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131:2 Daniel Marshall and Dominic Orchard

A  COLLECTED RULES

A.1 Typing
F,x:AI—t:B rll—tllA—OB rzl—tziA
VAR ABS APP
0-I'x:Arx: A T+Axt:A—oB I+ rt1ty: B
i+t A ILrt:B Ii+t:A®B FQ,XZA,yZBFtZZC
®r ®E

N+ F (f,5):AQB 4L Flet(x,y) =finty: C

I7 F t1 : unit Lrt:B

1 1
0-Tr(:unit © TL+Lrlet()=tiint:B -
FTrt:A —resourceAllocator(t) ILx:Avrt:B
PR ————————— DER
r-Tr([t]:0A Ix:[A]l1+t:B
i+H:0A I,x:[A]l, vt :B Ix:[A]l,,T'+t:B rcCs
- ELIM APPROX
F1+F2|—let[x]=t11nt2:B I‘,x:[A]s,l"’r—t:B
1Cr cloneable(A)

I'ki:xA I,idr t: O0A I, x : Jid’ .« (A[id’/id]) + t, : B
———— SHARE — CLONE
'+ sharet:0,A (I + 1), id + clone t; as xin &, : B

ikt xA ILrt:&A— & B
z WITH&
I} + I + withBorrow ¢ i, : B
Fl-t:&pA Ikh:&A LFi:&GA p+qg<1
" SPLIT — JOIN
I“Fsplltt:&gA@&%A L+ Fjoin b &y : &pygA
T+t:&,(A® B) THt:(&,A)® (&,B)
PUSH PULL
I'+pusht: (&,A) ® (&,B) I'+pullt: &,(A® B)
I‘l + l'l : HldA
F'rt:A id ¢ dom(T) I, id,x: A+ t,: B id ¢ fv(B)

T + pack (id’, t) : Jid.Alid/id’] PACK I+ + unpack (id,x) =, in &, : B UNPACK

Runtime typing.

Yyrt:A
———— NEC REF
0-T,yrxt:&,A 0-T,ref : Resijg A+ ref : Resjg A
T'rit:&A
UNBORROW
I' + unborrow ¢ : *A
O+ arr: Array,; F Orwv:F
— ARRAYINIT ARRAYAT
0+ init : Array,; F O+ arr[n] =v:Array, F
YrEv:A S F'ri:A —resourceAllocator(t)
REFSTORE PR
y +ref(v) : Ref;; A r-Tr[t],:0A
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Functional Ownership through Fractional Uniqueness (Appendix) 131:3

We sometimes use an admissible rule to simplify some parts of the proofs:

*

REF

*
0-T,ref : Resjg A+ xref : «(Resjqg A)

which has derivation:

REF
ref : Resiqg A+ ref : Resjg A

NEC
0-T,ref : Resjg A+ xref : =(Res;g A)

Primitives.

NEWREF
0-T +newRef: A — id.«(Refiy A)

p=E1V p==x

R
0-T + swapRef : &,(Refig A) - A - A® &,(Ref;y A) SWAPREF

FREEZEREF

0-T + freezeRef : «(Ref;; A) — A

READREF

0-T r readRef : &,(Refiy (0,11A4)) — A® &,(Refiq (0,4))

NEWARRAY

0-T + newArray : N — Jid.x(Array; F)

READARRAY
0-T + readArray : &, (Array;; F) o N — F® &,(Array; F)

p=1V p==x

- WRITEARRAY
0-T + writeArray : &,(Array;; F) - N — F — &, (Array; F)

DELARRAY

0-T'+ deleteArray : #(Array,; F) —o unit
Definition A.1(Graded contexts). [I'] classifies those contexts which contain only graded variables:

_
(0] [Tx:[AlL]

Definition A.2 (Copyable predicate). Predicate definition:
copyable(A) copyable(B)

copyable(unit) copyable(N) copyable(F) copyable(A ® B)
Definition A.3 (Cloneable predicate). Predicate definition:

cloneable(A) V copyable(A) cloneable(A) cloneable(B)
cloneable(Array,; F) cloneable(Ref;y A) cloneable(A ® B)
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131:4 Daniel Marshall and Dominic Orchard

Definition A.4 (Resource allocating terms). Predicate definition:

resourceAllocator(newRef)  resourceAllocator(newArray)

resourceAllocator(t;) resourceAllocator(ty) resourceAllocator(t;)

resourceAllocator(t; ;)  resourceAllocator(t; t;)  resourceAllocator((Ax.t;) )

resourceAllocator(;) resourceAllocator(t;)

resourceAllocator(let () = t; in ;)  resourceAllocator(let () = t; in ty)

resourceAllocator(;) resourceAllocator(t;)

resourceAllocator(let (x,y) = tyin ;)  resourceAllocator(let (x,y) = t; in &)

resourceAllocator(t;) resourceAllocator(t;)

resourceAllocator((f;, 1))  resourceAllocator((t, f))

resourceAllocator(;) resourceAllocator(t;)

resourceAllocator(let [x] = t;int;)  resourceAllocator(let [x] = t;in ty)

resourceAllocator(t) resourceAllocator(t;)

resourceAllocator([t]) resourceAllocator(share t;)

resourceAllocator(t;) resourceAllocator(ty)

resourceAllocator(clone t; as xin ;)  resourceAllocator(clone ¢; as x in t,)

resourceAllocator(t;) resourceAllocator(t;)

resourceAllocator(withBorrow t; t;)  resourceAllocator(withBorrow t; t;)

resourceAllocator(t;) resourceAllocator(t;) resourceAllocator(ty)

resourceAllocator(split #;)  resourceAllocator(join t; t;)  resourceAllocator(join t; £,)

resourceAllocator(t;) resourceAllocator(t;) resourceAllocator(t;)

resourceAllocator(push #;)  resourceAllocator(pull t;)  resourceAllocator(pack (id’, 1))

resourceAllocator(t;) resourceAllocator(t;)

resourceAllocator(unpack (id’, x) = t; in f;)  resourceAllocator(unpack (id’, x) = t; in t,)
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A.2 Reduction rules for heap semantics

Ir’.s+r'Cr y#{H, v, t}
VAR B
H,x—>, vk x ~s Hxo,vEv HbF (Ax.t) v ~s H,y—sv F ty/x]
Hrtp ~g H R Hvrty ~g H Rt
~> ~>
Hrtty ~s Hrtt, ™ Hrve ~, Hrveg %
Hrt; ~5 H R Hvrty ~g H vt

®L ®R

~> ~>
H&t (t,t) ~s H F (t, 1) Hr (v,tp) ~s H + (v, 1))

Hrtp ~g H bt

“PLET®

Hrlet(x,y) =tiint, ~; H +let(x,y) =t int,

X'#{H,vi, vt} Y#{H, v, v, t}
~>
Hrlet(x,y) = (vi,w)int ~5 H x'—>vy, y'i—=sw + [y [yl [x ]/ x] 2

Hrty ~g HFt]
Hrlet()=tiint, ~5 H' rlet() =t/ int,

"~ LETUNIT 2 BuNiT

Hrlet()=()int ~; Hr ¢t

Hrtp ~g H R
Hrlet[x] = hint, ~5 H rlet[x] = t/int

2 1LETO

Hrt ~gp HEY
~>
HF [t], ~s H F [V],

y#{H, v, t}
- '\»Dﬁ
Hrlet[x] = [v],int ~s H, y— (v F t[y/x]

y#{H, v, t}
H + unpack (id, x) = pack (id’,v) in t ~s H, y—, v+ t[y/x] 38

Hrt~g Hrt
H + pack (id, t) ~s H + pack (id, t')

~?pAcK

Hrti ~g HE
H + unpack (id, x) = t; in t; ~>; H + unpack (id, x) = t{ in t,

> UNPACK

Hvrt~g H RV dom(H) = refs(v)
H + sharet ~»; H’ + share t/ " snare H,H’ + share (xv) ~»¢ ([H],),H F [v

1 "~ SHAREf

Hrt~g HEY Hvrtp ~g H R

~>
Ht¢ o+t ~g H F #t/ * Hr clonetasxint; ~>; H' + clone trasxint,

"~ CLONE
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131:6 Daniel Marshall and Dominic Orchard

dom(H’) = refs(v)  (H”,0,id) = copy(H’) y#{H, v, t}
H,H’ + clone [v],asxint ~»; H,H',H”, y—spack (id, *(0(v))) F ty/x]

"~ cLoNEf

Hl-tl MSH,Ft{

H + withBorrow t; t; ~; H’ +- withBorrow ¢] #;

> wiTH&L

Hvrty ~g H v 8
H + withBorrow (Ax.t;) t; ~s H’ + withBorrow (Ax.t;) t;

A witH&R

y#{H, v, t}

" P witn&
H + withBorrow (Ax.t) (xv) ~»s H, y—¢(*v) + unborrow t[y/x]

Hrt ~g H RV

> UNBORROW
H + unborrow ¢t ~»; H’  unborrow ¢’

~Pun&
H + unborrow (xv) ~»>g H F %v

Hrt~g HEY
H+ splitt ~>¢ H’ + split ¢/

2 spLIT

refi#H ref,#H
~>
H, reft—,id, id — v + split (xref) ~»s H, reflb—>§id, ref20—>§ id, id — v+ (xrefi, xrefy)

SPLITREF

H b split (xv) ~5 H' b (xvy, %v3)
H' + split (x+w) ~>s H” F (xwy, *w,)

H v split (+(v, w) ~5 H” F (+(vy, wp), 5(ve wp))

SPLIT®

Hrt ~s H R Hrty ~g H R,
~701NL

~2701NR

Htjoint t; ~¢ H' + join t] t Hrjoin vty ~>5 H' Fjoin vt

ref#H
H, refi—,id, refo—4id, id — v + join (xrefy) (xrefz) ~>s H,reft (piq)id, id = v + xref

~J0INREF

H tjoin (xvy) (¥v3) ~s H' F *v
H’ F join (xwy) (swp) ~>g H” F xw

H I—join (*(Vl’ Wl)) (*(VZ, WZ)) ~ H - *(V, W) “270IN®

H+t ~g HEE Hvrt~g HEY
~2pusH . P
Ht+pullt ~¢ H + pull ¢

~puLL

H+ pusht ~>¢ H' + push ¢

PUSH*

H + push (x(vi, wp)) ~5 HF (xvy, %vy) -

~> *
H + pull (svy, %) ~>s H F *(vy, v2) o
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Primitive reduction rules.

ref#H id#H
~>
H + newArray n ~»; H, refr—1id, id — init +- pack (id, *ref )

NEWARRAY

H, ref—,id, id > arr[i] = v readArray (xref) i ~> H,reft—,id, id — arr[i] = v+ (v, xref) " READARRAY

~>
H, refr>,id, id v arr + writeArray (xref) iv ~g H, refr>,id, id — arr[i] = v+ xref WRITEARRAY

DELETEARRAY

H, refr>pid, id — arr + deleteArray (xref) ~>g H+ () ~

ref#H id#H
H + newRefv ~»> H, refi—id, id — ref(v) + pack (id, ref’) ~

NEWREF

"~ SwAPREF

H, refr>,id, id — ref(v) - swapRef (xref) v/ ~¢ H,ref—,id, id — ref(v') F v

" FREEZEREF

H, refr>pid, id — ref(v) + freezeRef (xref) ~>s Htr v

READREF

H, reft—,id, id > ref([v],41)  readRef (xref) ~»s H, reft—,id, id > ref([v],) + (v, xref) ~

Multi-reduction rules.

Hrtg ~s HE b Htvth =, H' v+ 13
— X REFL EXT
Hrt = H+t Hrty > H' '+ 13

Heap-context compatibility.

Hw0 H,id —» v, >=<T+y Y ko, Resjg A
EMPTY —— —— GCARR — EXTRES
Q<0 H, refr—,id () H, refr=,id, id — v, »< (T, ref : Resiq A)
He<xT+s-T7 x ¢ dom(H) I'rv:A .s+r' =r
EXT
(H, x—,v) »< (T, x : [A]5)
Hea T+ 17 x ¢ dom(H) I'rv:A A 1+r=r
EXTLIN

(H,x—,v) > (T, x: A)
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131:8 Daniel Marshall and Dominic Orchard

A.3 Equational theory

(Ax.tz) ti = o[ 11/ x] h)
Ax.(tx) =t )
let [x] = [t]int; = t[#/x] (Ba)
let[x] =fin[x] =4 (1a)
[let [x] = in ] = let [x] = t in [#] (Odistrib)
let )=()int=t (Bunit)
let ) =tin () =¢ (Munit)
let (x,y) = (t1, 1) int3 = B[ t2/y][11/x] (Pe)
let(x,y) =tin(x,y) =t (ne)
(let(x,y) = inty, t3) = let (x,y) = tin (tz, 13) (®distribL)
(t1,1let (x,y) = ints) = let (x,y) = L in (#, f3) (®distribR)
unpack (id, x) = pack (id’, ;) in t; = t;[#;/x] (Ba)
unpack (id, x) = t; in pack (id, x) = (n3)
pack (id, (unpack (id’, x) = t; in t;)) = unpack (id’, x) = t; in pack (id, t;) (Idistrib)
clone (share v) as xin t = t[pack (id, v)/x] (B+)
clone t; as xin (clone t; as yin t3) = clone (clone t; as xin ;) as yint;  (x ¢ FV(#3))
(*assoc)
withBorrow (Ax.x) t =t (&unit)
withBorrow (Ax.f (g x)) t = withBorrow f (withBorrow g t) (&assoc)
(let (x,y) = (split ¢) in (join x y)) = ¢ (&rejoin)
split (join #; &) = (1, tz) (&resplit)

A.4 Parallel sum example in Granule

1 -- A more involved example summing two borrowed halves of a unique array in parallel.
2 -- Run ‘main” to see the result.

4 --- Sized vectors

5 data Vec (n : Nat) t where

6 Nil : Vec 0 t;

7 Cons : t > Vecnt — Vec (n+1) t

9 -- Length of a Vec™ into an indexed °N°, preserving the elements

10 length' : V {a : Type, n : Nat} . Vec n a — (Int, Vec n a)

11 length' Nil = (@, Nil);

12 length' (Cons x xs) = let (n, xs) = length' xs in (n + 1, Cons x xs)

14 -- Converts a vector of floats to a unique array of floats

15 toFloatArray : V {n : Nat} . Vec n Float — 3 {id : Name} . *(FloatArray id)
16 toFloatArray v =
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19

20

21

22

23

24

let (n', v) = length' v
in unpack <id, arr> = newFloatArray n'
in pack <id, (toFloatArrayAux arr [@] v)> as 3 {id : Name} . *(FloatArray id)

-- Auxiliary function for “toFloatArray"
toFloatArrayAux : V {n : Nat, id : Name} . *(FloatArray id) — Int [n] — Vec n Float
— *(FloatArray id)
toFloatArrayAux a [n] Nil = a;
toFloatArrayAux a [n] (Cons x xs) =
toFloatArrayAux (writeFloatArray a n x) [n + 1] xs

-- ‘sumFromTo a i n’ sums the elements of a unique array "a’ from index i’ to index
sumFromTo : V {id : Name, p : Fraction} . & p (FloatArray id) — !Int — !Int
— (Float, & p (FloatArray id))
sumFromTo array [i] [n] =
if i == n then (0.0, array)
else
let (x, a) = readFloatArray array ij;
(y, arr) = sumFromTo a [i+1] [n]
in (x +y, arr)

-- Helper function ‘writeRef " for updating a reference where the old value is dropped
-- (A reference to a "Droppable" value can be written to without violating linearity)
writeRef : V {id : Name, a : Type} . {Droppable a} = a — & 1 (Ref id a)
— & 1 (Ref id a)
writeRef x r = let
(y, r') = swapRef r x;
() = drop@a y in r'

-- Parallel sum of two halves of a unique array, storing the result in a mutable
-- reference after the parallel computation is done.
parSum : V {id id' : Name} . *(FloatArray id) — =*(Ref id’ Float)
— x(Ref id’ Float, FloatArray id)
parSum array ref = let
([n], array) : (!Int, *(FloatArray id))

lengthFloatArray array;

compIn = pull (ref, array)
in withBorrow (AcompIn —
let (ref, array) = push complIn;
(arrayl, array2) = split array;

-- Compute in parallel

((x, arrayl), (y, array2)) =
par (A() — sumFromTo arrayl [@] [div n 21)
(A(Q) — sumFromTo array2 [div n 2] [n]);

-- Update the reference
ref"' = writeRef ((x : Float) + y) ref;
compOut = pull (ref', join (arrayl, array2))

in compOut) compIn

-- Main function to sum the elements of a unique array in parallel

131:9
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131:10 Daniel Marshall and Dominic Orchard

69 main : Float

70 main =

71 -- Some example data

72 unpack <id , arr> = toFloatArray (Cons 10.0 (Cons 20.0 (Cons 30.0 (Cons 40.0 Nil)))) in
73 unpack <id', ref> = newRef 0.0 in

74 let

75 (result, array) = push (parSum arr ref);

76 () = deleteFloatArray array

77 in freezeRef result

B SUBSTITUTION PROOFS

LEMMA B.1 (LINEAR SUBSTITUTION IS ADMISSIBLE, EXTENDING [ORCHARD ET AL. 2019]). IfT} F
h:A ansz,x A+t : B thean +Ih + tz[tl/x] : B.

Proor. By induction on the typing derivation of t,.

* (pr)
Tri:A —resourceAllocator(t)
PR
r-Tr[t]:0A
where t, = [¢]. Trivial since the form of the typing does not match here: no linear variable
possible.
e (share)

I,x:Art:=+A
I, x: Arsharet: 0, A

SHARE

where B =0, A.
By induction on the premise then I3 + I3 + t[#;/x] : %A, from which we build the conclusion:

Lk t[t/x] : %A
I, + share (t[t;/x]) : O, A

SHARE
¢ (bind) Two possibilities:
(1) Linear variable x in the left premise:
O ,x:Ar g 04 L,y:=(#A") v+t : 0B rci

I,x:A+T, + clonet asyint, : O,B

CLONE’

By induction on the first premise: I/ + I3 + #[t/x] : O,A
Then we reconstruct the typing as:

O +0 kit [t/x] 04 L, y:=(#A") v t,: OB rci

" n ; — . CLONE’
I +I; + T, + clone t{[t/x] as yin t; : O,B
satisfying the goal (by commutativity of +).
(2) Linear variable x in the right premise:
Ikt OA I,x:Ay:«#A)+t,: 0B rci1
CLONE’

I[+T,,x: Ar clonet asyint, : O,B

By induction on the second premise: (I, + 1),y : *A" + t;[t/x] : OB
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Then we reconstruct the typing as:

Ikt 0A Ty +0),y:=(#A) v ty[t/x] : OB

CLONE
I +T, + 11 + clone t; as yin ;[ t/x] : OB
satisfying the goal.
e (withBorrow) Two possibilities:
(1) Linear variable in the first premise:
I,x:Ar £ A L Ff:&A — &B
WITH&
I}, x: A+T, + withBorrow f t : =B’
By induction on the first premise then I + I3 + t[#;/x] : *A’.
From this we construct the goal:
F{ +I + t[tl/x] s xA FZ/ F f : &1A/ —o &1B,
WITH&
I} + I} + I, + withBorrow f t[#;/x] : «B’
satisfying the goal by commutativity of +.
(2) Linear variable in the second premise:
T/ rt:+A Thx:Arf:8A — & B
WITH&

I +T,,x : A+ withBorrow f t : «B’

By induction on the second premise then T, + T3 + f[t;/x] : & A" — & B'.
From this we construct the goal:

Ik tesA L+ F ft/x] : &A" — & B
I} + T, + [ + withBorrow f[#/x] t: «B

WITH&

satisfying the goal.
e (split)
[x:Abt:&pigA
I[x:Arsplitt: &,A® &;A

WITH&

Then by induction on the premise we have: I} + I' + [#;/x] : B from which we construct the
goal:

I+T+ t[tl/x] : &p+qA
I} + Tk split (t[t;/x]) : &,A® &GA

WITH&

* (join)

Ft:&A Dkt &A p+q<1

Y WITH&
I+ Fjoin £ &) &pygA

Then there are two possibilities depending on the location of the linear typing variable:
(1) (on the left):

F{,x:Al—t{:&pA Fz'l—té:&qA ptg=<1
WITH&

I/, x: A+ Ty Fjoin £] t) : &,igA
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131:12 Daniel Marshall and Dominic Orchard

Then by induction on the premise we have: I}] + I + t/[t;/x] : &,A from which we
construct the goal:

Ix: Art[t/x]: &A T,k ty: & A p+qg<1
Iy + Ty + T, F join (t [t /x]) 1] : &pigA

WITH&

(2) (on the right):
F{I—t{:&pA FZ',X:AI-téz&qA ptg=s1

r r — WITH&
I +15,x: Arjoin & &) : &pigA

Then by induction on the premise we have: I + Iy + £;[t;/x] : &;A from which we
construct the goal:

ITHt:&pA  L+Tikplt/x]:&A  p+gq<1
IV + T, + Ik join ¢ (t[t1/x]) : &pigA

WITH&

o (push)
Ix:Art:&,(A® B)
P
I,x:Avrpusht: (&,A) ® (&,B)

USH

Then by induction on the premise we have: I' + Iy + t[t;/x] : &,(A ® B) from which we
construct the goal:

L+ kt[t/x] : &,(A® B)
P
'+ +push [t /x] : &,A® & A

USH

e (pull)
T,x:AFt:(&,A) ® (&,B)
Ix:Avrpullt: &,(A® B) ;

ULL

Then by induction on the premise we have: I + I3 + t[#;/x] : (&,A) ® (&,B) from which we
construct the goal:

T+Ty F t[t/x] : (&,4) ® (&,B)
T+T; r pull t[t,/x] : &,(A®B)

ULL

o (newRef), (swapRef), (freezeRef), (readRef), (newArray), (readArray), (writeArray), (deleteAr-
ray) all trivial as they are atomic with substitution having no effect.

]

LEMMA B.2 (GRADED SUBSTITUTION IS ADMISSIBLE, EXTENDING [ORCHARD ET AL. 2019]). If
[Ti] F &y : Aand Ty, x: [A], + t : B (where [I1] represents a context Iy containing only graded
assumptions) and —resourceAllocator(t;) then T, +r - It + t2[#1/x] : B.

Proor. By induction on the typing derivation of t,.
* (pr)
L,x:[A]l,rt: A —resourceAllocator(t)
ri- (I, x: [Al,) F [t] : O, A

where r = r; xry and t, = [¢].
By induction on the premise then we have I}/, r, - I F t[#;/x] : A.

PR
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Functional Ownership through Fractional Uniqueness (Appendix) 131:13

Then we construct the goal:
L,ry-TyFt[ty/x] - A —resourceAllocator(t[ £ /x])
ri- (L, rp-Th) v [t[t/x]] - O, A

where —resourceAllocator(t[t;/x]) follows from —resourceAllocator(t) and —resourceAllocator(t;)
and which equals ry - I +ry - rp - Tt + [#[t1/x]] : O, A satisfying the goal here.
(share)

PR

L,x: [A], Ft:xA
I, x: [A], - sharet : O;A

SHARE

where B = O, A.
By induction on the premise then I +7-I3 F t[#;/x] : *A, from which we build the conclusion:

Lo+r-T1 kit /x] : %A
I, +r - I7 + share (¢[t;/x]) : O;A

SHARE

(bind)
I, x: [A]l, b 1] OA L, y:=(#A"),x: [A],, F t, : OB rcl

I} +T,,x: [A]ly4r,  clonet; as yint, : OB

CLONE’

with r = r; + r, without loss of generality (since any context not including x can instead have
weakening applied to have either r; = 0 and/or r; = 0).
By induction on the premises, we have: (1) I} +ry - Iy + t][t/x] : O,A" (2) (T, + 15 -T1),y -
*A'r ty[t/x] : OB
Then we reconstruct the typing as:
I +r T kg [t/x]  OA (T, +r2-Th), y: =(#A") F ty[t/x] : OB
I +T, + (ri+r2) - It F clone t;[t/x] as yin t;[¢/x] : OB

CLONE
satisfying the goal.
(withBorrow)
I, x: [A]l, Ft:xA L, x:[Al, b f: & A — & B
(I{ +5,), x : [Aly4r, + withBorrow [ ¢ : «B'

By induction on the premises, we have: (1) I] +r - Iy F t[t;/x] : A" 2) T, + 1o - Ty + ft1/x] :
&1A, —0 &1B’.
From this we construct the goal:
Tl’ +r Tl F t[tl/x] s A FZ' +7ry - Fl F f[tl/x] : &1A/ —0 &IB’
I+ T, + (r; +r2) - Iy + withBorrow f[#/x] t : «B’

WITH&

WITH&

satisfying the goal.
o (split)
Lx: [Al; Ft:&pigA
[x: [A], +splitt: &,A® &;A

WITH&
Then by induction on the premise we have: I'1 + r - '  ¢[#; /x] : B from which we construct
the goal:
Li+r-Trtt/x] : &pigA
I +r-TFsplit (¢[t1/x]) : &yA® & A

WITH&
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131:14 Daniel Marshall and Dominic Orchard

e (join)
I x: [Al, R &pA L, x:[Al, Fty: &A p+q<1
(I + 1), x 2 [Al (447, Fjoin B 8 2 &pigA

WITH&

Then by induction on the premises we have: (1) I] +r; - It + t][t1/x] : &, A@2) T, +rp - T1 +
t;[t1/x] : &4A from which we construct the goal:

F1'+r1~1"1l—t{[t1/x]:&pA F2'+r2~F1l—té[t1/x]:&qA p+qﬁ1
I+ T + (ry+r2) - Ty F join #] (t5[t1/x]) : &pigA

WITH&
satisfying the goal.
e (push)
Ix:[A]l, rt:&,(A® B)
PUSH
[,x:[A], +pusht: (&,A) ® (&,B)

Then by induction on the premise we have: I' +r - Ty + t[t;/x] : &,(A ® B) from which we
construct the goal:

I'+r-I1 t[tl/x] 2&p(A®B)
P
I+r-Ty - pushit[t/x] : &A® & A

USH

o (pull)
Tox: (Al k£ (&pA) ® (&,B)
Tx:[Al, rpullt:&,(A®B)

Then by induction on the premise we have: I' +r - I} + t[#;/x] : (&,A) ® (&,B) from which
we construct the goal:

L+r-TyFt[t/x] : (&pA) ® (&,B)
T+r- Ty rpullf[t,/x] : &, (A®B)

o (newRef), (swapRef), (freezeRef), (readRef), (newArray), (readArray), (writeArray), (deleteAr-
ray) all trivial as they are atomic with substitution having no effect.

ULL

ULL

]

C TYPESAFETY
C.1 Progress proof

LEmma C.1. Value lemma
GivenT v v : A then, depending on the type, the shape of v can be inferred:
e A= A" — Bthenv = Ax.t or a partially applied primitive term p.
e A=0,A" thenv = [V'].
e A=A ®Bthenv = (v, w).
e A=1thenv=().
e A==xA thenv ==V,
o A=&,A" thenv = *v'.
e A=N thenov =n.
e A=Fthenov=f.
o A =Refjq A’ thenv = ref.
o A=Array, Fthenv=a.
o A=13id A’ thenv = pack (id’,V').
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Proor. Recall that the value terms sub-grammar is:
vu=(v,m) | O |=v]|[v]|Axt|i|ref|al|p]|pack(id,v) (value terms sub-grammar)
where p are partially-applied primitives:
p == newRef | swapRef | swapRef (xref)
| freezeRef | readRef
| newArray | readArray | readArray (xa)
| writeArray | writeArray (*a) | writeArray (xa) n | deleteArray
We then proceed by case analysis on the type A to match the structure of the lemma. In each
case we must consider what possible values can be assigned the type A and by which rules.
In all cases, there exists additional derivations based on dereliction and approximation, e.g., for

the case where A=A’ — B:
I'x:A”rt:A - B

D
Ix:[A"];+rt:A > B

ER

I,y:[A"],T'+t:A —>B rCs
Iy:[A"]T'+t:A —>B
In all of these cases we can apply induction on the premise to get the result since the term is
preserved between the premise and the conclusion.

We elide handling this separately each time in the cases that follow as the reasoning through
dereliction is the same each time.

APPROX

o A=A’ — Bthen there are two classes of possible typing:
— Abstract term:
Ix:A +t:B

— ABS
I'-Ax.t: A > B

thus v = Ax.t as in the lemma statement.
— Primitive term p formed by an application of zero or more values to a primitive operation,
of which there are then twelve possibilities:

1)

NEWREF

0-T + newRef : A — Jid.«(Ref;y A)
thus v = newRef
(2

p=E1V p==x
0-T + swapRef : &,(Refig A) o A - A® &,(Refjg A)

SWAPREF

thus v = swapRef
®)

REF
0-T,ref : Resijg A+ ref : Resig A
NEC
0-T,ref : Refig AF xref : & Ref;g A
APP
0-T,ref : Ref;g A+ swapRef (sref) : A® &;(Refig A)

thus v = swapRef (xref)
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131:16 Daniel Marshall and Dominic Orchard

©

FREEZEREF

0-T + freezeRef : =(Ref;y A) — A

thus v = freezeRef

%)
R
0-T + readRef : &,(Refjy (0,114)) — A® &,(Refiq (0,A)) READREF

thus v = readRef

(6)
; NEWARRAY
0-I' + newArray : N —o Jid.x(Array,; F)

thus v = newArray

(7)
READARRAY

0-T + readArray : &,(Array; F) - N — F® &, (Array,; F)

thus v = readArray

®)

0-T,ref : Resjg A+ ref : Resig A REF

0-T,a:Array,; A+ xa: & Array,; F
A
0-T,a:Array,; A+ readArray (*a) : N — F® &, (Array,; F)

NEC

PP

thus v = readArray (xa)
)
p=E1V p==x

- WRITEARRAY
0-T + writeArray : &,(Array;; F) - N — F — &, (Array,; F)

thus v = writeArray

(10)

REF
0-T,ref : Resjg A+ ref : Resig A

0-T,a:Array,; A+ *a: & Array, F
A
0-T,a:Array,; A+ writeArray (xa) : N — F — F ® &;(Array,; F)

NEC

PP

thus v = writeArray (*a)

REF
0-T,ref : Resig A+ ref : Resig A

(11) 0-T,a:Array,; A xa: & Array;; F -
0-T,a: Array;; A+ writeArray (xa) : F® & (Array;,; F) Orn:N
0-T,a:Array,; A+ writeArray (xa) n: F — F® &;(Array; F)
thus v = writeArray (xa) n

NEC

APP

(12)

DELARRAY

0T + deleteArray : =(Array,; F) — unit
thus v = deleteArray
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e A = O, A’ then there is only one possible non-dereliction/non-approximation typing of a
value at that type:
Trv A
- v,
r-Tr[V]:OA

thus o = [v'] as in the lemma statement.

R

o A = A’ ® Bthen there is only one possible non-dereliction/non-approximation typing of a
value at that type:

I“lkvle’ IbFv,: B
®
1"1+1"2}—(v1,v2):A’®B

thus v = (v1, v;) as in the lemma statement.
e A =1 then there is only one possible non-dereliction/non-approximation typing of a value at
that type:

1

—_— 1
0-Tr():unit '
thus 0 = () as in the lemma statement.
e A = %A’ then there is only one possible non-dereliction/non-approximation typing of a value
at that type:
Orv A
0-TF v :xA
thus v = *t as in the lemma statement.
e A = &,A’ then there is only one possible non-dereliction/non-approximation typing of a
value at that type:

NEC

Orv A
- N
0-TF=*v :&A

thus v = *v’ as in the lemma statement.

EC

e A =N then v = n Trivial case on typing of constants which is elided in this paper for brevity
(but covered by the core type theory of Granule for example).

e A =F then v = f Trivial case on typing of constants which is elided in this paper for brevity
(but covered by the core type theory of Granule for example).

e A = Ref;; Athen v = ref then the only possible typing that is a value is given by:

REF
0-T,ref : Resjg A+ ref : Resig A

e A = Array,; F then v = a then the only possible typing that is a value is given by:

REF
0-T,ref : Resjg A+ ref : Resijg A

(and since the only type of arrays is F currently).
o A = Jid.A’ then there is only one possible non-dereliction/non-approximation typing of a
value at that type:
T'tv :A id ¢ dom(T)
T+ pack (id’, t) : Jid.A[id/id’]

thus v = pack (id’, V') as in the lemma statement.

PACK

]
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LEMMA C.2 (CLOSED VALUE LEMMA). GivenT + v : A where A does not comprise a function type,
then there exists a runtime only contexty such thaty v v: A, i.e, v is closed with respect to normal
variables.

Proor. Similar to the value lemma proof structure, and where:

e A= A" — B is excluded by the lemma statement.
e A=0,A then v = [v'] by induction.
e A=A’ ® Bthen v = (vy, v;) by induction.
e A =1theno = () is closed.
e A ==xA" then v = %V’ by induction.
o A=&,A" theno = %V by induction.
e A =N then v = nis closed.
e A =Fthenov = fis closed.
e A = Ref;; A’ then v = ref has only a runtime context.
e A = Array F then v = g has only a runtime context.
o A =3id.A’ then v = pack (id’, v') by induction.
O

LEmMA C.3 (UNIQUE VALUE LEMMA). GivenT F %v : xA then, depending on the type A, the shape of
v can be inferred:
e A=A"®B thenov = (v, n).
e A =Ref;; Athenov = ref.
e A=Array, F thenv = a.
and there are no other possible typings for «v. Furthermore, AI”,y such that 0 - T,y + v : %A, iLe., it
can be type in a runtime context only.

Proor. There are only three possible typings for *v.

e A = A’ ® B’ where there is only one possible non-dereliction/non-approximation typing of a
value at the type #(A’ ® B'):

; INDUCTION. " INDUCTION.
0’T1,}’1|'*V11*A O'FZ,}/QF*VZZ*B

®
0-T1+0-Tp+y1+y2 b (v, #13) : %A @ #B '

0- (1"1 + 1“2) + Y1 + Y2 F *(Vl, Vg) : *(A’ ® B/)

PULL

thus v = (v1, v,) as in the lemma statement and I’ =T} + I, and y = y; + y».
e A = Ref;; A where there is only one possible non-dereliction/non-approximation typing of a
value at the type *(Ref;y A):

*

REF

0-T,ref : Resjg A+ xref : «(Resjqg A) *
thus v = ref as in the lemma statement and I =T and y = ref : Ref;y A.
e A = Array,; F where there is only one possible non-dereliction/non-approximation typing of
a value at the type *(Array,; F):

*

REF

0-T,ref : Resjg A+ xref : «(Res;jq A) *
thus v = a as in the lemma statement (and since the only type of arrays is F currently) and
I"=Tandy =a:Array, A.
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]

THEOREM C.4 (PROGRESS). GivenT  t: A, thent is either a value, or for all grades s and contexts
Ty then if H »a I + s - T there exists a heap H' and term t’ such that H+ t ~s H' + t'.

Proor. By induction on typing.

o (var)

—————— VAR
0-Ix:Arx: A

Here, H »< s - [T'], x: [A]s, which by inversion of heap compatibility implies that H =
H’, x—,vand 3r’. s + r’ = r. Hence, we can reduce by the following rule:

Ir'.s+r'Cr

VAR
H x— vk x ~s Hx—vEv

where 3r’. s +r’ = r implies 3r’. s + r’ T r by reflexivity, satisfying the premise.
e (abs)
I''x:A+t:B
————————— ABS
I'+Ax.t:A—oB

A value.

* (app)
Ii+t;1:A—B Ltt:A
n+Lr4ut:B

By induction on the first premise, there are two possibilities.

(1) #; is a value and therefore by the value lemma there are a number of choices:
- t; = Ax.t]. Therefore we induct on the second premise providing two possibilities:
* If t; = v for some value v, then we can reduce by the following rule:

APP

y#{H, v, t}
~p
Ht (Ax.t)v ~s H,y—>vF t[y/x]
* If t, is not a value, then there exists heap H’, term #] and context I such that H +
ty ~»s H' + t;. Therefore we can reduce by the following rule:

Hrty ~s H Rt
Hr vty ~s H v vt

"~ ApPPR

- t; = newRef
Therefore we induct on the second argument:
% 1, is a value v and thus we can reduce:

ref#H id#H
H + newRefv ~»¢ H, reft—>1id, id — ref(v) + pack (id, xref) ~

* t; is not a value and thus has a reduction, therefore we can build the compound
reduction:

NEWREF

Hvrty ~s H 1)

~>
H+ newReft; ~; H' + newRef t; Fr

- t; = swapRef
* ty is a value and therefore by the value lemma on &, (Ref;; A) (Lemma C.1) t; = *ref
and thus #; t; = swapRef (xref) which is also a value.
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* tp is not a value and thus has a reduction, therefore we can build the compound
reduction:

Hr iy ~5 H bt

"~ PRIM

H + swapRef i, ~>; H' + swapRef ;

- t; = swapRef (xref)
Therefore we induct on the second argument:
% 1y is a value v and thus we can reduce:

"~ SWAPREF

H, refr>,id, id — ref (v) + swapRef (xref) v ~>5 H, reft=,id, id — ref(v') F v
* t; is not a value and thus has a reduction, therefore we can build the compound
reduction:
Hrty ~s H b
H + swapRef (xref) t, ~ H' + swapRef (xref) t; ~

PRIM

— t; = freezeRef
Therefore we induct on the second argument:
* tp is a value which by the value and unique value lemmas has the form =ref, and thus
we can reduce:

"~ FREEZEREF

H, reft>,id, id > ref(v) + freezeRef (xref) ~g Ht v
* t; is not a value and thus has a reduction, therefore we can build the compound
reduction:
Hrt, ~g H +

"~ pRIM

H + freezeRef i, ~>; H' + freezeRef 1,

- t; = readRef
Therefore we induct on the second argument:
* tp is a value which by the value and unique value lemmas has the form =ref, and thus
we can reduce:

T T "> READREF
H, refr—,id, id — ref([v],41) + readRef (xref) ~>; H, reft—,id, id > ref([v],) + (v, xref)

* tp is not a value and thus has a reduction, therefore we can build the compound
reduction:
Hrty ~s H v i
H+readRef i, ~>; H' + readRef i,

"~ pRIM

— t; = newArray therefore A =N
Therefore we induct on the second argument:
* 1y is a value and therefore by the value lemma (Lemma C.1) t, = n and thus the typing
is:
F'rn:N
I' - newArray n : *(Array;; F)
with Hs< (Iy +s-T).
Thus there is a reduction as follows:
ref#H id#H

~>
H + newArray n ~»; H, ref—1id, id — init + pack (id, =ref)

TyYDERIVEDNEWARRAY

NEWARRAY
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* tp is not a value and thus has a reduction, therefore we can build the compound
reduction:

Hrity ~s H v+ i

"~ PRIM
H + newArray t, ~; H' + newArray ¢,

- t; = readArray therefore A = &,(Array;,; F) - N — F® &, (Array,; F)
* ty is a value and therefore by the value lemma on &, (Array; F) (Lemma C.1) t, = *a
and thus #; f, = readArray (xa) which is also a value.
% tp is not a value and thus has a reduction, therefore we can build the compound
reduction:

Hvrity ~s H iy

"~ PRIM

H t readArray t; ~>; H' + readArray 1,

- t; = readArray (*a) therefore A=N — F® &,(Array;; F)
* 1y is a value and therefore by the value lemma onI; + t; : N (Lemma C.1) implies &, = n
and thus the typing is refined at runtime as follows:

NEC
[I1],a: Array;; F+ (xa) : &,(Array; F) L+n:N
[[] + Ty, a: Array,; F + readArray (xa) n: F ® &, (Array,; F)

TYDERIVEDREADARRAY

with H >« Ty +s- ([I7] +I2), a : Array,; F, and by the heap compatibility rule for array
references there exists some H such that H' = H, a—id, id + arr.
Then there is a reduction as follows:

~>
H, reft>,id, id — arr[i] = v + readArray (xref) i ~>5 H, reft,id, id = arr[i] = v+ (v, xref) READARRAY

% tp is not a value and thus has a reduction, therefore we can build the compound
reduction:

Hrty ~s H iy

~2pRIM
H t readArray (xa) t; ~>s H' + readArray (xa) t,
- t; = writeArray therefore A = &;(Array;; F) o N — F — &;(Array;; F)
* t is a value therefore by the value lemma (Lemma C.1) t, = (*a) and thus #; #, =
writeArray (xa) which is also a value.
* t, is not a value and thus has a reduction, therefore we can build the compound
reduction:

Hvrty ~g H v i

" ; N , "2PRIM
H + writeArray t; ~»; H' + writeArray t,
- t; = writeArray (*a) therefore A=N — F — &;(Array,; F)
* t; is a value therefore by the value lemma (Lemma C.1) f, = n and thus t t; =
writeArray (*a) n which is also a value.
* t, is not a value and thus has a reduction, therefore we can build the compound
reduction:

Hr iy ~5 H vt

~>
H + writeArray (xa) t; ~; H' + writeArray (xa) t, o

- t = writeArray (*a) n therefore A = F ® &, (Array,, F)
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* 1y is a value and therefore the value lemma on I, + £, : F (Lemma C.1) implies t, = f
and thus the typing is refined at runtime as follows:

[T1],a:Array,; Fr a: (Array;; F) rer
NEC
[T1],a:Array,; Fr *a: & (Array,; F) Lrn:N Ik f:F
TYDERIVEDWRITEARRAY
[[1] +T; + 5, a: Array,; F - writeArray (xa) n f : & (Array,; F)

with H' o< (Iy + [[1] + I2 + I3, a : Array,; F), and by the heap compatibility rule for
array references there exists some H such that H' = H, a—pid, id — arr.
Then there is a reduction as follows:

~>
H, reft>,id, id — arr + writeArray (xref) iv ~>; H, reft>,id, id — arr[i] = v + xref WRITEARRAY

* tp is not a value and thus has a reduction, therefore we can build the compound
reduction:

Hl—tz’\»sH,l‘té

~>
H + writeArray (xa) nt, ~s H' v writeArray (xa) nt, o

- t; = deleteArray therefore A = #(Array,; F) —o unit
* tp is a value and therefore by the value lemma (Lemma C.1) #, = *a thus the typing is
refined at runtime as follows:

[T],a:Array;; F+ a: (Array,; F) rer

NEC
[T'],a:Array,; Fr #a: «(Array, F)

— T YDERIVEDDELETEARRAY
[T'],a: Array,; F + deleteArray = a: unit
with H » (Iy + [T], a : Array,; F), and by the heap compatibility rule for array
references there exists some H such that H = H, a—pid, id — arr.
There there is a reduction as follows:

DELETEARRAY

H, reft>,id, id — arr  deleteArray (*ref) ~>; HF () ~

% tp is not a value and thus has a reduction, therefore we can build the compound
reduction:

Hr ity ~s HF iy

PRIM

~>
H + deleteArray i, ~>; H' + deleteArray ¢,

(2) Otherwise, by induction on the premise we then have that there exists heap H’, term ¢,
and context I such that H + #; ~»; H’ + t;. Therefore we can reduce by the following

rule:
Hrtp ~s Hr ot
> ApPL
HF Hity ~o H’l—t{tz
* (pr)
T+t A —resourceAllocator(t)

r-Tr[t],:0A R

with heap compatibility H s« Ty+s-(r-I'), which by associativity of * is equal to H >« [y+(s*r)-T.
Then, by induction on the premise (with s’ = s * ), there are two possibilities:
(1) If t is a value, say v, then [¢] is also a value, [v].
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(2) Otherwise, there exists H' and t’ such that H + ¢t ~»g,, H’ + ¢/, from which we can then
reduce by the following rule:

Hvrt ~g, HEY
’ ’ ’\/)D
HF [t], ~s H F[1],

e (elim)
LFh:O0A L,x:[A]l,+t:B
I+Lrlet[x] =t int : B
By induction on the first premise, there are two possibilities.
(1) #; is a value and therefore by the value lemma #; = [v]. This refines the typing as follows:

ELIM

Fl Fv:A

——————————————— PR

r-Iir[v],:0A L,x:0,AFt,: B
r-Ii+Irlet[x] =[v],int : B

ELIM
Therefore we can reduce by the following rule:

y#{H, v, t}
. ~op
Hrlet[x] =[v],int ~g H, y—g,vF t[y/x]

(2) Otherwise by induction on the premise we then have that there exists heap H’, term ¢ and
context I'" such that H + t; ~»; H’ + t{. Therefore we can reduce by the following rule:

Hrtp ~s Hrt

T T ~2LETO
Herlet[x] =tjinty ~; H rlet[x] =tint,
o (der)
I''x:A+t:B
————————— DER
Ix:[A]l1+t:B
Goal achieved immediately by induction on the premise.
* (approx)
Ix:[A]l,,T'+t:B rCs
APPROX

Ix:[A]l,T'+t:B

Goal achieved immediately by induction on the premise.
e (pairIntro)
Liry:A Ibrt:B
L+ F (tl,tz) :A®B
By induction on the premises there are three possible cases.
(1) If both t; and t, are values then (#, t,) is also a value.
(2) If only # is a value then by induction on the second premise we then have that there exists
heap H’, term t; and context I' such that H + t, ~»>; H’ + t;. Therefore we can reduce by
the following rule:

®r

Hrty ~; Hrt,
~>
HF (v,p) ~5 H' (v, 1))

®R
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(3) If neither #; nor t, are values then by induction on the first premise we then have that
there exists heap H’, term ¢; and context I such that H + t; ~»; H’ + t]. Therefore we
can reduce by the following rule:

Hrty ~s H v 1]
~>
Ht (t,t2) ~s H' F (1], 1)

®L

o (pairElim)
Fll—tl:A®B Fz,X:A,yZBl-tzic
L+ Flet(x,y)z hint : C

®F

By induction on the first premise, there are two possibilities.
(1) #; is a value and therefore by the value lemma #; = (v;, v;). This refines the typing as
follows:

IiFv:A IbFv,:B
®
+0F (v, v):A®B | Tyx:Ay:Brt:C
Li+L+15 Flet(x,y) = (Vl, Vz)intz : C

®F

Therefore, we can reduce by the following rule:

x'#{H, v, v, t} y'#{H, vi, v, t}
Htlet(x,y) = (vi,w)int ~>s H,x'—vi, y—v - [y /y][x/x

] e

(2) Otherwise, by induction on the premise we then have that there exists heap H’, term #]
and context I'" such that H + t ~»; H’ + t{. Therefore we can reduce by the following rule:

Hrtp ~g H vt
Hrlet(x,y) = tint, ~y H +let(x,y) = t{int,

“PLET®
e (unitIntro)

0-TF () :unit i
A value.
e (unitElim)
Tkt :unit Ibrt:B
i+hrlet()=tint : B
By induction on the first premise, there are two possibilities.

(1) t is a value and therefore by the value lemma t = (). Therefore we can reduce by the
following rule:

1

"~ BunIT

Hrlet()=()int ~s H+ ¢t

(2) Otherwise by induction on the premise we then have that there exists heap H’, term #] and
context I'” such that H + t ~»; H’ + t]. Therefore we can reduce by the following rule:

Hrtp ~s Hr o]
Hrlet()=tint; ~; H Flet() =t int

~?LETUNIT
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e (returnGen)
F'rt:xA

T+ sharet:0,A
By induction on the premise, there are two possibilities.
(1) t is a value and therefore by the value lemma ¢ = *v. Therefore we can reduce by the
following rule:

SHARE

dom(H) = refs(v)
H,H' t share (+v) ~; ([Hl,LH + [v] b
(2) Otherwise by induction on the premise we then have that there exists heap H’, term ¢’ and
context I'" such that H + t ~>s H’ + t'. Therefore we can reduce by the following rule:

Hrt~, H UV
H + sharet ~¢ H’ + sharet’

"~ SHARE
e (bindGen)

hLi+t:0A I,x:%*Ar t,:O,B 1Cr
CLONE’

I+ Iy + clone’ t; as xin ¢, : O, B
By induction on the first premise, there are two possibilities.
(1) #; is a value and therefore by the value lemma #; = [v]. This refines the typing as follows:

Fll—v:A
—— PR
r-Ti+[v]: 0, A I,x:*Ar t,:O0,B

- CLONE’
r-TIy +I, + clone [v]asxint, : O,B

Therefore we can reduce using the following rule (with ¢ = t,):

dom(H’) = refs(v) (H”,6,id) = copy(H") y#{H, v, t}
H,H’ t clone [v], asxint ~s H,H,H”, y— pack (?1, #(0(v))) + t[y/x]

(2) Otherwise by induction on the premise we then have that there exists heap H’, term #] and
context I'” such that H + #; ~»; H’ + t;. Therefore we can reduce by the following rule:

"~ cLoNES

Hrty ~s H vt

- , 7 . ~CcLONE
Htclonetjasxint, ~»; H' + clonet] as xin

o (withBorrow)
It %A Lrt:&A—o & B

- WITH&
I} + I, + withBorrow t; t; : *B

By induction on the first premise, there are two possibilities.
(1) #; is a value and therefore by the value lemma #; = (Ax.t). Then, again, we have two
possibilities:
— 1, is also a value, and therefore by the value lemma #, = (*v) for some 0. Then we can
reduce by the following rule:

y#{H, v, t}
H + withBorrow (Ax.t) (#v) ~»5 H, y—s(*v)  unborrow t[y/x]

P wiTH&
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— tp is not a value. Then, by induction on the premise we have that there exists heap H’,
term t; and context I such that H + t; ~>; H’ + t;. Therefore we can reduce by the
following rule:

Hrty ~; H +t,
H + withBorrow (Ax.t;) t; ~; H’ + withBorrow (Ax.t;) t;

> witH&R

(2) #; is not a value. Then, by induction on the premise we have that there exists heap H’, term
t; and context I' such that H + t; ~>; H’ + t]. Therefore we can reduce by the following
rule:

Hrtp ~g Hrt]

. : > L
H + withBorrow t; t; ~s H’ + withBorrow ¢] t; wrra

e (split)
Fri:&pA
Frsplitt: &  A®&pA

SPLIT

By induction on the premise, there are two cases.

(1) If t is a value, then by the value lemma and the unique value lemma there are three
possibilities for the form of ¢.
— t could have the form (xref). This refines the typing as follows:

[T], ref : Refig A+ (xref) : &, (Ref;y A) REF + NEC
s
[T], ref : Refiq A+ split (xref) : &§ (Refig A) ® &§ (Ref;g A)

PLIT
Then we can reduce by the following rule:

refi#H ref,#H
R . ; R "~ SPLITREF
H, refr=,id, id — v + split (xref) ~>s H,refi—pid, refyr>pid, id — v + (xrefy, xrefy)
2 2

— t could have the form (xa). This refines the typing as follows:

[T],a: Array,; F + (xa) : &,(Array;; F) reF + NEC
[T'],a: Array,, F + split (xa) : &p (Array;; F) ® &» (Array,; F)

SPLIT
Then we can reduce by the following rule:

a1 #H a#H

~>
H, a—,id, id — arr + split (xa) ~ H, @ id, azp id, id — arr v (*ay, *ap)

SPLITARR
— t could have the form (*(v, w)). There are two possible typings in this case:

nFvi:A y2bv:B

’ ®I
Yi+y:t (v, ) : A ®B

- NEC
Yi+ye b x(vy,v2) s (A" ® B)
s
Y1+ 72 b osplit (x(vi, 1)) (&% (A ®B)® &1 (A" ®B))

In either instance, we can reduce by the following rule:

PLIT
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H + split (xv) ~g H' F (xvy, *1p)
H’ + split (xw) ~g H” F (xwy, xwy)
~>
H + split (x(v, w)) ~>s H” F (%(v1, wr), %(va, wy))
(2) If t is not a value, then by induction on the premise we have that there exists heap H’, term
t" and context I'” such that H + t ~»>3 H’ + t’. Therefore we can reduce by the following
rule:

SPLIT®

Hrt~s HEY
H+ split t ~>¢ H’ + split ¢/

’\’)SPLIT
e (join)
Fll—tlz&pA rzl-tzl&qA p+q£1
L+ F jOiIl I 1yt &p+qA
By induction on the first premise, there are two cases.
(1) If #; is a value, then first we should consider whether #, is also a value.
- If t, is also a value, then by the value lemma and the unique value lemma there are three

possibilities for the form of #;.
(a) t; could have the form (xref;). This refines the typing as follows:

JOIN

[T], refi : Refig A (srefi) : &,(Refiq A) rer+nEc  [T'], ref : Refig A v (xrefy) : &g(Refiq A) REF+NEC
[T], refi : Refiq A, refy : Refig A+ join (xrefi) (xrefy) : &,piq(Refig A)

Note that the typing in this case restricts t, to also have the form *ref,. Then we can
reduce by the following rule:

JOIN

ref#H
H, refi—,id, refy>4id, id — v + join (xrefi) (xrefa) ~>s H,reft—= (p1q)id, id — v+ xref

~J0INREF

(b) t; could have the form (*a;). This refines the typing as follows:

[T], a1 : Array; B+ (xay) : &, (Array; F) rer+nec [T, az @ Array;; F + (xap) @ &g (Array;; F) rEF+NEC

Ol
[T], a : Array; F, a; : Array,; F + join (xa;) (xay) : &piq(Array,,; F) !

Note that the typing in this case restricts #; to also have the form *a,. Then we can
reduce by the following rule:

a#H

H, a1—pid, ay—>4id, id — arr + join * a; * ay ~5 H, a— (p4q)id, id — arr + xa

~2JOINARR

(c) t; could have the form (x(v;, wy)). There are two possible typings in this case:

yll-’\/l:A, }/2|-W1:B

T

®
Y1+}/2|-('V],W1)2A,®B }/3|-V22A’ }/4|-W22B

T

NEC ®

)/1+)/2 F*(V],Wl) *(A,®B) )/3+)/4|- (Vz, Wz) IA,®B
JOIN - NEC o
Y3+ va b *(vo, wy) : %x(A” ® B) Y1+ Y2 +¥s+ya Fjoin (x(vy, wy)

Note that the typing in both situations restricts #, to also have the form ((vz, ws)). In
either instance we can reduce by the following rule:
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H + join () (%v;) ~>s H' + v
H’ F join (xwy) (xwp) ~s H” F s=w

H+ join (+(vi, w)) ((va wa)) ~os H7 b (v, w) 1o

— If t, is not a value, then by induction on the second premise we have that there exists
heap H’, term t; and context I such that H + t; ~>; H’ + t;. Therefore we can reduce
by the following rule:

Hrty ~; Hrt,

T . ~joINR
HFjoin vty ~¢ H Fjoin vt Jom

(2) If #; is not a value, then by induction on the second premise we have that there exists heap
H’, term t] and context I'" such that H + t; ~»>; H’ + t]. Therefore we can reduce by the
following rule:

Hrty ~; Hrt,

T . ~joINR
HFjoin vty ~¢ H Fjoin vt Jom

e (nec)
YFRt:A —resourceAllocator(t)
0-T,yF =t:xA
By induction on the premise, there are two possibilities.
(1) If t is a value, then =t is also a value.
(2) Otherwise by induction on the premise we then have that there exists heap H’, term ¢’ and
context I'" such that H + t ~>s H’ + t'. Therefore we can reduce by the following rule:

NEC

Hrt~>, H
Hbxt ~g H F xt/

 (push)
T+t:&,(A®B)
I+ pusht: (&,A) ® (&,B)
By induction on the premise, there are two possibilities.
(1) If tis avalue, then by the value lemma and the unique value lemma there are two possibilities
for the form of ¢.
— t could have the form *(v;, v). Then we can reduce by the following rule:

PUSH

PUSH*

~>

H + push (x(vi, v2)) ~5 H + (xv1,%v,)
(2) If t is not a value, by induction on the premise we then have that there exists heap H’, term
t" and context I'” such that H + t ~>s H' I t’. Therefore we can reduce by the following

rule:
Hvrt ~g H Y
~?pusH
Ht pusht ~»; H + push?
* (pull)
I'rt:(&A) ® (&,B)
PULL

I'+pullt: &,(A® B)

By induction on the premise, there are two possibilities.
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(1) Iftisavalue, then by the value lemma and the unique value lemma there are two possibilities

for the form of ¢.
— t could have the form (xvy, *v;). Then we can reduce by the following rule:

P puLL

H + pull (xvy, *v5) ~>s HF #(vy, v)

(2) If t is not a value, by induction on the premise we then have that there exists heap H’, term
t" and context I'" such that H + t ~»s H' +- t’. Therefore we can reduce by the following

rule:
Hrt~s HEE
~puLL
Htvpullt ~¢ H + pull ¢
o (ref)
REF
0-T,ref : Resig A+ ref : Resig A
A value.
e (array)
REF
0-T,ref : Resjg A ref : Resig A
A value.
e (unborrow)
T'rt:&A
UNBORROW

I + unborrow ¢ : xA

By induction on the premise, there are two possibilities.
(1) t is a value, and therefore by the value lemma ¢ = (*v) for some value 0. Then we can

reduce by the following rule:

P un&

H + unborrow (#v) ~»; HF *v

t is not a value. By induction on the premise we then have that there exists heap H’, term
2) t is not a value. By inducti the premi then have that th ists heap H’, t
t" and context I'” such that H + t ~>s H' I t’. Therefore we can reduce by the following

rule:
Hrt~, HY
H + unborrow ¢t ~»; H’ + unborrow ¢’ " unsorrow
e (pack)
F'+rt:A id ¢ dom(T)
PACK

T + pack (id’, t) : Aid. A[id/id']

By induction on the premise, there are two possibilities.
(1) If t is a value, then pack (id’, t) is also a value.
(2) Otherwise by induction on the premise we then have that there exists heap H’, term ¢’ and
context I'V such that H + t ~»; H’ + t’. Therefore we can reduce by the following rule:

Hrt~, Hrt
H + pack (id, t) ~; H + pack (id, t")

~pACK
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e (unpack)
LFt: Jid.A
rz,id,XZAthlB ld%fV(B)
I + I, F unpack (id,x) =t;in t, : B

UNPACK

By induction on the premise, there are two possibilities.
(1) If #; is a value, then by the value lemma it has the form pack (id’, v) for some value v.
Then we can reduce by the following rule:

y#{H, v, t}
H + unpack (id, x) = pack (id’,v) in t ~5 H, y—,vF t[y/x]

’\’)Hﬁ'

(2) Otherwise by induction on the premise we then have that there exists heap H’, term #; and
context I' such that H + t; ~»; H’ + . Therefore we can reduce by the following rule:

Hrty ~s Hr ff

~
H + unpack (id, x) = t; in t, ~s H + unpack (id, x) = t{ in 1, UNPACK

C.2 Type preservation proof

LEMMA C.5 (ADMISSIBILITY OF WEAKENING).
F'rt:A = (0-T"),Trt:A

Proor. By induction on the structure of typing and since all ‘leaf” nodes of a typing derivation
permit weakening (e.g., var rule, primitive rules). O

LEmMA C.6 (RENAMING ARRAY REFS). Given an array reference renaming 0 (generated from a clone)
thenT+t: A = O(T)F0(t): A

Proor. By trivial induction, with the only action happening in the use of the REF runtime typing
rule for array references, in which case this acts just like alpha renaming via 6. O

THEOREM C.7 (TYPE PRESERVATION). For a well-typed term I' + t : A, under a restriction that
polymorphic reference resources are restricted to non-function types, and for all s, Ty, and H such that
Hov< (Iy+s-T) and a reduction H+ t ~5 H' + ', then we have:

AVH. T vt A A Hoa(Ty+s-T')

Note the caveat to preservation: references Ref;y A are restricted such that A cannot be of function
type, or some other composite type involving functions. The restriction is needed for preservation
since it works at the granularity of a single reduction, and so cannot rule out the possibility that a
reference is storing a A term with free variables. This considerably complicates reasoning about
resources and heaps, so we rule it out for this theorem. Importantly, this is not a restriction that
needs to be made on the calculus and its implementation as a whole: for deterministic CBV reduction
starting from a closed term (i.e., a complete program) then all S-redexes are on closed values and
hence this problem does not exist in the context of an overall reduction sequence. However, to
make preservation work for a single reduction, on potentially open terms, this minor restriction is
needed locally. This does not affect any of the examples discussed in the paper.

Proor. By induction on the structure of typing and reductions.
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o (var)

—————— VAR
0-T'x:Arx: A
and one possible reduction:

Ir’'.s+r' Cr

VAR
H,x—, vk x ~»; Hx—, vk v

with incoming heap compatibility:
(H,x—,v) > (Ip+s-(0-T,x: A))

with derivation:

’’

1l
~

Hoa Ty +s%0-T+s-T) x ¢ dom(H) I'tv:A A’ s+r
(H,xr—,v)pa (Ty+s%0-T,x: [Al)

EXT

Goal 1:
I’ rrv:A

Which is provided by the third premise of the head compatibility derivation here, but with
weakening (Lemma C.5) such that we have:

I'tv:A
0-I,T,x:[Algrv: A

Lemma C.5

Goal 2
(H,x+=,v) < (To+s-(0-T, T, x: [A]o))

given by the following derivation from the premise of the incoming heap compatibility:

Hea (T +s*0-T+s-I7)

Hoa ((lH+s%0-T+s-T)+0-I7)
H,x—,voa (T +s%0-T+s-T'),x: [A]o)

0 unitality x ¢ dom(H) T'rv:A FIr.0+r" =r
EXT

where the premise 3r""””. 0 + r’”’ = r is fulfilled by r’”" = r by unitality and since 0 * s = 0.
e (abs)

I'x:Avrt:B
- ABS
F'tAx.t:A—oB

Has no reduction so the case is trivial here.
* (app)
Ii+t1:A—B Lrt:A
F1+T2Ft1t2:B

APP

with incoming heap compatibility H < I + s - (I7 + I3).
There are four possible general reductions (and then further reductions for the operation of
primitives, separated our below).
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General reductions (app).
(1) (beta)
y#{H, v, 1}

Hbr (Ax.t) v ~ H,y—v + t[y/x] ~p
ie. t; = (Ax.t) v with the refined typing (where I' = I3):
I, x:Art:B
————————— ABS
IIFAx.t: A —o B Lirv:A
Tl +F2 F (Axt) v:B

APP

Therefore the resulting typing judgment is (goal) I, x : A+ t : B given by the first premise
here.

The goal heap compatibility is: (goal 2) (H, x+=1v) »< (Ip +s - (I, x : A))

We construct the goal compatibility judgment as follows, using the incoming compatibility
assumption:

Hoa (Typ+s-Ty+s-Iy) x¢dom(H) Lirv:A Fr.s+r'=1
H, x> v (Tp+s-T1), x: [A]s

EXT

where r’ = 0 here.
(2) (appL)
Hrty ~5 Hr 1
Hrtity ~g H ¢t 1

with incoming heap compatibility H »< (I +s - (I} +I3)).
Applying induction on the premise reduction with heap compatibility given by the incoming
heap compatibility but with I, = I, + s - I; then yields:

(@ 3. Iy rt;:A—B

(b) H v« Iy +s - T +s- 1)
(Goal 1) is then given by the reconstructed application type I/ + Ty + t] t; : B
(Goal 2) is H" >« (Ij + s - (I] + I3)) which is given by the second conjunct above by
commutativity of + and distributivity of * over +.

(3) (appR)

> apPL

Hrty ~s H vt
Hrvty ~s HF vt
Same as (appL) but by induction on the premise with #,.
(4) (prim)

"~ APPR

Hrt~ HEY

~pRIM

Hvrprt ~g H Fprt
Same as (appL) but by induction on the premise with ¢.

Primitives (app).
(1) (newRef)
ref#H id#H
1 - - > NEWREF
H + newRef v ~»s H, reft—;id, id — ref (v) + pack (id, «ref)

Thus typing refines to:
0-T; - newRef : A — Jid.«(Refjy A) L +rv:A
0-T; + I, - newRef v : Jid.x(Ref;; A)

APP
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with incoming heap compatibility H > Iy +s-(0-T7+I,) which is equal to H >« I{+0-Ty +5-T;
by distributivity of * over + and absorption.

By the closed value lemma (Lemma C.2) then I, = y and thus s - y = y since multiplication
has no effect on runtime reference type assumptions, therefore incoming heap compatibility
isHeaIp+0-T7 +7y.

Goal 1 (typing) is thus given by:

*

*REF
0Ty, ref : Refiyy A+ =ref : «(Refiy A)
PACK
0 - Ty, ref : Refiy A+ pack (id, xref) : id.Ref;y A

ie,wesetI’ =0-Ty,ref : Refiy A (which notably has runtime typing of ref).
Goal 2 (compatibility) is (H, ref+>1id, id +— v) >« (I +s - (0 - I}, ref : Ref;y A)) which is
equal to: (H, reft—>1id, id — v) »a (Iy + 0 - I, ref : Ref;g A)
We construct this goal as follows (leveraging distributivity of - over +):
Yrv:A
HeI[y+0-T1+y yrref(v):Refig A
H, ref—>1id, id — ref(v) > (Ip + 0 - Ty, ref : Refiy A)

(2) (swapRef)

REFSTORE

EXTRES

R . "~ SWAPREF
H, refr>,id, id — ref(v) - swapRef (xref) v~ H, refr=,id, id — ref(v') F v
Thus typing refines to
0-T; - swapRef : &,(Ref;y A) 0 A — A® &,(Refiy A)
0- Iy, ref : Refjg A+ xref : =(Refiy A) YA
APPX2

0-T;+0-T; +T,ref : Refig A+ swapRef (xref) v/ : A® &,(Ref;g A)

i.e. where p = .
By the closed value lemma (Lemma C.2) then I's = y” and thus sy’ = y’ since multiplication
has no effect on runtime reference type assumptions, therefore incoming heap compatibility
is:
Yyrv:A
HeaIp40-I1+0-To+y+y yrref(v):Refy A
(H, refr>,id, id v ref(v)) < (T +s- (0-T; + 0 - Ty + ', ref : Refjg A))

REFSTORE

EXTRES
Goal 1 (typing) is thus given directly by the heap compatibility’s second premise: y + v: A
Goal 2 (heap compatibility) is

(H, refr=pid, id > ref(v')) »< (Iy + s - y, ref : Refig A)

By absorption then the premise of incoming heap compatibility H < Ip+0-I1+0- I +y +y’
is equal to: H > I + y + ¢/, and since s - y = y then we can provide this goal by:

YFEv:A

REFSTORE
HesTy+s-y+y 7y rref(v):Refyy A

(H, refr—,id, id > ref(v')) »< (Iy +s - (y, ref : Refig A))

EXTRES
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(3) (freezeRef)

H, refr—,id, id — ref (v) + freezeRef (xref) ~>; Hr v " rReEzeRer
Thus typing refines to
0-I; + freezeRef : V id.x(Ref;y A) — A 0Ty, ref : Refig A xref : «(Refiy A)
0-T; +0- Ty ref : Refiy A+ freezeRef (xref) : A

APP

and we have incoming heap compatibility:
Yyrv:A
HoaIp+0-T1+0-I+y yt+ref(v):Refyy A
(H, a—pid, id — v) < (Ty + 0 - Ty + 0 - Iy, ref : Ref iy A)

REFSTORE

EXTRES

Goal 1 (typing) is thus given directly by the second premise of heap compatibility: y + v: A
Goal 2 (heap compatibility) is then H »< (I + s - y) given by the premise of incoming heap
compatibility sinceIp +0- I} +0- I, = ands -y =y:
H><I“0+O-l"1+0'1"2+y
= HeaIp+s-y

(4) (readRef)

s T "~>READREF
H, refr>,id, id — ref([v],41) + readRef (xref) ~>; H, reft—,id, id > ref([v],) + (v, xref)
Thus typing refines to
0-T; + readRef : &, (Ref;y 0,11 A) — A® &,(Refjy O,A)
0-Iy, ref : Refig Op41A F xref : «(Ref;y O,41A)
APP
0-Ty +0- Iy, ref : Refig A+ readRef (xref) : A® &, (Ref;y O,A)

i.e. where p = * and we have incoming heap compatibility:
YyrFv:A
P
Yr [Vl i OrnA
HeaIp+0-T14+0- I +y y F ref([v],+1) : Refig (O;414)
(H, ref>,id, id = ref ([v],41)) > (Tg +s- (0-T; + 0 - Iy, ref : Refjy A))

R

REFSTORE

EXTRES

where recall r + 1 -y = y and thus compatibility is which is equal to (H, refi—,id, id —
ref ([v];4+1)) > (Th + 0 - I1 + 0 - I, ref : Ref;y A) by absorption.
Goal 1 (typing) is thus given by:
yrv:A 0-Iref : Refiy O,AF xref : «(Refiy O,A)
®
y+0-Iyref : Refig A (v, *ref) : A® &,(Refig O,A)

T

Goal 2 (heap compatibility) is
(H, refr,id, id = ref([v];)) >« (To + 0 - (TI1 + ), ref : Ref;g A)

which is provided exactly by the incoming heap compatibility but re-deriving promotion
at the grade r.

Proc. ACM Program. Lang., Vol. 8, No. OOPSLAL1, Article 131. Publication date: April 2024.



Functional Ownership through Fractional Uniqueness (Appendix) 131:35

(5) (newArray)

ref#H id#H
~>
H + newArray n ~»>s H,reft—id, id — init  pack (id, xref)

NEWARRAY
Thus typing refines to:
0TI} - newArray : N — Jid.«(Array,; F) 0-I;+n:N
0-T1 +0- I, - newArray n : 3id.=(Array,; F)

APP

with incoming heap compatibility H > Ty+s-(0-I;+0-I;) which is equal to H »< I[)+0-T1+0-T}
by distributivity of * over + and absorption.
Goal 1 (typing) is thus given by:

*

REF

*
0- (I +13),a: Array,; Fr *a: «(Array, F)
0-(Ty1 +13),a: Array,; A+ pack (id, *a) : Jid.Array; F

PACK

ie,wesetIT” =0- (I +1I;), a: Array,; A (which notably has runtime typing of a).

Goal 2 (compatibility) is (H, a1 id, id — init) »< (Ig +s - (0 - (I} +I3), a : Array,; A))
We construct this goal as follows (leveraging distributivity of - over + and absorption and
sinces -y =y):

ARRAYINIT
HpoaIp+0-T740-I; O Finit: Array;; F

H, a—id, id — init>< (Ip + 0 - (1 + I2), a : Array,;; A)
(6) (readArray)

EXTRES

~>
H, reft>,id, id = arr[i] = v + readArray (xref) i ~>5 H, reft>,id, id — arr[i] = v+ (v, xref) READARRAY
Thus typing refines to

0-T; + readArray : &,(Array;; F) - N — F® &, (Array,; F)
0-T,,a:Array;; Fr «a: =(Array,; A) 0-T3Fi:N

0-Ty+0-T,+0-I3,a: Array,; F + readArray (xa) i : F ® &, (Array; F)

APPX2

i.e. where p = * and we have incoming heap compatibility (simplified below by absorption
since (Ip+s-(0-T;+0-I2+0-I3,a: Array;; F)) = (Ip+0-I1+0-I, +0- I3, a : Array; F)):

0+ arr:Array,;F Orv:F
He=IT+0 - I;1+0- I +0 I3 O+ arr[i] = v:Array,; F
(H, a—pid, id — arr[i] = v) pa (Tp+0-T1 +0- T +0-T3,a: Array ; F)

ARRAYAT

EXTRES

Goal 1 (typing) is thus given by:
Orv:F 0-(Ty+Iz +13),a: Array;; F - xa: &,(Array; F)
0-(Ty+I; +13),a: Array;; F+ (v, *a) : F® &, (Array; F)

ieI”"=0- (I +I;+13),a: Array,; F.
Goal 2 (heap compatibility) is

T

(H, a—pid, id — arr[i] = v) b Ty +5-0- (I; + 1 +13),a: Array; F)
which is provided exactly by the incoming heap compatibility.
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(7) (writeArray)

~>
H, ref—,id, id — arr + writeArray (xref) iv ~>; H,reft>,id, id — arr[i] = v xref WRITEARRAY

Thus typing refines to

0-T; + writeArray : &,(Array;; F) o N — F® &, (Array; F)
0-Tp,a:Array; Frxa: &,(Array;; A) 0-I3+n:N 0-Tyrv:F

0-T1+0-T,+0-T3+0-I4a: Array,; F + writeArray (xa) nv : &, (Array; F)

APPX3

and we have incoming heap compatibility (simplified by absorptionas: (I +0-I; +0 -
L+0-T340 -Ty,a:Array;; F) =(To+s-(0-T1+0- I +0-T34+0 Iy, a: Array,; F)) ):

HeaIp+0-T7+0-I,+0-I3+0-I; OF arr: Array;; F
(H,a—pid, id — arr) ba (I +0-T; +0- [, +0-T3+0 - Ty, a : Array; F)

EXTRES

Goal 1 (typing) is thus given by:
0-Ty,a:Array, Fr (xa) : &,(Array;; A)
0-(I1+Ty +13),a: Array,; F+ (xa) : &,(Array; F)

ie.T"=0-(I1+I,+1I3), a: Array,; F and where we can strengthen 0-T;, - v: FtoO + v: F
by inversion on float values.
Goal 2 (heap compatibility) is

(H, a—pid, id — arr[i] = v) s« (Ig +s-0- (I} + I + I3), a : Array, F)

Lemma C.5

which is provided exactly by the incoming heap compatibility:
Ovarr:Arrayy,F Orv:F
HeaIp+0-T1+0-T4+0-I34+0- T} O rarr[i] =v:Array,; F
(H, a—pid, id — arr) >« Ty +0-T; +0-T; + 0 - T3, a: Array, F)

where (Ip+s-0- (G + T +13),a: Array,; F) = (Ip +0-T1 +0- I, + 0 - T3, a : Array, F).
(8) (deleteArray)

ARRAYAT

EXTRES

DELETEARRAY

H, refr>,id, id — arr  deleteArray (xref) ~>; HF () ™
Thus typing refines to

0-I' + deleteArray : V id.x(Array,; F) —o unit
0T, a:Array;; Fr «a: =(Array,; A)

APP
0-T1+0-Ty, a: Array,, F + deleteArray (*a) : unit

and we have incoming heap compatibility:
HeaIy+s-(0-T1+0-T;) Orarr:Array, F
(H, a—pid, id — arr) pa (I +s-(0-T1 +0-I3),a: Array;; F)

EXTRES

Goal 1 (typing) is thus given by:

1
0-(Ty+Ty) r () : unit

withT’ =0- (Tl + rz)
Goal 2 (heap compatibility) is H »< (Iy + s # 0 - (I} +I3)) given by the premise of incoming
heap compatibility.
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e (boxElim)

i+t :0A L,x:[A]l,+t:B

ELIM
I+ rlet[x] =t int : B
And two possible reductions:
(1) (betaBoxElim)
y#{H, v, t}
. ~op
Hrlet[x] = [v],int ~g H, y sy v F t[y/x]
refining the typing to:
[[]rv:A

PR
r'F{F[V]r:DrA L,x:[A],+t:B
r-I{+Lrlet[x] =[v],int: B

with incoming heap compatibility:

ELIM

HeaTy+s-(r-I] + o)
Goal 1: typing Provided by the premise here as:
L,x:[Al,Fit: A
under renaming to:
L,y: [Al, Ft[y/x]: A
ie., we set the goal I =I5, y : [A],.

Goal 2: heap compatibility is (H, yrog.,v) > (Ip + s - (I, y : [A];)) which refines to:
(H, yrogv) > (Ig + s - I,), y : [A]s«r by the disjointness of x
We construct this goal via the premise heap compatibility by

Hoalp+sxr-I] +s-T,

(H, Y'_)s*rv) b (To + 5+ FZ)»y [Alsir

EXT

(2) (congBoxFElim)
Hrtp ~s Hr o
" T ~2LETO
Hrlet[x] = tjint, ~, H' +let[x] = t]int

with incoming heap compatibility:

HMI—‘(;+F1+FZ

Applying induction on the premise reduction with heap compatibility given by the incoming
heap compatibility but with Iy = I;j + I; then yields:

(@ 3] I) r 1 :OA

(b) H b« Ty +s - +s-I7)
(Goal 1) is then given by the reconstructed application type I} + I, + let [x] = t{int, : B
(Goal 2) is H" »« (I; + s - (I] + I}3)) which is given by the second conjunct above by
commutativity of + and distributivity of * over +.

e (boxIntro)
F'rt:A —resourceAllocator(t)

r-Tr[t],:0A

PR
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and one possible reduction
Hrt ~og HrY
Ht [t], ~s H' + [t],
Aside: Here we see the need for the Church-style graded annotation here in the term as
otherwise we could have a reduction derivation that uses a different grade in its premise:

’\’>D

Hrt ~ogy HEY

. — ~0-ALTERNATE-NONCHURCH
Hb [t] ~s H v [t']

In which case we could not induct on the first premise as we would not have the required
heap compatibility H »< I + s’ = r’ - I'. Thus this motivates the need for the Church style
typing here.
Thus, instead we have the incoming heap compatibility:
HeaTj+s #r-T
Applying induction on the premise reduction with Iy = I and s = s” * r then yields:
(1) 3. Ty rt: A
(2) H »a (T, + (5" x7) - T})
(Goal 1) is then given by the reconstructed application type r - I/ + [#{] : O,A
Tk A
i N
r-I[r[t]:0A
(Goal 2) is H' »< (I +s" #r-I') which is given by the second conjunct above by commutativity
of + and associativity of .
e (der)
ILx:A+t:B
— D
I,x:[A]l;+t:B
with incoming heap compatibility H »< [ + s - (I, x : [A];) which refines to H >« Iy + s -
T, x: [A]; and a reduction:

ER

Hrt~, Hr Y
Induction requires H < [ + s - (T, x : A) which by the definition of scalar multiplication is
just He< Ty +5s- T, x: [A], thus we can apply induction and get the result of I” + ¢’ : Band
H' Ty + s - T} satisfying the goal here.
e (tensorIntro)
iFy:A ILbr-t:B
ni+LF (tl, tg) :A®B
with incoming heap compatibility H >< Ty + s - (I} + ).
And two possible reductions:
(1) (congPairL)

®r

Hrt ~s H v 1
~>
Ht (t,t2) ~s H' F (1], t2)
By induction on the premise with I, = Tj + s - I}, then we have: (i) I} + t] : A and (ii)
H' Ty +s-TIy+s-I]. From which we construct the resulting typing, via applying ®; again
toget I + I, + (1], &) : A® B and with (ii) providing the required heap compatibility (by
commutativity of +).

®L
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(2) (congPairR)
Hrty ~s Hrty
Hr (v, tp) ~g H + (v, 1)

QR

Essentially the same as the preceding case (congPairL) but by induction on the second
premise.
e (tensorElim)

F1I-t1:A®B rz,XZA,yiBl-tle
F1+I‘2|-let(x,y)=t1int2:C

®F

with incoming heap compatibility H < I + s - (I7 + I3).
And two possible reductions:
(1) (pairBeta)

x'#{H, v, vo, t} y'#{H, v, v, t}
Htblet (x,y) = (v, m)int ~g H,x">vy, yi=ow - HyY [ y][x' ]/ x]

'\/)®ﬁ

with typing I, x : A,y : Bt fp : C as the result i.e., with[" =T, x : A, y : B and outgoing
heap compatibility
(2) (pairElim)
Hrt ~s H vt
Hrlet(x,y) =tint, ~g H +let(x,y) = t{int,

LET®

By induction on the premise with Ij = I} + s - I; then we have: (i) I + t; : A® Band
(ii) H » Iy + s - I + s - I|. From which we construct the resulting typing, via applying
®g again to get I + I + let (x,y) = t] in f; : C and with (ii) providing the required heap
compatibility (by commutativity of +).

e (unitIntro)

Trivial case since there is no heap semantics rule as this is already a normal form value.
o (unitElim)
Ii F 2 unit Lrt,:B
I+Lrlet()=tintk: B

And two possible reductions:
(1) (betaUnit)

"~ BunIT

Hrlet()=()int ~s Hr t

which refines the typing to:
0-TiF():unit ThrH:B
0T +hrlet)=(int, B ©

with incoming heap compatibility H »< [y +s- (0-T7+1;) which refines to H < [ +0-T; +s-I5.
The resulting typing is thus given by:
Ibrt:B

0-I+IL+t: B
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ie,I” =0-TI; + I} and outgoing heap compatibility is provided exactly by the incoming
heap compatibility.
(2) (congUnitElim)
Hvrty ~5 Hr 1]
Hrlet()=tint, ~; H +let () =t int

~?LETUNIT

By induction on the premise with I = I + s - I; then we have: (i) I/ + £ : unit and (ii)
H' >« Ty +s- T +s-I]. From which we construct the resulting typing, via applying 1z again
togetI) + Ty + let () = t] in £, : B and with (ii) providing the required heap compatibility
(by commutativity of +).
e (share)
F'rt:*A
—————————— SHARE
T+ sharet:0,A

And two possible reductions:
(1) (share)

dom(H) = refs(v)
H,H’ + share (*v) ~ ([H]0)>H/ }_ [v] "~ SHARES
with refined (runtime) typing, and by Lemma C.1,

0-T,yrv:A
0- (I, IY),y F #v: A
0- (I7,Ty),y + share (xv) : O, A

NEC

SHARE

and thus incoming heap compatibility H, H' »< Ty +s - (0 - (I}, I}), y) which refines to:
H,H »<Ty+0-(T/,T}"),y.

The resulting type is given by:

0-T,yrv:A
0- (I, IY),yrv: A
r-(0-(ILT).y)  [v] : 0,A

where r - (0 - (I}, I}"),y) = 0- (I{,I}"),y and thus I" = 0 - (I{,I]"), y and the outgoing
heap compatibility is provided by the incoming heap compatibility but where the heap
has zeroed out H (which does not affect the heap compatibility; it can be re-derived with

different fractions).
(2) (congShare)

Lemma C.5

PR

Hrt~s HEE
H + sharet ~»; H’ + sharet’

~SHARE

By induction on the premise with I; = I, then we have: (i) I + ' : *A and (ii) H" =
Iy +s - IT’. From which we construct the resulting typing, via applying SHARE again to get
I'" + share t’ : O, A and with (ii) providing the required heap compatibility.

e (clone)

Iir4y:0A I,x:«*Av t,:0,B 1Cr
CLONE’

I+, +Fclone’ t; as xin ¢, : O, B

And two possible reductions:
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(1) (cloneCongr)

Hrty ~s H v 1]

. ” ; " ~?CLONE
Htclonetyasxint; ~>; H' + clonet asxint,

Follows by induction similar to other congruences.
(2) (cloneBeta)

dom(H’) = refs(v) (H”,6,id) = copy(H") y#{H, v, t}
H,H’ + clone [v],asxint ~>; H,H',H", y—pack (id, *(0(v))) + t[y/x]

"~ cLoNES

refining the typing to:

l"l,El—v:A

PR

roTyidy v [v],:O,A T, x: 3id’.«(A[id’ /id])) v t: 0,B  1Cr

— CLONE’
(r-Ty+1I),id + clone [v],asxint: O.B

with incoming heap compatibility H, H >« Iy +s - (r - I1 + I3).
Goal typing is then given by:

L, x : id’ .«(A[id’ [id{]) v ¢ : O, B

thus with T’ = Iy, x : 3id’ .«(A[id’ [id;]).
The typing of the extended heap is given by the value:

T,id, Fv:A
O(Ty, idy) + 6(v) : 6(A)
0(Ty, idy) + +(0(v)) : %0(A)
— — — PACK
0(Iy), id + pack (id, *(0(v))) : Fid’ +0(A)[id’/id] (1)

Lemma C.6

NEC

since O maps each id; to id then Jid’.«0(A)[id'/id] = 3id’ .«Alid’ /id;].
Goal heap compatibility: (H, H', H”, x> % (0(v))) >« (Ip + s - (I, x : *(#A))) given by:
HH v« (Ty+s-Th+rxs-IY)
HH H v« (Ty+s-T+r=s-0(I))
HH ,H v« (Iy+s-Tr+s-0(I)) IErx¢dom(H) (1) A r+r' =s
(H,H',H"”, x—pack (id, *(0(v)))) b2 (Ty +s - Tp, x : [Fid" .«(A[id’/idy])]s)

EXT

e (withBorrow)

INFt:=xA Lrt: & A—o & B

- WITH&
T} + I, + withBorrow t; iy : *B
And three possible reductions:
(1) (congWithBorrowL)
Hrtp ~s H vt
> wiTH&L

H + withBorrow t; &, ~; H’ +- withBorrow ¢ t,

Which follows by induction similar to other inductive cases.
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(2) (congWithBorrowR)
Hvrty ~s Hrt,

~>
H + withBorrow (Ax.t)) t; ~>; H' + withBorrow (Ax.t)) t, WITH&R
Which follows by induction similar to other inductive cases.
(3) (withBorrow)
y#{H, v, t}
P WITH&

H + withBorrow (Ax.t) (xv) ~»; H, y—(*v)  unborrow t[y/x]
which refines the typing to:

rz,.X'Z&]AFtS&lB I‘]F’VZA
WITH& — NEC
I, I-/‘{X.ti&lA—O & 1B TN Fxv:xA
WITH&
I1 + I + withBorrow (Ax.t) (*v) : B
with incoming heap compatibility H > (Iy +s - (I} + I3)).
We then get the resulting typing as:
rz, y: &1A + t[y/x] : &1B
UNBORROW

I,y : & A+ unborrow (t[y/x]) : *A
thus: I'" =I5, y : &, A and construct the goal heap compatibility as:
H><F0+s-(F1+F2) INFxv: & A

EXTLIN
(H, y—s(xv)) pa (T +s- 1),y : [&1A]s
e (unborrow)
T'rt: &1A
UNBORROW
I' - unborrow ¢ : xA
And two possible reductions:
(1) (congUnborrow)
Hvrt~s HV
~>
H + unborrow ¢t ~»; H’ + unborrow # UNBORROW
By induction as in the other inductive cases.
(2) (unborrowBorrw)
~>
H + unborrow (#v) ~»>; HF *v uné
with the refined typing:
F'rv:A
— X  NEC
Tk (xv): & A
UNBORROW

I + unborrow (xv) : A

and thus heap compatibility is H =< I +s - T
The resulting typing matches the goal as:

'rv:A

————— NEC
Tk (xv):*A

thus I = T" and outgoing heap compatibility is provided by the incoming compatibility.
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* (push)

TFt:&,(A® B)
I'rpusht: (&,A) ® (&,B)

And three possible reductions:

PUSH

(1) (congPush)

Hrt~>, H
H+ pusht ~>¢ H' + pusht’

2 pUsH

Inductive case as in other inductive rules.

(2) (pushUnique)

PUSH*

H + push (x(vy, ) ~>¢ HF (1, %) ~
with the refined typing:
IiFrv:A Ihbkvw:B
®
Fl +T2 F (Vl,Vg) : (A®B)
NEC
I+ 15 Fx(v, w) : x(A® B)
P
I1 + I, + push (x(vy, v2)) : (xA) ® (+B)
i.e., in the original typing p = * and thus heap compatibility is H »< Ty + s - (I7 + I2)
The goal typing is then provided by:
irv:A Ibkv:B
————— NEC —————— NEC
T Foxvyc %A Ip F*vy . xB
Fl +F2 F (*Vl, *Vz) : (*A® ><B)
with the goal heap compatibility H >« I + s - (I + I}) then provided by the incoming heap
compatibility.

T

USH

®r

e (pul)
Trt:(&,A)® (&,B)
PULL
T+ pullt: &,(A® B)
And three possible reductions:
(1) (congPull)
Hrt~y Hr UV
~puLL

Hrpullt ~¢ H +pull ¥

Inductive case as in other inductive rules.

(2) (pullUnique)

~> *
H r pull (xvy, ¥v) ~og HF #(v,v)

with the refined typing:
Fll-vle rzl-VZZB
————————— NEC ———— NEC
[ Foxvy o xA I, F *vy : xB
®
T+ T F (+vp, #v3) : (A ® +B) !
PULL

I1 + I, F pull (svy, %1,) : %(A ® B)
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thus with p = = in the original typing and thus heap compatibility is H >« Iy + s - (I7 + I3)
The goal typing is then provided by:

IiFv:A IbFv,: B
®
Fl +F2 = (V],Vz) : (A®B)
NEC
i+ - *(V1,Vz) : *(A®B)

1

with the goal heap compatibility H < Ij) + s - (I'1 + I;) then provided by the incoming heap

compatibility.
e (split)
Thi:&,A
- SPLIT
T+ splitt: &gA@ &%)A
And three possible reductions:
(1) (congSplit)
Hrt~ HEY
~spLiT

Hrsplitt ~ H' + split /

Inductive case as in other inductive rules.
(2) (splitArr)

ay #H az#H

~>
H, ar— ld, id — arr + split (xa g H, a—re id, a—p id, id — arr + *dq, *dy
P P
2 2

SPLITARR

with the refined typing:
0-T,a:Array,; A+ a: Array;; A
0-T,a:Array,; A+ *a: &,B
0-T,a:Array,; At split (xa) : &rA®&pA °

NEC

PLIT

and thus heap compatibility is (H, id — arr) ><Iy +s- (0 T, a: Array,; A)
The resulting typing is then given by:
0-Ty, a1 : Array;; A+ ap : Array;; A

N
0-T1, a1 : Array,y A+ *a; : &, (Array,; A)
0-Iy,ay : Array;; Bt ay : Array,; B

N
0Ty, ap : Array,y BF xay : &,(*(Array;; B))
0-T1+0 Ty, a1 : Arrayy A a - Arrayy, B (xvy, #vp) : (&, (Array;; A) ® &,(Array,,; B))

EC

EC

®r

Goal compatibility is (H, id + arr,aj—pid, ap—pid) = (Ip +s-(0-I7 +0 - I}, aq :
2 2
Array,; A, az : Array,; B)) which refines to

(H,id — arr,ay—=pid, ap—pid) »< (Ip +0-T1 + 0 - I, a1 : Array,; A, ay = Array,; B)
2 2
which is constructed by:

(H,id + arr) =Ty +s- (0-T,a: Array,; A)
EXTRES

(H,id — arr,ay—pid) Ty +s-(0-T,a: Array;; A), a; : Array,; A
2 EXTRES

((H,id = arr,a1—pid), ag—=pid) =Ty +s-(0-T,a: Array,; A), a; : Array,; A, a; : Array,;, B
2 2

satisfying the goal here.
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(3) (splitPair)
H + split (xv) ~>g H' F (xvy, %vp)
H’ + split (xw) ~3 H” + (wy, *wy)
. 2 SPLIT®
H + split («(v, w)) ~>g H” + (%(v1, wr), *(va, wa))

with the refined typing:
INrv:A IL+rw:B
i+LF(v,w):A®B
NEC
L+hkx(v,w): &, (A®B)
I1 + I, + split (+(v, w)) : &g(A@B) ® &g(A@B)

®r

SPLIT

and thus heap compatibility is H >« Iy + s - (I} + I,) By induction on the first premise with

I; =Ty +s - I; and second premise with I’ =Ty +s - I} +s - I] + s - Iy, providing:
(@) I} with I} F (xvy, %vy) : &pA®&pAandH’ palp+s-Ih+s- I
(b) T, with I, + (xwy, *wy) : &/:B@ &pBand H"paTy+s-T+s-T)+s-Ty +s- T,

The resulting goal type derivation is then:

kv A l"lll—wlsB LFvw:A Fz'l—WZ:B
® ®
L+ (vow):A®B . DtGr(mw)AsB ! -
I +I‘1' F *(VI, Wl) : &p (A®B) I, +FZ/ + *(Vz, Wz) : &g(A@B)
2 2

T+ T + T+ T3+ (x(vi, i), (v, W) : & (A® B) @ &4 (A® B)

C

®r

The goal compatibility is then H"” >« Ty + s - (I} + I| + I} + I})) which is provided by the
second induction with distributivity and commutativity of +.
 (join)
rll-tli&PA Lkt &A p+qg=<1
L+ F _]01n t b : &erqA

JOIN

And four possible reductions:

(1) (congJoinL)
Hrty ~s H ¢ t]
~>
Hrjoint t; ~¢ H Fjoint, , O™
Inductive case as in other inductive rules.
(2) (congJoinR)
Hrty ~; Hrt,
~2J0INR

Hrjoin vty ~>g H' Fjoin vt

Inductive case as in other inductive rules.
(3) (joinArr)

a#tH

H, a1 ,id, agr>4id, id — arr + join * a; * a3 ~>g H, a— (p4q)id, id > arr + *a

2 JOINARR

Dualising the splitArr cases exactly.
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(4) (joinPair)

H + join (xvy) (xw) ~s H F*v
H’ F join (xwy) (xwp) ~>s H” F 5w

H I—join (*(Vls Wl)) (*(VZ, WZ)) ~ H" *(V, W) ~2J0IN®

Dualising the joinPair cases exactly.

D UNIQUENESS AND BORROW SAFETY PROOFS

PrOPOSITION D.1 (RELEVANT REFERENCES IN A WELL-TYPED TERM ARE IN A COMPATIBLE HEAP).
GivenT Ft: Aand H> Ty +s - T then if ref € refs(t) then ref € dom(H).

Proor. Trivial induction on typing and inversion of heap compatibility; ref must receive a
(runtime) type in I" and thus must feature in H for the heap to be compatible. O

LEMMA D.2 (IRRELEVANT REFERENCES ARE PRESERVED BY REDUCTION). ForT' + t: A and Ty and H
suchthatH >« (Iy+s-T) and H v t ~>5 H' v t', then for all references ref € dom(H) A ref ¢ refs(t)
then Vid.(ref—,id € H = refi—,id € H').

PROOF. e (var)
I'.s+r'Cr

VAR
H,x—,vikx ~; Hx—, vk v

For all ref € dom(H) A ref ¢ refs(x), then assume ref+,id € (H, x+,v). Since the output
heap is the same as the input heap, then the assumption provides the goal.
* (app)
~ (appR)
Hrty ~g H vt
Hrvty ~g H R vt

> ApPPR

By induction since ref ¢ refs(v t,) implies ref ¢ refs(t;), and the heaps of the premise are
preserved in the conclusion.
~ (appL)
Hvtp ~g Hr
Hrtity ~g H Rt by

> ApPL

By induction since ref ¢ refs(1; t,) implies ref ¢ refs(;), and the heaps of the premise are
preserved in the conclusion.

— (beta)
y#{H, v, t}
~p
Htr (Ax.t) v ~ H,y—>v t[y/x]

Trivial since the reduction does not affect any references or identifiers in the heap.
— (congPrim)
Hvrt~s HEY

"~ pRIM

Hvrprt ~g H v prt/
Trivial since ref ¢ refs(prt,) implies ref ¢ refs(ty), and the heaps of the premise are
preserved in the conclusion
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o (existsBeta)
y#{H, v, t}
H + unpack (id, x) = pack (id’,v) in t ~>; H, y—, v+ t[y/x]

Then for ref € dom(H) Aref ¢ refs(unpack (id, x) = pack (id’, v) in t) and with antecedent

refi—,id"’ € H goal is ref,id"” € H'.

Consider two possibilities:

— id” = id. If this were the case then ref : Res;;» A in the typing of the term and thus
ref € refs(unpack (id, x) = pack (id’, v) in t), contradicting the premise and so this
trivially holds.

- id" # id, then the renaming here does not change id” and thus refi—,id"’" € H[id'/id].

e (packCong)

’\/)3/3

Hvt~y He
H + pack (id, t) ~»s H + pack (id, t')
Trivial since ref ¢ refs(pack (id, t)) implies ref ¢ refs(t), and the heaps of the premise are
preserved in the conclusion
e (unpackCong),(congBoxElim),(congPromotion),(congPairL),(congPairR),(congPairElim),(congShare),(con;
Trivial like the other congruence rules (see above)
e (betaBox)

~?PpACK

y#{H, v, t}
Hrlet[x] = [v],int ~g H, y sy v F t[y/x]
Trivially holds since no new references are added to the outgoing heap.
e (pairBeta)

’\’)Dﬁ

x,#{H’ V1, Vo, t} y,#{H’ V1, V2, t}
Hrlet (x,y) = (v, w)int ~s H,x'—=vy, yi=ewv -ty [ y][x' ]/ x]

M@ﬁ

Trivially holds since no new references are added to the outgoing heap.
e (betaUnit)

P ~? BuNIT
Hrlet()=(int ~3 Hrt

Trivially holds since the outgoing heap is the same as incoming heap.

e (share)
dom(H) = refs(v)
H,H’ + share (xv) ~; ([H],),H' F [v]

For ref € dom(H) and ref ¢ refs(share (+v)) then this implies ref in dom(H’) (as otherwise

ref would be in H and get zeroed) therefore Vid.(refr—,id € H = reft-,id € H')

providing the goal here.
o (splitRef)

> SHARES

refi#H ref,#H
H, refr=,id, id — v + split (xref) ~>s H,refi—pid, refor>pid, id — v+ (xrefy, xrefy)
2 2

"~ SpLITREF

Let the incoming heap be Hy = H,id +— wv,reft—,id For ref’ € dom(H,) and ref’ ¢
refs(split (xref)) then this implies ref” # ref and thus ref” € dom(H), therefore Vid.(ref’+ ,id €
Hy = ref'v>,id € Hy) trivially providing the goal here.
o (joinRef)
ref#H
H, refi—,id, refy>4id, id = v + join (xrefi) (xrefy) ~>g H,reft—= (p1q)id, id — v+ xref

~10INREF
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Let the incoming heap be Hy = dom(H, id + v, refi,id, refy+>4id). For ref” € Hy and
ref’ ¢ refs(join (xref) (xref;)) then this implies ref’ # ref and thus ref’ € dom(H),
therefore Vid.(ref'+—,id € Hy = ref'+,id € H) trivially providing the goal here.
e (splitPair)
H + split (xv) ~>s H' F (xvy, *vp)
H’ + split (xw) ~>s H” + (2w, #wy)
H F split (+(v, w)) ~s B+ (+(vy, w), x(vpw))
By induction over the first premise, and transitivity with induction on the second premise.
e (joinPair) Similarly to (splitPair).
o (withBorrow)

SPLIT®

y#{H, v, t}
H + withBorrow (Ax.t) (¥v) ~»; H, yr—>(*v)  unborrow t[y/x]

P wiTH&

Trivially holds since no new references are added to the outgoing heap.
e (unborrowBorrow)

P Uun&
H + unborrow (xv) ~»s HF xv

Trivial since the input heap and output heap are the same.
e (newRef)

ref#H id#H
T . X "~ NEWREF
H + newRefv ~»; H, reft—>1id, id — ref(v) + pack (id, xref)

Trivially holds since heap references not changed.
e (swapRef)

"~ SWAPREF

H, refr>,id, id — ref(v) v swapRef (xref) v ~>; H, refr=,id, id — ref(v') F v
Trivially holds since heap H whose references are not in the term is preserved into the
outgoing heap.

o (freezeRef)

"> FREEZEREF

H, refr—,id, id — ref(v) + freezeRef (xref) ~>; Ht v
Trivially holds since heap H whose references are not in the term is preserved into the
outgoing heap.
o (readRef)

R R > READREF
H, refr=,id, id — ref([v],41)  readRef (xref) ~>; H, refi—,id, id — ref([v],) (v, xref)
Trivially holds since heap H whose references are not in the term is preserved into the
outgoing heap.
o (newArray), (readArray), (writeArray), (deleteArray) follow in a similar way to the polymor-
phic reference counterparts above.
e (copyBeta)

dom(H') = refs(v)  (H",0,id) = copy(H’) y#{H, v, 1}
H,H'’ + clone [v],asxint ~>; H,H’,H"”, y—pack (id, *(0(v))) + t[y/x]

then for ref € dom(H,,H’) and ref ¢ refs(clone [v] as x in t) then for id where (ref—id €
H, H’ then we have refi—,id € (H,H’), H”) since the heap is only extended not changed.

"~ cLoNEf
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o (pushUnique), (pullUnique) Trivial since the incoming and outgoing heaps are the same.
|

LeEmMA D.3 (BORROW SAFETY). For a well-typed termT + t : A and all Ty, s, and heaps H such that
H > (Ip + s - T), and given a single-step reduction H + t ~>; H' + t’ then for all id € dom(H):

Yp =1 = dop efon
Vref € refs(t). Vref € refs(t').
refr=pid € H refi—,rid € H'
i.e., for all resources with identifier id in the incoming heap and all references in the term pointing to
this resource, if the sum of all permissions pointing to this resource are 1 in the incoming heap then
either this is preserved in the outgoing heap or the total permissions in the output heap is 0, i.e., this
resource has now been fully shared and has no ownership tracking now.
Furthermore, any resources in the outgoing heap that did not appear in the initial heap with references
in the final term should have permissions summing to 1. That is, for all id’ € dom(H’) Aid’ ¢ dom(H):

2, 9 =1
Vref’ € refs(t').
ref'+>qid" € H'
Proor. By induction on typing I' + ¢ : A.
e (var)

——————————————— VAR
0-IN'x:Arx: A

Then we also have a heap H such that H >« (0 - T, x : A).
By inversion of heap compatibility, which implies that there exists a subheap H; such that
H = Hy, x—,(I" + v: A) (where there exists some r’ such that v’ + 1 C r, and since |v = 0):

Hi»0-T+I"+|v  x¢dom(H;) I'tv:A A’ r+s=r
(Hy, x>, (I" F v: A)) »a (0- T, x : [A])

EXT

and we have the reduction:

. r+sCr

VAR
Hy,x—, vk x ~»s H,x—>,VF v

For part 1 of the lemma, for all id € dom(H) and for all ref € refs(t) then we assume the

antecedent:
D, p=1
refi>pide H

Since the heap is unchanged by the reduction, H = H and then we trivially conclude with
the antecedent evidence:

p=1
refi pide H’

For part 2, we have:

Vid' € dom(H’), ref € refs(v).| ref ¢ dom(H) = Z g=1
refiogid’ €H’
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trivially since the premise must always be false by heap compatibility and that the heap is
preserved by the reduction here.
e (abs)
I'x:Avrt:B
'rAxt:A—B A
Is trivial since there are no possible reductions.
* (app)

BS

rll-tliA—OB rzl—tzlA
Ii+L et : B

APP

with a heap H such that H »< (I} +I3) and three reductions (beta and application congruence
on the left and right) then several possible reductions following from primitive applications:
1

Hvrt; ~s H v o

~AppL

Hrtity ~g HF i 1
For part 1, for id € dom(H) and ref € refs(t; t;), assuming the antecedent

S pe

refi>pide H

From this, since refs(t;) C refs(#; t;), we induct on the premise reduction to attain that:

Y, pefon)

refiide H’

(2)Vid" € dom(H"), ref € refs(ty).| ref ¢ dom(H) = Z g=1
refr>qid’ €H’

To conclude then we use (1) but also need that Vref” € refs(ty). Zref/b—y,ideH’ p e {0,1}. We

consider two cases depending on whether ref’ € refs(;) or not:

— ref’ € refs(t;), therefore by (1) we also have that Za’HpidEH’ p € {0, 1}, satisfying the
goal.

— ref’ ¢ refs(t;) therefore Z,ef/Hp e P = 1 satisfying the goal.

Second goal is that:

Vid' € dom(H'), ref € refs(t; t;).| ref ¢ dom(H) = Z q=1
refiqid’ €H’
Thus we can conclude with (2) along with the cases for Vref” € refs(t;), for which we
discriminate based on whether ref” is contained also in t;:

(a) ref’ € refs(t;) therefore we have from (2) that (ref’ ¢ dom(H) = Zrefquid,EH, q= 1)
satisfying the goal.

(b) ref’ ¢ refs(t;) then by Proposition D.1 with Iy + I;, + #; t; : B (Type preservation) and
ref’ € refs(t; t;) and H = I +s - (I} + Iy) then ref’ € dom(H) and thus the antecedent
of condition (2) is false and so is trivially true.

2
Hrty ~g H bt
Hrvty ~s H kvt

> ApPR
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By the same reasoning as above for the (appL) case mutatis mutandis: with t; being a value
and induction happening on the right-hand term #,’s reduction.
(3) Alternatively t; = Ax.t] such that typing is:

I,x:Art' :B

————— ABS

Iirt':A—oB Lrv:A
F1+F2F(/1x.t')v:B

APP

and we have reduction:
y#{H, v, t}
~p
Ht+ (Ax.t)v ~s H,y— v t[y/x]
(Part 1) Then for id € dom(H) and ref € refs((Ax.t") v), we assume the antecedent:
Zref»—>1,id€Hp =1
Since the right-hand side of reduction does not introduce any new references then the goal
follows from the antecedent: 3,f. . iger = 1.
(Part 2) Trivial since the antecedent is always false as refs(¢[y/x]) C refs((Ax.t) v).
(4) t; = newRef
Therefore we induct on the second argument:
— tp is a value and thus the typing is:

R
0-T + newRef : A — Fid.«(Ref;y A) NEWEEE

with H >« ([ +T).
Thus there is a reduction as follows:
ref#H id#H
H + newRefv ~»¢ H, refr—>1id, id — ref(v) + pack (id, xref) ~

Part 1 follows as all id in the input heap and references pointing to them are preserved
in the output heap.
Part 2 follows since where ref ¢ dom(H) and we have that refi—id € H, refr—id
satisfying the goal.

— tp is not a value and thus has a reduction, therefore we can build the compound reduction:

NEWREF

Hr ity ~s H ki

~>
H+ newReft; ~; H + newReft, o

Then the result holds by induction.
(5) t; = swapRef
and there is a reduction:
Hr ity ~s HF iy

; ; ~PRIM
H + swapReft; ~; H' I swapRef t,
Therefore the borrow safety result holds by induction.
(6) t1 = swapRef (xref) Case on progress for t:
— 1, is a value and we have a reduction:

"~ SWAPREF

H, refr>,id, id — ref(v) - swapRef (xref) v~ H, refr=,id, id — ref(v') F v

(Part 1) Trivially true since the only change to the heap is the value that id is pointing to.
(Part 2) No new references are created so trivially true.
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— 1, is not a value and therefore has a reduction from which we form the congruence:
Hvrty ~s H 1)
~>
H + swapRef (xref) t ~>s H' + swapRef (xref) t;

PRIM

(7) t; = freezeRef Case on progress for t;:
- tp is a value therefore by the value lemma t; = *ref and we have a reduction:

"~ FREEZEREF

H, reft>,id, id — ref(v) + freezeRef (xref) ~g Ht v

(Part 1) Thus, for id” € dom(H), ref’ € refs(t) with assumption Z,ef/,_)p e p =1
If id" = id and ref’ = ref then we can conclude with: Zref,HpidleH,p = 0 since the
reference and identifier assignments are removed from the output heap. Otherwise, the
heap is preserved so Z,ef/,_)pid/eH, p=1
(Part 2) No new references are created so trivially true.

— tp is not a value and therefore has a reduction from which we form the congruence:

Hvrty ~s H i

"~ pPRIM

H + freezeReft; ~>; H' + freezeRef't,

(8) t; = readRef Case on progress for f,:
— tp is a value therefore by the value lemma t; = *ref and we have a reduction:

e T "> READREF
H, refr>,id, id — ref([v],41) + readRef (xref) ~>; H, refi—,id, id — ref([v],) + (v, xref)
(Part 1) Trivially true since the heap is preserved.
(Part 2) No new references are created so trivially true.
- tp is not a value and therefore has a reduction from which we form the congruence:
Hr iy ~s H vty
~>
Ht+ readReft, ~; H' + readRef ;
(9) t; = newArray therefore A =N

Therefore we induct on the second argument:
— tp is a value and therefore by the value lemma (Lemma C.1) t; = n and thus the typing is:

I'tn:N
I' - newArray n : #(Array;; F)
with H >« (IH +s - T).
Thus there is a reduction as follows:
ref#H id#H
H + newArray n ~s H, refi—1id, id — init + pack (id, xref) ~

PRIM

TYDERIVEDNEWARRAY

NEWARRAY

Part 1 follows as all id in the input heap and references pointing to them are preserved
in the output heap.
Part 2 follows since where ref ¢ dom(H) and we have that ref—id € H, ref+—;id
satisfying the goal.

— t is not a value and thus has a reduction, therefore we can build the compound reduction:

Hr iy ~s H ki

"~ PRIM
H + newArray t; ~ H' + newArray ¢,

Then the result holds by induction.
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(10) t; = readArray therefore A = &, (Array;; F) - N — F® &, (Array,; F)
and there is a reduction:

Hl—tz’\»sH,l—té

"~ PRIM

H t readArray t; ~; H' + readArray f,

Therefore the borrow safety result holds by induction.
(11) t; = readArray (*a) therefore A=N — F ® «(Array; F)
— 1 is a value and therefore by the value lemma onI; F #, : N (Lemma C.1) implies t, = n
and thus the typing is refined at runtime as follows:
[[1],a:Array,; Fr a: (Array,; F) rer .

*REF
[T1],a: Array,; F + *a: +(Array,; F) L+n:N
[T1] + Ty, a: Array,; F + readArray (#a) n: F ® #(Array;; F)

TYDERIVEDREADARRAY

with H” > (Ip +s - ([I1] + I3, a : Array,; F)), and by the heap compatibility rule for array
references there exists some H such that H' = H, a—pid, id > arr.
Then there is a reduction as follows:

H, reft>,id, id — arr[i] = v + readArray (xref) i ~>5 H, reft,id, id +— arr[i] = v+ (v, xref) ~

As the entirety of the heap is preserved (including the array reference a being read from
here), the goal follows trivially.
— tp is not a value and thus has a reduction, therefore we can build the compound reduction:

Hvrity ~s H F iy

~2pRIM

H t readArray (xa) t; ~>s H'  readArray (xa) t,

And therefore the borrow safety result holds by induction.
(12) t; = writeArray therefore A = &,(Array;; F) o N — F — &, (Array; F)
with reduction

Hrty ~s H 1

~>
H + writeArray t, ~>3 H "k writeArray té -

Therefore the borrow safety result holds by induction.
(13) t; = writeArray (+a) therefore A=N — F — «(Array; F)
with reduction:

Hvrty ~s H i

~>
H + writeArray (xa) t; ~s H'  writeArray (xa) t, o

Therefore the borrow safety result holds by induction.
(14) t; = writeArray (xa) i therefore A =F ® & (Array,; F)
Then we case on progress for f,:
— tp is a value and therefore by the value lemma on I} + t; : F (Lemma C.1) implies #, = f
and thus the typing is refined at runtime as follows:

[I1],a:Array,; Fr a: (Array,; F) rer
NEC
[I1],a: Array;; F+ (xa) : &,(Array; F) Lri:N Isrf:F

TYDERIVEDWRITEARRAY

[[1] + Ty + T3, a: Array; F + writeArray (xa) i f : &,(Array;; F)

with H »a (Iy +s - [T1] + I2 + I3, a : Array,; F), and by the heap compatibility rule for
array references there exists some H such that H' = H, aid, id + arr.

Proc. ACM Program. Lang., Vol. 8, No. OOPSLAL1, Article 131. Publication date: April 2024.

READARRAY



131:54 Daniel Marshall and Dominic Orchard

Then there is a reduction as follows:

~>
H, reft>,id, id — arr + writeArray (xref) iv ~>; H, reft>,id, id — arr[i] = v + xref WRITEARRAY

Here, the only change in the heap is to the array value that id is pointing to. As the
remainder of the heap is preserved, both parts of the goal follow trivially.
— 1, is not a value and thus has a reduction, therefore we can build the compound reduction:

Hr iy ~s HF iy

. 3 . —, "PPRIM
H + writeArray (xa) i i ~; H' + writeArray (xa) i t,
Therefore the borrow safety result holds by induction.
(15) t; = deleteArray therefore A = *(Array,; F) —o unit
Case on progress for t:
— tp is a value therefore by the value lemma t; = #ref and we have a reduction:

DELETEARRAY

H, refr>,id, id — arr  deleteArray (xref) ~>; HF () ~

(Part 1) Thus, for id” € dom(H), ref’ € refs(t) with assumption Z,ef/,_)p e p =1
If id” = id and ref’ = ref then we can conclude with: Direfrispidrerr P = 0 since the
reference and identifier assignments are removed from the output heap. Otherwise, the
heap is preserved s0 X, igrer p = 1
(Part 2) No new references are created so trivially true.

- tp is not a value and therefore has a reduction from which we form the congruence:

Hr iy ~5 H bt

PRIM

~>
H + deleteArray t; ~>; H' + deleteArray 1,
* (pr)
T'rit:A —resourceAllocator(t)
r-Tr[t],:0A
with a heap H such that H >« (I +s - (r - T')) and reduction:

PR

Hr [t], ~s H - t”
which has only one possible derivation:

Hvrt ~>gy H RV
Htr [t]r ~s H' + [t/]r

’\’>D

Thus, induction provides the goal, where the incoming heap compatibility by provides the
inductive heap compatibility as H = Iy + (s * r) - Iy by associativity of =.
e (elim)
i+t :0A I,x:[A],+t:B
I+ rlet[x] =t int : B

ELIM

with a heap H such that H > T}y + s - (I + I3) and reduction:
Hrlet[x] =tint, ~s H + 1’

which has two possible derivations:
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(1)

Hrty ~s H vt

~ALETO

Hrlet[x] =ting ~s H Flet[x] =t int,

Then induction provides the goal following the same scheme of generalising the inductive
evidence as for the ~» ,pp1, case.
(2) Alternatively t; = [v] such that the typing is:

L Fv:A

—————— R

r~I“1|-[v],:|:l,AA rz,XI[A]rthlB
r-Ii+Lrlet{x] =[v],int : B

ELIM

and we have reduction:
y#{H, v, t}
. ~op
Hrlet[x] = [v],int ~s H, y— sy v F t[y/x]

(where T’ = r - I7 in the above.

Which trivially satisfies the goal since all references are then in H and we get the conditions

trivially (since no references are manipulated) similar to the § proof above.

e (der)
I''x:A+t:B
—— D
Ix:[A]li+t:B
with a heap H such that H >« Ty +s - (I, x : [A];) and reduction:

ER

Hrt~s HY
As the term ¢ is unchanged from the premise, the goal holds by induction regardless of how
this reduction is derived.
* (approx)
I,x:[A],,T'+t:B rcCs
I,x:[A]l,I"+t:B
with a heap H such that H » (T, x : [A];,T”) and reduction:

APPROX

Hrt~s HY

As the term ¢ is unchanged from the premise, the goal holds by induction regardless of how
this reduction is derived.
e (pairlntro)

L+t A ILbrt,:B
i+ F (tl, tg) :A®B
with a heap H such that H >« I, + s - (I} + I}) and reduction:

®r

Hb (t,t) ~s HF
which has two possible derivations:
1)
H+ I ~og H + t{
~>
Ht (t, 1) ~s H' F (1], 12)

Here, induction on #; provides the goal following the same scheme of generalising the
inductive evidence as for the ~» .1, case.

®L
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(2) Otherwise, t; = v for some value v and we can perform the reduction:
Hvrty ~; Hrt,
Hr (v,ty) ~5 H (v, 1))

@R

Here, induction on t, provides the goal, following the same scheme of generalising the
inductive evidence as for the ~» ,pp1, case.
o (pairElim)
L Fy:A®B Ix:Ay:Brt: C

I+ I—let(x,y)ztlintgzc

®F

Two possible reductions:
1)

Hrtp ~s H 1]

LET®

~>
Htlet(x,y) =t int; ~s H rlet(x,y) = tint,
and induction provides the goal, following the same scheme of generalising the inductive
evidence as for the ~» ,pp1, case.
(2) otherwise t; = (vy, v2) such that the typing is:
Grvi:A Ty v :B
®
1“3+I“4k(v1,v2):(A®B) ! I‘g,x:A,y:BktZ:C
G+ + 1 Flet(x,y) = (vi,v)int : C

®F

and we have reduction:
I“ll—t{:A Fz'—t;’IB
~>
Hrlet(x,y) = (t,t])ints ~s Hox—s (L1 F 1] A,y (ki :B) ki3

®p

Then (part 1) for all id € refs(H) and all ref € refs(t3) we have:

Ypo= >

Vref € refs(t). Vref € refs(t’).
refr,id € H refi—,rid € H'

satisfying the goal and (part 2) for all id’ € dom(H") A id" ¢ dom(H):

2.4 =1
Vref’ € refs(t').
ref'+>qid’ € H'
since no references are introduced.
e (unitIntro)

0T () unit
The result type here is 1, so cannot contain any types of the form &,A, and therefore the
result holds trivially.
e (unitElim)

Ih Ft :unit ILrt:B

I+hrlet()=tint : B
Following essentially the same structure as the tensor proof where array reference counting
is not used so induction provides the goal.

1g
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e (share)
F'rt:*A

T+ sharet:0,A
with a heap H such that H >« I} + s - T and reduction:

SHARE

H+ sharet ~>; H + t”

which has two possible derivations:
1)
Hrt~s HEE
H + sharet ~»; H’ + share t/
Here, induction provides the goal following the same scheme of generalising the inductive
evidence as for the ~» ,pp1, case.
(2) t has the form =v for some value v, and we can reduce:

dom(H) = refs(v)
H,H'’ + share (xv) ~ ([H],),H F [v
(Part 1) Then for id € dom(H,H’), ref € refs(share (*v)), we assume the antecedent

Drefs pideHH P = 1.

Then we have two cases:

- ref € dom(H) therefore in the output heap 3¢, ige([H),)z P = 0 by the zeroing of H
here (thus p = 0), satisfying the goal.

- ref € dom(H’) then Z,epr ide ([H],),H P = 1 following from the antecedent.

(Part 2) No new references are introduced in the output term, so this trivially holds.

~SHARE

] "~ SHARES

e (clone)
Li+-t:0A I, x:«Art,:0,B 1Cr
- CLONE’
I+ I3+ clone’ t; as xin ¢, : O, B
with a heap H such that H s (I} + I;) and reduction:
Hrclonetjasxint, ~», H +t”

which has two possible derivations:

(1)
Hrtp ~5 H vt
"~ CLONE

Htclonetjasxint; ~>; H' + clonet] asxint,
Here, induction provides the goal, following the same scheme of generalising the inductive

evidence as for the ~»,pp, case.
(2) t; has the form [v] for some value v, and we can reduce:

dom(H’) = refs(v) (H”,0,id) = copy(H’) y#{H, v, t}
H,H’ + clone [v], asxint ~; H,H’,H”, y— pack (id, *(0(v))) + ty/x]
Here, all of the references from the original heap H (separated out as H’) are copied and
given a new identifier, to form H”. In other words, for every refi—id, id — v in H, there

now exists a new ref” and id’ in H"”” such that ref’+—,id’, id" > v.
Therefore, for all id € dom(H) we have:

szl - Zp’:l

Vref € refs(t). Vref € refs(t’).
refi—,id € H reft—,rid € H'

"~ cLONES
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because none of the references in the preexisting heap have been modified in the new heap,

and there are no new references with the same identifiers as any references appearing in
H"" have fresh identifiers.
We also have that for all id’ € dom(H’) A id’ ¢ dom(H):

ERT

Vref’ € refs(t').
ref'+—qid’ € H'

because any ref’” ¢ dom(H) must be in H”, and so it matches up with another reference
ref appearing in H, for which we have }; Vref e refs(t). P =1 by the above argument.
refrspid € H
e (withBorrow)
Ikt xA Lrt:&A—o&B
I} + I, + withBorrow #; t; : *B
with a heap H such that H s (I} + I;) and reduction:

WITH&

H + withBorrow [t ~>; H' + "

which has three possible derivations:
(1)

Hrtp ~g Hrt]

~>
H + withBorrow t; t, ~»; H’ - withBorrow ¢ t, wirndl

Here, induction on #; provides the goal, following the same scheme of generalising the
inductive evidence as for the ~» 51, case.
(2) f has the form (Ax.t;), and we can reduce:
Hrty ~s H +t
H + withBorrow (Ax.t;) t; ~; H’ + withBorrow (Ax.t;) t;

2 witH&R

Here, induction on f, provides the goal, following the same scheme of generalising the
inductive evidence as for the ~» ,pp1, case.
(3) As above, but t also has the form (*v), and we can reduce:

y#{H, v, t}
H + withBorrow (Ax.t) (¥v) ~» H, y—(*v)  unborrow t[y/x]

P witH&

Here, the goal is trivial since the heap H is preserved modulo new variable bindings.
o (split)
Frit:&A
T'r split t:&rA® &gA
g !
with a heap H such that H =< T" and reduction:

SPLIT

Hbsplitt ~¢ H + 1"
which has four possible derivations:
(1)
Hrt~ HEY
H+ split t ~ H’ + split ¢/
Here, induction provides the goal, following the same scheme of generalising the inductive
evidence as for the ~» ,pp1, case.

P SpLIT
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(2) t has the form (xref) such that the typing is:
[T'], ref : Refig A+ (xref) : &,(Refiy A) «rEr*
[T], ref : Refiy A+ split (xref) : &§ (Refig A) ® &g (Refig A)

and we have reduction:

SPLIT

refi#H refa#H
R . ; T "~ SPLITREF
H, refr=,id, id — v + split (xref) ~>s H,refi—pid, refor>pid, id — v + (xrefy, xrefy)
2 2

Thus for id’” € dom(H, id + v, ref+—,id) and ref’ € refs(split (xref)) we assume the
antecedent Zref'HP/ id/EH,ide,rein,idp =1
Since there is only one reference in the term then we have ref’ = ref and id’ = id and

p’ = p. However in the output heap we now have ref;— 2 id and ref,— e id in the output
heap and thus:

bt
refi— pide H’

:p:l

Satisfying the goal.
(3) t has the form (x(v, w)) with reduction:
H + split («v) ~>5 H' F (xvy, %)
H’ + split (xw) ~s H” F (xwy, W)
. "~ SPLIT®
H  split (x(v, w)) ~5 H” F (x(vi, wp), %(v2, wy))

Induction over the two premises gives us the result here, by threading the theorem’s

implications from H to H’ via the first premise and then H’ to H”' via the second.
« (join)

Fll—tll&pA rzl—tzi&qA p+q§1
L+ + join 1ty : &p+qA
with a heap H such that H > (I + I3) and reduction:

JOIN

Htjoint t; ~5 H v 1”7

which has four possible derivations:
1)

Hrtp ~s H vt

~>
Hrjoint t ~s H Fjoint f, ™"

Here, induction over #; provides the goal, following the same scheme of generalising the
inductive evidence as for the ~» ;51 case.

(2) t; = v for some value v, and we can reduce:

Hrty ~s H vt

= — ~JomR
Hrjoinvt, ~5 H Fjoinve, 10

Here, induction over t, provides the goal, following the same scheme of generalising the
inductive evidence as for the ~» 5, case.
(3) As above, but t; has the form (*ref;), which restricts v to have the form (xref;) such that
the typing is:
[T], refy : Refig A+ (xrefi) : &,(Refig A) rer+NEC  [T'], ref; : Refig A+ (xrefy) : &y(Refiq A) REF+NEC
[T], refi : Refiq A, refy : Refig A+ join (xrefi) (xrefy) : &,piq(Refig A)
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and we have reduction:
ref#H
H, refi—,id, refy>4id, id = v + join (xrefi) (xrefa) ~>s H,reft—= (p1q)id, id — v+ xref
Here, forall id € dom(H, id + v, refi—,id, refy4id) and all ref” € refs(join (xref;) (*ref2))
then we assume the antecedent 3. ¢, iscpr p = 1 then we have: 3} Vref € refs(r). =P+ =
refi—,rid € H'

~?J0INREF

1.
Part 2 is then follows trivially as there are no new resources created.

(4) t, has the form (*(v;, wp)), which restricts #; to have the form (*(v;, wy)), allowing the
reduction:

H r join (#vy) (¥wp) ~5 H F v
H’ + join (xwy) (xwp) ~>g H” F sw

H + join (x(vy, wy)) ((vo, wp)) ~>s H” + x(v, w) ~rom®

Induction over the two premises gives us the result here, by threading the theorem’s
implications from H to H’ via the first premise and then H’ to H” via the second.
e (push)
T+t:&,(A® B)
I'rpusht: (&,A) ® (&,B)
with a heap H such that H = I" and reduction:

PUSH

Htpusht ~g H + ¢

which has three possible derivations:
(1)

Hvt~g H Y

2 pUsH

H+ pusht ~s H’ + push #/
Here, induction provides the goal, following the same scheme of generalising the inductive
evidence as for the ~» ,pp, case.
(2) t has the form (v, v») and we can reduce:

PUSH*

H + push (x(vy, ) ~>5 H F (vy, %) ~

Here, the goal is trivial since the heap H is preserved.
o (pul)
[kt (&A) ®(&,B)

I'+pullt: &,(A® B)
with a heap H such that H > T" and reduction:

PULL

Hrpullt ~g H +t”

which has three possible derivations:
(1)
Hrt~g Hr UV
H+pullt ~¢ H + pull ¢
Here, induction provides the goal, following the same scheme of generalising the inductive
evidence as for the ~» ,pp1, case.

~puLL
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(2) t has the form (xvy, *v;) and we can reduce:

H + pull (xvy, #v5) ~s H F #(vy, v) ~roLes

Here, the goal is trivial since the heap H is preserved.
e (newArray) (readArray) (writeArray) (deleteArray) (newRef) (swapRef) (freezeRef) (readRef)
All trivial as they have no reductions.
e (pack)
F'rt:A id ¢ dom(T)
T + pack (id’, t) : Jid. Alid/id’]
with a heap H such that H > I" and reduction:

PACK

H + pack (id, t) ~s H + t’
which has one possible derivation:
Hvt~y HeV
H + pack (id, t) ~; H + pack (id, t") "rack

Here, the goal is trivial since the heap H is preserved.
e (unpack)

Ikt Jid.A
rz,id,XZAthlB ld%fV(B)
I +I; + unpack (id,x) =t in &, : B
with a heap H such that H > T" and reduction:

UNPACK

H + unpack (id,x) =t inf, ~3 H +t”
which has two possible derivations:
(1)
y#{H, v, t}
- : - ~3p
H r unpack (id, x) = pack (id’,v) in t ~5 H, y—,vF t[y/x]
Here, the heap is preserved with the exception of y. Since no references are affected, the
goal is achieved directly.

)

Hrty ~s Hr t]
H + unpack (id, x) = t; in t, ~; H + unpack (id, x) = t] in t,

"~ UNPACK

Here, the goal is trivial since the heap H is preserved.

]

THEOREM D.4 (MULTI-REDUCTION BORROW SAFETY). For a well-typed term T + t : A and all
Ty, s, and H such that H > (I + s - '), and multi-step reduction H v t = H’ + v, then for all
id € dom(H):

Z p =1 = Alref.ref'r>1id e H
Vref € refs(t).
reftopid € H

i.e., for all resources with identifier id in the incoming heap and all references in the term pointing
to this resource, if the sum of all permissions pointing to this resource are 1 in the incoming heap
then their total permission of 1 is preserved from the incoming heap to the resulting term, with this
permission now contained in a single reference ref”.
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Furthermore, any new references in the final term should uniquely point to an identifier, and thus
have permission 1. That is, for all id’ € dom(H") A id’ ¢ dom(H) then:

Vref € refs(v). 3lref’. ref'+,id € H’

Proor. By induction on the structure of the multi-reduction H + t; = H' + v.
o (refl)

—————————— REFL
Hrv = H+v

Since v is a value which we know has type *A, then by the unique value lemma there are
two possibilities for the form of v.
(1) A = Resjg A’, and so v has the form =ref. This restricts the typing as follows:

*

REF

0-T,ref : Resjg A+ xref : #(Res;jq A) *
Then we also have a heap H such that H v« (0 - T, ref : Res;y A) which by inversion
of heap-compatibility for references implies that there exists a subheap H; such that
H = Hy, refr—1id, id — .
As we have a single reference in the heap annotated with 1, both the premise and the goal
of the implication in the theorem hold.
(2) A = A’ ® B, and so v has the form (v, v;). This restricts the typing to two possible

derivations:
}/1|-V11A/ )/ZI-VZIB
NEC NEC

nnFvi:A y2Fv,:B Y1k vy A Y2 b %V, : %B

® ®
Yi+yz bk (vi,m): A ®B ! Vi+7y2 b (6vy, %) : A’ ® B !

- NEC - PULL

Yi+7y2 F (v, ) #(A” ® B) Yi+y2k x(vi,m):x(A” ® B)

In either case, by the unique value lemma we know that v; and v, are both restricted: they
can either be of the form a, meaning that one of the types in the product is Res;q A, or they
can be of the form (s, v4), meaning that one of the typesis A” ® B'.
Proceed by inspecting each of v; and v, in turn. If the value is of the form ref, then
as above by inversion of heap compatibility the heap must contain a unique reference
ref—1id, id — v, which satisfies the theorem as it is annotated with 1.
If the value is of the form (vs, v4), then we can restrict the typing of this subpart of the
derivation by exactly the above argument, and then inspect the form of v; and v, using
the unique value lemma following the same logic. This proceeds inductively; as typing
derivations are finite trees, this must eventually terminate in an reference which satisfies
the theorem at every leaf of the tree.
o (ext)
Hrtg ~s HE b Htvty >, H' v+ 13
Hrt = H'+ 13

First, consider the first premise, which is a single-step reduction of the form H + t; ~»5 H' +

ty.

From Theorem D.3, we know that for all Ty and heaps H such that H »< (I + s - T') then for

all id € dom(H):
> p=1= > pefon

Vref € refs(t). Vref € refs(t).
refiopid € H refr—,id € H'

EXT
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and also that for all id” € dom(H’) A id’ ¢ dom(H) (new resources) we have:

2. =1
Vref’ € refs(t’).
ref'+>qid" € H'
Now, we induct over the second premise, which is a multi-reduction of the form H' +
t, =s H” F t3. Induction using the present theorem tells us that for all I, and H such that
H < (I +s-T), then for all id € dom(H) we have:

Z p=1 = 3lref’.ref'r>,id € H”

Vref € refs(t).
refi—,id € H'

From our knowledge about the first premise (the single-step reduction), there are two cases.
X Vref € refs(t). p= 2 Vref € refs(t). p=1
reft=pid € H refi—,id € H'
Then we know that fractions must sum to 1 for both references preserved from #; and also
new references preserved from f,, but via the implication we obtained from induction on the
second premise, we know 3!ref’.ref’+id € H"', which is exactly the required result.
2 Vref € refs(t). p=0.
refi,id € H'
Then we only need to concern ourselves with new references preserved from ¢, but via the
same implication we obtained via induction on the second premise, we know Alref”.ref’—1id €
H”', again exactly as required.

]

CoroLLARY D.5 (UNIQUENESS). For a well-typed term T + t : «A and all Ty, s, and H such that
H < (Iy + s - T') and multi-reduction to a value H + t =5 H' + *v, for all id € dom(H) then:

Vref € refs(t).(refr>1id € H = ref—id € H’')
A Vid € dom(H') A id’ ¢ dom(H). Vref € refs(v). Alref’.refr—>id’ € H’

i.e., any references contributing to the final term that are unique in the incoming heap stay unique in
the resulting term, and any new references contributing to the final term are also unique.

Proor. Follows directly from Lemma D.4, in the subcase where only one reference exists in
the initial heap (since X7, igey p = 1 must hold if there exists a single reference such that
reft—1id € H). O

E SOUNDNESS OF HEAP MODEL WRT. EQUATIONAL THEORY

THEOREM E.1 (SOUNDNESS WITH RESPECT TO THE EQUATIONAL THEORY). For all t, t; such that
F'rty:AandT + 1, : Aand ty = t, and given H such that H > T, there exist multi-reductions to
values that are equal under full f-reduction and evaluating any references to the value they point to
in the resulting heaps (written H'(v;) and H' (v,) ):

H¢ hh =1 H + V1 A H+ th =1 H” Vo A H,(Vl) = HH(Vz)

Proor. e (B.)

clone (share v) as xin ¢’ = ¢'[pack (id, vy /x]
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With typing derivation for the LHS:
rlﬂ Fv:xA
SHARE

Iy, id + sharev: 0O, A nolDs(Ty) T, x:3id «(Alid’ /id])+t:0,B 1Cr

= CLONE
(I7 + I3), id + clone (share v) as xin t : O, B

And typing derivation for the RHS:
(Iy +Ty), id v t[pack (id, v)/x] : O,B

By the value lemma (Lemma C.1) we know that v = %V’ therefore we know that we can
perform the following reduction (where we elide the output binding context and usage
context as they are not needed in the proof):

Hi, H, + clone (share (xv')) as xin ¢
~cronetsuaref  —  [Hilo, Hz + clone [v] as xin ¢
MCLONE,B ~> [Hl]O,Hz,Hg, xr—)rpack <ld, 9(V)> -t

where dom(H;) = refs(v) and (Hs, 0, id) = copy(Hyp)

e (xassoc)

X#tg

. . . . *ASSOC
clone t; as xin (clone ; as yin t3) = clone (clone t; as xin t;) as yin 3

With typing for the LHS:
Ty, idy, x : id].+ (A [id] [idi]) v t : O, Ay Ts,y : Fid).+ (A [id}[idy)) b 15 : Oy, Ay
I“l,E kO, A I, x: EE.*(Al [E/E]) + T3 F clone  as yin t3 : O,, A3

CLONE

— CLONE
(T1 + T, + Iy), idy, id, + clone t; as xin (clone t; as yin t3) : O,, A3

where nolDs(T) and nolDs(I;) and 1 C ry and 1 C 5.
And with RHS typing, with the same conditions:

Ty idi 40, AL Dy idy, x 2 Jid] o+ (Ai[id; [idi]) F 12 0, Ag
— CLONE __ I
(Ty + 1), idy, idy + clone ty as xin t, : O, Az G,y : 3idy.x(Ag[idy/idy]) v t3 : O, A3

p——— CLONE
(I + T, + I3), idy, id, + clone (clone t; as xin f;) as yin t3 : O, A3
There are four possibilities depending on the reduction of t; and t;.
(1) Divergence: t; —“ (i.e., t; diverges). In which case then H F clone #; as x in (clone ; as y in #3)~> ¢ ong”
(diverging) and also H + clone (clone #; as xin t;) as yin 3~ on:“ and so the the equa-
tion is trivially satisfied as both sides diverge.
If t; converges, but t, diverges then both sides diverge by similar reasoning. Similarly if
both diverge then overall both sides diverge.

(2) Convergence: t; reduces to a value v; and t, reduces to a value v,. By the typing and the
value lemma (Lemma C.1) then 3v{. v; = [v{] and then 3v}. v, = [v}].
Then we can reduce as follows on the LHS:
H + clone t; as xin (clone #, as yin t3)
~ * H’t clone [v|] as xin (clone t; as yin t3)
~ciongf ™ Hy, H{,H{, x—,pack (idy, *0(v;)) + clone , as yin 3 dom(H]) = refs(v1) A (H{', 0, id;) = copy(H;)
~> % H" F clone[v,] as yint;
~cronsf H,, Hy, Hy/, y—pack (idy, x0"(vz)) + 13 dom(Hy) = refs(v;) A (H,,0,idy) = copy(Hy)
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and on the RHS:

H + clone (clone t; as xin t;) as yin 3
~> % H’F clone (clone [v;] as xin f;) as yin #5

~ Hy,Hj,H/, x—pack (E, #0(v;)) + clonet, as yints dom(Hj) = refs(v;) A (HY, G,E) = copy(H])
~> % H” + clone [w;]asyint;

~ciones  Hz, Hy, Hy, y—,pack (@ 0" (w)) F B dom(Hj) = refs(vy) A (Hy, 9@) = copy(H,)
matching in both sides.
o (&unit)

&UNIT

withBorrow (Ax.x) t =t

With typing derivation for the LHS:

VAR
0-Ip,x: & AFx: & A

A
IiFt:xA O'I‘ZF(AX.X)I&lA—O&lA
I +0 - I; - withBorrow (Ax.x) t: *A

BS

WITH&

and typing derivation for the RHS:
[ +0-TaFt:*A

There are two possibilities depending on the reduction of ¢.
(1) If reduction of t diverges, then reduction on the LHS also diverges, since we repeatedly
apply the ~>yirugr rule. Hence, the equation is trivially satisfied as both sides diverge.

(2) Otherwise, t reduces to a value v. By the typing and the value lemma (Lemma C.1) then
V. v=xv.
Then we can reduce as follows on the LHS:

H + withBorrow (Ax.x) ¢
x H’ + withBorrow (Ax.x) (xv')

~>
~Sowrn& | H’, y~, * V' + unborrow (x[y/x])
~ % H', y—, v - unborrow y
~ung N H,y—, %V Fy
~>

x H oy 5 v kv
and as follows on the RHS:

Hrt
~ % H' b *V

e (&assoc)

&
withBorrow (Ax.(f (g x))) t = withBorrow f (withBorrow g 1) ASSOC

If any of the terms f, g or t diverge, then the LHS and RHS both diverge, and so the equation
is trivially satisfied.

Otherwise, all three terms must reduce to values v;, v, and vs.
By typing and the value lemma (Lemma C.1) then v; = Axy.t;, v; = Axp.tp, and Avj. v3 = *v;.
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Then we can reduce as follows on the LHS:
H + withBorrow (Ax.(f (gx))) t
~ x H'+ withBorrow (Ax.(f (gx))) (*v})
wite& ™ H, Y=y ® Vé + unborrow ((f (gx)) [y/x])
~ % H',y—, % v, - unborrow (((Ax1.t;) ((Ax.t2) ¥)))
~p H', y=, # v, 3= (*v;) + unborrow (((Axy.t;) t3))

If t, diverges, then again both sides diverge. Otherwise, f, must reduce to a value vy, and by
the value lemma 3v;. v4 = (*v}). Then we can continue reducing as follows:

~o o H, g, % Xy (v]) + unborrow (((Axi.ty) (+v]))
~p o H”, y=, % vj, =5 (%13), x1—¢ (*v)) F unborrow (t)
If t; diverges, then again both sides diverge. Otherwise, #; must reduce to a value vs, and by
the value lemma 3v;. vs = (*v;). Then we can continue reducing as follows:
~ x H", y= % vy, x5 (xv]), 19 (V) + unborrow ((xv;))
~un& H", yr, % V?:’ xZ'_)s(*Vé); xl'_)s’(*vz’;) F *V;
and on the RHS:

H + withBorrow f (withBorrow g t)
~ % H’'+ withBorrow (Ax;.t;) (withBorrow (Ax,.t;) (+v}))
~wrrng H’, y, * v; - withBorrow (Ax;.t;) (unborrow (t;[y/x.]))
~ H', yr=, % v, 3= (*v;) + withBorrow (Ax;.t;) (unborrow (t,))

If t, diverges, then again both sides diverge. Otherwise, t; must reduce to a value vy, and by
the value lemma 3v;. v4 = (*v}). Then we can continue reducing as follows:

~ x  H”, yr, % v}, x5 (xv;) F withBorrow (Ax;.t;) (unborrow ((+v;)))

~Sung |~ H”, y—=, * v3, 1o (xv;) F withBorrow (Axy.ty) (*v})
~oowrag H", yi=, % vi, x3= (%V}), 2+, % v, F unborrow (t;[z/x])
~ H”, y=, % v3, x> (x13), 202 % v, X109 ((%v;)) + unborrow (i)

If t; diverges, then again both sides diverge. Otherwise, t; must reduce to a value vs, and by
the value lemma 3v,. vs = (*v;). Then we can continue reducing as follows:

~ ok H”, yro, % V), 0o (3V]), 2020 % v, x> ((%v))) F unborrow (+v,)
un& H", Y Vé, XZHS(*VQ), ZF=pr ¥ pr les’((*Vfl)) F *V§

o (let (x,y) = (split t)in (join x y)) = ¢
If ¢ diverges, then both sides diverge.
Otherwise t reduces to a value v which by (Lemma C.1) is over the form =ref.
Thus, we reduce by:

H + let (x,y) = split tin (join x y)
~ x  H' id — v, refr—,id + let (x,y) = split (xref) in (join x y)
~*  H',id - v, ref1|—>g id, rele—n% id + let (x,y) = (xrefi, *ref;) in (join x y)
~ep H' id — v, refli—>§ id, refzi—>§ id, x"+—>1 * refi, y'r>1 = refo + join x” y’
(~priv+~var) 2 H,id— v, refli—>§ id, refzi—n% id, x'v>1 * refi, y'r>1 * refy v join (xref]) (xref;)
~jomRer " H'id v v ref'i—,id, X1 * refy, y o1k refy b xref”

~1LET® T “?sPLITREF
~>
~F
Evaluating under the heap (H', id > v, ref’+—,id, X'+—1 * refi, y'+—1 * refy) (xref”) = 0.
The RHS then reduces to: H’, id +— v, ref+,id + (xref)

Evaluating under the heap (H’, id — v, ref—, id) (ref) = v, satisfying the goal.
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e split (join t; 1) = (11, L)
If either #; or ¢, diverge then both sides diverge. Otherwise, we assume reduction to values,
using the value lemma to ascertain their form:
H+ Split (jOiIl 51 tz)
~ x  H' id w v, refi—,id, refo>4id + split (join (xref;) (xrefz))
~omker > H',id > v, refio 1) id F split (xref)
~sputRer |~ H,id v, refl’H@ id, reszw id v (xref], xref,)

Evaluating under the heap (H’, id > v, ref, = (p+q id, refor= g id) ((xref], xref))) = (v, v).
2 2

The RHS then reduces to H', id > v, refi—,id, refyr>4id & (xrefi, xrefy).

Evaluating under the heap (H’, id > v, refi—, id, refor>4id) ((xrefy, xref;)) = (v, v), satisfy-
ing the goal.

m}
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