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Abstract
A classical theorem of Kempner states that the sum of the reciprocals of positive
integers with missing decimal digits converges. This result is extended to much
larger families of “missing digits” sets of positive integers with both convergent and
divergent harmonic series.

— To Ron Graham

1. Kempner’s Theorem

“It is well known that the series
SSL_Llon
=n 1 2 3

diverges. The object of this Note is to prove that if the denominators do

not include all natural numbers 1, 2, 3, ..., but only those which do not
contain any figure 9, the series converges. The method of proof holds
unchanged if, instead of 9, any other figure 1, 2, ..., 8 is excluded, but

not for the figure 0.”

A. J. Kempner, Amer. Math. Monthly 21 (1914), 48-50.

A harmonic series is a series of the form ) ., 1/a, where A is a set of positive
integers. Mathematicians have long been interested in the convergence or divergence
of harmonic series. Let ¢ € {1,2,...,9}, and let Ajp(c) be the set of positive
integers in which the digit ¢ does not occur in the usual decimal representation.
Kempner [6] proved in 1914 that >, 4, (., 1/a converges. He called this “a curious
convergent series.” More generally, for every integer g > 2, every positive integer

n has a unique g-adic representation of the form n = " cigt, with digits ¢; €
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{0,1,2,...,9 — 1} for i = 0,1,...,k and ¢, # 0. If Ay(c) is the set of integers
whose g-adic representation contains no digit ¢, then the infinite series ) . Ay (e) 1/a
converges. This includes the case ¢ = 0, which was not discussed by Kempner.

Kempner’s theorem has been studied and extended by Baillie [1], Farhi [2], Gor-
don [3], Irwin [5], Lubeck-Ponomarenko [7], Schmelzer and Baillie [10], and Wad-
hwa [11, 12]. It is Theorem 144 in Hardy and Wright [4].

The g-adic representation is a special case of a more general method to represent
the positive integers. A G-adic sequence is a strictly increasing sequence of positive
integers G = (g;)52, such that go = 1 and g; divides g;+1 for all ¢ > 0. The integer
quotients

d; = 9i+1
gi
satisfy d; > 2 and
k1 = grdr, = dodyds - - - dy, (1)

for all £ > 0. Every positive integer n has a unique representation in the form

k
n=> cg (2)
=0

where ¢; € {0,1,...,d; — 1} for all i € {0,1,...,k} and ¢ # 0. We call (2)
the G-adic representation of n. This is equivalent to de Bruijn’s additive system
(Nathanson [8, 9]).

Harmonic series constructed from sets of positive integers with missing G-adic
digits do not necessarily converge. In Theorem 1 we construct sets of integers with
missing G-adic digits whose harmonic series converge, and also sets of integers with
missing G-adic digits whose harmonic series diverge.

2. G-adic Representations with Bounded Quotients

Define the interval of integers
[a,b] ={n€Z:a<n<b}.

Let G = (9:)2, be a G-adic sequence with quotients d; = gi+1/g;. Let I be
a set of nonnegative integers, and, for all ¢ € I, let U; be a nonempty proper
subset of [0,d; — 1]. For every nonnegative integer k, let Aj be the set of integers
n € [gk, gr+1 — 1] whose G-adic representation n = Z?:o c;g; satisfies the following
missing digits condition:

¢ €10,d; — 1]\ U; for all : € I N[0, k]. (3)

Lemma 1. The set Ay satisfies:
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(a) A =0 if and only if k € I and Uy, = [1,d;, — 1].
(b) If Ay # 0, then ) )
Akl < [t = [wi) [T di < 21Axl.
i=0 i=0
i€l il
Proof. We use the inequality

x<2z-1) for x > 2.

If n € [gk, gk+1 — 1], then n has the G-adic representation

k—1

n= Z Cigi + Cr9k
i=0

with ¢ # 0 and so ¢ € [1,dy, — 1]. Tt follows that Ay = () if and only if £ € I and

U, = [1,dr, — 1].
For Ay # 0, there are three cases.

(i) If k € I and 0 € Uy, then

k k
|Ak| = H(di — |Uil) Hdi < 2| Ay
= 2

(ii) Ifk € T and 0 ¢ Uy, then Uy, is a proper subset of [1, dx,—1] and so |Uy| < dj—2.

Inequality (5) gives
de — |Uk| < 2(dy, — U = 1)

We obtain

k—1 k

| Axl = (d — Ul = 1) [T (di = 1UiD ] ds
ier i

k k
<@ -1 ]]

=0 1=0
i€l il
k—1 k
< 2(dy, — U] = 1) [] (i — [Ui]) ] ] s
i i

= 9 A4y].
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(ili) We have dj, > 2 and so dj < 2(dy — 1) from inequality (5). If k ¢ I, then

k k-1 k k
Akl = (d = 1) [J(di = 1U3) [ di < [](ds = 1U:)) T ] s
i=0 i=0 i=0 i=0
iel il iel i¢l
k k-1 k k—1
= di [[(di = 10D T i < 20 — 1) [ (ds = 1U3]) [ ]
i=0 i=0 i=0 i=0
iel il iel i¢l
= 2| Ag|.
This completes the proof. O

Let A be a set of nonnegative integers, and let A(n) be the number of ele-
ments a € A with a < n. The upper asymptotic density of the set A is dy(A) =
limsup,, ., A(n)/n. If lim, . A(n)/n exists, then d(A) = lim, - A(n)/n is
called the asymptotic density of the set A. The set A has asymptotic density zero
if d(A) =dy(A) =0.

Lemma 2. Let A be a set of positive integers. If > ., 1/a < oo, then d(A) = 0.

acA

Proof. We show that di(A) > 0 implies ), ., 1/a = co.
If dy(A) = limsup,, , . A(n)/n = a > 0, then, for every ¢ > 0, we have

A
Aln) <a+te for all integers n > N (¢)
n
and N
7(1”1) >a—¢ for infinitely many integers n;. (6)

Let € < a/3. There is a sequence of positive integers (n;)$2,, satisfying inequality (6)
such that ng > N(e) and n; > 2n;_; for all i > 1. We have

A(ng) — Ani—1) > (@ —¢e)n; — (o +€)ni—q
(a+e)n;

> (a—e)n; — 5

. o — 3¢
=n; 5

A(’I’Ll) — A(’I’Li_l) > a— 3¢

and so

> > 0.

SHE

>

acA
ni—1<a<n;
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It follows that

SIS M T
a4 a 2
1<a<ny n;—1<asn;

and the infinite series ) _ , 1/a diverges. Equivalently, convergence of the infinite
series ), 4 1/a implies d(A) = 0. This completes the proof. O

The converse of Lemma 2 is false. The set of prime numbers has asymptotic
density zero, but the sum of the reciprocals of the primes diverges.

Theorem 1. Let G = (g;)52, be a G-adic sequence with bounded quotients, that is,

d; = gi+1 <d (7)
gi
for some integer d > 2 and alli =0,1,2,.... Let I be a set of nonnegative integers,
and, for alli € I, let U; be a nonempty proper subset of [0,d; — 1].
Let n = Zf:o c;g; be the G-adic representation of the positive integer n. Let A
be the set of positive integers n that satisfy the missing digits condition (3). If

(140)logk
1) 2 fogtafia— 1y

for some 6 > 0 and all k > ko = ko(9), then the set A has asymptotic density zero
and the harmonic series ), 4 1/a converges.

If

(®)

(1-9)logk

I(k) <
(k) < log d

9)

for some 6 > 0 and all k > ky = k1(6), then the harmonic series ) . , 1/a diverges.

Kempner’s theorem is the special case g; = 10%, d; = 10, and U; = {9} for all
1 € I = Np.

Proof. For all k € Ny, the finite sets
A = AN gk g1 — 1]

are pairwise disjoint and A = (J,~ Ap.
For all i € I, we have
1< <di — 1

and
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Let I(k) satisfy inequality (8). We obtain

1(k) T ()
1 d — 1) Tos(d/@-1) 1
If a € A, then a > g, = dod; -+ dp_1. By Lemma 1,
] ) 00 k k
1 1 | Ag| dy
L= o< o = > T d‘H(di*IUil)Hdi
acA k=ko a€Ay k=ko k=ko 1Lli=0 %i i=0 i=0
a>gg, el il
[e's) k
d; |U1|
<dy [
i
o 1 I(k)
<a3 (1)
k=ko
=1
<d Z RER I
k=ko

Thus, the harmonic series converges. By Lemma 2, the set A has asymptotic density
zero.
Let I(k) satisfy inequality (9). We obtain

(1—8)log k

N'® 1\ e
@ =@ " - .

If a € A, then a < gg41 = dody - - - dp—1d,. By Lemma 1,

ey Yy

acA k—k1 a€ Ay, —hy k1
a>giy
1 0o 1 k k
_5 Z k H(dz_|UzDHdz
k=k; szo di i=0 i=0
el il

|
N
M8
E?r
&
Y |
=
Y
N
M8
-
Q.‘)—l

.o
mll

|
N |
(]
N
SN
N———
=
Z

and the harmonic series diverges. This completes the proof. O
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Corollary 1. Let I be a set of nonnegative integers, and let (v;);er be a sequence
of Os and 1s. Let A be the set of integers n such that, if n € [2’“, ok+1 1] has the

2-adic representation n = Zf:o ¢;2, then ¢; = v; for all i € IN[0,k]. If
I(k) > (1 +9)logy k
for some 6 >0 and all k > ko(0), then the harmonic series )., 1/a converges. If
I(k) < (1 - 6)logy b
for some § >0 and all k > k(6), then the harmonic series ), 4 1/a diverges.
Proof. For all i € I, let u; =1 —v; and U; = {u;}. Apply Theorem 1. O

It is an open problem to determine the convergence or divergence of >, _,1/a

if I(k) ~ log, k.

acA

3. G-adic Representations with Unbounded Quotients

Let G = (g:)2, be a G-adic sequence with quotients d; = g;+1/g;. Let I be an
infinite set of nonnegative integers, and, for all i € I, let U; be a nonempty proper
subset of [0, d; — 1]. If the sequence G = (g;)$2,, has bounded quotients d; < d, then

Uil J 1
d; — d
for all i € I and the infinite series ), _; ”j?" diverges. Equivalently, the convergence

of this series implies that G has unbounded quotients.

Let n = Zf:o c;g; be the G-adic representation of the positive integer n. Let
A be the set of positive integers whose G-adic representations satisfy the missing
digits condition (3). The missing digits set A is finite if and only if I is a cofinite set
of nonnegative integers and U; = [1, d; — 1] for all sufficiently large . The harmonic
series of a finite set of positive integers converges.

Theorem 1 shows that harmonic series constructed from infinite sets of integers
with missing G-adic digits do not always converge. It follows from Theorem 1 that
if

I(k) > (log k)'*+*
for some 6 > 0 and all & > kq(d), and if >
must have unbounded quotients, that is,

aca 1/a diverges, then the sequence G

limsup d; = oco.

Theorem 2 gives a sufficient condition for the divergence of harmonic series of sets
of positive integers constructed from G-adic sequences with unbounded quotients.
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We use the following inequality, which is easily proved by induction: If 0 < z; < 1

forti=1,...,n, then
n

[[a-2z)>1-> a (12)
=1

=1

Theorem 2. Let G = (g;)52, be a G-adic sequence, and let n = Zf:o c;ig; be the G-
adic representation of the positive integer n. Let I be an infinite set of nonnegative
integers, and, for all i € I, let U; be a nonempty proper subset of [0,d; — 1]. Let A
be the set of positive integers whose G-adic representations satisfy the missing digits
condition (3). If the set A is infinite and if

> ‘Z?' < 00 (13)

iel "

then the sequence G = (g;)32, has unbounded quotients and the harmonic series
> aca 1/a diverges.

For example, the “missing digits” set constructed from G = (g;)$2, with g; =
2141)/2 and d; = 2! and with I = Ny and U; = {0} for all i € I has a divergent
harmonic series.

Proof. Because the infinite series (13) converges, there is an integer ig € I such that

o0

s o1
—~ d; 2
1=10
iel

Inequality (12) implies that, for all k € Ny,

k k
|Us| \Ui| 1
1- >1- -
I ()= 2=
=10 1=10
icl icl
and so
k io—1 k
Ui\ Ui \Ui]
(-5 -1 (=) I (-
1=0 =0 i=1g
el el el
= |
- 1- —5>0.
>2'O< di) 0
iel

Let Ay = AN [gr,gk+1 — 1]. The set A is infinite if and only if Ay # 0 for
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infinitely many k. Applying inequality (4) of Lemma 1, we obtain

1 |Ak
= - >
Ak# Ak#@
1 DI H (d; — |U3)) Hd

kO 10110

| \/

Ap# i€l Z¢I
=5 (1)
k=0 i=0 v
ApAQ i€l
and so the harmonic series ) ., = L diverges. This completes the proof. O
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