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Abstract

L L be matrices in SLy(Z) with u,v > 1. Since the

1 and R, = 0 11]
monoid generated by L, and R, is free, we can associate a depth to each element
based on its product representation. In the cases where u = v =2 and u = v = 3,
Bromberg, Shpilrain, and Vdovina found a depth n matrix containing the maximal
entry for each n > 1. By using ideas from our previous work on positive linear
fractional transformation (u, v)-Calkin-Wilf trees and a polynomial partial ordering,
we extend their results for any w,v > 1 and in the process we recover the Fibonacci
and some Lucas sequences. As a consequence we obtain bounds which guarantee
collision resistance on a family of Cayley hash functions based on L, and R,.

Let L, =

IThe second author received support for this project provided by a PSC-CUNY Award, #69227-
00 47, jointly funded by The Professional Staff Congress and The City University of New York.
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1. Introduction

Let L, := E (1)] and R, := Ll) 11}
matrices have been considered in the study of growth and expansion in groups, ex-
pander graphs, and in connection with the girth of certain Cayley graphs in SLs(F,)
(p a prime) in important works by Bourgain and Gamburd [4], and Helfgott [11].
We are interested in the monoid generated by L, and R,. Nathanson [13] provided
a simple proof that this monoid is free. That is, every non-identity element M in

where u and v are fixed positive integers. These

the monoid generated by L, and R, can be written as an alternating product of
positive powers of L,, and R, in a unique way. We refer to the sum of these powers
as the depth? of M. For example, if M = L3 R?** L7 then the depth of M is 34. We
define the depth of the identity matrix as zero.

In 2017, Bromberg, Shpilrain, and Vdovina [6] proposed a Cayley hash function®
based on L, and R, in SLy(F,). Bromberg [5] and Bromberg, Shpilrain, and
Vdovina [6] measured the collision resistance of these Cayley hash functions by
finding a depth n matrix containing the maximal entry in the cases where u = v = 2
and u = v = 3 for each n > 1. The proof is by induction. They show that if M
is a depth n matrix containing the maximal entry and maximal column sum, then
either L, M or R,M, depending on the parity of n, must be a depth n + 1 matrix
containing the maximal entry and maximal column sum.

The goal of this paper is to answer and expand upon some open questions*
appearing in [5, 6]. Our main contribution is to extend the above result to the
general case u,v > 1 (Theorem 1). In the case where u,v > 2, our method uses a
similar induction argument as above. When either v = 1 or v = 1, this induction
argument fails. We indicate at the end of Proposition 3 exactly where the problem
occurs. In this case the situation is more complicated, requiring a different strategy.
The novelty of our approach lies in the framework of the Calkin-Wilf tree. This tree
provides a rich, highly symmetric structure that allows us to organize the elements
of the monoid in an intuitive way. Together with a partial ordering for polynomials,
this yields a proof for the more intricate case.

The Calkin-Wilf tree is a rooted tree whose vertices are labeled by positive ra-
tional numbers. Starting from the root 1, each vertex a/b has two children: the left
one is a/(a + b) and the right one is (a +b)/b (see Figure 1). A nice feature of this
tree is that every positive rational number appears in the tree exactly once and in
reduced form. In past decades, the Calkin-Wilf tree has received a lot of attention
due to its many remarkable properties; see [7, 14] for a more thorough history of
this material.

2Some readers may prefer the term length, but our choice of the word depth will be made clear
shortly.

3The term Cayley hash function comes from the connection to Cayley graphs [10] mentioned
in the previous paragraph.

4The original questions in [5, 6] only ask about the case v = 1 and v = 2 (or vice versa).
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Figure 1: The first four rows of the Calkin-Wilf tree.

For a generalization of the Calkin-Wilf tree, one can consider a modified genera-
tion rule for each vertex a/b: its left child is defined by a/(ua+b) and its right child
by (a + vb)/b. Such a tree is called the (u,v)-Calkin- Wilf tree and its vertices are
a subset of the vertices of the Calkin-Wilf tree. In fact, given uv > 1, the positive
rationals can be partitioned in pairwise disjoint (u, v)-Calkin-Wilf trees with roots
coming from a special “orphan” set [8, 9, 14].

Another generalization of the Calkin-Wilf tree can be made for rooted trees
whose vertices are matrices in GL2(Ny) with a generation rule based on matrix
multiplication with a pair of fixed matrices L and R. Nathanson refers to such trees
as generalized Calkin-Wilf trees for positive linear transformations® (PLTFs) [14].
In the case where L = L, and R = R,,, we construct the PLFT (u,v)-Calkin- Wilf
tree, denoted by T(“)(M), according to the following generation rules:

1. the root is labeled M,

. a bj. a b
2. the left child of a vertex L d] is labeled {ua Yo ubt d]’ and
3. the right child of a vertex [(é Z] is labeled {a —&;vc b —i;lvd} .

In Figure 5 in the Appendix we illustrate the 71 (1) tree. By associating a

reduced rational number a/b to the vector and considering the column vectors

a
b
of each matrix, it can be seen that 71 (I5) is essentially running two Calkin-Wilf
trees in parallel that are independent of each other.

This PLFT (u,v)-Calkin-Wilf tree perspective helps us understand the monoid
generated by L, and R,, because the left child and the right child of a vertex M
are obtained precisely by multiplying M (on the left) by L, and R,, respectively.

5We also use the term PLFT here since there is a clear isomorphism between the monoid of
PLFTs (under function composition) and GL2(Np). For a proof of this fact, see [14] and [9].
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Figure 2: The first four rows of the 7(%)(Iy) tree.

Furthermore, the PLFT (u, v)-Calkin-Wilf tree organizes the elements in the monoid
generated by L, and R, by depth n (see Figure 2). This organization is highly
symmetric, a property which is exploited in this paper. A visual inspection of the
forms of the entries in terms of v and v in Figure 2 suggests our results. To highlight
our key ideas and make them more clear, we provide several examples and a concise
summary of our arguments. See Figures 5-8 in the Appendix for an illustration of
the first five rows of the TV (1), T2 (1y), TZ5)(1y), and TG (1) trees.

1.1. Examples

We begin with a few different examples illustrating various cases. Let M; ; denote
the (i, j)-entry of M.

e In the case of the 71 (1) tree (see Figure 5), the numerical values of the
maximal entries and their corresponding positions in depth n are:

1 — 1 — 2 — 3 - ey
Ly — (Li)21 — (Bili)in — (LaRiLi)2n —

We observe that the first five maximal entries coincide with the first five
terms of the Fibonacci sequence. We also observe that a path of maximal
entries exhibits an alternating L,, and R, pattern. A close examination of the
T(l’l)(lg) tree reveals that the path given above is not unique since

L1 = (Ri)12 — (LiR1)22 — (RiLiRi)12 — ---
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provides another path to obtain the maximal entries. It is also interesting to
see that this path is the symmetric image of the previous path.

e In the case of the 72 (1) tree (see Figure 6), the numerical values of the
maximal entries and their corresponding positions in depth n are:

1 5 5 o 11 = 60 IO
Li — (Ls)21 — (ReLs)i1 — (LsR2Ls)on —

We observe the generalized Fibonacci relations 11 =5-v+1,60=11-u+5
and 131 =60 - v + 11, and the path exhibits the same alternating L, and R,
pattern as before. Furthermore, a close examination of 7(>2)(I,) reveals that
for odd depth, the maximal entry appears to occur uniquely in one position,
whereas, for even depth, the same is not true.

e In the case of the 7(35)(I5) tree (see Figure 7), the numerical value of the
maximal entries and their corresponding positions at depth n are:

1 — 5 — 11 — 60 —
Ino — (Rs)i2 — (L2Rs)22 — (RsLeRs)i2 —

Note that the maximal values of the T(2%)(I,) tree are exactly the same as
those of T(>2)(I,) tree, and the path of the maximal entries is the symmetric
counterpart of the path in 72 (Iy).

e In the case of the 71 (1) tree (see Figure 8), the numerical values of the
maximal entries and their corresponding positions at depth n are:

1 — 5
Iy — (L5)2,1

— 10 — 35 - ey

— (Ls)3; — (LsRiLs)z1 —

Note that this path does not exhibit the nice alternating L, and R, pattern
and the generalized Fibonacci relation fails here. Although the first two terms
of the sequence follow the Fibonacci relation, 10 =5+ 1-u and 35 = 10+5 - u,
the third term does not since 65 # 35 + 10 - u.

1.2. The Maximal Entry in 7 (%) (I5;n)

We denote by 7(“")(M;n) the (finite) set of matrices of depth n in T (M),
where n > 0. We often refer to 7(“¥)(M;n) as the n*® row of the tree. In our
search for the maximal entry among all matrices of T(“’”)(M ;m), not only do we
observe Fibonacci-like sequence relations among the maximal entries, we are also
able to provide an explicit formula for the maximal entry at each depth.
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d
computes the maximal entry of a matrix M € GLy(Ng). For a finite subset S of
GL2(Np), we extend the definition of p to S by u(S) = max{u(M) : M € S}.
So u(Tv)(M;n)) is the maximal entry among all matrices of depth n in the
T (@) (M) tree. In our main theorem (Theorem 1) we show that for n > 0 and
fixed u > v > 1:

We define the function p : GL2(No) — N by u ({Z b ) = max{a, b, ¢,d}, which

((LyRy) ™ 1)/2L w)2,1  when n is odd,
u(T(”’”) (Iz;n)) =< (Ly (L R,)"™ Ly)2n when n is even and u > v = 1,
(RyLy)"?)11 otherwise.

Similarly, by symmetry, for n > 0 and fixed v > u > 1:

(R,L,)"Y/?2R,); 2 when n is odd,
(T (Io;n)) = (Ry(RyLy)™?Ry)12  when n is even, and v > u = 1,
(LuRy)™ /2)2,2 otherwise.

Theorem 1 provides an explicit formula in terms of w, v and n for computing
(T (Iy;n)). We define a recursive sequence F{“) by Féu’”) =1, Fl(“’”) =
max{u,v}, and for n > 1

prlu) max{u,v} - F(“ V) 4 F(“ Y for n odd,

min{u, v} - F(u R + F(u R for n even.
Theorem 1 also shows that when u,v > 1 or u = v = 1, p(T@V) (Iy;n)) = oIS
that is, the maximal entries coincide with the terms of the above generalized Fi-
bonacci sequence. In particular, u(7D (Iy;n)) = F,Sl’l) gives precisely the n'" Fi-

) is a Lucas sequence. This result is analogous

bonacci number. When u = v, Fp,
to a theorem on the largest values of the Stern sequence by Lucas expanded upon
by Paulin [12, 15] and is reminiscent of the work Bates, Bunder, and Tognetti [1, 2]
in locating specific rationals within the Calkin-Wilf and Stern-Brocot trees.

Our approach in the proof of Theorem 1 is to consider the entries of each matrix
as polynomials in one variable following the (u, v)-Calkin-Wilf tree generation rule
(see Figures 2 and 3). The difficulty lies in the determination of the different rates of
growth of the polynomial functions in Proposition 8 as the result of the generation
rule, that is, whether the left child (multiplication by u) has a larger entry than
the right child (multiplication by v) or vice versa. Another challenge is the case
u > v = 1, which requires special treatment using a polynomial partial ordering;
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the difficulty is due to a “misalignment”. Namely, the maximal entry in an odd row
does not belong to a matrix that is the child of a matrix containing the maximal
entry in the previous (even) row.

Ji(uv) Ja(uw) } [’Ufs(u’U) + fi(uv)  vfa(uv) + f2(uv)
ufi(uww) + f3(uv)  ufo(uv) + fa(uw) f3(uv) Ja(uv)

Figure 3: Entries in the tree in terms of u and v.

1.3. Certain Symmetric Properties of PLFT (u,v)-Calkin-Wilf Trees

The symmetric features of 7(“%)(Iy) have greatly aided our proof by simplifying
the computations and reducing the number of cases that need to be considered.
Let n > 1 and ¢ € {1,...,2"}. We denote by cg’v)(n,i) the i*® element from left
to right and c§:’v)(n,2" + 1 — i) the i*® element from right to left of depth n in
T (I,). The elements C(IZ’U)(n,i) and cgzl’vl)(n,Z" + 1 — ) are said to be in
symmetric positions®. Let L) = TWwv)(L,) and R = T(WY)(R,) represent
the “left side” and “right side” of T (%) (Iy).
The following properties are instrumental in our proof:

o Note that if 1 <4 < 27~! then cg’v)(n,i) is a vertex in £®¥) and

cg’”)(n7 2" +1 —1) is a vertex in R(“?). Tt is easy to see that if

i (n,i) = - ROV LGP RELY,
then .
) (n,2m 41— i) = - LOARO L2 RO
when 1 < ¢ <271
1 ™ (i) = |© | then ¢ (27 +1— i) = | €| (Proposition 9
o If ¢} 7 (n,i) = ¢ gl then ey, (n,2"4+1—14) = b a (Proposition 9).

Hence, we may assume u > v since, from the above symmetry, it follows
that (7% (Iz;n)) = p(TW% (Iy;n)). That is, the maximal entry among
matrices of depth n of 7(%)(I,) is the same as that of 7% (I5).

SNote that pairs of matrices in symmetric positions do not have to be vertices of the same tree.
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cv

@ b hen c(lz"u) (n,2"4+1—1) = {bci 2} (Proposition 8

i
v

and [9, Theorem 1]). This symmetric property together with Proposition 10

and the assumption that 4 > v leads to the conclusion that the maximal entry

occurs in a matrix on the left side of the tree.

o If ng,'u) (n,i) =

o Let M = {Z Z] be a matrix in 7% (I5). Then Lemma 9 shows that the

maximal entry on the left side of the tree must appear in the first column of
the matrix, that is, u(M) = max{a,c}. Likewise the maximal entry on the
right side of the tree must appear in the second column of the matrix, that is,
w(M) = max{b,d}. Given the assumption v > v, we focus our work on the
first columns of the left side of the tree.

Proposition 3 provides an expression for the maximal entry for odd rows. Let

(LuRy)" Ly = {éﬂ :] € Tw) (Iy;2n +1). If M = {CC‘ ﬂ € T (Iy;2n + 1),

then by induction on n, we are able to show that a,c < C},. Moreover, we provide
an explicit formula for C,, by solving a discrete dynamical system (Lemma 1 and
Proposition 2).

For the even rows, we use a convenient argument that reduces the problem to
the odd row case. Namely, we consider the maximal entry of T(“’”)(Rv; 2n + 1).
The maximal entry has the form u(7 %) (R,;2n + 1)) = u((R,L,)" ') by Propo-
sition 10. We then show that pu(7 (%) (Iy;2n + 2)) = (T (Ry;2n + 1)).

1.4. An Interesting Application in Cryptography

Another goal of this paper is to address a question raised in [5, 6] related to Cayley
hash functions. We provide an answer as an application of Theorem 1.

A hash function is a function that accepts data of arbitrary size as an input and
produces an output of a fixed size. For example, the function f : N — [0,m) given
by f(n) =n (mod m) always outputs a nonnegative integer that is no larger than
m — 1, regardless of the size of the input. This can be a useful tool in storing data
(such as online passwords). This leads one to demand that a desirable hash function
satisfy some basic requirements (as seen in [6]):

1. It should be computationally difficult to determine an input that hashes to a
given output.

2. It should be computationally difficult to determine a second input that hashes
to the same output as another given input.

3. It should be computationally difficult to determine two inputs that hash to
the same output (referred to as collision resistance).
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In [6], Bromberg, Shpilrain, and Vdovina define a Cayley hash function, which
we refer to as the BSV hash”, for binary strings in the following way. Let p be a
large prime. For fixed integers u,v > 1 and a binary string w = agaq - - - a, where
a; € {0,1} for i = 0,...,n, let M =[], f(a;) where f(0) = L, and f(1) = R,.
(For the empty string A, define f(A) = I5.) The hashed output, a matrix in SLy(F),),
is obtained by reducing the entries of M modulo p. For example, when u =2, v =3

and p = 5, the hashed output of the string 01100 is given by B il%} .

There is a natural one-to-one correspondence between matrices in 7(“¥) (M;n)
and bit strings of length n. As such, if one can show that z(7 %) (M;n)) is bounded
above by some monotonically increasing function f, .)(n) for all n, then the con-
clusion is that, in the BSV hash, all bit strings of length at most ny := ng(u,v)
have distinct hashed values (i.e., there are no collisions for pairs of “short” strings)
where ng is the largest integer such that f, ,)(no) < p. In [6], this is precisely what
is done in the cases u =v =2 and u =v = 3.

Proposition 1 (Bromberg, Shpilrain, and Vdovina [6]). In the BSV hash there are
no collisions between outputs of length less than

logmp when u=v =2 and

log\/mp when u=v = 3.
114117

Corollary 1, a consequence of Theorem 1, immediately allows us to extend this
result to any uw,v > 1. In particular, in the case where u = 2 and v = 1, we get
that in the BSV hash there are no collisions between outputs of length less than
log Nt where v/2 4+ /3 =~ 1.9, answering a question posed in [6, Problem 3].

The remainder of this paper is organized in the following way. Section 2 contains
our main result. Section 3 is devoted to giving a thorough proof of the main result.
The proof involves a careful analysis of various cases using a series of different
techniques.

2. Main Results

We now state our main results. First, we provide a monotonic closed formula for the
maximal entry of any matrix of depth n for any u, v > 1, denoted by pu(7 %) (I5;n)),
depending on the parity of n. We also determine a matrix and position entry that
contain the maximal value for every depth n. As a consequence, we obtain an upper
bound on the binary string length that guarantees collision resistance on the BSV
Cayley hash function for any u,v > 1.

"The BSV hash is a generalization of a hash function defined by Zémor [16].
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Theorem 1. For n > 0 and positive integers u and v, let sy, = min{u, v}, t,, =

max{u, v}, pf_yv = £Sy0vTuww T V/Supwd +uv) and qiv =2+ uv £ Juv(4 + w).

Then
Vv Lu,v ((qjv)n+1 - (q;u)n+l)
T(u,v) T ’2n+1 _ ) ) ) 1
ﬂ( ( ? )) 2ntl Su,v(4+uv) ( )
and

(T (Iy;2n + 2))

R CAI K v O C e K

. 2"’+2\/Su,v(4+uv) ’Lf Su,v > 1, (2)
= - + yn+1 + — yn+l
VEuw (Vbwwba o +2) (@8 )"+ (tuwpd =2 (@n,)" ) otherwise.

2n+2, [(44uv)

Furthermore, the value given by (1) is attained by the (2,1) entry of the matriz
(LyRy)" Ly when uw > v and by the (1,2) entry of the matriz (R,L,)" R, when
v > wu. Similarly, the value given by (2) is attained by the (1,1) entry of the matriz
(Ry,Ly,)™ when u > v > 1, by the (2,1) entry of the matriz L,(L,R,)" 1L, when
u>v =1, by the (2,2) entry of the matriz (L,R,)™ when v > u > 1, and by the
(1,2) entry of the matriz R,(R,Ly,)" 'R, when v >u = 1.

For concrete examples of Theorem 1, see Tables 1 and 2.

v

Y 1 2
1 B+ 5)77,4—17(37 5)77,+1 2+ 3)77,4—17(27 3)77,+1
2n+1\/g \/g
2 (2+\/§)n+1_(2_\/§)n+1 (3+2\/§)n+1_(3_2\/§)n+1
V3 2/2
3 3((1v21) " T (5_+/21)" 1) 3((A1v/15) " F I _(4—+/15)"F 1)

2n+1,/21

215

Table 1: The value of (7 ) (Iy;2n 4 1)) for various choices of u and v.

1

(oD BB + (/o) (35"
2n+2 5
(2 4 \/g)n+1 4 (2 . \/g)’ﬂ“rl
(- V2 T (V24 D (V2D )
2n,+2\/ﬁ

Table 2: The value of (7 ) (I5;2n + 2)) for various choices®of u and v.

The discussion in the introduction, together with Theorem 1, immediately gives
the following result.

8We restrict the number of entries in this table due to space considerations.
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Corollary 1. Let u,v > 1 and ng := no(u,v) be the largest integer such that
w(TV) (Iz;5n0)) < p. Then there are no collisions between distinct bit strings of
length at most ng in the BSV hash.

When u = v € {2,3}, our results in Theorem 1 and Corollary 1 coincide with
the ones obtained by Bromberg, Shpilrain, and Vdovina in [6].

3. Proof of Theorem 1

For the remainder of the paper, since we are concentrating on a proof of Theorem 1,
which involves the 7(“%)(I,) tree, we will focus our attention only on matrices in
SLo(Np).

In Theorem 1, the claim is that, when u > v, (L, R,)"™L,, has the maximal entry
among all other matrices in 7(v)(Iy;2n + 1). We first show that the left column
entries of matrices of this form can be easily computed using a discrete dynamical
system.

Lemma 1. Let u,v € N and a,c € Ny (not both zero). Define o, = al) (a,c)

and 7y, = ’yT(Lu’U)(a, ¢) recursively by

{a forn =0,
Oy =

Op—1 +VYn—1  otherwise

and
_ Jua+c forn=20,
T = uay—1 + (1 4+ uv)y,—1  otherwise.
Then vp > anp,
A = (cpiv + aq;_,v\/a)(q;_,v)n + (Cp;,v - aq;,v\/a)(Q;v)n
" 2nt+1 fu(4 + uw) ’
and

(Cp;r,v + aqzv\/ﬂ) (qiv)np;v B (Cp;v - aqg,v \/,17’) (Q;v)npiv
272 fuv(4 4 uv)

Qp =

where pf, = Fvy/u+ /(4 +w) and ¢F, =2+ uwv + Juv(4 + w).
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Proof. 1t is clear that vg > «g. The fact that v, > «, for n > 1 follows from
noticing that v, = ua, + V1.
As a matrix equation, we have that, for n > 1,

s R PR

The eigenvalues of the matrix [1 Y ] are
u 1+uv

A1=%(2+uv+\/M) and /\2=%<2+UU— UU(4+UU)>

[ \/v(d+uv)—vy/u —v/v(4+uv)—v/u
with associated eigenvectors v = 2\/u and Uy = 2/u ,
1 1
respectively. Solving the vector equation
ao] _ 171 + o
Yo/ 101 + €202
gives that
c(vy/u+ /o4 + uw)) + ay/u(2 + uw + Juv(4 + uw))
C1 =
' 2/v(4 + uv)
and
c(—vv/u + /v(4 + uv)) — ay/u(2 + uv — Juv(4 + uv))
Cy =

2/v(4 + uv) .

an| |1 v " ap

Yol v 14+uw Yo
_ |1 v n( B+ eofh)
= w C1U1 (X))

u 14

= ClA?ﬁl + CQA;L’UQ.

It follows that

S0 v, = c1 AT + c2 Ay, which gives the desired result after the appropriate substitu-
tions. O
Proposition 2. Suppose that M € SLy(Ny) is given by M = [CCL Z} For any
n >0, let

(LuRv)nLuM — |:An *:| -

Cn

Then A, = o, and C,, = v, where o, and v, are as defined in Lemma 1.
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Proof. The result follows by noting the relationship between the left columns of
(LyR,)"L,M and (L, R,)" "L, M. O

Note that a result similar to Proposition 2 could easily be found for the right
column of (L, R,)™L, M. However, as we will see later on, this is not necessary. The
symmetries associated with PLFT (u,v)-Calkin-Wilf trees will allow us to reduce
the number of cases to be analyzed.

With Proposition 2 applied to Is, we can compute the entries in the left column
of a specific family of matrices, namely matrices of the form (L, R,)™L,. The next
step will be to show that the left column entries of any matrix of depth 2n + 1 are
no larger than C,.

a b

al
u-lower dominant (u-LD) if ¢ > wa and d > ub and we say that M is v-upper
dominant (v-UD) if a > ve and b > vd.

Definition 1. Let M € SLy(Ny) be given by M = We say that M is

We get the following immediate consequences of the definitions of u-LD and
v-UD.

Lemma 2. A matriz in SLy(Ny) is u-LD (v-UD) if and only if it is of the form
L M (R,M) for some M € SLy(Np).

a b a b
Proof. Let M = L dl We have that L, M = [ua—i—c ub + d} Clearly we have
that ua+c > ua and ub+d > ub, which give the needed inequalities. The remaining
part of the proof is similar. O

Lemma 3. Suppose that M € SLy(Ny) and let M’ € TV (M;n) for some n > 0.
Then M’ is either u-LD or v-UD.

Proof. If M' € T(¥)(M;n), then either M’ = L,M" or M’ = R,M" for some
M" € T (M;n —1). By Lemma 2, the result follows. O

At this time we consider two separate cases. In the first case we assume that
u > v > 2 and in the second that v > v = 1. The proof of the first case is
fairly straightforward and mimics many of the parts in the Bromberg, Shpilrain,
and Vdovina proof [6]. The second case is more involved and requires a somewhat
different approach.

Proposition 3. Let u > v > 2. Suppose that M, M’ € SLy(Ny), given by

/!

M = {Z ﬂ and M’ = [(Cl, , are such M’ € T (M,2n 4+ 1) and a > c.

Then min{d’, '} < A,, and max{d’,c'} < Cy,, where A,, and C,, are as defined in
Proposition 2. Furthermore, when M' is v-UD, a' < 2C,,.

* %
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ua + ¢
the only two matrices in 7(%")(M;1). Since (v — 1)c < (u — 1)a, the result holds
in this case.
Suppose that the statement is true for all matrices of depth 2k + 1, for some
k> 0. Let M" € T (M,2k +3). Then M’ € T (M" 2) for some M" €

a//

T (@) (M, 2k + 1) given by M"” = |7, *I. It must be the case that
' ox

Proof. For n = 0, notice that L, M = [ a j and R,M = {atvc :] are

M e {L2M" L ,R,M" R, L, M" R2M"}.

In particular,

i 1 *
2 /Cf_i_ 7 ] ifM/:LZMNv
ua” + ¢’ x

[ @ e *
) ua” + (1 +uv)d”  *
M -

if M' = L,R,M",

" /!
(14 w)a” +ve *] M= RLLM,

ua + ¢’ *

[0 + 2vc” *1

& *

if M/ = R2M".

If M" is u-LD, then ua” < ¢”, so

2ua// + C// — ua// + ua// + c//
< ua" +2¢"
<wa” + (1 4+ uv)d”.

We have that

(14+ww)a” + v’ =a” +uwva” +vc”
<a" +2vc".
Finally, it follows that 2v < 1 + wwv since u > 2, so a” + 2vc” < wa” + (1 + ww)c”.
These inequalities show that max{a’, '} < wa” + (1 4+ uwv)c”.
It is easy to see that min{a’, ¢’} is at most either a” + ve” or ua” + ¢”.
Since, by assumption, a” < Ay and ¢’ < Cy, it follows that
ua” + (1 +uv)d” <uAy + (14 uw)Cy

= Ck+17
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a" + v < Ay +vCy

- Ak-‘rla
and

ua" + ¢’ < 20!
< Ap + 00y,

= Apq1,

since v > 2, as desired.

If M" is v-UD, then one can show that max{a’,¢'} < (1 + uv)a” + vc¢” using
a very similar set of arguments as above. The needed inequalities follow from the
fact that v¢” < @’ and v > v > 2 in this case. This completes the proof that
min{a’, '} < A,, and max{d’,c'} < C,.

For the remainder of the proof, we assume that M’ is v-UD. If M" is u-LD, then

u((1+uv)a” +vd’) = u(a” + uwva” + vc”)

< u(a” + 2vc")
< ua" + w2c”
< v(udg + (1 4+ uv)Cy)
= U0k+1.
Similarly, M" is v-UD, then
u(a” + 2vd") < u(2ad” + ve”)
<u

(
((1 +uv)a” +vd")
<wu((1+ uv)%Ck + vAy)

= v(ud + (1 + uv)Cy)
= UCk+1

where the third inequality follows by the induction hypothesis. Having exhausted
all possibilities, we obtain that o’ < 2C,,.
O

A careful reading of the proof above will show that the assumption that u > v > 2
was needed to ensure that the inequalities 2v < 1 4+ uv and 2u < 1 + uv both hold
true. If v = 1, then the second inequality does not hold in general. We begin our
alternate approach with a critical definition.

Definition 2. Let f(z) = > . a;x’ and g(z) = Y i~ bz’ be polynomials over

No. If ZkzN ar > EkzN bi for every monnegative integer N, then we say that
f(z) = g(z). Here we assume that a; =0 for i >n and b; =0 for j > m.
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Note some properties of the above definition.

1. The relation is a partial order.

2. If f(z) = g(z), then deg(f) > deg(g).

3. If fi(z) 7 g1(z) and fa(z) = g2(z), then fi(2) + f2(2) = g1(2) + g2(2).
4. If f(z) = g(z) and g(x) = h(x), then f(x) = h(z).
5. If f(z) =

6. We have that 2’ f(x) 3= 27 f(z) for i > j > 0. (This is due to a simple shift in
the coefficients of the polynomial f(z).)

x) + h(z) for some polynomial h(z) over Ny, then f(x) = g(x).

7. If a; > b; for each i then > a;z’ = Y bt

The importance of Definition 2 appears in the following lemma. It is a straight-
forward property that can be used to determine if one polynomial is greater than
or equal to another when evaluated over positive integers.

Lemma 4. If f(z) = g(x), then f(r) > g(r) for every positive integer r.

Proof. Suppose f(z) = Y. ja;z’ and g(z) = Y v, bz’ where a,, b, # 0. By
hypothesis, we must have n > m.

Suppose that b,, is such that b,,, > am, and b; < a; for all ¢ > mg. Let
€ = a; — b; for i > mg and define a new polynomial f,,(z) = Z?:o ¢zt by

n n m
Jmo (z) = Z (a; — €i)xi + <am0 + Z 6;‘) ™0 + iaixi.
1=0

t=mo+1 1=mo+1

It follows that fp,,(z) = g(x) and that b; < ¢; for all ¢ > mg. Furthermore,

i=0
n mo
= Z (a; — € + €)1 + Qpmr™ + Z a;r’
i=mo+1 =0
n n mo
> Z (a;i — &) + (amo + Z 6i> "+ Zaﬁi
i=mo+1 i=mo+1 i=0
= fimo(7)-

Tterating this procedure will generate a finite list of polynomials fi,, (), fm, (€),...,
fng (@) With f(r) > fing(r) > -+ > fi, () and fp,, (z) = Y1 diz’ such that
d; > b; for all 1 < i <n. Clearly fp,,(r) > g(r), which gives the desired result. O
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Note that the converse of Lemma 4 is not true. If f(z) = 2341 and g(x) = 22+,
then f(r) > g(r) for every positive integer r, but it is not true that f(z) = g(x).

In order to apply Lemma 4 to our current case, we first show that the left col-
umn entries of matrices appearing in T(“’l)(Ig) can all be expressed as polynomials
evaluated at u. We also explicitly compute such polynomials for certain families of
matrices, namely matrices of the form (L, R;1)"L, and (RyL,)" L.

a x

Lemma 5. Let M’ € T(Y(M;n) be given by M’ = AN E Then a' = f(u) and
¢ = g(u) where f(x) and g(x) are polynomials over No with f(0) =1 and g(0) = 0.
Proof. Clearly the statement is true for n = 0.

Suppose that the statement holds for all matrices of depth k£ for some k£ > 0.
Let M’ € TWY(M;k +1). Tt follows that M’ = L,M" or M’ = RyM" for

some M” € T (M;k). By assumption, M" = [f(u) :] for some polynomials

9(u)
f(z) and g(z) over No. It follows that L,M" = f(u) *| and RyM" =
uf(u) +g(u) *
{f(u)g(—;)g(u) j In either case, it is obvious that the statement holds for M’,
which gives the result by induction. O

Note that the polynomials in Lemma 5 depend on M, but not on the value of u.
We will make extensive use of the following result based on Pascal’s rule that
(o) + (") = () for 1 <k <.

Lemma 6. We have that

a—1 . a . a .
O R S

=0 =0 =0
Proof.
a—1 a
b=\ 4 b+1 =i\ ap1i
() ()
1=0 =0
— ~ (b +1—1 a+1—i ~ (b +1—i at+l—i
= (e (U
i=1 =0
[(b+1—i b+1- 4
= Z |:( + 7’) + ( + ] Z):| xa+1—z+xa+1
- 1—1 i
i=1
a b 2 . )
— ( + ) Z)xa+1z
1
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Lemma 6 contains an identity involving binomial coefficients that we apply mul-
tiple times with different parameters in Lemma 7, Lemma 8, Proposition 4, and
Proposition 5. We elected to carefully document our use of the lemma and the
partial ordering of polynomials for clarity. The reader may choose to skip to Propo-
sition 6 after reading Lemma 7.

Lemma 7. For any n > 0, let F,(z) and Gy (z) be the polynomials over Ny such

that (LyR1)"L, = {g’;((z)) j . Then
i ()

and
n 2 1 i )
Gn(x) = Z ( n +i Z>xn+1—z_
=0

Proof. Since L,, = E 0], it is clear that Fy(z) = 1 and Go(x) = x, which satisfy

1
the desired conclusion in the case n = 0. For n > 0, note that, by Proposition 2,
Foi1(z) = Fo(x) + Gu(z) and Gpi1(z) = 2Fy(z) + (1 + 2)Gn(z) = 2Fhp1(x) +
Gy (x). In particular, if we assume that the conclusion holds for some k > 0, then
by Lemma 6 we obtain that

Frs1(z) = Fi(z) + Gi(2)

Also,

Grir(z) = Gk( )+ aFiy1(2)

k+1 .
2k +1— 2k +2 — .
_ § ( + ? karl 7 ( + Z>xk+21
(3
k+1

)
_Z<2k+3 >xk+2 i

The result follows by induction. O
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Note that F,,(22) = Fan_1(x) where F,,,(z) is the m*" Fibonacci polynomial [3].

Lemma 8. For any n > 1, let H,(x) and I,(x) be the polynomials over Ny such

that (R1Ly)" Ly — ﬁfn(%)

£ ()

?

o) = . ((zn —il - z> . (2n —i2 - z>) i

?

* . Then
*

and

3
|

Il
<

Proof. As in Lemma 7, the case n = 1 follows trivially. Note that H,41(z) =
(142)Hp (2)+1,(z) and I,41 (2) = 2 Hp (2)+1,(z). If we assume that the conclusion
holds for some k > 0, then by Lemma 6 we get that

Iji1(x) = 2 Hy(x) + I ()

k . k—1 ) k ;
B 2k — 4\ i1 2k —1—14\ ,_, 2k —1—14\ pi14
k

=0

_ é ((% +1- z) N <2k¢_ z)) i

and

k . .
_y <<2k - z>x,” . <2k +1- z)kai)
1=0 t t
2k —1—i % —i
- - k—1 - k+1—1
s () ()

K2

k k
Z(2]€+2—2> k41— Z—|—Z<2k+ll_l> k+1—i
i=0

1=

k+1 . .
_ ((% +2 —z> . <2k +1 —z)) ki
1 1
=0

The result follows by induction. O
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The main difference between the cases u > v > 2 and (the current) u > v =1
is expressed by Lemma 8 above. The failure of the inequality 2v < 1 4 wv in the
proof of Proposition 3 means that we must consider two sets of families of matrices
as candidates for the maximal left column entry of odd depth. While a little more
work is involved, we obtain the desired result with the propositions that follow.

Definition 3. If f(z) is a polynomial over Ny, we let [f], denote the coefficient of
f associated with ™. If n > deg(f), then [f], =0.

Proposition 4. For any n > 1, we have that:
(a) In(z) < Hp(2) < Ga(2),
(b) Hn(x) + In(z) < Fu(x) + Gn(2).

Proof. Since, for any n > 1, (R1Ly)"L,, is v-UD, it follows that I,,(z) < Hp(x).
Let 0 < k <n. By Lemma 8 and Lemma 6 with z = 1,

;[Hn]i§<(2nii>+<2nlz>) :O <2n+1z>+<n;rfkl>

and, by Lemma 7,

> (Gl = nfl <2n +i1 : Z) N ik (2n +i1 : Z) ! (niz—k% 1)'

i>k i=0 i=0

M

To complete the proof of (a), it is enough to show that (":ﬁ;l) < (nfﬂil) Note

that, for k£ = 0, we have that the desired inequality holds trivially. For k£ > 1, since
n—k+1<n+k,

n+k—1 < n+k—1 n+k n+k
n—k - n—k n—k+1 \n—-k+1)’
By Lemma 6 with = 1 and Lemma 8,

n—k . . . .
Z[Hn+1n}i: Z <<2n.—z) N <2n—'1—z> N <2n—'1—z> N <2n—‘2—z>)
5 ; i i 1 1
>k 0

”"“(<2n_¢> <2n—|—1—i>) (n+k—2) <n+k—1)
= )+ , + - :
— 1 ) n—=k n—=k

as desired.



INTEGERS: 20 (2020) 21

As in the proof of (a), it can be shown that (":fj) < (Zf:ﬁ) for 0 < k <n. This
is enough to obtain (b) since, by Lemma 7,

SUEL 4Gl :"i“ (<2n¢_ z) . (Qn +i1 —z)) N (ﬁﬁu)

i>k i=0

Proposition 5. For any n > 1, we have that:
(0) 20H,(2) + In(2) < Gy (2),
(b) Fu(x) +2Gn () < Hnpa(2),
(¢) 2Fu(@) + Gou(@) = Lnia ().

Proof. By Lemma 6 with £ = 1, Lemma 7 and Lemma &, for 0 < k < n, we have
that

D ReHy+ L] =) [eHy + Il
i>k i>k

§<(2n—‘1—i)+2<2n‘—i>+<2n+.1—i>)
» 1 2 (3
1=0
"—z’“:“ ((znﬂ - z) . (2n+‘2—i)>
X 1 7
1=0
B n+k—1 B n+k
n—k+1 n—k+1
HEHQ on+3-47\ (n+k-1
~ 7 n—k+1
_ n—+k _ n-+k
n—k+1 n—k+2
”*Z’g“ m+3—i\ (n+k—1\ (n+k+1
~ 7 n—k+1 n—k+2

”*Z’g“ <2n +3- z)
i

=0

Z[Gn+1]ia

i>k

IN

proving (a).
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By Lemma 6 with z = 1, Lemma 7 and Lemma 8, for 0 < k < n, we have that

S rsal =5 (") (")) (1)

i>k =0
nk(<2n+2—z> <2n+1—i)> <n+k>
= + . +
, 7 1 n—=k
1=0
n+k
2
* <n—k—|—1>

|
Bl

3 ((2n+2—2> N (2n+i1—i)> N <Zt:ii>
TE(E )

= [Hnsali,

i>k

I§
=)

3

+

which gives (b).
Part (c) follows quickly from Lemma 7 and Lemma 8:

2Fo(x) + Gu(z) =Y <2n¢_ z> AR <2n +¢1 - z) i

=0 =0

() ()

- n+1( )

O

Proposition 6. Suppose that M € TV (Iy,2n + 1) is given by M = {Z ﬂ

Then max{a,c} < C, and a’ + ¢ < A, + C,,, where A,, and C,, are as defined in
Proposition 2.

Proof. By Lemma 5 we have that, for any n, a = f(u) and ¢ = g(u) for some
polynomials f(x) and g(z) over Ng. By Lemma 4 and Proposition 4, to prove the
proposition, it is enough to show that f(z) < F,(x) and g(z) < G, (x) if M is u-LD
and g(z) < In(z) and f(x) < Hp(x) if M is 1-UD.

As in the proof of Proposition 3, the above claim is trivially true for n = 0.
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Suppose that the statement is true for all matrices of depth 2k+1, for some k£ > 0.
Let M € T (I3,2k+3). Then M € T*)(M’,2) for some M' € T?) (I, 2k+1)

with a7 — | (%) I for some polynomials f(x) and g(z) over Ny. It follows that

a(u)
L Tw s A 120
9ww+woJ FAT= Ll
| Twrge) s ,

M_wm+mew*]fM“&M’

(HUﬁM+MM*] £ M — RyLLAM

*

and

This shows that our claim holds if M is w-LD in this case.
By assumption and Proposition 5 part (b) and (c¢), we have that

(1+2)f(2) +9(x) < f(z) + 2g(2)
< Fi(z) 4+ 2G ()
< Hiqa1(2)

and

g(z) < xf(x) +g(x)
< xFy(z) + Gr(2)
= [k+1(x).

T
T
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This shows that our claim also holds if M is 1-UD in this case.
If M’ is 1-UD, then f(x) = g(z). Furthermore, by assumption, Proposition 4
parts (a) and (b), and Proposition 5 part (a), we have that

fl@) < fz) +7(x)
Hi(x) + I (x)
Fi(z) + Gi(z)
Frya(2),

AA A

2z f(x) +g(x) < 2eHg(z) + I (2)

Gry1(z),

A A

and

wf(x) + (1 +a2)g(x) < wHp(x) + (1 + )i (2)

-\<
< Gk+1($)-

This shows that our claim holds if M is u-LD in this case.
Finally,

(1+2)f(x)+g(x)
< (14 2)Hg(z) + Ix(x)

f(@) + 29()

A

and

This shows that our claim also holds if M is 1-UD in this case. O

Proposition 3 and Proposition 6 show that, for u > v, the left column entries
of any descendant of L, of depth 2n + 1 are bounded above by C,. Further-
more, the propositions show that the upper bound is achieved by the (2,1) entry of
(LyRy)™Ly,. To complete the proof of (1) we must show that:

(A) the right column entries of any descendant of L, of depth 2n + 1 and

(B) all entries of any descendant of R, of depth 2n + 1
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are bounded above by C,,.

A proof by induction of (A) follows quickly by noticing that the right column
entries of any descendant M of L,, (including L, itself) are bounded above by the
corresponding left column entries of M (see Figure 2). In fact, the same argument
generalizes in the following way.

a

Lemma 9. Let M = Z} . If M is a vertez in L) (M is a vertex in R(“?)),

then w(M) = max{a, c} (u(M) = max{b,d}).

In the case where M = (R,L,)" or M = (L,R,)"L,, for some n > 0, we can
deduce Lemma 9 directly by noting the following relationship between the entries
in the first column with the entries in the second column.

Proposition 7. Let n > 0. If M = (R,L,)", then M = [bu—l—d b] for some

bu g

v

. " - d .
integers b and d. If M = (L,R,)" Ly, then M = {Z(b +vd) d} for some integers
b and d.

Proof. Suppose M = (R, L,)". The result is true for n = 0. Suppose that n = k
and M = [bubi— d Z] Then

(RyL,)**' = R,L M
B {1+uv v} {bu—l—d b}

u 1 %“ d
A4+ w)(bu+d) +bu (14 uv)+vd
- u(bu +d) + 2 bu + d

It is easy to see that this matrix has the desired form, proving the first part of the
proposition.

Suppose M = (L,R,)"L,. The result is true for n = 0, where M = [1 0}

u 1
d b

Suppose that n =k and M = [g(b—kvd) d

} , then
(LyR,)*1L, = L,R,M

|1 v d b

o lw 14w [4(b+wvd) d

_ d + u(b+ vd) b+ vd
ldu+ 214 uv)(b+vd) bu+d(1+ uv)

It is easy to see that this matrix has the desired form, proving the second part of
the proposition. O
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Given Proposition 7 and Corollary 2 below, we can also show that (L,R,)"
d b n d b+uvd .
{b:f bu + d} and (R,L,)"R, = [bu d ] for some integers b and d.

It remains to prove (B).

v

Proposition 8. Let M € T (Iy;n). Then

_ | fi(w)  fa(uw) , and dee( f: n for i —
(a) M = [fg(uv) f4(uv)} where f;(X) € No[X] and deg(f;) < n f

(b) Futhermore,
fi(X) :ZaiXai,
fo(X) = v b X7,
f3(X)=u) X", and

fa(X) = ZdiX(sl-

Proof. (a) The statement is clearly true in the case where M = I.

Suppose that the statement holds for all matrices in 7 (%) (I5; k) for some
k>0 Let M € T (Iy;k +1). Then M € {L,M’',R,M'} for some
M’ € T (Iy; k). In particular, by assumption, we have that

= [ il

where f/(X) € No[X] and deg(f!) < k for i = 1,2, 3,4. It now follows that
f1(uv) fa(uv)
ufi(uwv) + fy(wv) ufz(uo) + fi(uv)
M = (3)
[f{(uv) +ofj(uv)  fo(uv) +vf4(uv)] —

] if M = L, M,

f3(uv) fi(uw)

It is clear that, in either case, the statement holds for M and therefore the
result follows by induction.
(b) The statement is clearly true in the case where M = I.

Suppose that the statement holds for all matrices in 7(“¥)(I5; k) for some
E >0 Let M € T (Iy;k +1). Then M € {L,M’',R,M'} for some
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M’ € T (Iy; k). Suppose M = L,M’. By assumption, we have that
fi(X) = ZaiXaia

f3(X) = UZZ bi X5,
(X)) = uiciX'”, and
fi(X) = Zldixéa
Using (3), it follows that

AX) = f1(X)
= Z a; X,

fa(X) = f;(X)
=0 Z b; X5,

fs(X) = Uff(X) + f3(X)
= uZaiXai +chiX7i, and

wfs(X) + f1(X) =uw Y b X%+ di X
Note that since
ufy(uv) + f1(uv) = wo Z bi(uv)? 4 Z di(uv)®
= 3 b)Y i),

the statement holds with f4(X) =", b; X+l + 3. d; X%
A similar argument applies in the case when M = R,M’.

Having exhausted all possibilities, the statement holds for M and therefore
the result follows by induction.
O

The following proposition serves two purposes. It addresses the case v > u by
showing that pu(7(“") (Iy;n)) = u(T% (I3;n)) and it is needed for the proof of
(B).
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b

Proposition 9. Let n > 1 and i € {1,...,2"}. If c(lg’v)(n,i) = [Z y

] , then

M (ny2m 41 —4) = {Cbl 2]

Proof. We have that

U (1,1) = L, = [i (1)] C oMY =R = [(1) ﬂ ’
u,v 1 v s 1 0
e (1,2) = R, = {0 J’ i (L) = L = [v 1]'

This shows that the result is true when n = 1. Suppose that it is also true for all

matrices in the k" row. Take an odd i in {1,...,2*+1}. Assume that cg’v)(k, (t+
a b

1)/2) = L, d’} Then

A (k4 1,4) = Ly - 8 (, (i +1)/2)
a’ v
- [ua' 4+ u —|—d’}
and

(k1,25 41— 4) = Ry - 0 (k, (28 41— 4)/2)

d ¢
=Ry - |:b/ a/:|
juw +d ouwd +
- b/ a/ ’

since 281 41— is even and (2¥*! +1—14)/2 =2F +1— (4 +1)/2. When i is even,
the proof follows in a similar way. The result follows by induction. O

Let M be a vertex in R(“?). By Proposition 9, there is a matrix M’ that is a
vertex in £ whose entries and depth are the same as M. By Proposition 8 part
(a), the entries of M’ are polynomials in © and v. Interchanging uv, we immediately
obtain a relationship between the entries of matrices in £(**) and R(**) of the same
depth. Corollary 2 makes the above relationship precise (see Figure 4).

Corollary 2. Letn > 1 and i € {1,...,2"}. If C(IZ’U)(n,z') = [fl(uv) fg(uv)}’

fa(uv)  fa(uv)
. v f3(uv)
then CET?U) (n,2"+1—1i)= [M fi (Zw)] '

We are now in a position to prove (B).
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1 0 l+uwv v 1 v 1 2v
2u 1 u 1 u 14 uv 0 1

(a) The first three rows of 7(%?)(I).

b

1 0 l+uv u 1 u 1 2u
2u 1 v 1 v 14+wuwv 0 1

(b) The first three rows of 7(*»%) (I3).

Figure 4: A side-by-side comparison of the first three rows of T(“’”)(Ig) and
T (I,).

Proposition 10. Let M = cg’v)(n,i) for some 1 <i < 2" ! and
M’ = C§Z’”)(n,2” +1 —14) withu >v. Then u(M') < u(M).

Proof. We have that M = H;EZ% ;igzzg] where f;(X) € No[X] for i =1,2,3,4
. . . , fa(uw) 22l
satisfy the conclusion of Proposition 8. By Corollary 2, M’ = whs(u) I (u ) .

T Jnww
By Lemma 9, (M) = max{ fi (uv), fs(uv)} and pu(M’) = max{fy (uv), L2021,
If M is u-LD, then M’ is v-UD. In particular,

,U(M/) — UfoLuv)
= % ‘U Z ci(uw)
< uz ci(uv)

= f3(uv)
= p(M).
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If M is v-UD, then M’ is u-LD. In particular,
p(M') = fi(uv)
= p(M).

O

Proof of Theorem 1. The proofs of (A) and (B) using Lemma 9 and Proposition 10,
respectively, complete the proof of (1) for all « and v.

Applying Proposition 3 to the matrix R, = R, {(1) (1)] , we get that, for n > 0,

M(T(“’”)(Rv; 2n + 1)) = u(T""(Ry;2n + 1))
/J’((LMRU)’”LMEU)

H((LuRv)n+1)

since right multiplication by [O simply exchanges the columns of a matrix.

10
Note that, by Proposition 10, u((R,Ly,)" ") = p((LyRy)" ).

Suppose that there exists an M € T () (Iy; 2n+2) with u(M) > p((RyL,)" ).
Proposition 10 shows that we can assume that M is a vertex in £(*?), so there is an
i such that 1 < i < 22+ and M = /") (2n+2,4). Let M’ = ") (2n+2,220+2 ¢
1—1). (Note that M’ is a vertex in R(*:*).) By Corollary 2 and Proposition 10, we

obtain a contradiction if M is v-UD. Assuming that M is u-LD, M = [uanr c j

where (CI *} , the parent of M, is some matrix satisfying the result of Proposition 3.

That is, either a < A, and ¢ < C,, (with ua < c¢) or a < 2C,, and ¢ < A,,. In either
case it follows that
w(M) =ua+c

< Ap +0C,

= p((Ry L)),
a clear contradiction. Therefore, no such M exists, completing the proof of (2)
when u > v > 1.

For u > v = 1, (2) follows from Proposition 6 and Proposition 4 part (c) since,
forn > 0,
(T (In;2n 4 2)) < uF, (u) + G (u)
= p(Lu(LuRy)" Ly).

Finally, (2) follows for v > u using a similar argument to (A) and (B). O
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Appendix - Examples of PLFT (u, v)-Calkin-Wilf Trees
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Figure 5: The first five rows of the 71 (I5) tree.
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