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Abstract: The impact of vehicle emissions on the global climate has drawn increasing 
concern in the past few decades. Patterns of housing development determine travel behaviors, 
thus affecting transport-related greenhouse gas emissions. Here, a bi-level model is 
established to describe the relationships among housing allocation, traffic volume, and CO2 
emissions using a continuum modeling approach. The user-equilibrium condition is achieved 
in the lower-level, and the minimum CO2 emissions are obtained by optimization the housing 
allocation in the upper-level. A hypothetical city is considered with one central business 
district (CBD) and a road network that is densely distributed outside of the CBD. Several 
commuter classes with different values of time are considered. The finite element method, the 
Newton-Raphson algorithm, and the convex combination approach are applied to solve the 
constrained optimization problem established in the bi-level model. A numerical example is 
given to demonstrate the effectiveness of the method. 
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1. INTRODUCTION 
 
Global warming is one of the most challenging issues of our time, and affects the natural 
environment, ecosystems, economies, and health. Human activities, mainly those involving 
the combustion of fossil fuels, have caused an increase in greenhouse gases (GHGs) that has 
resulted in a rise in global temperatures (WBCSD, 2004). CO2 is the principal GHG emitted. 
In 2003, the transport sector was responsible for 24% of global CO2 emissions (ECMT, 2007). 
Road surface transport accounts for more than three-quarters of transport-related CO2 
emissions (IEA, 2006), and this figure may be even higher in developed countries (ECMT, 
2007). It is in the interests of all to reduce traffic-related emissions by increasing fuel 
efficiency through advances in vehicle design and transportation management policies that 
change travel behavior. This study focuses on the latter option. 
 
Many studies have attempted to analyze the influences of travel patterns and transportation 
system design on transport emissions. They trace the cause and effect relationships of factors 
such as transport network topology, transport cost structure, congestion pricing regimes, 
traffic control methods, vehicular speed, road environment, the design and maintenance of 
road networks, travel demand structure, and traffic intensity on transport emissions levels 
(Nagurney et al., 2010; Nagurney, 2000a; Yin and Lawphongpanich, 2006; WBCSD, 2004). 
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For instance, an analytical framework has been established to decompose the transport 
emissions problem into the dimensions of population, transport intensity, energy intensity, 
and carbon intensity. This approach allows the aggregated effect of traveler activities, vehicle 
design, and fuel technologies on transport emissions to be estimated for different transport 
sub-sectors (Yang et al., 2009; Chiou and Chen, 2010). 
 
Land-use patterns and transport planning policies affect transport demand and travel intensity. 
Earlier studies have identified the influence of land use and socioeconomic characteristics 
such as residential density, mixed land-use, car ownership levels, commuting distances, 
employment centre density, job-housing balance, and neighborhood design on the amount of 
travel activity (Cervero, 1996; Ewing, 1995; McNally and Kulkarni, 1997; Messenger and 
Ewing, 1996; Nowlan and Stewart, 1991; Cervero, 1989). Case studies have also been 
conducted to review the effects of transport policies such as alternative transport modes, 
transit systems, and vehicle emission permits on transport emissions in cities in Asia, Europe, 
and North America (Nagurney, 2000a; Nagurney, 2000b; Nagurney and Ramanujam, 1998; 
Poudenx, 2008). 
 
However, these studies have all approached the transport emissions problem in a discrete 
manner. This means that weaknesses may have been introduced because of the data and 
methodology used. For instance, these studies are unable to account for the interactions 
among urban form, relevant factors, and transport intensity given the non-homogenous 
neighborhood, land-use, and socioeconomic characteristics of urban forms. An alternative for 
better understanding the relationships between land-use, transport planning, policy 
implementation, energy consumption, and transport emissions is an integrated transportation-
land use approach (Boarnet and Crane, 2001; Badoe and Miller, 2000). For instance, a case 
study was carried out in Seattle to quantify the interactions among land use, travel choices, 
and vehicle emissions. The study offered an efficient and effective model of integrated land-
use, transportation, and vehicle emissions patterns, and reduced the complexity of the problem 
through the use of indirect discrete models (Frank et al., 2000). Simulation models have also 
been established to examine the effect of land-use policies on transport activities and vehicle 
emissions. The factors investigated include rent control, land supply control, mixing 
residential and commercial use, carbon taxes, variable user charges, public transit system 
design, mixed motorized and non-motorized transport patterns, and route capacity (Hensher, 
2008; Lam and Niemeier, 2005). 
 
In this study, the integrated land-use, transport, and emissions problem is tackled by using a 
continuum model (Wong, 1998; Wong et al., 1998). In an earlier attempt, Ho and Wong 
(2005) formulated a continuum model to establish the relationship between transport demand 
and capacity and intensity in a transportation system. The finite element method (FEM) was 
applied to solve various transport-related optimization problems given a dense transportation 
network within a region of arbitrary shape. They then applied the continuum model to tackle a 
bi-level land-use and transportation optimization problem in which the negative utility of both 
housing rent and travel cost were minimized (Ho and Wong, 2007). In this study, the bi-level 
continuum transportation modeling approach is extended to solve the transport emissions 
problem given an optimized housing allocation pattern and minimum CO2 emissions level. 
Some typical modeling approaches to transport emissions problems are first reviewed 
(Section 2). Then, the formulation of the proposed bi-level continuum model is described, 
with the user equilibrium achieved in the lower level and the housing allocation optimized in 
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the upper level (Section 3). Finally, a numerical example is given to demonstrate the 
applicability of the proposed model given a multi-class commuter scenario (Section 4). 
Finally, some concluding remarks are given (Section 5). 
 
 
2. MODELING APPROACHES 
 
In the literature, models of transport emissions problems can be classified into three 
categories. The first comprises the emission factor models, in which an emission factor is 
derived from the mean value of repeated measurements of total emissions per driving cycle. 
Two commonly used US transport emission models – MOBILE (EPA, 1994) and MOBILE 
(CARB, 2001) – fall into this category, in which the baseline emission rates are derived from 
a standard US laboratory test procedure, the Federal Test Procedure (FTP). Correction factors 
are established to incorporate the influence of factors such as vehicular speed, temperature, 
fuel type, and vehicle age on the baseline emission rates. Emission factor models provide a 
simple way to model area-wide vehicle emission levels, as less detailed information on traffic 
flow and operation pattern is required. However, the weakness of this modeling approach is 
its inability to account for the effects of vehicle operation states and driving environment on 
emission rates. The second category comprises the physical power-demand models, which can 
predict second-by-second tailpipe emissions for different driving conditions and vehicle types. 
A research team at the University of California, Riverside established the Comprehensive 
Modal Emission Model (CMEM) (An et al., 1997; Barth et al., 1996; Scora and Barth, 2006), 
which determines the vehicle emission rate as a function of vehicle operation characteristics, 
such as engine power, engine speed, air/fuel ratio, fuel use, engine-out emissions, and catalyst 
pass fraction, for each of the six vehicle operation modes. This modeling approach 
incorporates the effects of vehicle operation and driving environment into the emissions 
model, and thus provides a more accurate estimate of vehicle emission levels. However, 
detailed information on the operational characteristics at different vehicle speeds and 
acceleration rates and for different vehicle types is required. As these are usually difficult to 
obtain, this hinders the application of these models. The third category comprises the 
acceleration and speed-based models, in which emissions are defined as a function of vehicle 
type, instantaneous speed, and acceleration. Earlier versions of these models derived the 
average emission rate based on estimates of fourteen typical driving modes (Joumard et al., 
1995). The emission rate is then denoted as a function of a combination of linear, quadratic, 
and cubic transforms of the instantaneous speed and acceleration, which can readily be 
derived from data on the average speed and number of stops of the specified driving mode 
(Ahn et al., 1999; Ahn et al., 2002; Rakha et al., 2004). This modeling approach is promising, 
as less detailed engine operation and driving environment information are required (compared 
with the physical power-demand models) and the influence of vehicle movement is controlled 
(which is not the case in the emission factor models) (Dion et al., 2000). 
 
The acceleration and speed-based modeling approach is applied to estimate the transport 
emissions rate with a bi-level continuum transportation model given optimized housing 
allocation, user equilibrium, and minimized CO2 emissions. The use of this emissions 
modeling approach in a continuum transportation system is appealing, as the difference in link 
characteristics between adjacent areas is small compared with the entire territory in a 
hypothetical transport system. Although the acceleration and speed-based models are efficient, 
the continuum transportation model for integrated land-use and transportation problems offers 
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the additional strengths of suitability for the initial phase of planning and broad-scale regional 
studies, and better modeling of the general trends and distribution patterns at the macroscopic 
level. The proposed model should also significantly reduce the model and problem size and 
the data required through the use of abstract mathematical functions. 
 
 
3. METHODOLOGY 
 
3.1 Lower-level Subprogram 
3.1.1 Model formulation 
In this section, a city of arbitrary shape with one central business district (CBD), as shown in 
Figure 1, is studied. The road network outside the CBD is assumed to be relatively dense and 
can be considered as a continuum. Transport demand and housing are continuously 
distributed over the region outside the CBD, and all of the employment is concentrated in the 
CBD, and road users should arrive at the CBD at a uniform rate. Commuters travel between 
their homes and the CBD along the least costly route during the morning peak hour every day. 
Several classes of commuters with different types of behavior and perceptions are considered 
in the housing allocation model. We denote the region of the city asΩ , the outer boundary of 
the city as Γ , the location of the CBD as O, and the boundary of the CBD as cΓ . It is 
assumed that no commuters will travel across the outer boundary (Γ ) of the city, and that all 
of the activity is concentrated within the CBD. 

 
Figure 1. Modeled city with an arbitrary shape and the finite element mesh generated 

 
At location ( , )x y , ( , ) ( ( , ), ( , ))m mx myx y f x y f x y=f is defined as the flow vector of class m  
commuters (expressed as the number of commuters that cross a unit width), where 

( , )mxf x y and ( , )myf x y  are the flow flux in the x-direction and y-direction. 
2 2( , ) ( , ) ( , )m mx myx y f x y f x y= +f  is then the flow intensity of class m commuters. At a 

particular location ( , )x y  and for a given flow pattern ( , )m x yf , the speed is defined as a 

monotonic decreasing function of the total flow intensity ( )1
( , ) ( , )mN

mm
v x y g x y

=
= ∑ f . To take 

into consideration the relationship between acceleration and speed, which is easy to find, the 
following equations must be satisfied. 

 ( , )( , ) ( , ) 0, ( , ) ,mx
mx mx m

v x ya x y v x y x y m N
x

∂
− = ∀ ∈Ω ∈

∂
, (1) 
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( , )

( , ) ( , ) 0, ( , ) ,my
my my m

v x y
a x y v x y x y m N

y
∂

− = ∀ ∈Ω ∈
∂

, (2) 

where ( , ) ( ( , ), ( , ))m mx myx y a x y a x y=a is the acceleration vector of class m commuters, mxa  
and mya are the accelerations in the x-direction and y-direction, respectively, for class m 

commuters, ( , ) ( , ) ( , ) / ( , )mx mx mv x y v x y f x y x y= f  and ( , ) ( , ) ( , ) / ( , )my my mv x y v x y f x y x y= f  
are the speeds in the x-direction and y-direction, respectively, for class m commuters, and mN  
is the total number of classes. The travel cost potential is defined next. Let ( , )c x y  be the local 
travel cost, which is related to the travel speed as 

 ( , ) 1/ ( , )c x y v x y= , (3) 
where the travel cost is expressed in hours per unit length of travel at location ( , )x y . As 
travel speed is a monotonic decreasing function of the total flow intensity, a BPR-type 
relationship is defined between local travel cost and traffic intensity, as follows. 

 ( )0 1
( , ) ( , ) ( , ) ( , ) , ( , )mN

mm
c x y c x y x y x y x y

=
= + ∀ ∈Ω∑ f

γ
η , (4) 

where 0 ( , )c x y  is the free-flow travel time and ( , )x yη is the congestion sensitivity parameter 
at location ( , )x y . Let mp  be the value of time for class m commuters. The travel cost of class 
m commuters can be expressed in dollars per unit length of travel at ( , )x y  as  

 ( , ) ( , ), ( , ) ,m m mc x y p c x y x y m N= ∀ ∈Ω ∈ . (5) 
For a given flow pattern ( , )m x yf  and the unit travel cost ( , )mc x y , the function ( , )mu x y  is 
considered, which is the total travel cost of class m commuters at location ( , )x y  to travel to 
the CBD.  

 ( , ) ( , )( , ) 0, ( , ) ,
( , )

mx m
m m

m

f x y u x yc x y x y m N
x y x

∂
+ = ∀ ∈Ω ∈

∂f
, (6) 

 
( , ) ( , )( , ) 0, ( , ) ,
( , )

my m
m m

m

f x y u x yc x y x y m N
x y y

∂
+ = ∀ ∈Ω ∈

∂f
. (7) 

These equations have been proven to guarantee that commuters will choose the least costly 
route over the city region in a user-optimal manner (Ho and Wong, 2005; Ho and Wong, 
2007). For each class of commuter, the flow vector and trip demand must satisfy the flow 
conservation conditions in the region of the city. 

 ( , ) ( , ) 0, ( , ) ,m m mx y q x y x y m N∇ − = ∀ ∈Ω ∈f , (8) 

where ( , ) mymx
m

ffx y
x y

∂∂
∇ = +

∂ ∂
f  is the gradient of the flow vector ( , )m x yf  and ( , )mq x y  is the 

density of the demand of class m commuters at location ( , )x y  (expressed as the number of 
commuters per unit area). 
 
The interaction between housing allocation and traffic equilibrium is governed by the demand 
distribution function, which is used to describe the way in which commuters choose the 
location of their home in the city. Ho and Wong (Ho and Wong, 2005; Ho and Wong, 2007) 
identified housing rent and travel cost to be the basic variables that affect commuters’ choice 
of where to live. The following equation is used to incorporate the housing allocation problem 
into the transportation equilibrium problem. 
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 exp( ( ( , ), ( , )))( , ) 0, ( , ) ,
exp( ( ( , ), ( , )))

m m m
m m m

m m m

U q x y u x yq x y Q x y m N
U q x y u x y d

γ
γ

Ω

− = ∀ ∈Ω ∈
Ω∫∫

, (9) 

where mQ  is the total demand of class m commuters, ( ( , ), ( , ))m mU q x y u x y is the utility 
function perceived by class m commuters at location ( , )x y , and mγ  is a positive scalar 
parameter that measures the sensitivity of class m  commuters to the utility level associated 
with location ( , )x y . 

( ( , ), ( , )) ( , ) ( , )m m m mU q x y u x y u x y r x y= − − . 
The utility function consists of two components. The second term is the housing rent, which 
depends on the total demand density

1
( , ) ( , )mN

mm
q x y q x y

=
= ∑  and the total housing supply 

density ( , )H x y , 
 ( , ) ( , )(1 ( , ) ( , ) /( ( , ) ( , )))m m mr x y x y x y q x y H x y q x y= + −α β , (10) 

where ( , )m x yα and ( , )m x yβ are scalar parameters that represent the fixed and demand-
dependent components of the rent function at location ( , )x y . 
 
The boundary conditions that must be satisfied are also considered. 

 0, ( , ) , ,m c mu x y m N= ∀ ∈Γ ∀ ∈  (11) 
 0, ( , ) , ,m mx y m N= ∀ ∈Γ ∀ ∈f  (12) 

In equation (11), as users at cΓ are already at the boundary of the CBD, they will incur no 
transportation cost in traveling to the CBD. In equation (12), it is assumed that no commuters 
travel across the outer boundary of the cityΓ . Thus, the flow should be zero and the total 
demand across the city should be fixed. 
 
3.1.2 Solution algorithm 
The finite element method (FEM) is used to solve the problem. This involves five steps: 1) 
discretization of the modeled city into finite elements; 2) description of the equations that the 
variables must satisfy at each node; 3) assembly of the equations; 4) introduction of the 
boundary conditions that must be satisfied; and, 5) solution of the system of equations. 
The Galerkin formulation of the weighted residual technique is adopted to transform the 
differential equations (1), (2), (6), (7), (8), and (9) into the following expressions, 
where ( , )x yΨ is the weight function in the weighted residual technique and can take any value.  

 ( , )( ( , ) ( , ) ) ( , ) 0, , ( , ),mx
mx mx m

v x ya x y v x y x y d m N x y
xΩ

∂
− Ψ Ω = ∀ ∈ Ψ

∂∫∫  (13) 

 
( , )

( ( , ) ( , ) ) ( , ) 0, , ( , ),my
my my m

v x y
a x y v x y x y d m N x y

yΩ

∂
− Ψ Ω = ∀ ∈ Ψ

∂∫∫  (14)  

 ( , ) ( , )( ( , ) ) ( , ) 0, , ( , ),
( , )

mx m
m m

m

f x y u x yc x y x y d m N x y
x y xΩ

∂
+ Ψ Ω = ∀ ∈ Ψ

∂∫∫ f
 (15) 

 
( , ) ( , )( ( , ) ) ( , ) 0, , ( , ),
( , )

my m
m m

m

f x y u x yc x y x y d m N x y
x y yΩ

∂
+ Ψ Ω = ∀ ∈ Ψ

∂∫∫ f
 (16) 

 ( ( , ) ( , )) ( , ) 0, , ( , ),m m mx y q x y x y d m N x y
Ω
∇ − Ψ Ω = ∀ ∈ Ψ∫∫ f  (17) 
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exp( ( ( , ), ( , )))( ( , ) ) ( , ) 0, , ( , ),
exp( ( ( , ), ( , )))

m m m m
m m

m m m

Q U q x y u x yq x y x y d m N x y
U q x y u x y d
γ

γΩ
Ω

×
− Ψ Ω = ∀ ∈ Ψ

Ω∫∫ ∫∫
(18) 

After the region is discretized, the local interpolation function ( , )N x y can be forced 
to ( , )x yΨ , because ( , )x yΨ can be any value. For a specific node s , the governing equations 
for all classes of commuters are given as follows. 

( , )( ( , ) ( , ) ) ( , )

( , )
( ( , ) ( , ) ) ( , )

( , ) ( , )( ( , ) ) ( , )
( , )

( )
( , ) ( , )( ( , ) ) ( ,
( , )

s e

s e

s e

e

mx
mx mx se T

my
my my se T

mx m
m se T

m
sm

my m
m s

m

v x ya x y v x y N x y d
x

v x y
a x y v x y N x y d

y
f x y u x yc x y N x y d

x y x
f x y u x yc x y N x

x y y

∈ Ω

∈ Ω

∈ Ω

Ω

∂
− Ω

∂
∂

− Ω
∂

∂
+ Ω

∂
=

∂
+

∂

∑ ∫∫

∑ ∫∫

∑ ∫∫

∫∫

f
r Ψ

f
)

( ( , ) ( , )) ( , )

exp( ( ( , ), ( , )))( ( , ) ) ( , )
exp( ( ( , ), ( , )))

s

s e

s e

e T

m m se T

m m m m
m se T

m m m

y d

x y q x y N x y d

Q U q x y u x yq x y N x y d
U q x y u x y d
γ

γ

∈

∈ Ω

∈ Ω
Ω

⎧ ⎫
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪⎪ ⎪
⎨ ⎬
⎪ ⎪Ω⎪ ⎪
⎪ ⎪
⎪ ⎪∇ − Ω
⎪ ⎪
⎪ ⎪×

− Ω⎪ ⎪
Ω⎪ ⎪⎩ ⎭

∑

∑ ∫∫

∑ ∫∫ ∫∫

f

, (19) 

where eΩ  denotes the region of the elements e , sT is the set of elements that connects with 
node s , ( , )sN x y is the local interpolation function of the element that connects with node 
s . smr is the nodal residual vector for class m commuters at node s . 0sm =r means that the 
governing equations (1), (2), (6), (7), (8), and (9) can be locally satisfied. For the global 
satisfaction of the governing equations, it is required that 

 Col( ) = 0= smR(Ψ) r (Ψ) . (20) 
Boundary conditions (11) and (12) can be satisfied by forcing the specific variables to take a 
known value, which is very common in FEM. For this system of non-linear equations, the 
Newton-Raphson algorithm can be applied with a line search to find a solution, for which the 
iterative equation is derived 

 1
1k k k kλ −
+ = −Ψ Ψ J R , (21) 

where kJ is the Jacobian matrix of vector kR  at iteration k  and λ  is the step size, which is 
obtained by a line search to achieve the minimum R(Ψ) . The relative error /R(Ψ) Ψ  is 

compared with the acceptable threshold ε . If / ε<R(Ψ) Ψ , then it is assumed that the 
solution to the system of equations (equation 20) is found. The solution procedure is 
summarized as follows. 
 
Solution Procedure A 
Step A1:  Find an initial solution 0ψ . Set 0k = . 
Step A2:  Evaluate kR(ψ ) and kJ(ψ ) . 
Step A3: If the relative error /k kR(Ψ ) Ψ  is less than the accepted error ε , then stop, and 
take kΨ  as the solution. 
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Step A4: Otherwise, apply the golden section method (with the smallest search interval of δ ) 
to determine the step size *λ  that minimizes the norm of the residual vector 

1
1| ( ) |k k kλ −
+ −R Ψ J R . Then, set * 1

1k k k kλ −
+ = −Ψ Ψ J R . 

Step A5:  Replace kΨ with 1k+Ψ . Set 1k k= + , and go to Step A2. 
 
3.2 Upper-level Subprogram 
3.2.1 Model formulation 
This section introduces the upper-level subprogram of the land-use and transportation 
problem, which aims to find the optimal housing provision pattern that will result in the 
largest reduction in total CO2 emissions during peak hours for a given total travel demand and 
budgetary constraint. The minimization problem of the upper level is modeled as follows. 

 ( )* * * *
CO2 1

1
( ) ( , ) ( , ), , ( , ), ( , ) / ( , )d

m

m

N
m

N m
m

Minimize z x y E x y x y x y v x y
Ω

=

= Ω∑∫∫ *
mh

h f f f aL (22) 

subject to 
 max 0( , ) ( ( , ) ( , )) 0, ( , )H x y h x y h x y x y− + ≥ ∀ ∈Ω , (23) 
 ( , ) 0, ( , )h x y x y≥ ∀ ∈Ω , (24) 
 ( , ) ( , ) 0, ( , )B P x y h x y d x y

Ω
− Ω ≥ ∀ ∈Ω∫∫ , (25) 

 *
0( , ) ( , ) ( , ) d 0, ( , )h x y h x y q x y x y

Ω
+ − Ω ≥ ∀ ∈Ω∫∫ , (26) 

where 0 ( , )h x y is the existing housing provision and ( , )h x y is the additional housing 
provision at a particular location ( , )x y . max ( , )H x y  is the maximum possible housing density 
at location ( , )x y , which is constrained by topography, the existing transportation 
infrastructure, and the planned land-use pattern. B  is the budget that is available for 
additional housing provision, and ( , )P x y  is the cost of building a housing unit at location 
( , )x y . The superscript (*) denotes variables that are the optimal solution from the lower-level 
subprogram. In terms of the constraints, equation (23) ensures that the total housing 
development should not exceed the maximum possible housing density. Constraint (24) 
means that there will not be any demolition of the existing housing supply. Constraint (25) 
states that the total investment in housing provision cannot exceed budget B . Constraint (26) 
guarantees that there is sufficient housing provision for commuters. 

CO2
mE  is the CO2 emission rate function for class m  users, which is derived using an 

acceleration and speed based model. The emission mode proposed by Ahn et al. ( 2002) is 
adopted to estimate the emission rate of each class of users, as follows. 

 
3 3

,
0 0

exp e i j
e i j

i j
E k v a

= =

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
∑∑ , (27) 

where a  is the instantaneous acceleration ( 2/m s ), v  is the instantaneous speed ( /km h ), ,
e
i jk  

is the model regression coefficient for speed power i and acceleration power j, and eE  is the 
instantaneous fuel consumption and emission rate, with the subscript ( e ) denoting different 
kinds of emissions, including CO, NO, CO2 ( /mg s ), and fuel consumption ( /l s ). 
 
Under the route choice governed by the user-optimal conditions, commuters may accelerate or 
decelerate along their trajectory according to the spatial variation in traffic conditions in the 
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neighboring area. To identify whether acceleration or deceleration occurs, the following 
expression is used to determine the acceleration in the movement direction of commuters, 

 2 2( ) /x x y y x ya a f a f f f= + + . (28) 
Based on the limited parameters (can be found in (Ahn et al., 1999)), this model cannot be 
used directly, as only existing parameters are for HC, NO, and estimated fuel consumption. 
However, the CO2 emissions function, which is shown in equation (29) can be derived based 
on the carbon balance between the fuel consumption and emissions. 

 CO2 HC CO2458.29 3.17 1.57E F E E= − − ,   (29) 

 
3 3 3 3 3 3

1 CO 2 HC 3
, , ,

0 0 0 0 0 0
exp , exp , expi j i j i j

i j i j i j
i j i j i j

F k v a E k v a E k v a
= = = = = =

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
= = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠
∑∑ ∑∑ ∑∑     (30) 

F is fuel consumption (gal/h), and HCE , COE , CO2E are the relative gas emission rates (mg/s).  
 
3.2.2 Solution algorithm 
The minimization problem is non-linear, and thus to reduce the difficulty of solving it we first 
use the FEM to transform constraints (25) and (26) into linear ones. 

 
1
( ( ) ) 0

FN

e
en

N

n ei i n ej j n ek k n
n e

B h P N N P N N P N N d
Ω

= ∈Ω

− + + Ω ≥∑ ∑ ∫∫ , (31) 

 0 *

1 1

1 1 ( ) 0
3 3

FN FNN N

n n n n n
n n

h h q
= =

Δ + Δ − ≥∑ ∑ , (32) 

where FNN is the total number of finite elements nodes within the generated mesh, jN is the 
interpolation function of the FEM for node i , eiP is the cost of building a housing unit at node 
i  within element e , nΔ  is the area of the finite elements that connect with node n , eΩ is the 
region of element e , enΩ is the region that connects with node n , 0

nh and nh are the existing 
and additional housing provision at node n , and *

nq is the total demand at node n  obtained 
from the lower-level subprogram. 
 
Based on the convex combination method and constraints (23), (24), (31), and (32), a linear 
optimization problem can be set up as follows. 

 ( )Minimize z∇ ⋅
w

h w  (33) 

subject to 
 0

max ( ) 0,n n FNH h w n N− + ≥ ∀ ∈ , (34) 
 0,n FNw n N≥ ∀ ∈ , (35) 
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= ∈Ω

− + + Ω ≥∑ ∑ ∫∫ , (36) 

 0 *

1 1

1 1 ( ) 0
3 3

FN FNN N

n n n n n
n n

w h q
= =

Δ + Δ − ≥∑ ∑ , (37) 

where 1( , , )
FNNh h=h L is the current housing allocation vector and 1( , , )

FNNw w=w L  is a 
feasible solution that falls into the region governed by constraints (34), (35), (36) and (37). 
−w h is the descent direction for the minimization problem (22). A line search is used to find 

a step that will guarantee the largest descent.  
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However, to solve this problem, the gradient of the object function ( )z h and the sensitivity of 
the lower-level variables * * * * * *( , , , , , )mx my m m mx myf f u q a a  to the upper-level variables ( )h  must be 

found. By denoting the lower-level and upper-level variables as *
lΨ  and *

uΨ  respectively, 
equation (20) can be modified to 

 *, = 0l uR(Ψ Ψ ) . (38) 
Taking a partial derivative of uΨ of the left-hand side of equation (38) will result in 

 * * 1 *( , ) ( , )
u ul l u l uJ R−∇ = − ∇Ψ ΨΨ Ψ Ψ Ψ Ψ . (39) 

Equation (39) is the matrix of the sensitivity of the optimized lower-level variables *( )lΨ  to 
the upper-level variables ( )uΨ , and can be found for each solution of the lower-level 
subprogram. Using the sensitivity matrix in equation (39), the direction of descent of the 
minimization problem (22) can be found by solving linear program (33). The following 
solution procedure is adopted to solve the problem.  
 
Solution Procedure B 
Step B1:  Set 1k = . Take the initial solution for the upper level to be 1 1 0u = =Ψ h . 
Step B2: With ukΨ , solve the lower-level subprogram, which is based on solution                                              
procedure A, to find the solution for the lower-level lkΨ . 
Step B3:  Using lkΨ , evaluate the sensitivity matrix according to equation (39). 
Step B4:  Use the sensitivity matrix from the lower level to find auxiliary vector kw . 
Step B5:  Apply the golden section method (with the smallest search interval of  δ  ) to find 
the step size * [0,1]kλ ∈  that maximizes the objective function *( ( ))k k k kz λ+ −wh h  from 

equation (22). Then, set * ( )k k k k kλ= + −d wh h . 
Step B6:  If ( ) ( )k kz z>d h , then set 1k k+ =h d , 1k k= +  and go to Step B2; otherwise stop and 
take kh as the solution to the upper-level subprogram and lkΨ  as the corresponding solution 
to the lower-level subprogram. 
 
 
4. NUMERICAL EXAMPLE 
 
A numerical example is given to demonstrate how the bi-level model works for the 
optimization of the housing allocation problem. The example considers a city of arbitrary 
shape, as shown in Figure 1. The city spans about 35 km. from east to west and 25 km. from 
north to south. Its CBD is located at the southwestern area of the city. The finite element 
mesh generated for solving the problem is also shown in Figure 1. 
 
In this example, two classes of commuters are considered. The population of class 1 
commuters is 60,000 units and that of class 2 commuters is 80,000 units. It is assumed that all 
commuters will travel to the CBD during the morning peak hour and return home along the 
reverse route during the evening peak hour. The travel cost represents the sum of the travel 
cost in each period, and can be interpreted as the cost of travel at that specific location. The 
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sensitivity parameters for the housing choice functions in equation (9) are 0.0015 and 0.0020 
for the class 1 and class 2 commuters, respectively. The unit travel time function is 

( )1.26
1 2( , ) 0.0125 2.0 10 ( , ) ( , ) , ( , )c x y x y x y x y−= + × + ∀ ∈Ωf f . 

The instantaneous speed function is then:  

( )1.26
1 2( , ) 1/ ( , ) 1/ (0.0125 2.0 10 ( , ) ( , ) )v x y c x y x y x y−= = + × +f f , 

where ( , )c x y  is measured in hours per kilometer and 1 1 1( , )x yf f=f  and 2 2 2( , )x yf f=f are the 
flow vectors of class 1 and class 2 commuters at location ( , )x y . The value of time mp  for class 
1 and class 2 commuters is 50 HKD/h and 75 HKD/h, respectively. The housing rent 
functions are 

Class 1 commuter: 1 40(1 20 / ( ))r p H p= + − ,  
Class 2 commuter: 2 40(1 / ( ))r p H p= + − ,  

where 1r  and 2r  are measured in HKD. Class 1 commuters are more sensitive to housing rent 
then class 2 commuters, which means that they place a greater value on housing rent when 
making a decision about where to live. In contrast, class 2 commuters value the time cost of 
transportation more, and are thus more sensitive to time.  
 
The existing housing unit 0nh  is assumed to be taken as a constant of 350 units per km2 over 
the whole city. The maximum possible housing development is assumed to be 600 units per 
km2, respectively, for all locations ( , )x y . The budget that is available for additional housing 
units is assumed to be 1 billon HKD, and the unit provision cost function is 

2 2( , ) 10000(1.50 0.005 ( 14) ( 20) )P x y x y= − − + − , 
where ( , )P x y is measured in HKD and (14, 20) is the location of the center of the CBD. This 
function increases as the distance from the CBD decreases, as it is assumed that the cost of 
land acquisition is higher near the CBD.  
 
By taking the acceptable error 710ε −=  for the lower-level model and the smallest search 
interval 0.02δ = for the golden section method in both the lower-level and upper-level model, 
this numerical example can be solved in four iterations, which takes approximately four hours 
using a personal computer with an E8400 3.00GHz CPU and 3.12GB of RAM. The 
convergence curve for the housing provision model is shown in Figure 2. 
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Figure 2. Typical convergence plot for the solution 
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Figure 3a shows the flow trajectories of Class 2 commuters traveling from their housing 
location to the CBD. The trajectory curve guarantees the user equilibrium conditions. The 
flow intensity and the travel cost for Class 2 commuters after the upper-level optimization are 
shown in Figures 3b and 3c. The total flow intensity decreases and travel cost increases as the 
distance from the CBD increases. The flow trajectories, flow intensity, and total travel cost for 
Class 1 commuters are not shown, as they are quite similar to those of Class 2 commuters. 
The total flow intensity pattern is similar to that in Figure 3b, and based on equation (1), it can 
be determined that the speed decreases as the distance from the CBD decreases. 
 

a:  The flow trajectories b: The flow intensity (veh/h/km) 

 
c: Travel cost (HKD) 

Figure 3. Flow pattern of class 2 commuters and the travel cost after the optimization 
 
Figure 4 shows the changes in demand distribution for both classes of commuters arising from 
additional housing provision, which indicates that class 2 commuters are less sensitive to 
housing rent and value travel cost more, and thus tend to live closer to the CBD than class 1 
commuters. Moreover, the added housing units are mostly occupied by the class 1 commuters, 
which is consistent with the conclusion that class 1 commuters are more sensitive to housing 
rent.  
 
Figure 5a shows the additional housing units when the total CO2 emissions from the 
transportation sector are minimized. Figure 5a clearly shows that the additional housing units 
are mostly concentrated around the CBD, which is easy to understand. The factors that most 
influence transportation emissions are speed and acceleration. The CO2 emissions produced 
increases as the acceleration changes from negative to positive, and both a high and a low 
speed result in more emissions than a moderate speed. However, as shown in the model, all of 
the commuters travel to the CBD during the morning peak, the total flow intensity in the areas 
adjacent to the CBD will not change much, regardless of how the additional housing units are 
distributed. If most of the housing units are concentrated around the CBD, then the speed 
around the CBD does not change much but commuters generally travel shorter distances, thus 
producing less emissions. It is widely believed that in the process of urbanization, developing 
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suburbs around a central CBD is better, especially for big cities with large populations. 
However, this result indicates that such urban sprawls introduce more long-distance travel to 
the central CBD every day. Both CO2 emissions and congestion are greater. 
 

a: Class 1 commuters before optimization c: Class 1 commuters after optimization 

b: Class 2 commuters before optimization d: Class 2 commuters after optimization 

Figure 4. Demand contours (veh/h/km2) 
 
For traffic-related emissions, Figures 5c and 5d show that the emission rates increase sharply 
near the CBD for both classes of users, because of the significant reduction in speed due to 
severe traffic congestion. The emission rates in Figures 5c and 5d are not identical because, 
although the speed is the same for both classes, their flow trajectories are different, which 
affects the tangential acceleration in the emission rate estimation. Figure 5b shows the 
distribution of total emissions in the city by multiplying the flow intensities with the 
respective emission rates for both classes. Higher emission concentration occurs around the 
CBD due to more severe congestion there. 
 
 
5. CONCLUSIONS 
 
In this study, the continuum modeling approach is extended to solve a bi-level problem to 
optimize housing allocation to achieve minimum transport emissions in an integrated land-use 
and transportation modeling framework. At the lower-level, the transport equilibrium problem 
given the optimum utility of housing rent and travel cost is solved, and gives two commuter 
classes with different sensitivities. At the upper level, the optimal housing allocation pattern 
that minimizes total CO2 emissions from the transportation sector during peak hours is 
determined, in which the objective function is derived by the instantaneous speed and 
acceleration of a given driving mode. By discretizing the constraints with FEM, the convex 
combination method is adopted as the solution algorithm for the problem. A numerical 
example is given to demonstrate the effectiveness of the solution algorithms for both the 
lower-level and upper-level subprograms. At the same time, there are several possible 
extensions to the proposed modeling approach that could be undertaken in future research on 
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the transport emissions problem. For instance, the model could be extended to a multiple 
CBD problem, in which commuters can choose their housing location in response to the 
employment opportunities offered in different CBDs. So far, the emissions problem using a 
static continuum model is studied, in which the CO2 emission rate at peak hours can only be 
modeled. A dynamic continuum model could be established to incorporate the effects of 
multiple vehicle classes and time-varying transport demand on emission levels into the land-
use transportation modeling framework. This modeling approach is particularly useful for 
highly populated cities in Asia, in which both population and road densities are high, and 
many of these cites are facing the challenging global issues of the ever increasing population, 
urbanization, climate change, resources depletion and environmental pollution. This 
methodology offers a qualitative diagnosis of the city development to reduce greenhouse 
emissions in this rapidly growing region. 
 

a:  Additional housing ( units/km2) b: Total traffic-related emissions (g/h/km2) 

 

c:  Emission rate of class1 users (g/veh/km) d: Emission rate for class2 users (g/veh/km) 

Figure 5. Emissions and additional housing distribution in the city 
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