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Some results on Interval-valued fuzzy B(G-algebras

Arsham Borumand Saeid

Abstract- In this note the notion of interval-valued fuzzy
BG-dgebras (briefly, i-v fuzzy BG-agebras), the level and
strong level BG-subalgebra is introduced. Then we state
and prove some theorems which determine the relationship
between these notions and BG-subalgebras. The images and
inverse images of i-v fuzzy BG-subalgebras are defined, and
how the homomorphic images and inverse images of i-v fuzzy
BG-subalgebra becomes i-v fuzzy BG-algebras are studied.

Keywords- BG-agebra, fuzzy BG-subalgebra, interval-
valued fuzzy set, interval-valued fuzzy BG-subalgebra.

I. INTRODUCTION

In 1966, Y. Imai and K. Iseki [5] introduced two classes
of abstract algebras: BC K-algebras and BC'I-algebras. It is
known that the class of BC K-algebras is a proper subclass of
the class of BCI-algebras. In [9] J. Neggers and H. S. Kim
introduced the notion of d-algebras, which is generalization of
BCK-dgebras and investigated relation between d-algebras
and BCK-algebras. Also they introduced the notion of B-
algebras[8]. In[6] C. B. Kim, H. S. Kim introduced the notion
of BG-algebras which is a generalization of B-algebras. S. S.
Ahn and H. D. Lee applied the fuzzy notions to BG-agebras
and introduced the notions of fuzzy BG-algebras [1]. The
concept of a fuzzy set, which was introduced in [11].

In [12], Zadeh made an extension of the concept of a fuzzy
set by an interval-valued fuzzy set (i.e, a fuzzy set with
an interval-valued membership function). This interval-valued
fuzzy set is referred to as an i-v fuzzy set, also he constructed
a method of approximate inference using his i-v fuzzy sets.
Biswas [2], defined interval-valued fuzzy subgroups and S.
M. Hong et. a. applied the notion of interval-valued fuzzy to
BC-dgebras.

In the present paper, we using the notion of inteval-
valued fuzzy set by Zadeh and introduced the concept of
interval-valued fuzzy BG-subalgebras (briefly i-v fuzzy BG-
subalgebras) of a BG-agebra, and study some of their proper-
ties. We prove that every BG-subalgbera of a BG-algebra X
can be relized as an i-v level BG-subalgebra of an i-v fuzzy
BG-sublagebra of X, then we obtain some related results
which have been mentioned in the abstract.
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. PRELIMINARY

Definition 2.1. [6] A BG-agebraisanon-empty set X with a
consonant 0 and a binary operation = satisfying the following
axioms:

) zxz =0,

() zx0 ==z,

() (z*y) * (0xy) =z,

foral z,y € X.

For brevity we aso call X a BG-agebra. In X we can
define a binary relation < by = <y if and only if z xy = 0.

Theorem 2.2. [6] In a BG-algebra X, we have the following
properties:

(i) 0% (0 x) ==,

(i) if xxy =0, then z =y,

(i) if 0xz =0=xy, then z =y,

(iv) (z*x(0xx))*z=u,

For al z,y € X.

A non-empty subset / of a BG-algebra X is caled a
subalgebra of X if xxy e I forany =,y € I.

A mapping f : X — Y of BG-algebrasis caled a BG-
homomorphism if f(z xy) = f(z) * f(y) for Al z,y € X.

We now review some fuzzy logic concept (see [11]). Let X
be aset. A fuzzy set A in X is characterized by a membership
function p4 : X — [0,1]. Let f be a mapping from the set
X totheset Y and let B be afuzzy setin Y with membership
function pp. The inverse image of B, denoted f~1(B), is the
fuzzy set in X with membership function ¢-1 () defined by
pr—(gy(x) = pp(f(x)) fordl z € X.

Conversdly, let A be a fuzzy set in X with membership
function 1 4. Then the image of A, denoted by f(A), is the
fuzzy set in Y such that:

it f=(y) #0,

otherwise

sup  fia(2)
z€f 1 (y)
0

pay(y) = {

A fuzzy set A in the BG-agebra X with the membership
function 4 is said to be have the sup property if for any
subset 77 C X there exists zyp € T such that pa(zo) =
sug wal(t).

"“An interval-valued fuzzy set (briefly, i-v fuzzy set) A de-
fined on X is given by A = {(x, [uf(x), uY (2)])}, Vo € X.
Briefly, denoted by A = [u&, u4] where pi and 1Y are any
two fuzzy setsin X such that 1% () < p4(z) foral z € X.

Let fiy(z) =[5 (2), Y (2)], for al z € X and let D0, 1]
denotes the family of al closed sub-intervals of [0,1]. It is
clear that if p4(z) = pf(x) = ¢, where 0 < ¢ < 1
then T, (z) = [c,c] isin D[0,1]. Thus m,(z) € D|0,1],

259 scholar.waset.org/1307-6892/2985


http://waset.org/publication/Some-Results-on-Interval-Valued-Fuzzy-BG-Algebras/2985
http://scholar.waset.org/1307-6892/2985

International Science Index, Mathematical and Computational Sciences Vol:1, No:5, 2007 waset.org/Publication/2985

World Academy of Science, Engineering and Technology
International Journal of Mathematical and Computational Sciences
Vol:1, No:5, 2007

for dl x € X. Therefore the i-v fuzzy set A is given by
A={(z,fig(2))},Vx € X wherei, : X — D[0,1].

Now we define refined minimum (briefly, rmin) and order
7 <7 on elements D; = [a1,b1] and Dy = [aq, bs] of DJ0, 1]
as.

rmin(Dy, D2) = [min{a1, as}, min{by, b2 }]

D1 <Dy<=a; <ay A b1§b2

Similarly we can define > and =.

Definition 2.3. [1] Let x be a fuzzy set in a BG-algebra
Then p is caled a fuzzy BG-subalgebra (BG-agebra) of X
if p(z*y) > min{u(z),u(y)} foral z,y € X.

Proposition 2.4. [3] Let f be a BG-homomorphism from
X into Y and G be a fuzzy BG-subalgebra of Y with the
membership function . Then the inverse image f~1(G) of
G is afuzzy BG-subalgebra of X.

Proposition 2.5. [3] Let f be a BG-homomorphism from X
onto Y and D be a fuzzy BG-subalgebra of X with the sup
property. Then theimage f(D) of D isafuzzy BG-subalgebra
of Y.

I11. INTERVAL-VALUED FUzzY BG-ALGEBRA
From now on X is a BG-algebra, unless otherwise is stated.

Definition 3.1. An i-v fuzzy set A in X is cdled an
interval-valued fuzzy BG-subalgebras (briefly i-v fuzzy BG-
subalgebra) of X if:

Ha(z*y) > rmin{fis(z), a(y)}

fordl z,y € X.

Example 3.2. Let X = {0, 1,2, 3} be a set with the following
table:

o = N Wi

1 2
1 2
0 3
3 0
2 1

W N~ Ol

*
0
1
2
3
Then X is a BG-agebra Define 1z, as:

0.3,0.9]
[0.1,0.6]

if ze{0,2}
Otherwise

ato) = {

It is easy to check that A is an i-v fuzzy BG-subagebra of
X.

Lemma 3.3. If A isani-v fuzzy BG-subalgebra of X, then
fordl z € X

14(0) > Tig(z).

Proof. For dl z € X, we have
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Ha(z*x) > rmin{fis(z),a(x)}
rmin{[p} (z), p5 ()], (15 (z), u5 ()]}
[ (2), p%(2)] = Ta(2).

Theorem 3.4. Let A be ani-v fuzzy BG-subalgebra of X. If
there exists a sequence {z,,} in X, such that lim 74 (x,) =
Proof. By Lemma 3.3, we have 4(0) > f4(z), for al

x € X, thus s (0) > @, (zn), for every positive integer n.
Consider

[17 1] > ﬁA(O) > nan;OﬁA(fo) = [1’ 1}'
Hence 11 4(0) = [1, 1].

Theorem 3.5. Ani-v fuzzy set A = [u4, Y] in X isani-v
fuzzy BG-subalgebraof X if and only if % and 1Y are fuzzy
BG-subalgebra of X.

Proof. Let pf and pY are fuzzy BG-subalgebra of X and
xz,y € X, consider

[fa(z*y),a(r*y)]

[min{p}(z), ni(y)}, min{pi (), i (y)}]
rmin{[u}(x), u5 ()], [u% (), n3 )]}

= rmin{fis(z),4(v)}

fig(x*xy) =

%

This completes the proof.

Conversaly, suppose that A is an i-v fuzzy BG-subalgebras
of X. For any z,y € X we have

wile = y)uli(z * y)] = Ralz  x
y > rmin{fia(z),a(y)} =
rmind [ (x), w5 (@), [0 (v), 12 ()]} =
[min{pi (), 15 (y) }, min{ 4 (2), 1 () }]-

Therefore pfi(x * y) > min{pfi(2), i (y)} and pf(z *
y) > min{uf (x), n5(y)}, hence we get that ;5 and 1 are
fuzzy BG-subalgebras of X.

Theorem 3.6. Let A; and A, are i-v fuzzy BG-subalgebras
of X. Then A; N Ay isani-v fuzzy BG-subalgebras of X.

Corollary 3.7. Let {A;]i € A} be a family of i-v fuzzy
BG-subalgebras of X. Then () A; is also an i-v fuzzy BG-
1EA

subalgebras of X. ©

Definition 3.8. Let A be an i-v fuzzy set in X and [41,d2] €
DJ0,1]. Then the i-v level BG-subalgebra U(A; [61,02]) of
A and strong i-v BG-subalgebra U(A; >, [61,02]) of X are
defined as following:

U(A;[01,02]) == {z € X [ a(x) = [61,02]},
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U(A;>, [(51,(52]) = {.L' eX | ﬁA(.%') > [51,(52]}.

Theorem 3.9. Let A be ani-v fuzzy BG-subalgebra of X and
B be closure of image of n4. Then the following condition
are equivalent :

(i) Aisani-v fuzzy BG-subalgebra of X.

(i) For al [61,02] € Im(ua), the nonempty level subset
U(A;[61,02]) of A isa BG-subalgebra of X.

(iii) For al [01,02] € Im(pa) \ B, the nonempty strong
level subset U(A; >, [d1,62]) of A isa BG-subalgebra of X.

(iv) For al [61,02] € DJ0,1], the nonempty strong level
subset U(A; >, [61,062]) of A isa BG-subalgebra of X.

(v) For dl [01,d2] € DJ0,1], the nonempty level subset
U(A;[61,02]) of A isa BG-subalgebra of X.

Proof. (i — iv) Let A be an i-v fuzzy BG-subalgebra
of X, [61,02] € D[0,1] and z,y € U(A;<,[61,6]),
then we have 7iy(z  y) > rmin{s(z),ma(y)} >
rmin{[él,ég],[él,ég}} = [61,52] thus = * Yy € U(A;>
,[01,d2]). Hence U(A; >, [01,d2]) is a BG-subalgebra of X.

(iv — iii) It is clear.

(iii — i) Let [01,02] € Im(pa). Then U(A;[d1,d2])
is a nonempty. Since U(A4;[01,02]) = U(A;>

61,02]> 1,0
,[01,02]), where [aq, ae] € Im(pa) \ }3 T]he[n by ](iii) and
Corollary 3.8, U(A;[d1,02]) is a BG-subalgebra of X.

(|| — V) Let [(51,62] € D[O,l} and (](147 [(51,(52])
be nonempty. Suppose z,y € U(A4;[d1,02]). Let
(B, B2] = min{pa(x), pa(y)}, it is clear that [B1, F2] =
min{pa(@), pa(y)t = {[01,02],[01,02]} = [01,02]
Thus z,y € U(A[Br,B]) and [B1,B2] € Im(pa),
by (i) U(4;[B1,08:]) is a DBG-subdgebra of X,
hence = x y € U(A;[01,032]). Then we have
Falz xy) > rmin{pa(@), pa(y)} > {[B1, B2, [B1, B2]} =
[ﬁl,ﬁg] > [51,52]. Therefore x * Yy € U(A, [51,52]). Then
U(4;[01,02]) is a BG-subalgebra of X.

(v — i) Assume that the nonempty set U(A;[d1,d2]) isa
BG-subalgebra of X, for every [d1,d2] € DJ0, 1]. In contrary,
let xo,y0 € X be such that

Fa(zo *yo) < rmin{fis(zo), Ba(yo)}-
Let 7i4(20) = [v1,72]s a(yo) = [v3,7v4] @d Ti4(z0 % yo) =
[51,52]. Then

[517 62] < rmin{['ylv 72}3 [’73’ '74]} = [min{’ylv 73]’ min{yg, 74}]

S0 01 < min{vy1,v3} and da < min{ya, 4}
Consider

il = 37a(e0 * o) + rmin s (w0 Fa (00)}

We get that
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A, Ao] = %([51,52]+mm{’71ﬁs}amm{72ﬁ4}])

(581 -+ min{y1, 7)), 502 + minga, 7))

Therefore

. 1 .
m’m{’yl,’yg} > )\1 = 5(61 + mm{vl,vg}) > 51

. 1 .
mzn{’yg774} > )\2 = 5((52 + mm{’yg,m}) > 52
Hence

[min{y1,v3}, min{ya, va}] > [A1, A2] > [01,02] = [ia(zo*y0)
so that z¢ * yo & U(A; [01,02])

which is a contradiction, since
Pa(@o) = [y1,72] = [min{y1,v3}, min{y2,74}] > [A1, As]
Aa(yo) = [v3,7a] = [min{y1,75}, min{y2,74}] > [A1, Ao

imply that zo.yo € U(A;[61,02]). Thus Jia(e + y) >
rmin{fi,(x), 4 (y)} for dl z,y € X. Which completes the
proof.

Theorem 3.10. Each BG-subalgebra of X isani-v level BG-
subalgebra of an i-v fuzzy BG-subalgebra of X.

Proof. Let Y be a BG-subalgebra of X, and A beani-v fuzzy
set on X defined by

_ ( )7 [041,042} if zeY
HAYET = 10,0] Otherwise
where aj, a2 € [0,1] with a; <,as. It is clear that

U(A; o, a0]) =Y. Let 2,y € X. We consider the following
Cases:

casel) If z,yeY,thenzxy €Y therefore iy (z xy) =
[a1, az] = rmin{[ay, az], [on, asl} = rmin{fi,(z), 14 (y)}-

case 2) If z,y ¢ Y, then miy(z) = [0,0] = Fu(y)
and 0 Jiy(z xy) = [0,0] = rmin{[0,0],[0,0]} =
rmin{fis(x), 14 (y)}-

case 3) If 2 € Y and y ¢ Y, then fi,(x)
[on,as] and Ji,(y) = [0,0]. Thus fis(z * ) > [0,0] =
rmin{[ay, az], (0,01} = rmin{fa (), ma(y)}.

cae 4) If y € Y and =z ¢ Y, then by the same ar-
gument as in case 3, we can conclude that i, (x * y) >
rmin{fi,(x), a(y)}-

Therefore A is an i-v fuzzy BG-subalgebra of X.

Theorem 3.11. If Alisani-v fuzzy BG-subalgebraof X, then
the set

X, ={r € X | a(x) =T74(0)}
is a BG-subalgebra of X.

Definition 3.12. [2] Let f be a mapping from the set X into a
set Y. Let B beani-v fuzzy set in Y. Then the inverse image
of B, denoted by f~![B], is the i-v fuzzy set in X with the
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membership function given by ;-5 (z) = mg(f(x)), for
al z e X.

Lemma 3.13. [2] Let f be a mapping from the set X into a
set Y. Let m = [mE, mY] and n = [n*,nY] bei-v fuzzy sets
in X and Y respectively. Then

() f7H ) = [ ("), £ (7)),

(ii) f(m) = [f(m"), f(m")],
Proposition 3.14. Let f be a BG-homomorphism from X
into Y and G be an i-v fuzzy BG-subalgebra of Y with the
membership function ;. Then the inverse image f~![G] of
G isani-v fuzzy BG-subalgebra of X.

Proof. Since B = [uk, Y] is an i-v fuzzy BG-subalgebra of
Y, by Theorem 3.5, we get that p%5 and 1Y, are fuzzy BG-
subalgebra of Y. By Proposition 2.4, f~1[uk] and f~1[uY)
are fuzzy BG-subalgebra of X, by above lemma and Theorem
3.5, we can conclude that f=1(B) = [f~*(uk), F~1(1B)] is
an i-v fuzzy BG-subalgebra of X.

Definition 3.15. [2] Let f be a mapping from the set X into
asetY, and A be an i-v fuzzy set in X with membership
function 4. Then the image of A, denoted by f[A], is the
i-v fuzzy set in Y with membership function defined by:

_ e f—1(y) b if f71 )
uf[A](y):{ 7[3,1(&)? st whal?) Iotr{erw(izt)e?é

Where f~!(y) = {z | f(z) =y}

Theorem 3.16. Let f be a BG-homomorphism from X onto
Y. If Aisani-v fuzzy BG-subalgebra of X, then the image
f[4] of Aisani-v fuzzy BG-subagebra of Y.

Proof. Assume that A is an i-v fuzzy BG-subalgebra of X,
then A = [ph, Y] is an i-v fuzzy BG-subalgebra of X if
and only if % and 1% are fuzzy BG-subalgebra of X. By
Proposition 2.5, f[u4] and f[uY] are fuzzy BG-subalgebra of
Y, by Lemma 3.13, and Theorem 3.5, we can conclude that
Fl1A] = [flph], fleY]] is an i-v fuzzy BG-subalgebra of Y.
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