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Abstract

In this article, we shall introduce the concept of lacunary arithmetic statistical continuity for
double sequences and investigate some inclusion relations.
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1. Introduction

The concept of statistical convergence was introduced by Fast [4] and it was further investigated
from the sequence space point of view and linked with summability theory by Fridy [2], Connor
[3], Fridy and Orhan [1], Salat [5] and many others.

While the idea of arithmetic convergence was introduced by Ruckle [9]. Yaying and Hazarika
[8] used this concept of arithmetic convergence and introduced arithmetic statistical convergence
and lacunary arithmetic statistical convergence of single sequence. Also Yaying and Hazarika [8]
establish some sequential properties of lacunary arithmetic statistical continuity of single
sequence. The concept of statistical convergence of double sequences was introduced by
Mursaleen [6]. Using the method of Mursaleen, we shall extend the results of Yaying and
Hazarika [8] to double sequences as follows:

2. Lacunary Arithmetic Statistical Continuity (First we Noted)

Definition 2.1: (Yaying and Hazarika [2017]) A sequence x = (x;) is called arithmetically
convergent if for each € > 0 there is an integer | such that for every integer k we have |xk —
x<k,l)| < &, where the symbol (k, [) denotes the greatest common divisor of two integers k and 1.
We denote the sequence space of all arithmetic convergent sequence by AC.
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Definition 2.2: (Fridy and Orhan [1993]) Let 6 = (k,) be a lacunary sequence. A number
sequence x = (x;) is said to be lacunary statistically convergent to [ or Sg-convergent to [, if, for

each € > 0,

limr_,oohi ke I.:|x,— 1| =€} =0

In this case, one writes Sy — limx;, =1 or x;—(Sy).The set of all lacunary statistically
convergence sequences is denoted by Sy

Definition 2.3: (Yaying and Hazarika [2017]) A sequence x = (xj) is said to be arithmetic
statistically convergent if for each ¢ > 0, there is an integer | such that

limn_,oo%“k € n: |xk - x(k,l)l = g}l =0

We shall use ASC to denote the set of all arithmetic statistical convergent sequences. Thus for
€ > 0 and integer |

ASC = {(xi0): limyeo = [{k € n: |1 — 20| = £} =0 }.

We shall write ASC — limx, = x, to denote the sequence (x) is arithmetic statistically
convergent tox ;).

Definition 2.4: (Yaying and Hazarika [2017]) Let 6 = (k,) be a lacunary sequence. The
number sequence x = (x;) is said to be lacunary arithmetic statistically convergent if for each
€ > 0 there is an integer | such that

. 1
hmr—"”h_rl{k € Ll — x| = €} =0
We shall write
_ . 1
ASCy = {x = (xp): llmr_,ooh—r|{k € I.: |xk - x<k’l>| > e}| =0 } .
We shall write ASCy — limx, = x  to denote the sequence (x) is lacunary arithmetic
statistically convergent toxy ;).

Definition 2.5: (Yaying and Hazarika [2017]) A function f defined on a subset E of R is said
to be lacunary arithmetic statistical continuous if it preserves lacunary arithmetic statistical
convergence i.e. if

ASCQ — hmxk = X<k’l) Imp“es ASCQ - hmf(xk) :f(x(k,l>)'
Theorem 2.1: (Yaying and Hazarika [2017]) Let ( f,,), m € N be sequence of ASCy

continuous functions defined on a subset of E of R and f,, , be uniformly convergent to a
function f, then fis ASCy continuous.
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Theorem 2.2: (Yaying and Hazarika [2017]) The set of all ASC, continuous functions defined
are on a subset E of R is a closed subset of all continuous function on E, i.e. ASCy(E) =
ASCy(E) , where ASCq(E) denotes the set of all ASC, continuous functions defined on E and
ASCy(E) denotes the closure of ASCy(E).

We shall now use the concept of statistical convergence to extend above concept and result to
double sequences, using Analogy;

3. Lacunary Arithmetic Statistical Continuity For Double Sequences

Definition 3.1: A function f defined on a subset D of R is said to be lacunary arithmetic
statistical continuous for double sequences if it preserves lacunary arithmetic statistical
convergence for double sequences i.e. if

ASCBr,s — lim Xem = X((kl),(mn)) |mp|iESASCQr‘S — lirnf(xk’m ) = f(X( (k,l),(m,n)))-

Where the symbol (k, [, m, n) denotes the greatest common divisor of four integers k , I, m and n.
We shall write ASCy, ;. continuous function to denote lacunary arithmetic statistical continuous

for double sequences. It is easy to see that the sum and the difference of two ASCy, & continuous
functions is ASCy,_  continuous. Also the composition of two ASCq, . continuous functions is
again ASCy,  continuous. In the classical case, it is known that the uniform limit of sequentially
continuous function is sequentially continuous, now we see that the uniform limit of ASCy,
continuous functions is also ASCy, _ continuous.

Theorem 3.1: Let ( fi,m), k,m € N be sequence of ASCy,  continuous functions defined on a
subset of D of R and f»,, , be uniformly convergent to a function f, then f is ASCy, . continuous.

Proof 3.1: Let ¢ > 0 and (xy,,,, ) be any ASCq, ; convergent sequence on a subset D of R. By the
uniform convergence of fi , , there exist N € N such that |fi,(x) — f(x)| < § for all
k,m € N and for allx € D.Since fy is continuous on D, we have for an integerl, n.

lim
rso hy g

€
{em € bs: [fi Com) = fv G ganngmm)| 2 5| =0
On the other hand, for an integer [, n we have

{kom € Lt [f Gem) = F @ emm)| = S e{lom € Lo [fyGoom) = FO e mm)| = 5}
Ufkom € L |G enmm) = fu@iam)| = U {lm € L |fyGoem) — fGam)| = 3}
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Thus it follows from the above inclusion that

limrs—>ooi|{k m € Lst |fGem) — F O enimmyy)| = €}
limy 500 .= |{k m € Lo |fw ey mmy)) — f(x((kl)(mn)))| }| t limy o0 |{k m €
Iy s |fN(x<<k,l>,<m,n>>>—fN(xk,m)l > Y|+ limpse i |{km € L |fCoem) - f(ka)l 3

Thus, f is ASCy,_ . continuous. m

Theorem 3.2: The set of all ASCg, ; continuous functions defined on a subset D of R is a closed
subset of all continuous function on D, i.e. ASCp, (D) = ASCp, (D) , where ASC, (D)
denotes the set of all ASC,__ continuous functions defined on D and ASC,_ (D) denotes the
closure of ASCBr’s(D). ' '

Proof 3.2: Let f be any element of ASC,, (D) .Then there exist a sequence of points in
ASCg, (D) such thatlimfi , = f. Now let (x;,,) be any ASC,, _ convergent sequence in D.
Since (fk,m) converges to f, there exist a positive integer N such that

&

fG) = fim@)| < S, Vkm=Nandvx €D

Now fy is ASCq, ; continuous on D, so we have for an integer [, n

&
{k m € I |fN(ka) fN(X((kl)(mn)))| }| =0

1
lim —
S20 Ny o

On the other hand, for an integer [, n we have
&
{k'm € Ist |f (m) = (X epimmy )| 2 g}
&
c |{k'm € Lo | fiv Ce ey immy)) = F O Giyimmy )| 2 §}|
&
U {k'm € Ist | v O immy) = fivCegm)| 2 g}
U{km € L [fuCm) = FGem)| = 5}

From the above inclusion we can write

lim —|{k m € Lo |fCum) — FOuenmmyy)| = €}

r,s—>0

< limp g S|{k m € st |fxCuenmmyy) — F O mmy )| = }|
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+ limr,s—mO%’J{k:m € Ir,s: |fN(x((k,l),(m,n))) _fN(xk,m)| = §}|

=0

+limysc o |{om € L |fuGiom) = £ Cam)| = 3

Thus fis ASC, ; continuous, so f € ASC, (D) which gives us our required result. m
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