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Robust estimations from
Il. Central Moments
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In 1954, Hodges and Lehmann demonstrated that if X and Y are in-
dependently sampled from an identical unimodal distribution, X — Y
will exhibit symmetrical unimodality with its peak centered at zero.
Building upon this foundational work, the current study delves into
the structure of the kernel distribution of U-statistics. It is shown
that the kth central moment kernel distributions (k > 2) derived
from a unimodal distribution exhibit location invariance and is also
nearly unimodal with the mode and median close to zero. This ar-
ticle provides an approach to study the general structure of kernel
distributions.

moments | invariant | unimodal | U-statistics

he most popular robust scale estimator currently, the

median absolute deviation, was popularized by Hampel
(1974) (1), who credits the idea to Gauss in 1816 (2). In 1976,
in their landmark series Descriptive Statistics for Nonpara-
metric Models, Bickel and Lehmann (3) generalized a class
of estimators as measures of the dispersion of a symmetric
distribution around its center of symmetry. In 1979, the same
series, they (4) proposed a class of estimators referred to as
measures of spread, which consider the pairwise differences of
a random variable, irrespective of its symmetry, throughout its
distribution, rather than focusing on dispersion relative to a
fixed point. In the final section (4), they explored a version of
the trimmed standard deviation based on pairwise differences,
which is modified here for comparison,

(E)ee e

where (X” 7X7;2)1 S S ()(7,1
statistics of X, — Xi,, 41 < i2, provided that (g)'yeo € N and
(g) (1 — €0) € N. They showed that, when eo = 0, the result

obtained using [1] is equal to /2 times the sample standard
deviation. The paper ended with, “We do not know a fortiori
which of the measures is preferable and leave these interesting
questions open.”

Two examples of the impacts of that series are as follows.
Oja (1981, 1983) (5, 6) provided a more comprehensive and
generalized examination of these concepts, and integrated the
measures of location, dispersion, and spread as proposed by
Bickel and Lehmann (3, 4, 7), along with van Zwet’s convex
transformation order of skewness and kurtosis (1964) (8) for
univariate and multivariate distributions, resulting a greater
degree of generality and a broader perspective on these sta-
tistical constructs. Rousseeuw and Croux proposed a popular
efficient scale estimator based on separate medians of pairwise
differences taken over i1 and iz (9) in 1993. However the
importance of tackling the symmetry assumption has been
greatly underestimated, as will be discussed later.

To address their open question (4), the nomenclature used
in this paper is introduced as follows:

[

(3)(1—co)
Z (Xil _Xiz)iQ ) [1]

= (3o

— Xiz)(g) are the order

distribution structures:

Nomenclature. Given a robust estimator, , which has an
adjustable breakdown point, €, that can approach zero asymp-
totically, the name of § comprises two parts: the first part
denotes the type of estimator, and the second part represents
the population parameter 6, such that 6 — 0 as € — 0. The
abbreviation of the estimator combines the initial letters of
the first part and the second part. If the estimator is symmet-
ric, the upper asymptotic breakdown point, ¢, is indicated in
the subscript of the abbreviation of the estimator, with the
exception of the median. For an asymmetric estimator based
on quantile average, the associated ~ follows e.

In REDS I, it was shown that the bias of a robust estimator
with an adjustable breakdown point is often monotonic with
respect to the breakdown point in a semiparametric distri-
bution. Naturally, the estimator’s name should reflect the
population parameter that it approaches as € — 0. If multi-
plying all pseudo-samples by a factor of %, then [1] is the
trimmed standard deviation adhering to this nomenclature,
since ¥z (z1,z2) = % (z1 — 932)2 is the kernel function of the
unbiased estimation of the second central moment by using
U-statistic (10). This definition should be preferable, not only
because it is the square root of a trimmed U-statistic, which
is closely related to the minimum-variance unbiased estimator
(MVUE), but also because the second ~y-orderliness of the
second central moment kernel distribution is ensured by the
next exciting theorem.

Theorem .1. The second central moment kernel distribution
generated from any unimodal distribution is second ~y-ordered,
provided that v > 0.

Proof. In 1954, Hodges and Lehmann established that if X and
Y are independently drawn from the same unimodal distribu-
tion, X —Y will be a symmetric unimodal distribution peaking
at zero (11). Given the constraint in the pairwise differences
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that X;, < Xi,, ¢1 < 42, it directly follows from Theorem 1 in
(11) that the pairwise difference distribution (Ea) generated
from any unimodal distribution is always monotonic increasing
with a mode at zero. Since X — X’ is a negative variable that
is monotonically increasing, applying the squaring transfor-
mation, the relationship between the original variable X — X’
and its squared counterpart (X — X’)2 can be represented as
follows: X — X' <Y -V = (X -X)?> (Y -Y')% In
other words, as the negative values of X — X’ become larger
in magnitude (more negative), their squared values (X — X’)?
become larger as well, but in a monotonically decreasing man-
ner with a mode at zero. Further multiplication by % also
does not change the monotonicity and mode, since the mode is
zero. Therefore, the transformed pdf becomes monotonically
decreasing with a mode at zero. In REDS I, it was proven that
a right-skewed distribution with a monotonic decreasing pdf
is always second ~y-ordered, which gives the desired result. [

In REDS I, it was shown that any symmetric distribution
is vth U-ordered, suggesting that vth U-orderliness does not
require unimodality, e.g., a symmetric bimodal distribution is
also vth U-ordered. In the SI Text of REDS I, an analysis of the
Weibull distribution showed that unimodality does not assure
orderliness. Theorem .1 uncovers a profound relationship
between unimodality, monotonicity, and second ~v-orderliness,
which is sufficient for y-trimming inequality and ~y-orderliness.

On the other hand, while robust estimation of scale has
been intensively studied with established methods (3, 4), the
development of robust measures of asymmetry and kurtosis
lags behind, despite the availability of several approaches (12—
16). The purpose of this paper is to demonstrate that, in
light of previous works, the estimation of central moments
can be transformed into a location estimation problem by
using U-statistics, the central moment kernel distributions
possess desirable properties, and define a convenient approach
to quantitatively estimate the estimators’ efficiencies.

Robust Estimations of the Central Moments

In 1928, Fisher constructed k-statistics as unbiased estimators
of cumulants (17). Halmos (1946) proved that a functional
0 admits an unbiased estimator if and only if it is a regular
statistical functional of degree k and showed a relation of sym-
metry, unbiasness and minimum variance (18). Hoeffding, in
1948, generalized U-statistics (19) which enable the derivation
of a minimum-variance unbiased estimator from each unbiased
estimator of an estimable parameter. In 1984, Serfling pointed
out the speciality of Hodges-Lehmann estimator, which is nei-
ther a simple L-statistic nor a U-statistic, and considered the
generalized L-statistics and trimmed U-statistics (20). Given a
kernel function hy which is a symmetric function of k variables,
the LU-statistic is defined as:

LUhk,k,k,e,»y," ‘= LLkco,yn (SOI‘t ((hk (XNl, C.. 7XNk))J(\;il)) s

where ¢ = 1 — (1— 60)% (proven in Subsection ?7),
XNy, ..., XN, are the n choose k elements from the sam-
ple, LLg co,v,n(Y) denotes the LL-statistic with the sorted

X,
In the context of Serfling’s work, the term ‘trimmed U-statistic’
is used when LLy cg,v,n i8 TMeg,v,n (20).

sequence sort ((hk (Xnys- ) serving as an input.

In 1997, Heffernan (10) obtained an unbiased estimator
of the kth central moment by using U-statistics and demon-
strated that it is the minimum variance unbiased estimator for
distributions with the finite first k moments. The weighted
H-L kth central moment (2 < k < n) is thus defined as,

WHLKkmM ey, = LUnj =gy K kye,7,ms

where WHLMy ¢g,y,n is used as the LLycy~n in LU,
Ui (@1, ) = 20 (<1 (55) 3 (2k min ) +
(=)' (k= 1)z, ... 2, the second summation is over
i1,...,0541 = 1 to k with i1 # d2 # ... # i;41 and
i2 < i3 < ...< ;41 (10). Despite the complexity, the follow-
ing theorem offers an approach to infer the general structure
of such kernel distributions.

Theorem .2. Define a set T comprising all pairs
(Y (v), fx,...x (v)) such that Yk (v) = Pk (Q(p1), ..., Q(px))
with Qp1) < ... < Qpk) and fx,..x(v) =
kK!If(Q(p1)) ... f(Q(pk)) is the probability density of the k-

tuple, v = (Q(p1),...,Q(px)) (a formula drawn after a mod-
ification of the Jacobian density theorem). Ta is a subset
of T, consisting all those pairs for which the correspond-
ing k-tuples satisfy that Q(p1) — Q(px) = A. The com-
ponent quasi-distribution, denoted by &a, has a quasi-pdf
A=y (v)
all fx,... . x(v) such that the pair (Yx(v), fx,...x(V)) is in the
set Ta and the first element of the pair, Y (v), is equal to
A. The kth, where k > 2, central moment kernel distribution,
labeled =y, can be seen as a quasi-mixture distribution com-
prising an infinite number of component quasi-distributions,
&ns, each corresponding to a different value of A, which ranges
from Q(0) — Q(1) to 0. Each component quasi-distribution has

a support of (= (se) " (~A)%, L (-A)<).

Proof. The support of £a is the extrema of the func-
tion ¥ (Q(p1),--,Q(px)) subjected to the constraints,
Q) < < Q(px) and A = Q(p1) — Q(pk). Us-
ing the Lagrange multiplier, the only critical point can
be determined at Q(p1) = - = Q(px) = 0, where
Y = 0. Other candidates are within the bound-
aries, ie., Yk (21 =Q(p1), 22 = Qpx), -, 7 = Qpx)), -,
(% (ZE1 = Q(p1)7 T = Q(pl),flfH-l = Q(pk)7 Tk = Q(pk))
- P (z1 = Q(p1), -+, 21 = Q(pP1), 21 = Q(px))-
Y (21 = Q(p1), -, zi = Q(p1), Tit1 = Q(px), -+, Tk = Q(px))
can be divided into k groups. The gth group has the common

factor (—1)9** k—;+17 if 1 < g < k-1 and the final

kth group is the term (=)' (k= 1) Q(p1)'Qpi) "
If X= < j < Bl oand j+1 < g < k —j, the

gth group has z(gi;il) (k;l) terms having the form
)< If =< o< R

(—1)* k,;H Q(p1)* 7 Q(px)’. =z
and k — 54+ 1 < g < i+ j, the gth group has
el (kS N k—ie1 i .

z(g_j_l)( P 1) + (k—1) (]1.(_1(._,_57_1) (.k_j) terms havmg the
form (—1)""" === Q(p1) Q) 0 < < k1=t and
j+1 < g <i+j, the gth group has i(g:il) (k?) terms having
the form (—1)7** k—;-&-l Qp)*7Q(pk)’. If & Sj <k ;nd
k —j+1<g<yj, the gth group has (k — i) (Jf;j_;il) (kij)
terms having the form (—1)9*' k7;+1Q(p1)k_JQ(pk)J. It
%Sjgkandj+1 < g < j+1i <k, the gth group has
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; gi;i1) <)k — ) (J kl:jr;l )G ]) terms havmg the form

i .
J

(=)™ =z QP) Q). So ifi+j =k §<j<k,

0 <4 S % the summed Coefﬁcnent of Q(p1)" Q(pk)kﬂ' is

(71) ) Zq 1+1 g+1 k7£1;+1 (kfl) (lg(:::i) +
> m( D i (g_;é_l) = (D' (k-1) +
(D k=) (-D* 4+ (CDRG-1) =
(—1)**. The summation identities are
St (CDT g (k=) (5700)) =
(k=) Jy Sop=lyy (CD7 (ST ode =
(k=) [y (=1 (=11 = (1)) ae =
(kfn(&il“ DY) = DT+ k(D

k

-1 +1 1 -1 _
g—k—i+1 (— 1)9_ kfg+1z(gic+¢—1) =
( 1)g+17:( i—1

1

and

k—
fo g= k i+1 - Mgtetin l)t Idt -
Jo (i(—l)k CE- )T (- dE = (-1)R6- ).
IF0<j<Ml=iandi=k, ¢p = 0. If Bt1=% < j < kol anq
% < < k — 1, the summed coeﬂﬁcient of Q(p1)'Q(pi)<"

. 411 . i1
18 (*1) -1+ Zq k— 1+1 -1)¢ k7g+17’(g7k+i71) +
Z:;ilﬂ (—1)‘hLl k—17+1 (k — 1) (lg‘_z._i), the same as

above. If i + 5 < k, since (kij) = 0, the related
terms can be ignored, so, using the binomial the-
orem and beta function, the summed coefficient of

Q) QM) is 3,7 ()" i (51 () =
( )f Z;J”JH DA (gi;;)tkfgdt —
()i fy (07 1(4)“) dt 4

t—1
(k ) (=) P M (k—j—it+1) (=D)L (k—j—4) 1 (k—14)!
J (k=) (k—j—i)!

T(k—j+1)

jHitl ile—i)! K (k)7L 1+i
(= S e = (1) (DM (5) (1)
According to the binomial theorem, the coefficient

of QY i ()7 () QM) - Q) s
()7 0 )y =

summed coefficient of Q(p1)’Q(pk) ™",

(—=1)¥™, same as the above
if i +j5 = k

If i +j < k, the coefficient of Q(p1)*7?Q(pk)’ is
(l:) - (=)'t (l]‘) (—1)?, same as the corresponding
summed coefficient of Q(p1)* 7 Q(pr)’. Therefore,

Y (21 = Qp1), -, i = Q(p1), Tiv1 = Q(px); - - -
(2‘)71 (=) (Q(p1) — Q(pk))*, the maximum and minimum
of ¥y follow directly from the properties of the binomial
coefficient.

O

The component quasi-distribution, &a, is closely related
to Ea, which is the pairwise difference distribution, since

RCAF fea(A) = f=, (A). Recall that Theo-

A=—(3+(;1)k) (—a)k
rem .1 established that fz, (A) is monotonic increasing with a
mode at zero if the original distribution is unimodal, fz_, (—A)
is thus monotonic decreasing with a mode at zero. In general, if
assuming the shape of £a is uniform, =y is monotonic left and
right around zero. The median of Zx also exhibits a strong ten-
dency to be close to zero, as it can be cast as a weighted mean
of the medians of éo. When —A is small, all values of {a are
close to zero, resulting in the median of A being close to zero as
well. When —A is large, the median of £ depends on its skew-
ness, but the corresponding weight is much smaller, so even
if €A is highly skewed, the median of Zx will only be slightly

Li

ok = Q) LD (k=D

shifted from zero. Denote the median of Zx as mkm, for
the five parametric distributions here, |mkm|s are all < 0.1c
for 23 and E4, where o is the standard deviation of Zx (SI
Dataset S1). Assuming mkm = 0, for the even ordinal central
moment kernel distribution, the average probability density on
the left slide of zero is greater than that on the right side, since

z 3 : _
O @O -am) > TGO 0@ This means that, on aver

age, the inequality f(Q(¢)) > f(Q(1 — ¢)) holds. For the odd
ordinal distribution, the discussion is more challenging since
it is generally symmetric. Just consider Zs, let z1 = Q(p:)
and z3 = Q(p;), changing the value of z2 from Q(p;) to
Q(p;) will monotonically change the value of ¥3(z1, z2, :Cg,)

2
o T1,T2,T 7
%223) *7 — 2122 + 22123 + 332 — T2x3 — =5,

=3 (za —x3)° < w < —1(m —x3)? < 0. If the
original distribution is rlght skewed, €A will be left-skewed,
so, for E3, the average probability density of the right side of
zero will be greater than that of the left side, which means,
on average, the inequality f(Q(¢)) < f(Q(1 —¢)) holds. In all,
the monotonic decreasing of the negative pairwise difference
distribution guides the general shape of the kth central mo-
ment kernel distribution, k > 2, forcing it to be unimodal-like
with the mode and median close to zero, then, the inequal-
ity £(Qe) < F(Q(L - ) or [(Q(e)) > F(Q( — €)) holds
in general. If a distribution is vth y-ordered and all of its
central moment kernel distributions are also vth ~-ordered, it
is called completely vth ~-ordered. Although strict complete
vth orderliness is difficult to prove, even if the inequality may
be violated in a small range, as discussed in Subsection 7?7, the
mean-SWA -median inequality remains valid, in most cases,
for the central moment kernel distribution.

Another crucial property of the central moment kernel dis-
tribution, location invariant, is introduced in the next theorem.
The proof is provided in the SI Text.

since

Theorem .3.
N (1, 2x).-

Y (T1 = A1+ e, T = AT+ 1) =

Proof. Recall that for the kth central moment, the kernel is
(% (-Th .. "xk) = Z? (? (_1)J (kii]) Z (xz J'T x7'_7+1) +
. Tk, where the second summation is over
1y ’LJ+1—1tOkWithi19é’L‘27é..,7éi]’+1and12<’i3<

. <ij41 (10).

Y consists of two parts.
5o (0 (5) 20 (ol T i),
ble summation over certain terms. The second part,
(—=1)* ' (k — 1) 2y ... zx, carries an alternating sign (—1)*!
and involves multiplication of the constant k — 1 with the
product of all the x variables, x1x2...zx. Consider each
multiplication ~ cluster (—1) (%ﬂ) > (x: Ik, 1:1”1)
for j ranging from 0 to k — 2 in the first part. Let each
cluster form a single group. The first part can be divided
into k — 1 groups. Combine this with the second part
(—=1)* ' (k — 1)z ... zx. Together, the terms of ¢y can be
divided into a total of k groups. From the 1st to k — 1th
group, the gth group has (lg‘) (g) terms having the form

1
(-1t k_2+19€?;g+1 The final kth group is the

term (—1)* ' (k — 1) 21 - .
There are two ways to divide ¥k into k groups ac-
cording to the form of each term. The first choice is,

if k # g, the gth group of ¥k has (];:f) terms having

The first part,
involves a dou-

$i2...1‘ig.
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the form (—1)9T! L _gk-ot!

o7 %i; Tiy * TiyTipyq -+ Tig, where
Tiy, Tiy, -+, i, are fixed, wzlﬂ,n- , Tiy are selected such
that il+1,"', ig 75 il,ig,"',il and Z'l+1 75 75 ig. De-
fine another function Wy (xil,ri2,~--,xil,mil“,n-,mig =
Aziy + ) I iy + p1) - (Azi, + p) ()‘xiz+1 + ,u)
the first group of Wy is )\kmil Ty Tiy gt Tig, the
k—g+1

hth group of Wy, h > 1, has ( ) terms hav-

k—h—1+2

ing the form )\kfhﬂuh*la:;‘l_h_l’” it Ly Trans-
forming by WUy, then combing all terms with
A= h“uh Lypk=h l+2a7i2 - xqy, k—h—14+2> 1, the summed

i1

. : _ Rt +1 1 k—g+1 \ (k=) _

coefficient is S1; = Zg:l (-1)¢ k—gT1 (k—hg—l+2> (g—l) -
htl—1 g+1 (k—1)! .

Zg:l (=1) (htl—g—D)(k—h—1+2)1(g—1)! 0, since the

summation is starting from [, ending at h 4+ — 1, the first

term includes the factor g — I = 0, the final term includes the
factor h+1— g — 1 =0, the terms in the middle are also zero
due to the factorial property.

Another possible choice is the gth group of ¥y has
(k—h) (g_ﬁ:_ill_l) terms having the form

g+l 1 g eIt ) e
(-1 k—gr1LinTig " Ty, LTik—h+1Tik—hy2 =" Tig)
provided that k # g, 2 < j < k — h + 1, where
k—g+1

Tiy, .y Tiy_,y, are fixed, =797 and a2,
. J . . . :

are selected such that ix_p42,--, g F 41,92, ,Ik—h+t1

and ik_py2 F # ig. Transforming these terms by

\I]k(‘T’ilvxizw"7mij7"‘71‘ik7h+17:cik—h+27‘"7:Cig =

()\2?7;1 + :U’) ()‘xiz + /1’) (Axij

then there are k — g + 1 terms having the
form /\kfhﬂuh*l:ril Tig o Tig_poq- Transforming
the final kth group of ¢k by Uk (z1,...,2x) =
(Az1 4+ p) - (Azk + p), then, there is one term having
the form (—1)* ' (k — 1) A"+t a0z _piq. An-

other possible combination is that the gth group of ¥x

. h—1 .

contains (g —k+h—1) (gfk+hfl) terms having the form
g+l _1 g e T . gkt g

(1) k—griLirTia " Tix_pp1Pix_pnqo " Ly, “Tig-

Transforming these terms by

\I/k (xil,m,é,. . "xik—h+1’wik—h+27' ..,:Bij,. .. ,:Eig) =

(Amiy + p) ATiy + ) - ()\‘rikchrl + ﬂ) ()\xik—h+2 + :u)
then there is only one term having the form
A=t L @y -Ti_n4,- The above summation S1,
should also be included, i.e., mi-‘fhilﬁ =z, k=h+1-1. So,
combing all terms with A<= "1 ph=1g, 20 Tiy_p, 41, accord-
ingkto1 the binomial theorem, the summed coefficient is $2; =
- +1 h—1 k+h—1
Zg:k—hﬂ (=17 (g—k+h—1) (k h+1+ gkﬁ) +
k-1 k—1 +1 h—1
(_1) (k - 1) = (k —h+ 1) Zg:kchrl (_1)9 (g—k+h—1)+

Shmn (07 (7o) (5 +

(D' (k—1) = (-1)%k — h 4+ 1) + (h — 2)(=1)* +
(— 1)k*1 (k—1) = 0. The summation identities re-
quired are Zg kehg1 (& 1)t (g,ﬁli,l) = (-D¥

k—1 g+1 h—1 —k+h—1\ _ k
Zg:kfh+1 (=1) (gfk+h71) (gkfgﬂ ) = (h = 2)(=D.
These two summation identities are proven in Lemma ?7? and
?7

Thus, no matter in which way, all terms including u can
be canceled out. The proof is complete by noticing that the
remaining part is A<y (z1, -, 21).

O

A direct result of Theorem .3 is that, WHLkm after stan-
dardization is invariant to location and scale. So, the weighted

_ 1, ti
+ /‘)k o ()‘wik—hﬂ + “) (/\x’ktheisan{é ?nf o eS

(A, ﬁ})ﬁ)ﬁ% fﬁifam

H-L standardized kth moment is defined to be

_ WHLkmMg, ) 71,0
B (WHLUCL?‘k2 ,€2,72 m)k/g .

WHLskM —min (e1,€2),k1,k2,71,72,n

( Az, + p), To avoid confusion, it should be noted that the robust

location estimations of the kernel distributions discussed in
this paper differ from the approach taken by Joly and Lugosi
(2016) (21), which is computing the median of all U-statistics
from different disjoint blocks. Compared to bootstrap median
U-statistics, this approach can produce two additional kinds
of finite sample bias, one arises from the limited numbers of
blocks, another is due to the size of the U-statistics (consider
the mean of all U-statistics from different disjoint blocks, it
is definitely not identical to the original U-statistic, except
when the kernel is the Hodges-Lehmann kernel). Laforgue,
Clemencon, and Bertail (2019)’s median of randomized U-
statistics (22) is more sophisticated and can overcome the
limitation of the number of blocks, but the second kind of bias
remains unsolved.

Congruent Distribution

In the realm of nonparametric statistics, the relative differ-
ences, or orders, of robust estimators are of primary impor-
tance. A key implication of this principle is that when there
is a shift in the parameters of the underlying distribution,
all nonp ates should asymptotically change in
ey are estimating the same attribute
of the dlstrlbutlon. If, on the other hand, the mean sug-
gests an increase in the location of the distribution while
the median indicates a decrease, a contradiction arises. It
is worth noting that such contradiction is not possible for
any L L-statistics in a location-scale distribution, as explained
in Theorem ?? and ?7?. However, it is possible to construct
counterexamples to the aforementioned implication in a shape-
scale distribution. In the case of the Weibull distribution,
its quantile function is Qwei (p) = A(—In(1 — p))'/*, where
0<p<1l a>0 A>0,Ais a scale parameter, o is a
%r, IIF 1EI)the natural logarithm function. Then,

1 —|— = , where I' is the gamma func—
tion. When a= 17 m = )\ln( ) ~ 0.693\, p = A\, when a = 5,
m = Aln?(2) ~ 0.480), u = 2), the mean increases as «
changes from 1 to %, but the median decreases. In the last
section, the fundamental role of quantile average was demon-
strated by using the method of classifying distributions through
the signs of derivatives. To avoid such scenarios, this method
can also be used. Let the quantile average function of a para-
metric distribution be denoted as QA (e,v, a1, -, s, -+, k),
where a; represent the parameters of the distribution, then, a
distribution is y-congruent if and only if the sign of % re-
mains the same for all 0 < e < 1+ LI aQA is equal to zero or
undefined, it can be considered both pos1t1ve and negative, and
thus does not impact the analysis. A distribution is completely
~y-congruent if and only if it is «-congruent and all its central
moment kernel distributions are also y-congruent. Setting
v = 1 constitutes the definitions of congruence and complete
congruence. Replacing the QA with ymHLM (defined in
the following section) gives the definition of v-U-congruence.
Chebyshev’s inequality implies that, for any probability distri-
butions with finite second moments, as the parameters change,
even if some LL-statistics change in a direction different from
that of the population mean, the magnitude of the changes in
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Table 1. Evaluation of WSSE of robust central moments for five common unimodal distributions in comparison with current popular methods

[ Errors [z [™ JHL [sM [HM [wM [saM [ BM [ MoM | MoRM [ mHLM [ rmespem | qMesp.em |
WASAB 0.000 | 0.107 | 0.088 | 0.078 | 0.078 | 0.066 | 0.048 | 0.048 | 0.034 | 0.035 0.034 0.002 0.003
WRMSE 0.014 | 0.111 | 0.092 | 0.083 | 0.083 | 0.070 | 0.053 | 0.053 | 0.041 | 0.041 0.038 0.017 0.018
WASB,,—5184 | 0.000 | 0.108 | 0.089 | 0.078 | 0.079 | 0.066 | 0.048 | 0.048 | 0.034 | 0.036 0.033 0.002 0.003
WSE v WSSE | 0.014 | 0.014 | 0.014 | 0.015 | 0.014 | 0.014 | 0.014 | 0.015 | 0.017 | 0.014 0.014 0.017 0.017

Errors [ [HFMV, [ MP,, [rm [qm [im lvar [varbs [ Tsd? [ HFM,,, [ MP,., [ rvar [qvar [ivar l
WASAB 0.037 | 0.043 | 0.001 | 0.002 | 0.001 | 0.000 | 0.000 | 0.200 | 0.027 0.042 | 0.005 | 0.018 | 0.003
WRMSE 0.049 | 0.055 | 0.015 | 0.015 | 0.014 | 0.017 | 0.017 | 0.198 | 0.042 0.062 | 0.019 | 0.026 | 0.019
WASB,,=5184 0.038 | 0.043 | 0.001 | 0.002 | 0.001 | 0.000 | 0.001 | 0.198 | 0.027 0.043 | 0.005 | 0.018 | 0.003
WSE v WSSE 0.018 0.021 0.015 | 0.015 | 0.014 | 0.017 | 0.017 0.015 | 0.024 0.032 0.018 | 0.017 | 0.018

Errors [tm [tmbs [ HFM,,, [ MP,,, [ rtm [qtm [itm [ fm [ fmes [ HFM,,, [ MP,,, [ rfm [qu [ ifm l
WASAB 0.000 | 0.000 | 0.052 0.059 | 0.006 | 0.083 | 0.034 | 0.000 | 0.000 | 0.037 0.046 | 0.024 | 0.038 | 0.011
WRMSE 0.019 | 0.018 | 0.063 0.074 | 0.018 | 0.083 | 0.044 | 0.026 | 0.023 | 0.049 0.062 | 0.087 | 0.043 | 0.029
WASB,,=5184 | 0.001 | 0.003 | 0.052 0.059 | 0.007 | 0.082 | 0.038 | 0.001 | 0.009 | 0.037 0.047 | 0.024 | 0.036 | 0.013
WSE v WSSE | 0.019 | 0.018 | 0.021 0.091 0.015 | 0.012 | 0.017 | 0.024 | 0.021 0.020 0.027 | 0.021 0.020 | 0.022

The first table presents the use of the exponential distribution as the consistent distribution for five common unimodal distributions: Weibull,
gamma, Pareto, lognormal, and generalized Gaussian distributions. Popular robust mean estimators discussed in REDS 1 were used as comparisons.
The breakdown points of mean estimators in the first table, besides H-L estimator and Huber M-estimator, are all é The second and third
tables present the use of the Weibull distribution as the consistent distribution not plus/plus using the lognormal distribution for the odd ordinal
moments optimization and the generalized Gaussian distribution for the even ordinal moments optimization. SQM is the robust mean estimator
used in recombined/quantile moments. Unbiased sample central moments (var, tm, fm), U-central moments with quasi-bootstrap (varys, tmps,
fmps), and other estimators were used as comparisons. The generalized Gaussian distribution was excluded for He and Fung M-Estimator and
Marks percentile estimator, since the logarithmic function does not produce results for negative inputs. The breakdown points of estimators in the
second and third table, besides M-estimators and percentile estimator, are all 2—14. The tables include the average standardized asymptotic bias
(ASAB, as n — 00), root mean square error (RMSE, at n = 5184), average standardized bias (ASB, at n = 5184) and variance (SE V SSE, at
n = 5184) of these estimators, all reported in the units of the standard deviations of the distribution or corresponding kernel distributions. W
means that the results were weighted by the number of Google Scholar search results on May 30, 2022 (including synonyms). The calibrations of d
values and the computations of ASAB, ASB, and SSE were described in Subsection , ?? and SI Methods. Detailed results and related codes are
available in SI Dataset S1 and GitHub.

VZp—20erfc” 1 (2(1—¢))

the L L-statistics remains bounded compared to the changes in
the population mean. Furthermore, distributions with infinite
moments can be y-congruent, since the definition is based on
the quantile average, not the population mean.

The following theorems show the conditions that a distri-
bution is congruent or y-congruent.

Theorem .4. A symmetric distribution is always congruent
and U -congruent.

Proof. As shown in Theorem ?? and Theorem ??, for any
symmetric distribution, all quantile averages and all ymHLMs
conincide. The conclusion follows immediately. O

Theorem .5. A positive definite location-scale distribution is
always y-congruent.

Proof. As shown in Theorem .2, for a location-scale distribu-
tion, any quantile average can be expressed as AQA, (€, ) + p.
Therefore, the derivatives with respect to the parameters A
or u are always positive. By application of the definition, the

(—ﬂ)erfc_l(Q(l —€))e vz

verse complementary error function is positive when the
input is smaller than 1, and negative when the input is
larger than 1, and symmetry around 1, if 0 < v <
1, erfc™(2ve) > —erfc (2 — 2¢), oh—VEoerteTl(2-2¢)
eh—V2oerfe ™! (27¢) Therefore, if 0 < v < 1, % > 0, the
lognormal distribution is y-congruent. Theorem .4 implies
that the generalized Gaussian distribution is congruent and
U-congruent. For the Weibull distribution, when « changes

1 a1 . .
from 1 to 5, the average probabllhty density on the left side

). Since the in-

of the median increases, since /\%(2) < %2(2), but the mean
increases, indicating that the distribution is more heavy-tailed,
the probability density of large values will also increase. So,
the reason for non-congruence of the Weibull distribution lies
in the simultaneous increase of probability densities on two op-
posite sides as the shape parameter changes: one approaching
the bound zero and the other approaching infinity. Note that
the gamma distribution does not have this issue, Numerical

desired outcome is obtained. 0 results indicate that it is likely to be congruent.
o 9Q _ om(—p)~Y/*In(1-p) The next theorem shows an interesting relation between
For the Pareto distribution, 73 = 2 * congruence and the central moment kernel distribution.

@
Since In(1 —p) < 0 forall 0 < p < 1, (1 —p) > >
0 for al 0 < p < 1 and a > O, sog—g < 0,
and therefore ?TA < 0, the Pareto distribution is ~-
congruent. It is also ~-U-congruent, since ymHLM can
also express as a function of Q(p). For the lognormal dis-
V2u—20erfc” 1 (2ve) >

% = é(\/ierfcl@we) <e V2

tribution,

Li

Theorem .6. The second central moment kernal distribution
derived from a continuous location-scale unimodal distribution
is always y-congruent.

Proof. Theorem .3 shows that the central moment kernel dis-
tribution generated from a location-scale distribution is also a
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location-scale distribution. Theorem .1 shows that it is posi-
tively definite. Implementing Theorem 12 in REDS 1 yields
the desired result. (|

Although some parametric distributions are not congruent,
as shown in REDS 1. In REDS 1, Theorem 12 establishes that
~-congruence always holds for a positive definite location-scale
family distribution and thus for the second central moment
kernel distribution generated from a location-scale unimodal
distribution as shown in Theorem .6. Theorem .2 demonstrates
that all central moment kernel distributions are unimodal-like
with mode and median close to zero, as long as they are gen-
erated from unimodal distributions. Assuming finite moments
and constant Q(0)—Q(1), increasing the mean of a distribution
will result in a generally more heavy-tailed distribution, i.e.,
the probability density of the values close to Q(1) increases,
since the total probability density is 1. In the case of the kth
central moment kernel distribution, k > 2, while the total
probability density on either side of zero remains generally
constant as the median is generally close to zero and much less
impacted by increasing the mean, the probability density of
the values close to zero decreases as the mean increases. This
transformation will increase nearly all symmetric weighted av-
erages, in the general sense. Therefore, except for the median,
which is assumed to be zero, nearly all symmetric weighted av-
erages for all central moment kernel distributions derived from
unimodal distributions should change in the same direction
when the parameters change.

Variance

As one of the fundamental theorems in statistics, the central
limit theorem declares that the standard deviation of the lim-
iting form of the sampling distribution of the sample mean is
ﬁ. The principle, asymptotic normality, was later applied
to the sampling distributions of robust location estimators
(7, 23-31). Daniell (1920) stated (24) that comparing the
efficiencies of various kinds of estimators is useless unless they
all tend to coincide asymptotically. Bickel and Lehmann, also
in the landmark series (7, 30), argued that meaningful compar-
isons of the efficiencies of various kinds of location estimators
can be accomplished by studying their standardized variances,
asymptotic variances, and efficiency bounds. Standardized

. Var(G) . . .
variance, —g>—, allows the use of simulation studies or em-

pirical data to compare the variances of estimators of distinct
parameters. However, a limitation of this approach is the in-
verse square dependence of the standardized variance on 6. If
Var (él) = Var (ég), but 6, is close to zero and - is relatively
large, their standardized variances will still differ dramatically.
Here, the scaled standard error (SSE) is proposed as a method
for estimating the variances of estimators measuring the same
attribute, offering a standard error more comparable to that of
the sample mean and much less influenced by the magnitude
of 6.

Definition .1 (Scaled standard error). Let M,,s; € R™/ de-
note the sample-by-statistics matrix, i.e., the first column
corresponds to 6, which is the mean or a U-central moment
measuring the same attribute of the distribution as the other
columns, the second to the j/t-l\l CO/l\umn correspond to j — 1
. 02: Then, the
T

is a j X 1 matrix,

statistics required to scale, 6,,, O, ..

0r_,

,0771707717...7 em

9,}1 97}2

scaling factor S = [1

which 6 is the mean of the column of M, s;. The normal-
ized matrix is MZSJ = M;,s;S. The SSEs are the unbiased
standard deviations of the corresponding columns of ./\/ljs\isj.

The U-central moment (the central moment estimated by
using U-statistics) is essentially the mean of the central mo-
ment kernel distribution, so its standard error should be gen-
erally close to Gk:, although not exactly since the kernel
distribution is not i.i.d., where oy, is the asymptotic standard
deviation of the central moment kernel distribution. If the
statistics of interest coincide asymptotically, then the stan-
dard errors should still be used, e.g, for symmetric location
estimators and odd ordinal central moments for the symmet-
ric distributions, since the scaled standard error will be too
sensitive to small changes when they are zero.

The SSEs of all robust estimators proposed here are often,
although many exceptions exist, between those of the sam-
ple median and those of the sample mean or median central
moments and U-central moments (SI Dataset S1). This is
because similar monotonic relations between breakdown point
and variance are also very common, e.g., Bickel and Lehmann
(7) proved that a lower bound for the efficiency of TM. to
sample mean is (1 — 2¢)? and this monotonic bound holds true
for any distribution. However, the direction of monotonicity
differs for distributions with different kurtosis. Lehmann and
Scheffé (1950, 1955) (32, 33) in their two early papers provided
a way to construct a uniformly minimum-variance unbiased es-
timator (UMVUE). From that, the sample mean and unbiased
sample second moment can be proven as the UMVUEs for the
population mean and population second moment for the Gaus-
sian distribution. While their performance for sub-Gaussian
distributions is generally satisfied, they perform poorly when
the distribution has a heavy tail and completely fail for dis-
tributions with infinite second moments. For sub-Gaussian
distributions, the variance of a robust location estimator is
generally monotonic increasing as its robustness increases, but
for heavy-tailed distributions, the relation is reversed. So,
unlike bias, the variance-optimal choice can be very different
for distributions with different kurtosis.

Due to combinatorial explosion, the bootstrap (34), intro-
duced by Efron in 1979, is indispensable for computing central
moments in practice. In 1981, Bickel and Freedman (35)
showed that the bootstrap is asymptotically valid to approx-
imate the original distribution in a wide range of situations,
including U-statistics. The limit laws of bootstrapped trimmed
U-statistics were proven by Helmers, Janssen, and Veraverbeke
(1990) (36). In REDS I, the advantages of quasi-bootstrap
were discussed (37-39). By using quasi-sampling, the impact
of the number of repetitions of the bootstrap, or bootstrap
size, on variance is very small (SI Dataset S1). An estimator
based on the quasi-bootstrap approach can be seen as a com-
plex deterministic estimator that is not only computationally
efficient but also statistical efficient. The only drawback of
quasi-bootstrap compared to non-bootstrap is that a small
bootstrap size can produce additional finite sample bias (SI
Text).

Discussion

Moments, including raw moments, central moments, and stan-
dardized moments, are the most common parameters that
describe probability distributions. Central moments are pre-
ferred over raw moments because they are invariant to trans-
lation. In 1947, Hsu and Robbins proved that the arithmetic
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mean converges completely to the population mean provided
the second moment is finite (40). The strong law of large
numbers (proven by Kolmogorov in 1933) (41) implies that
the kth sample central moment is asymptotically unbiased.
Recently, fascinating statistical phenomena regarding Tay-
lor’s law for distributions with infinite moments have been
discovered by Drton and Xiao (2016) (42), Pillai and Meng
(2016) (43), Cohen, Davis, and Samorodnitsky (2020) (44),
and Brown, Cohen, Tang, and Yam (2021) (45). Lindquist
and Rachev (2021) raised a critical question in their inspiring
comment to Brown et al’s paper (45): "What are the proper
measures for the location, spread, asymmetry, and dependence
(association) for random samples with infinite mean?" (46).
From a different perspective, this question closely aligns with
the essence of Bickel and Lehmann’s open question in 1979
(4). They suggested using median, interquartile range, and
medcouple (47) as the robust versions of the first three mo-
ments. While answering this question is not the focus of this
paper, it is almost certain that the estimators proposed in this
series will have a place. Since the efficiency of an L-statistic
to the sample mean is generally monotonic with respect to the
breakdown point (7), and the estimation of central moments
can be transformed into the location estimation of the central
moment kernel distribution, similar monotonic relations can be
expected. In the case of a distribution with an infinite mean,
non-robust estimators will not converge and will not provide
valid estimates since their variances will be infinitely large.
Therefore, the desired measures should be as robust as possible.
Clearly now, if one wants to preserve the original relationship
between each moment while ensuring maximum robustness,
the natural choices are median, median variance, and median
skewness. Similar to the robust version of L-moment (48)
being trimmed L-moment (16), mean and central moments
now also have their standard most robust version based on
the complete congruence of the underlying distribution.

Methods

Data and Software Availability. Data for Table 1 are given in
SI Dataset S1-S4. All codes have been deposited in GitHub.
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