

Let us next draw our attention to the expectation of the
two functions f (21, 22) and f 2(21, 22). Replacing R in the
definition of f o(z1,22) by its decomposition in (59) and
using the integration by parts formula (52) in Lemma 2
we obtain, applying several algebraic identities in Lemma 8§,
E [F 2(21,22)] as in (153 ) at the top of the next page, where
B is defined in (58), X1 (21, 22) is as in (154) at the top of
the next page, and where

~ z 1 A
Xz (21, 22) = *jE {Ntr {A1 (AZQlRAB ©) B1) X
x Ay <A5Q2A6 ©) BQ) ]51]-

Note here that matrices of the type dgvec (B;) have uniformly
bounded spectral norm thanks to the bounded entries of B;.
Therefore, applying the bounds in Lemma 1 together with
the fact that trlly, = trlly; = M and I = I1%,, we
obtain X1 (21,22) = O (N~'). On the other hand, the fact
that Ef; = O (N7') and varpy = O (N~2) (Proposition
3) implies E |3,]> = O (N~2). Thus, the application of the
Cauchy-Schwarz directly shows that Y (21,22) = O (N71).
Going back to (153), we observe that the first term on
the right hand is similar to E[f 2(z1, 22)]. In order to get
around this dependency, we analyze next a quantity very
51m11ar to F (21, 22) but replacing R by the diagonal D. Using
=dg (R) together with the fact that R can be decomposed

as in (59) and applying the integration by parts formula (52)
in Lemma 2, we are able to write

%Etr {Al <A2Q1f)A3 © B1> Ay <A5Q2A6 © B2> ¢] =

= %Etr {Al (AQQlDAg ©) B1) Ay (A5Q2A6 ©) B2> 4
+O(NT). (155)
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M
> tr[A; (Aserel A3 ©B1) Ay (Asere] Ag O By)]
r=1

=tr [(A?; ® Ag) Iy (Ag ® A.fj) dgvec (Bg) (A4T ® A1) dgvec (Bl)} (146)

M
Ztr [Al (AQeTeng © Bl) A4 (A5 (AGeT.ezA7 ® Bg) Ag ® Bg)]

r=1
= tr [IIyy (A] ® A3) dgvec (B ) (AT ® A4) dgvec (B3) (AL ® As) dgvec (Bs) (AT ® Ag)]  (147)
M N
Z Ztr [Al (Ageié?Ag, ® Bl) A4 (A5eiéfA6 ® Bg)] =
i=1 j=1

~tr {(Ag ® Ag) Ty (AL @ Ag) dgvec (BY) (AT @ A, ) dgvec (Bl)] (148)

M N
D> tr[Ag (Azeid] A3 © B1) Ay (As (AgEje] A7 ©B3) As © Bs)]

=tr [((A2A7)T ® A6A3) dgvec (B ) (AT ® Ay) dgvec (B3) (A ® Aj) dgvec (Bg)] (149)

M N
Z Z tr [A1 (Aze;87 A3 @ By) Ay (A5 (Age;&] A7 © By) As © Bj)]

— tr [flar,v (AT © As) dgvec (BY) (AT © Ay) dgvee (By) (AT @ As) dgvee (Bz) (AT @ Aq)| (150)

E [F2(21,22)] = %%Etr [A1 <A2Q1RA3 ©) B1) Ay (ASQZAG © B2) Qﬂ

le

N - T A T
i [(A1 © (A:QiRQ,As) ) B, (A4 © (AsQ:RA;) ) Bm]
+ X1 (21,22) + X2 (21, 22) + O (N7Y)  (153)

X1 (21, 22) = jlj\;gEU {AI (Angdg (Q1R> RA;3© Bl) Ay (A5Q2A6 © B2> ¢]
- %%Etr [A1 (AQQlRQ1RA3 ©) B1) Ay <A5Q2A6 ©) B2) ¢}
z21z21+¢

o Etr [((RA3)T ® A2Q1R> My ((A5Q2)T ® Q2A6> dgvec (BY) (AT ® A;) dgvec (B)) 4

_ %%Eu [ﬁM (AQQlRQgAE)T ® A§RQ2A6) dgvec (BY) (AT ® A;) dgvec (B) ¢} (154)

Now, combining (155) and (153 ), replacing A3z by QiAs C. Proof of Proposition 5

and using Proposition 3 we obtain (95). Finally, using (95) in

(153) we get to (96). This completes the proof of Proposition We begin by proving the identity in (97). Replacing R in the

4. expression on the left hand side of (97) by its decomposition
in (59), applying the the integration by parts formula in
Proposition 2, and using Lemma 1, we obtain the result. The
same apporach allows to prove the identity in (98). The fact



that the variances of the two quantities decay as O (N _2)
is a direct consequence of the application of the Poincaré-
Nash inequality in Proposition 2, simply noticing that all
the derivatives involved can be expressed in the form of the
statement of Lemma 9.

D. Proof of Proposition 6 (3 resolvents)

The fact that var E(Al, B, BQ)J =0 (N*2) follows
from the Poincaré-Nash inequality in (53) of Proposition 2. By
taking derivatives of (A, By, B2) with respect to the entries
X;; and X7; and applying Jensen’s inequality we end up with
a sum of terms that have the form in the statement of Lemma 9
above. Each of these terms can be written as O (N —2), which

directly shows that var [(A(Al, B, Bg)} =0 (Nfz).

Next, let us analyze the expectation of ((A1, By, Bs). By
replacing the first appearance of the sample covariance matrix
Rin( (A1, B1,By) with its decomposition (59) and applying
the the integration by parts formula in Proposition 2, we are
able to write

E {f(Al,Bl,Bg)}

= %]Etr [R (AIQI © Bl) R (QQRQ? © BQ) d)}

- mIE [vdg (A1Q1 A) B;vdg U2Q1 }
¢

— WE {Vdg <Q2U1) B,vdg (RQQRQ2) }
1 o T .
_ WE |:Vdg <Q2RQ2U1) B,vdg (RQ2) 4

+ %E {Vdg <Q2U1)T Bovdg (RQQ) ¢:| +0 (N_l)
(156)

where vdg(A) is column vector with the diagonal entries of
A and where the matrices U; and U are defined as

U, =R (A1Q1 © Bl) R

U, =R (Q:RQ, 0 B;) R.

Observing the form of the different terms in (156), we come
to the conclusion that, apart from the first one, the rest can
be expressed as N 2E [Vdg (G1)" Bvdg (G») qﬁ} , where G
and Go are random square matrices with bounded spectral
norm and where B is either B; or Bs. By definition, if B has
also bounded spectral norm, one can establish that

1
7 [vde (G1)" Budg (Ga) ¢| <

g \/tr [G1© GH] 1[Gy 0 GH]
= N

~ =O(NY).

In this situation, we can disregard the corresponding terms in
(156). Conversely, if we fix B = 117 (an all-ones matrix), we
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will have

%E {vdg(GOTBVdg(G?)Qﬁ} =F []17 (Gq) Ntr(Gz)}

_ %Etr(gl) %Etr(GQ)HE thr(Gl) <;,tr(G2)>°] .

In all these situations, it turns out that N~'tr(G;) and
N~'tr (Gs) are random quantities that can be described by
Propositions 3 and 4 proven above. Therefore, in all these
terms we can establish that E [N—2tr (G1) (tr (G2))°] =
@) (N *1), and we can provide a deterministic equivalent
for both N~'Etr (G;) and N~ 'Etr(Gy) up to an er-
ror of order O(N _1). In conclusion, we can easily es-
tablish the behavior all the terms in (156) of the form
N—2E [Vdg (G1)" Bvdg (G») qb} .

Regarding the first term on the right hand of (156), it will
be shown below that it can be expressed as in (157) at the top
of the next page. By Lemma 1, the first term on the right hand
side of (157) is always of order one. The next three terms can
be asymptotically neglected if at least one of the two matrices
B; or B, have bounded spectral norm. Indeed, observe that
all these terms can be written as N~ 2Etr [B; G1B2G2¢] for
some random square matrices G, Go that have bounded
spectral norm. Since both B, and By are Hermitian positive
definite, it suffices that one of them (e.g. By) has bounded
spectral norm to be able to write

1 1
‘]VQU" [BlGlBQGQ(ﬂ < ||B1G1G2¢” ﬁtr [BQ]
=0 (N7Y).

This means that, for the purposes of the proof of Proposition
6, we only need to consider the last terms in (157) in the case
where B; = By, = 117.

We have now all the ingredients to finalize the proof
of Proposition 6. Assume first that both B; and B, have
bounded spectral norm. In this case, only the first terms on
the right hand side of (156) and (157) are of order one, which
directly proves (99). If B; = 117 and B, has bounded
spectral norm, we should also consider the first term in (157)
and the first two terms in (156 ). Inserting the first term
of (157) into (156) and applying Proposition 3 and (157)
with A; = I, we directly obtain (100). Assume next that
B, = 117 and B, having bounded spectral norm. In this
case, we only need to consider the first term in (157), together
with the 1st, 3rd, 4th and 5th terms on the right hand side of
(156). We can deal with the non-vanishing terms of (156) as
follows. For the first term, we directly use (157). The third
and fifth terms can be described using Propositions 3 and 4.
Regarding the fourth term, using Proposition 3 we are able

to write it as —F {é(Al,Bl,Bg)} N~'tr (RQ,) plus some

error O (Nfl), where we notice that E |:é(A17B17B2)

precisely the quantity that we are trying to evaluate, i.e. the left
hand side of (156). Moving this fourth term to the other side
of the equality and applying the identity in (69) we directly
obtain (101). Consider finally the case B; = By = 117. In
this situation, all the terms on the right hand side of both (157)
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RQ, @B)]
2

R(Q:
-(2)

%Etr {R (A1Q1 ® B1> (

17I‘22N
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—]Etr R (A1Q: ®B1) R (Q:RQ,; ©® By)]

2
) 1 5RO L,RO.RQ,)
+ ;1 <wQ> 1 To, ﬁEtr {(R ® <A1Q1RQ2) > B; (R@ (QQRQQRQ1) > BZ]

(= L L
— — 5 r
wo 17F22N2

(ro (v0RQRA,)") B (Ro (QRQ)") B

_ %%t [(R@ (A1Q1RQ2)T> B, (R@ (Q2RQ1)T> BQ] +O (N, (57)

and (156) need to be considered. The right hand side of (157)
can be fully characterized using the third identity in Lemma
8 together with Proposition 4. The result can be directly used
to replace the first term on the right hand side of (156). The
second term can be handled using Proposition 3 together with
the identity in (157) particularized to the case A; = I;;. As
for the other terms of (156 ), they can be expanded as in the
previous case, which leads directly to (102). This concludes
the proof of this proposition.

E. Proof of (157)

Consider the two random functions f 3 = f 3(z1,22) and
F3=F3(z1,2) defined as

F3= %tr [R (A1Q1 © B1> R <Q2A2Q2 © Bz)]

Fs= %tr [R (A1Q1 © B1) R (QQRA2Q2 0 Bz)} .
where A, Ay are assumed to have bounded spectral norm,
whereas Bj,B, are Hermitian positive semidefinite with
bounded entries. Observe that we can recover (157) by fixing
AQ = I]\/[ in EFg

Consider first the expectation E [F 3(21, 22)]. Replacing R
in the definition of F 3(21, 25) by its decomposition in (59)
and using the integration by parts formula in Proposition 2
together with Lemmas 10 and 11 and Proposition 4, we are
able to write the expression in (158) at the top of the next
page. Using the same techniques, one can also show that

%Etr [R (A1Q1 © Bl) R (QQf)A?QQ © B2)} -

- %Etr R (A1Q: ©B1) R (Q:DA;Q; © B )|
+O (N7

Combining this last equation with (158) and replacing A, with
Q2A, we obtain (159) on the next page. Observe that the
third term of the right hand side contains a slightly modified
version of F 5(z1,22) in which Ay has been replaced by R.
Hence, particularizing the above expression for As = R and
expanding the first two terms on the right hand side with
Proposition 4, we obtain (160) on the next page. Using this in
(158) after setting A, equal to the identity matrix, we obtain
157).

APPENDIX E
PROOF OF PROPOSITION 2

Using the same approach as in [39, Lemma 3.9], one can
see that ¢y is a C' function in R2MYN (RMN for real-valued
entries) with partial derivatives given by

v = vy e (¢ (Rr)) -

= e R (o (Rur)) o' (Ror) Ry, a6n

where adj(A) is the adjugate of A. Given the fact that ¢ and
¢’ are bounded, we see that the partial derivatives of ¢, are
polynomically bounded, because

M N 961, 2
35
i=1 j=1 v
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Noting that ¢’ is zero outside the blow-up Sy, defined in
Section III, we reach the conclusion that the right hand side
of the above equation is clearly bounded, and therefore so are
the partial derivatives of ¢p;.

Let us now establish the identity in (54). The identity is
trivial for » = 1, so we can assume r > 1. Observe that we
can write

< R

+E[Q(X, X", 2) ¢ar (S

so that, by the Cauchy-Schwarz inequality,

z) $u]
—1)]

[ [2(X. X", 2) oar (63— 1)][°

g]E[m (X,X*, 2) éus] }E[(l— yvjl)ﬂ.

Hence, it is sufficient to see that E |(1 — ¢},)°| = O (N~F)
for every £ € N-and r > 1. Let £ denote the event that at least
one non-zero eigenvalue of the sample covariance matrix A;

is outside the support S. Now, from the definition of ¢ we
have ¢p; > 1{E°}, where I{-} is the indicator function. This
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> 1(£°) and (1— ¢%,)*> < I(E). Taking
expectations, we see that {(1 - ;le) < P (&). However,

following [39, Proposition 3.1] we can establish that P (£) =
O (N*) for every £ € N, and this proves the result.

It remains to establish the last identity in Proposition 2.
Using the expression of the partial derivatives of ¢, given in
(161), together with the Cauchy-Schwarz inequality, we see
that

M N
1=1 j=1

1 ?v ) g {RM (adj (6 (Rar)) ¢ (RM))2 RM}

However, noting that ¢’ (S\m) < KI (&), where & is the event

that at least one eigenvalue is outside Am the support and
where K is an upper bound on ¢’. Hence,

%Etr {RM (adj ((i) (RM)) ¢ (RM))Q f{M] <
x|RMn;E[§fxm(d(xﬁ)2x
X H];IZI ¢? (S‘j)] < K |Ry|| P ()
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implies that ¢},

Opm
0X};
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for some positive constant K independent of M, where we

used the fact that ;\m¢’ (:\m) is zero for 5\m outside Sy, and

the fact that ¢ is bounded. Using the reasoning above, we see
that P (£) = O (N), which concludes the proof.

APPENDIX F
BOUNDS ON wyy (2) AND T'pr (was (21) ,war (22))

Lemma 12: Under (Asl) — (As3), and for any z €
C\ (T u{0}), T being defined in Lemma 2, |wps (2)| is
bounded above and away from zero for all M. Furthermore,
these bounds hold uniformly for all z on C.

Proof: Assume that there exists a subsequence (M,,) for
which |wyy, (2)] — oo. Using (15) we readily see that this
would imply

1 -
1 v [Ras, (Rar, —wr, (2)Dar,) "] ‘ 0 (162)

However, by Jensen’s inequality

2

1 _
Ntr [RMn (Rar, —wnr,, (2)Da,,) 1]

M 2
Z —2 —0
=1 m —wn, (2)|
which contradicts (162). Next, assume that there exists a
subsequence (M,,) for which |wys, (2)] — 0. From (15) we
readily see that this would imply that

) _
v {RM,,L (Ras,, —wn, (2) D) 1} e

However, since wyy, () — 0 the above quantity will be
asymptotically upper bounded by lim sup cjs < oo, leading to
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