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Kinematic and Dynamic Analysis of a Lower
Limb Exoskeleton
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Abstract—This paper will provide the kinematic and dynamic
analysis of a lower limb exoskeleton. The forward and inverse
kinematics of proposed exoskeleton is performed using Denevit and
Hartenberg method. The torques required for the actuators will be
calculated using Lagrangian formulation technique. This research can
be used to design the control of the proposed exoskel eton.
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|. INTRODUCTION

HE concept of exoskeletons was started in 1960s and

Hardiman was the first power assist system [1].Main
purpose of this project was to make soldiers carry heavy loads
for long distances. Research of exoskeletons has a history of
about four decades [2], [3]. Lower limb exoskeleton can be
used for providing strength during walking, to carry heavy
loads or aiding the disabled people for walking [4]. Lower
limb exoskeletons can aso help disabled people by decreasing
contractures, pressure sores, spasticity, and osteoporosis and
will also improve cardiopulmonary functions [5]. Design
aspects of exoskeletons include degree of freedom (DOF),
range of motion (ROM), Torque and vel ocity requirements for
joints, Actuation type, Weight and Inertia and Kinematic
considerations.

Comparative studies of available exoskeletons based upon
the above factors were provided by Massimo and Aaron [6].
Yanjun Zhao [7] has done the mechanica modeling and
simulation of lower limb exoskeleton. Kinematics anaysis of
lower limb exoskeleton with three joints was done by Hongbo
WANG and Zengguang HOU [8].

According to the comparative study in [6] minimum degree
of freedom for hip, knee and ankle is one (flexion/extension).
In proposed exoskeleton two degrees of freedom for hip has
been selected (Flexion/Extension and Internal/External
rotation) so that the person wearing the exoskeleton can turnin
both directions.
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Single degree of freedom has been chosen for both knee and
ankle. Complete kinematics analysis with forward and inverse
kinematics, dong with dynamic anaysis using Lagrangian
technique to calculate the torques required for the actuators
will be provided.

Il. STRUCTURE OF THE PROPOSED EXOSKELETON

Below is the free body diagram for one leg of the proposed
exoskeleton (Figure 1). Exoskeleton will have tota eight
degrees of freedom with four for each leg. We have two hip
joints, one knee joint and one ankle joint for each leg. All
joints will be revolute joints. |, |, and |5 represent lengths of
thigh, calf and feet respectively. Z axis represents the
rotational axis for each joint.

Joint 1 in fig. 1 is for internal/external rotation of the
proposed exoskeleton while joint 2 connects the link
equivalent to human thigh with link 2. Similarly joint 2
connect the link 1 and 2 while joint 3 connects the link 2 and
3.
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Fig. 1 Free Body Diagram

Kinematics and dynamics of only one leg is presented here.
Same expression for joint angles and torques can be used to
solve the second leg.

Ill. KINEMATICSANALYSIS

Link parameters of the proposed exoskeleton is found in
Table I, where a,_4,8,_4,d; and & represents link twist, link
length, link offset and joint angle respectively.
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TABLE |
LINK PARAMETERS ASPER DH NOTATION
No. Joint Movemen a4 a_ di 5i

1 Hip Rotatior 0 0 0 g

1
2 Hip F/E -9C 0 0 52
3 Knee FIE 0 [ 0 g

3
4 Ankle F/E 0 I 0 g

N

*F/E Flexion/Extension
*Ranges 0ft9i will be restricted as per human joints

Homogenous transformation of link parameters asiér
notation can be calculated as per following refatio

cé -s@ 0 a
| I -1

M= sHi ca,, cé?i Sa., —Sa., —sai_l.di

@)
sf.sa, cb.ca, ca ca, .d

i-1 [

0 0 0 1

where s@ =sind,cd = cosd, sa =sina andca = cosa
Now transformations from hip to foot as per equa(ib) will
be given as

[c1 -s1 0 O c2 -s2 0 0
0 sl @ 0 0| , 0O 0 10
1T = ol =
0O 0 10 -s2 -c2 0O
|0 0 0 1] 0O 0 0 1]
[c3 -s3 0 | c4 -s4 0 I,]
) s3 ¢c3 0 0 3 s4 c4 0 O
3l = 4T =
0O 0 10 O 0O 10
0O 0 0 1] 0O 0 0 1]
1 0O I3
sr_[01 00
foot 0010
000 1
Transformation matrix from hip to foot will be calated as
%ot T = 1T T 5T 5T o T @)

clc234 -clc234 -sl clc2343+ck232+clkc21

slc234 -slc234 -cl slec2343+sk232+slkc21

-c234 c*234 O —-82343-s232-s21
0 0 0 1

0 —
footT_

Where
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c234=cos@, +6, +6;)
S234=sin@, +6, + 6;)
c23=cos@, +6,)
s23=sin@, +6,)
c*234=cos@, -6, - &)
A. Forward Kinematics
For kinematics simplicity we can writg,:T as

rll1 ri2
4 - _|121 r22 r23 p2
% 7131 r32 r33 p3
0 0 0 1

ri3 pl

®)

The last column of the above matrix representsptigtion
and orientation of the exoskeleton in x and y comtks
respectively.

pl(x) = 0102343 + c](:ZC*}I2 + clc2|l

- 4)
pz(y) = 5102343 + 510232 + schI1

First and second derivative of the above equatiitigive
the velocity and acceleration of the proposed exiasén.

B. Inverse Kinematics

Now that all the variables of equation (3) are knpyoint
angles can be obtained by using a simple techniglue
multiplying each side of transformation equatiorn) (& an
inverse which will separate out the variables arakenthe
equation more solvable. To finfllwe will multiply % T to
L.H.S of the equation (2) which will gives us

T oot T =2 T T T oo T )
From equation (5) we can derive the equation
clp, +slp; = (€2c3 - s253)c4 + (—s2c3 - ¢ 253)s4)l

+ ((c2c3—-s2s3))I, +c2l; (6)

From the above equation we can deréjas

6, = Atan2(L « 1—d—1z)—Atan2(p1, P2) @
o\ g

where

d; = ((c2c3—s253)c4 + (—s2c3 - c 253)s4)l 4
+ ((c2c3-s233))l, + 2,

1=+ p12+p22 8
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Using the same technique we fiddas where mv, w, | andP are mass, linear velocity of link’s center,
angular velocity of link’s center, Inertia tensgravity vector
and vector locating the center of masstbflink respectively.

d,? Total kinetic and potential energy is the sum ddrgies of all

= - + [1—-—2_
b, = Atan(k, k) Atan2(d2,_vl 22) ©) links. Equation for the expression of torque usirgrangian
Where formulation is

d| ok ok . ou

= 7, =——|-—+— 16
K =Cifyy +SiM5, bt 36 | 96 08 (19
k, =13 I

— _ (10)
d, =2k, —s2k, From equation (14) and (15)

_ 2 2

o =k +k, i i

k:}rnllcl2 él +}mlll2 él +}m2I(‘22(6'?1 +92 )2
Similarly we can findg, as 2 2 2
2
1 2,71 2004 .0 )2 :
+=mgl," 8 +=mic,” (26, +26_ +6 +mJl,lc, 8

6, = Atan 2(s4,c4) (11) MG MG (26, +26,%6, )T Hmlic 6

Now we are left withd3 which we can find by taking (él +6, )cosd, +mdjlc, 91(291 +2652 +6 os,

elements (1,4) and (3,4) of equation (2).Addingrilvee get 5 3 (17

l . l . © l . . . 2
s3a, +C3a, = d, +5|221€1 +§|ZZZ(‘91 +¢92) +E|ZZ3(€1 +6?2+6?3)

Using above equatio#; is given as . ) )
u:rqgl(iswaHmlgI(i +nglczsm€L+6?2)+ngIlsm91

d / dy? : .
6= Atan2((—3,4_r 1—5—32) - Atan2(a,, &) (12) +n'Eg(Il+| c2)+n13g|%s|n€|_+6’2+6@+n’5g(|l+|2)s|n€|_+92)+n13g
3 3
where (|1+I2+Ic3) (18)

a, = —c2c4l; +s2s4l; — s2cdl; —c2s4l; - c2l,

a, = (—s2c4l; —c2s4l; + c2cdl; — s2s4l,
-s2l, +c2l,)-s2l, +c2l;

d; =clp; +slp, + p; +s2l; —-c2l;

_ (-2 2
{z=qa" ta,

I\VV. DYNAMIC ANALYSIS
For the sake of simplification an assumption hasnbmade

Using the above expressions lofand u we can find joint
torques7,, T, and 7, as follows
(13)
7= (Mo, +mylZ +mylcs + myd2 +4mjlcs +1zz
+122, +122;) 6,+ (M,IC2 +Amyc2 + 12z, + 1 zz;)

O, + (2myc5 +1225) B3+ (M, 6,+ 2 Jc, 6, +

that torque required for two hip joints (FlexiontEmsion and 4mdjlcg 8, +2md lc;8,+md ;3 63 Jcosh, —(mdqlc (19)
Rotation) is same. So we need to calculate onleethr 2 o o 2
expressions for torque. Lagrangian formulation mégphe is 6 +2mJjc, 6, 6,+4mdc;6,6,+2mdlc;6,
been used which is actually an energy based apptoaards o
dynamics. +mdlc; 6, 8;)sind, + mglc, cosd, + mygic,

According to Lagrangian formulation technique, tfirsve cos@, +6,) + m,gl; cosd, + myglc, cos@, +6, +65)

calculate kinetic and potential enerdgyandu respectively) of

+ + +
the individual links using the relation Msg(l; +12)cos6, +6,)

ki :% miv' civei +%i w T w (14)

ui =-mi°g" °Pci + uref 15}
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7= (mylc,? +amylc? + 1z, + 1225) 6+ (Mmylc2 + 4mylc?

+12z, + 1225) B, + (2mylc? + 122;) G+ (M4 e, 6, +
2 2
2md lcz 6, Jeost, +(miilc, 6 +2mdic; & +myl;

136,65 )sin6, +myglc, Cos@; +6,) +mygicy 20)
cos@, + 6, +6;) + mgg(l; +1,)cos@, +6,)
And
T3 = (2myc,” +122)(6,+ 6,) + (M 5 +1223) 6,
+mjlc,6,c086, — My lc, 6, 6;sinb, + myglc, (21)

cos@, +6, +6;)

V. RESULTS

To verify the above equations, kinetic and potémiirergies
of the proposed exoskeleton have been plotted. efermine
the mass, height, location of the center of the smasd
rotational velocity of lower limb links and joinbifowing data
has been used from [9] and [10].

1) Mass of the shank (fhis 22.36% of total mass of person.
2) Mass of the Thigh (@) is 8.78% of total mass of person.
3) Mass of the foot (g) is 3.66% of total mass of person.

4) Height of the shanki{) is 26% of the total height of the

person.

5) Height of the Thighlg) is 24% of the total height of the
person.

6) Height of the foot lg) is 12% of the total height of the
person.

7) Location of the center of the mass for shdgf (s 43.3%
from the start of the link.

8) Location of the center of the mass for thigh) (is 43.3%
from the start of the link.

9) Location of the center of the mass for folgt)(is 42.9%
from the start of the link.

10) Rotational inertia for all links = i .2

11) Rotational velocity for knee joint is 2.6m/s forrnaal
walking speed. Same value of velocity has been téien
hip and ankle joints.

Kinetic and potential energies have been calcul&tedhe
following two conditions:
1) Mass of 65 kg is constant while height in metenrsega
2) Height of 1.6 meter is constant while mass in kgeg
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Plot for both conditions are in fig. (2) and (3}pectively.
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Fig. 3 Kinetic and Potential Energies with 1.6 méteight

As we can see from the fig. 2 and 3 that there lisear
relationship between Kinetic/Potential energies athe

Mass/height of the person which validates the above

equations.

VI. CONCLUSION
Lower limb exoskeleton with eight degrees of freedoas

been proposed with four DOFs for each leg. Forward an

Inverse kinematics of the proposed exoskeleton besn
performed along with Dynamic analysis using Lagrang
formulation technique to calculate the expressionshe joint
torques. The equations have been validated byiqjothe
kinetic and potential energies equations of theppsed
exoskeleton. Now the expressions for the joint emghnd
torques can be used for structure designing as agelbr the
control design of the exoskeleton.
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