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Abstract

In this study, a horizontal well in anisotropic petroleum oil and gas reservoir
with a sealed bottom and constant-pressure boundary is being investigated.
The flow of petroleum oil and gas is governed by equation of continuity
Darcy’s law and equations of state. The combination of the above three
equations gives a diffusivity equation. Early radial flow, early linear flow,
pseudo radial flow and late linear flow were solved by integration. The num-
ber of parameters is reduced and the results were processed by the method
of cubic spline interpolation using MATLAB. This research shows that at
late linear flow period, the dimensionless time is inversely proportional to
both dimensionless reservoir width and dimensionless height, but there is a
constant pressure which indicates that the production of petroleum oil and
gas is very low at late linear flow. Therefore the producing well is shut down
for a build up. The research’s conclusions are relevant to maximizing well

productivity as well as to petroleum engineering.



1. Introduction

The ever-growing transportation, industrial, residential, commercial, and
electrical sectors have raised significant concerns for the world economies over
the need for fuel. Production continues to be under strain as large amounts of
oil and its refined products are consumed daily. The demand for this valuable
resource must remain strong in order to support a functioning global econ-
omy. The process of guaranteeing that more oil is produced involves several
different steps, including seismic surveys, exploration, drilling, development,
assessment, appraisals, production, and recovery. Pressure transient analy-
sis is a critical step in this process. When an oil and gas reservoir has been
found and its reserves have been determined to be viable, it is crucial to make
sure that the output is maximized. The location, capacity, and amount of
the drainage volume will all be taken into consideration when deciding what

kind of oil well to drill.

Pressure transient analysis is mainly used for reservoir characterization in
exploration and appraisal stage. During an exploration well test, hydrocar-
bon is produced for the first time and flared via a temporary facilities to
evaluate the potential and reserves of oil and gas field. This is too expensive,
and it involves high safety and environmental risks. A poorly performed well
test could lead to a disastrous field development and huge financial loses.

While more value could be extracted by applying modern Well test analy-
sis tools and techniques, Well test analysis can also be used to monitor the
well and reservoir performance and understand the causes of performance
deviation. For fractured wells, it will help to evaluate the actual fracture
dimension and obtain permeability and initial pressure. For water injectors,

pressure transient analysis will help to ensure no excessive frac growth, cap



rock integrity and water containment in the reservoir.

A petroleum reservoir is a subsurface accumulation of hydrocarbons con-
tained in porous or fractured rock formations. A reservoir is formed when
ancient plant materials is created in surrounding rock by the presence of high
heat and pressure in the earth’s crust. Types of petroleum oil reservoirs are
standard oil reservoirs which is mostly crude oil with some water and gas.
Volatile oil reservoirs contain high amounts of corrosive gas in addition to oil
and water. Dry Gas Reservoirs which is mostly natural gas with some water
vapor. Gas Condensate Reservoirs contains heavy hydrocarbons that turn
into NGL’s once brought to the surface.

A constant pressure boundary is a boundary that provides pressure sup-
port. This kind of boundary usually occurs in reservoirs with aquifer sup-
port. Steady state flow signifies that a constant pressure boundary has been

reached.

3. Mathematical Formulation

With constant pressure boundaries and sealed bottom of reservoir length
Z. in the x-direction, reservoir width g, in the y-direction, and reservoir
thickness h in the z-direction. Since it is assumed that the reservoir is homo-
geneous and anisotropic, the permeability of the formation differs from the
permeability of the axial direction. The Petroleum oil well is situated in the

reservoir’s middle.

Our previous articles differs from the current one, because the current one
consider anisotropic homogeneous reservoir, where the permeability along

the x, y, and z boundaries differs, while the previous two published articles
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studied Isotropic reservoir where the permeability along the three boundaries

are the same.

Many studies overlooked the anisotropic homogenous reservoir with a sealed
bottom and constant pressure boundaries. This study has thus investigated
the well test analysis of a horizontal petroleum oil and gas well with a con-
stant pressure boundaries and a sealed bottom of anisotropic reservoir where
the four flow regimes were solved by integration. It is also evident that ana-

lyzing a horizontal well is more difficult than analyzing a vertical one.
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Figure 1: Physical Model of a Horizontal oil and gas well with sealed bottom
and Constant Pressure at y and z-boundaries

The governing equations are the equation of continuity, equations of state,
and Darcy’s law. Equation(1),(2),and(5) combined gives the Diffusivity

equation which is equation (8)

6(puz)+8(gzy)+6(gzz) — _3(gt¢>)

ox

From the above equation p is the density of the fluid, ¢ is the porosity of
the formation and both are position of x,y,z and t. Further u,,u, and u, are

components of velocity in the x, y, and z directions, respectively.

The Darcy’s law is the central concept in the study of fluid flow in porous
media. Darcy’s law describes how liquid moves through a porous medium
under the influence of a pressure gradient. The flow rate and pressure are

related by a constant flow rate ¢ a core of length L and cross-sectional area



A, as shown in the figure (2)

g=EA5F (2)

The flow rate ¢ is in m3/s, the cross sectional area A is in meter square, the
length L is in meters, the pressures P, and P, are in pascals, the permeability
k is in meters , and the viscosity p is in poise. This study had contributed to

Darcy’s law by adding porosity and capillary pressure on the right hand side.
K_A M V'uoid

4= w L +Vbuzk (3)
Equation (3) is the development of Darcy’s law, by adding of porosity. Here
Viia 1s the pore volume in m? and Vi, is the bulk volume.

qg= %A%_i_?aiosg (4)

Equation (4) is the development of Darcy’s law by adding of capillary pres-
sure, and r is the pore radius, o is the surface tension in Milli-Newtons per

meter and 6 is the contact angle in degrees.

The equation of state relates the density of the fluid to the pressure and thus

considering a slightly compressible fluid, the fluid compressibility, ¢ is given
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Figure 2: Linear flow through a core sample

This study had contributed to the equation of state by adding entropy and
enthalpy on the right hand side.

—1,0p,Q
C= Xep TP

Equation (6) is the development of equation of state by adding of entropy,
where Q) is the heat transfer and T is the reservoir temperature.

0
c= =X 6—1%+E+PV

1
p

Equation (7) is the development of equation of state by adding enthalpy,

where E is the internal energy, P is the pressure and V the volume.

Unsteady flow of fluids is governed by diffusivity equation, which is a three-



dimensional partial differential equation that describes the flow of petroleum
oil and gas through porous media given as

o2p opr
k:c B2 +ky 3y2 +kz 8z2 QSHCtE

where k, is the permeability along the x-direction, k, is the permeability
along the y-boundary, k, is the permeability along the z-boundary, P is the
pressure, ¢; is the total compressible p is the reservoir viscosity and ¢ is the
reservoir porosity.

This study used Source and Green’s function to model dimensionless pressure

Pp and dimensionless pressure derivative Py

Well Test Analysis Models

This study used Green’s and Source functions to modeled dimensionless pres-
sure and dimensionless pressure derivative of a reservoir with sealed bottom
and constant pressure along the y and z-boundaries. This study suggested
four flow periods that is early radial flow, early linear flow, pseudoradial flow

and late linear flow.

Early Radial Flow

This flow period occurs when none of the boundaries is been sensed by the

flow. It is the situation when the well is first made available for production.
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Early Linear Flow

Early linear flow period occurs, when x and y-boundaries are not been en-

countered by the flow, while z-boundary encounters a constant pressure.

+( an) ) +(75 ) )
Py = 2mhp [” Le WQ—fDD) Jop(Litommn),

2 VD 27D
[ / e (yp—ywn)* ]
2W 471p
2n—1)2m2r - (2n—D7zup o (2n—1
[Ezlzlexp(—( T2 sin Gl sin G}y, (11)

Pseudoradial Flow

The flow along the y and z-boundaries encounters a constant pressure, while

x-boundary does not.

+(‘73 L ) i'i'(l' —Tw )
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Late Linear Flow

Late linear flow happens when there is a constant pressure at all the bound-

aries
o tprg 0o (2n+1) 727p N i (2n+1)TTw D
Pp =2rhp [," (5 300 s exp( 1z, ) sin =27
(2n+1)7mzp (2n+1)mxp m27T27'D MTYwD mmTyp
cos 5P cos SRR X [1—1—2 > exp( s ) cos PR cos FLD ]
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X o[22y exp(— . ) sin = =P sin 25— Ndrp (13)
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Integration of the flow regimes

The integration of early radial, early linear, pseudo radial and late linear flow

are illustrated below.

Early radial flow

This study integrated early radial flow to reduced the number of parameters

by considering all the boundaries to be infinite acting.

t %+(xD7wa) %“F(QED*:EU)D)
Pp =2nhp fOD{%erf(\/'TzT) + erf(\/'jo)
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where hp = ﬁ

Pp = — L Ei(—2e2)

T iLp 44p

P = shean(~5522)

Early Linear Flow

This study integrated the early linear flow period to reduce the parameters.
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where k is the permeability at the formation, k, is the permeability along
the x-boundary, n is the number of wells and this study considers only one
well,

yp dimensionless width, y,,p dimensionless well bore width.

8= erf(M)_'_erf(M)

2V 2V
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By substituting the upper and the lower limit, we obtained equation (24)

dh,o a2
Pp = ﬁ[\/tD—Z 752@ Thos Vip]
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Py = \/mlp[142¢” T2

Pseudoradial flow

This study has integrated the pseudoradial flow period to reduce the param-

eters.
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By substituting the upper and the lower limit, we obtained equation (35)

__ 27 2 -
Pp = 2 [tp—27% ] (35)
Py =tpire (36)
Ppy = 2 (142¢ 77 —mp) (37)

Integration of Late Linear Flow

This study has integrated the Late Linear flow period to reduce the param-

eters.
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From equation (38) n is the number of wells, z.p is the dimensionless reser-

voir length, y.p dimensionless reservoir width, hp dimensionless height.
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By substituting the upper and lower limits, we obtained equation (44)

Pp = %[QQ_J?tD] (44)
dhpo g2
Pp = ;_1[2 P2e 4hD2tD] (45)
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Py =tp2n (46)

otp
_ 72
Py = 182 (9¢= 2 ) (47)

4. Results and Discussions

The results obtained are presented using graphs and a data table which is
followed by a discussion.

K =20m?, k, = 18m?, k, = 14m?, k, = 16m?, h = 36m

e = 500m, y. = 300m, z. = 100m, z, = 50m, z = 7bm

From table 1, the length of the well has been stretched from 250m to 2250m.

Table 1: Dimensionless parameters for varying Lp
L(ft) || 250 500 750 1000 1250 1500 1750 2000 2250
Lp 3.660 | 7.3201 | 10.9801 | 14.6402 | 18.3002 | 21.9603 | 25.6203 | 29.2803 | 32.9404
hp 0.3220 | 0.1610 | 0.1073 | 0.0805 | 0.0644 | 0.0537 | 0.0460 | 0.0402 | 0.0337

Tp 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5
ZwD 0.4472 | 0.2236 | 0.1491 | 0.1118 | 0.0894 | 0.0746 | 0.0638 | 0.0559 | 0.0496
TwD 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5

YwD 1.4343 | 0.7172 | 0.4781 | 0.3586 | 0.2869 | 0.2391 | 0.2049 | 0.1793 | 0.1594
ZD 0.6708 | 0.3354 | 0.2236 | 0.1677 | 0.1342 | 0.1118 | 0.0958 | 0.0839 | 0.0745
ZTeD 4.2164 | 2.1082 | 1.4055 | 1.0541 | 0.8433 | 0.7027 | 0.6023 | 0.5271 | 0.4685
YD 1.4343 | 0.7172 | 0.4781 | 0.3586 | 0.2869 | 0.2391 | 0.2049 | 0.1793 | 0.1594
ZeD 0.8944 | 0.4472 | 0.2981 | 0.2236 | 0.1789 | 0.1491 | 0.1278 | 0.1118 | 0.0994
YeD 2.8685 | 1.4343 | 0.9562 | 0.7171 | 0.5737 | 0.4781 | 0.4098 | 0.3586 | 0.3187
TwD 0.2236 | 0.1118 | 0.0745 | 0.0559 | 0.0448 | 0.0372 | 0.032 0.028 0.0249

This result shows as dimensionless length increases both the pay thickness
and the reservoir length decreases. This shows that dimensionless length of
the oil well is inversely proportional to both the well pay thickness and the
dimensionless reservoir width.

In figure (3), as the length of the well is stretched both the dimension-
less length, dimensionless source coordinate in the z-direction, dimension-
less source coordinate in the y-direction, dimensionless heigth, dimensionless

reservoir length and dimensionless reservoir width decreases. This results
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sionless reservoir width

shows that well length is inversely proportional to most of the dimensionless

parameters.
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Plot of well length versus dimensionless parameters
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Figure 4: Variation of well length with dimensionless well length, pay thick-
ness and dimensionless well bore radius
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In figure 4, as the well length stretches, the dimensionless well length in-
creases, where as both the dimensionless height and dimensionless well bore
radius coincide towards the walls of the well. This results shows that well
length is directly proportional to the dimensionless well length, but the di-
mensionless height and dimensionless well bore radius get attached to the

walls of the well.

Table 2: The Increased of Dimensionless time and Dimensionless Pressure
with a constant Dimensionless pressure derivative during early radial flow
o Pp P,
1.0e — 01 || 0.0197 | 0.0070
2.0e — 01 || 0.0300 | 0.00689
3.0e — 01 || 0.0367 | 0.0068
4.0e — 01 || 0.0417 | 0.0068
5.0e — 01 || 0.0458 | 0.0068
6.0e — 01 || 0.0491 | 0.0068
7.0e — 01 || 0.0519 | 0.0068
8.0e — 01 || 0.0545 | 0.0068
9.0e — 01 || 0.0567 | 0.0068

In figure 5, as dimensionless time increases, dimensionless pressure increases,
dimensionless pressure derivative is a constant. This results shows that di-
mensionless time is directly proportional to dimensionless pressure. During
this flow period is the period when the well is initially open for production.
The production of petroleum oil and gas is highest at this period. Early

radial flow has a zero gradient.

Figure 6 is the graph of dimensionless pressure against dimensionless time. It
has showed that as dimensionless pressure increased, dimensionless time also
increased. This result shows that dimensionless pressure is directly propor-
tional to dimensionless time when the well is initially opened for production.

Figure 7 is the graph of dimensionless pressure derivative against dimen-
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A plot of tD versus PD and PD'
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Figure 5: Variation of Dimensionless time with Dimensionless pressure and

Dimensionless pressure derivative

sionless time, it has been demonstrated from the figure as dimensionless time
increases, dimensionless pressure derivative becomes a constant. This implies

that dimensionless pressure derivative has a slope of zero.

19



(PD)

plot{pD versus log(tD) with varying LD

0.6

05

0.2

— LD=18.3002

LD=3.660
LD=7.3201
LD=10.9801 |
LD=14.6402

LD=21.9603
LD=25.6203
LD=29.2803
LD=32.9404
LD=36.6004 | -

0.4

0.5
(tD)

0.6

0.7

0.8 0.9

Figure 6: Dimensionless time and Dimensionless Pressure with a varying Lp

Table 3: The values of tD, PD and PD" during Early Linear flow

tp 0]010 |0.20 |030 |0.40 |0.50 |0.60 |0.70 | 0.80
PD || 00560 | 0.792 | 0.972 | 1.121 | 1.253 | 1.374 | 1.484 | 1.585
PD || 00561 |0.793 | 0.971 | 1.121 | 1.253 | 1.373 | 1.483 | 1.585

In figure 8, as dimensionless time increases, dimensionless pressure increases
and dimensionless pressure derivative is a straight line, which implies that
early linear flow has a gradient of 1. This results shows that dimensionless
time is directly proportional to dimensionless pressure. The production of

petroleum, oil and gas is higher.
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plot of PD' versus tD with varying LD
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Figure 7: Dimensionless time and Dimensionless Pressure derivative with a

varying Lp

In figure 9, as dimensionless time increases, dimensionless pressure increases,
dimensionless pressure derivative is a constant and dimensionless height de-
creases. This results shows that dimensionless time is directly proportional

to dimensionless pressure and inversely proportional to dimensionless height

and it has a gradient of 1.

Table 4: The values of tD, PD and PD" during pseudoradial flow

D

tp 0010 020 {030 |0.40 |050 |0.60 |0.70 0.80
PD || 00.219 | 1.314 | 2.629 | 4.381 | 6.571 | 9.200 | 12.266 | 15.773
PD" [ 0]0.044 | 0.263 | 0.789 | 1.752 | 3.286 | 5.521 | 8.587 | 12.619

In figure 10, as dimensionless time increases, dimensionless pressure increases
and dimensionless pressure derivative is not a perfect straight line. This re-

sults shows that dimensionless time is directly proportional to dimensionless
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Plot of tD versus PD and PD’
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Figure 8: Variation of Dimensionless time with Dimensionless Pressure and
Dimensionless Pressure derivative at early linear flow

pressure. During pseudo radial flow period, the production of petroleum, oil

and gas is better. Pseudo radial flow has a gradient of %
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Plot of tD versus PD,PD' and hD
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Figure 9: Variation of Dimensionless time with Dimensionless Pressure, Di-
mensionless Pressure derivative and pay thickness at early linear flow

In figure 11, as dimensionless time increases, dimensionless pressure increases,

dimensionless pressure derivative is not a perfect straight line, dimensionless

reservoir width decreases and dimensionless height is a constant. This re-

sults shows that dimensionless time is directly proportional to dimensionless

pressure and inversely proportional to dimensionless reservoir width.

Table 5: The values of tD, PD and PD’ during late linear flow

tp 01]0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80
PD [0]1.0x107%[25x107% | 1.4 x 10717 | 1.4 x 107260 [ 7.8 x 107%™ | 1.1 x 107°% | 2.7 x 107565 | 6.0 x 1096
PD [[0]94x107 | 1.1 x 107 | 1.6 x 10719 | 3.2 x 1072 | 3.4 x 10737 | 8.0 x 107°% | 2.4 x 107562 | 1.0 x 107942
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Plot of tD versus PD and PD’
16 T T T T :

14 | PD, | -

e /A

o]
N,
™,

PD and PD'
Y

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Figure 10: Variation of Dimensionless time with Dimensionless Pressure and
Dimensionless Pressure derivative at pseudoradial flow

In figure 13, as dimensionless time increases, dimensionless pressure is a
constant, dimensionless pressure derivative is a straight line, dimensionless
reservoir width decreases and dimensionless height decreases. This results
shows that dimensionless time is inversely proportional to both dimension-
less reservoir width and dimensionless height. Since the pressure is a constant
shows that the production of petroleum oil and gas is low, therefore the pro-

ducing well is shut down for a build up. Late linear flow has a gradient of 1.

Conclusion

The creation of a four well test analysis model that analyzes reservoir char-
acteristics and horizontal well performance using an instantaneous source

and Green’s function with Newmann’s product. Early radial, early linear,
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Plot of tD versus( PD,PD',yeD and hD)
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Figure 11: Variation of Dimensionless time with Dimensionless Pressure,
Dimensionless Pressure derivative, Dimensionless reservoir length and pay
thickness at pseudoradial flow

pseudoradial, and late linear flow are the models for the four flow periods
respectively.

The four flow period has been solved by integration. The results obtain
shows that as dimensionless time increases, dimensionless pressure increases,
and dimensionless pressure derivative is a constant. This results shows that
dimensionless time is directly proportional to dimensionless pressure. Di-
mensionless pressure exhibits an upward trend while the flattening of the
curve for the dimensionless pressure derivative indicates the prevalence of
the early radial period as expected from conventional methods. During this
flow period is the period when the well is initially open for production. The
production of petroleum, oil and gas is highest at this period. Early ra-

dial flow has a zero gradient. During early linear flow, as dimensionless
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Figure 12: Variation of Dimensionless time with Dimensionless pressure and
dimensionless pressure derivative at late linear flow

time increases, dimensionless pressure increases and dimensionless pressure
derivative is a straight line, which implies that early linear flow has a gradient
of 1. This results shows that dimensionless time is directly proportional to
dimensionless pressure. The production of petroleum, oil and gas is higher.
The time that early linear flow starts occurring might not be delay. Dur-
ing pseudoradial flow as dimensionless time increases, dimensionless pressure
increases, dimensionless pressure derivative is not a perfect straight line, di-
mensionless reservoir width decreases and dimensionless height is a constant.
This results shows that dimensionless time is directly proportional to dimen-
sionless pressure and inversely proportional to dimensionless reservoir width.
Dimensionless pressure and dimensionless pressure derivative exhibits an up-

ward trend, while the line which is not a perfect straight line of the curve
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Figure 13: Variation of Dimensionless time with Dimensionless Pressure, Di-
mensionless Pressure derivative, Dimensionless reservoir width and dimen-
sionless pay thickness at late linear flow

for dimensionless pressure derivative indicates the prevalence of the pseudo-
radial flow period as from conventional methods, because pseudoradial flow
has a bigger effect of the well which indicates that the starts of pseudora-
dial will be delay as the reservoir width decreases. During late linear flow
as dimensionless time increases, dimensionless pressure is a constant, dimen-
sionless pressure derivative is a straight line, dimensionless reservoir width
decreases and dimensionless height decreases. This results shows that dimen-
sionless time is inversely proportional to both dimensionless reservoir width
and dimensionless height. Since the pressure is a constant shows that the
production of petroleum oil and gas is low, therefore the producing well is

shut down for a build up. Late linear flow has a gradient of 1.

27



Dimensionless Parameters

This research has used dimensionless parameters to obtain the values of pa-
rameters in table 1. From table 1 the length of the well was assumed to be
stretched from 250m to 2250. The values of the parameters Lp, hp, 2p, zwp,
TeD, ZeD, and 1, p were obtained below.

The parameters listed below helps to simplify calculations.

2 [k
'D=TA\ %

twD = T\ &

teD = TN\ &

— 1 [ k2
hp = o\ Kok

TwD = 2D — ZwD

The variable 1 = x,y, 2

Abbreviations
SYMBOL MEANING
ADB African Development Bank
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BHP

IEA

OECD

opment

TD

YD

ZD

Te

Bottom hole pressure

International Energy Agency

Organization for Economic Co-operation and Devel-

List of Symbols

Dimensionless pressure

Dimensionless pressure derivative

Dimensionless length

Dimensionless width

Dimensionless height

Length in the x-direction, m

Reservoir length, m

Dimensionless reservoir length
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LwD

Ye

Yuw

YwD

ZwD

Source coordinate in the x-direction, m

Dimensionless source coordinate in the x-direction

Width in the y-direction, m

Reservoir width, m

Source coordinate in the y-direction, m

Dimensionless source coordinate in the y-direction

Thickness in the z-direction, m

Reservoir permeability, m?

Permeability along the x-direction m?

Permeability along the y-direction m?

2

Permeability along the z-direction m

Source coordinate in the z-direction, m

Dimensionless source coordinate in the z-direction
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