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Auction in Impartial Games A
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Abstract. Combinatorial game theory (CGT) is a branch of
mathematics and theoretical computer science that typically
studies sequential games with perfect information. We prove
an importance of a tiebreaking marker related with N-position
and P-position in the bidding variant of Impartial
combinatorial games.

Keywords: Bidding games; Richman; Combinatorial games.
2020 Mathematics Subject Classification: 68R05, 91A05,
91A46, 91B26

I. INTRODUCTION

Let us consider games like Tic-Tac-Toe, Hex,

Chess, etc., where instead of playing alternatively, you
bid against your opponent to decide who makes a move.
For instance, you play the game of Tic-Tac-Toe in which
you, along with your opponent, start with 100 coins each.
If you bid 15 and your opponent bids 10, simultaneously;
then you win the round and make the first move. You
give your 15 coins to your opponent and you are left with
85 coins whereas your opponent has 115 coins. The bid
for the second move starts and the game goes on till the
game ends following the rule of termination. Bidding
versions of Tic-Tac-Toe and Hex have been developed
online for recreational play. We study such types of
games, also known as Bidding Games [13]. Bidding
games are combinatorial games with an additional layer
of bidding.

Combinatorial games are the games of perfect
information. Unlike classical games such as Prisoners
Dilemma, Rock-Paper-Scissors, players play alternately
in combinatorial games and there is no random elements.
These are the games of perfect information. The absence
of randomness implies that there are no dice or chance
elements.

Combinatorial Game theory (CGT) deals with
combinatorial games. CGT is a branch of mathematics
and theoretical computer science that involves sequential
games with perfect information.

Games which qualify as Combinatorial Games are
NIM, CLOBBER, AMAZONS, DOMINEERING and
HEX, etc.
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The game of Nim ' is played by two players, where the two
players, Left and Right alternately remove objects from distinct
piles. On each move, a player must remove at least one object
or many, provided they all come from the same npile.
Depending on the version we are playing, the objective of the
game is either to remove the last object or to avoid taking the
last object. This game follows all the properties of
Combinatorial Games.

Il. BIDDING GAMES

Bidding games are a variant of the Combinatorial games
[14]. The examples are Bidding Tic-Tac-Toe, Bidding Hex,
Bidding Chess, etc. In these games, the players are involved in
an auction to decide who makes the next move. The idea is to
play these games under a protocol where players bid for the
right to make the next move. It is thus possible that a player
will make multiple moves before the other player makes a
single move. One needs to carefully balance the bids for
making different moves, or else she could not use her early
advantage in the game because of losing too much of her
budget at the start of the game.

There is a very rich literature on CGT [11, 1, 3][15] and
with the introduction of bidding in these games, we get a way
to extend CGT to a more economic style of play. Bidding
variants of several well-known games like Chess and Hex have
been studied in the past [2, 10][12][16]. Richman auctions [8]
were designed for any standard combinatorial 2-player game
[1], to resolve who is to play next. Instead of alternating play,
for each stage of the game, the 2 players, called Left and
Right,? resolve this crucial moment by a type of auction where
the winning player must pay the losing player their bid amount.
Poorman auctions are also defined in [7], where the winning
player does not pay the losing player their bid amount. Instead,
his winning bid is subtracted from his budget. This bidding
competition for making a move can be decided by sequential or
simultaneous bidding. Each player starts with a (possibly
different) fixed budget. The bidding is done alternatively until
one player concedes. When a player concedes, the other player
gets the right to make a move and the bid amount is paid to the
opponent or subtracted from the winner’s budget, based on the
setting. In the classical Richman setting [8,7], the auction is
continuous, say with total budget $1, and the players split that
budget to, say p and g, with p + g = 1. Optimal bids have been
resolved for the game tic-tac-toe [4] for the Richman setting.
All literature on combinatorial games assumes a unique
equilibrium, which defines a game value under optimal play;
see for example [9, 5, 6, 11]. There is also a Poorman setting

'These names are adapted from standard literature on combinatorial
games, Left is ‘she’ and Right is ‘he’.
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Auction in Impartial Games

[4], where the winning bid amount is paid to the (non-
existing) auctioneer.

I1l. SOME TERMINOLOGIES

Now we explain the basic terminology of CGT in a
more formal way. Based on the rule of termination,
combinatorial games are played under Normal and
Misere play.

Definition 1 (Normal play). In a Normal play of
convention, the last player to make a move in a
Combinatorial game wins.

Definition 2. (Misere play) In a Misere play of
convention, the last player to make a move in a
Combinatorial game loses the game.

For example, let us take an example of a combinatorial
game, say Subtraction games. We have a heap of 21
coins, and the two players start removing objects
alternatively. They can either remove 1,2 or 3 coins at a
time. In normal play, the last player to remove the last
object wins. However, in misere play, he loses.

There is another way of playing Combinatorial games,
known as Scoring play.

Definition 3. In a scoring play convention, the winner
is not decided by who moves last, but who scored the
most cumulative points during the play.

Dots and Boxes and Go are examples of scoring play.

. Based on the moves available to the players, they are
categorized as Impartial and Partizan game.

Definition 4. (Impartial games) In an impartial game,
the set of allowable moves available from any position
does not depend on which player is moving.

Nim, Tic-Tac-Toe, etc. are examples of Impartial games.

Definition 5. (Partizan games) In Partizan games, each
player has a different set of allowable moves from a given
position.

Chess, Go, Domineering, etc. are example of Partizan
games. A game belongs to one of the following four
outcome classes.

@ Left regardless of who moves first.

(2) Right regardless of who moves first.

3) the Next player whether it is left or right.

(@) the Previous player whether it is left or right.

We call L, R, N and P as the outcome classes. Games
in above clasees are said to be in L, R, N and P positions.

For example, let us take an example of a combinatorial
game, say Subtraction games. We have a heap of 21
coins, and the two players start removing objects
alternatively. They can either remove 1,2 or 3 coins at a
time. In normal play, the last player to remove the last
object wins. In the example stated above, we thus see that
0, 4, 8 --- 20 are the positions where the Previous player
wins. These are called P-positions. 1, 2, 3,5, 6, 7 -+ are
positions where the next player to make a move wins.
These are called N-positions.

IV. MODEL

We extend the discrete bidding model by [4] in
combinatorial games to all class of Impartial games.

Let G be a game tree with finite rank and finitely many
children for each node. There are two players, Left and
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Right, and the starting position is the root of G. We define two
move conventions for deciding who is to play.

The move convention is either normal play [1] or a bidding
variation similar to Richman games [11].

If G is played in the bidding convention then we write
G(p,q), and there is a total budget partitioned between the
players as (p,q), with p+q = B. The player to move is
determined\ by\ who\ bids\ more\ and\ if\ bids\ are\ equal\ then\
a tie break rule decides. One of the players holds a marker, and
this is denoted by (p,q) (Left has the marker) or (p,q) (Right
has the bb marker). If bids are equal then the player with the
marker wins the bid and the marker shifts to the other player.

Suppose, without loss of generality, that Left has the marker.
There are three cases
1. B9 — (p— Lg+l); Left wins by bidding more, [ > 7.
2. (p9) » (p+r,q-r); Right wins by bidding more,

Il <.
3. 9 — (p—Lqg+1);Leftwinsatie, [ = r.
Players do not bid at a terminal position.

V. RESULTS

Theorem 6. Suppose G # ¢ and let b € No. The player with
the marker wins bidding G (b, b) if and only if normal play G is
an N-position. Let p,q € Ng and where p #g. The player with
the larger budget wins by bidding G(p,q).

Proof of Theorem 6: Consider G(b,b) and Left has the
marker. Suppose G has a move option to a terminal position.
Then G is an N-position in normal play. In the bidding
variation, Left bids b and wins the last move.

Suppose next that G is a non-terminal P-position in normal
play. The player without the marker (Right) bids 0. If Left bids
0, then Left wins the move and has to move to a normal play
N-position, and Right gets the marker. If Left bids g > 0, then
use the second part of the statement, to see that Left will lose.

Suppose next that G is N-position in normal play that does
not have a move to a terminal position. Left who has the
marker bids 0. If Right bids 0, then he gets the marker, and
Left can move to a P-position in normal play. Right tries to bid
S > 0. Then Right will win the bid but Left gets a larger
budget, and so wins by the second part (since by assumption
each option of G is non-terminal). The result of the theorem 6
is demonstrated in the following example. This is the case
when both players have the same budget.

Example 7. Let us see an example of a Nim game with a
total budget of 2, partitioned between Left and Right as (1,1).
Left has the marker at the start of the game. We have a Nim
game with 2 heaps containing 3 and 1 object respectively.

-

It is already proved in that O is a unique optimal bid in the
equilibrium.
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o Case 1: If Left bids 0 and Right bids 0, Left
wins because of the marker and removes two objects
from the first heap. Left bids 0 in the next two rounds to
force Right to remove the second last object and
subsequently remove the last object to win the game.

o Case 2: If Left bids 0 and Right bids 1, Right
has following four options:
(1) Right removes one object from the first heap.

Left has the marker and a budget of 2. She bids 0 in the
next round and wins the game because of the marker and
clears the first heap and then bids 1 (as Right has a budget
of 0) to win the round and clears the second heap to win
the game.

2 Right removes two objects from the first
heap. Left follows the same strategy as above.

3 Right clears the first heap. Left bids 0 to win
the next round and remove the object from the second
heap to win the game.

4) Right clears the second heap. Left bids 0 to
win the next round and remove all three objects from the
first heap to win the game.

Now we see the case when one player has a larger

budget and we use the result from that 0 is a unique
optimal bid in the equilibrium.
Example 8. Let us see an example of a Nim game with a
total budget of 1, partitioned between Left and Right as
(1,0). Left has the marker at the start of the game. We
have the same Nim game with 2 heaps containing 3 and 1
object respectively.

-

If Left bids 0 and Right bids 0, Left wins by following the
same strategy used in Case 1 of Example 1.

VI. CONCLUSION

We worked on bidding in Impartial games. Here we
introduce our tiebreaking rule by defining an available
marker with exactly one player at each stage of the game.
We proved our result for any impartial game and showed
that the marker is, in fact, a property of the N-position
and P-position in any Impartial game.
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