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Noncovalent interactions

physicochemical properties of noncovalent complexes, clusters, and condensed
molecular matter

thermodynamics of nonideal gases

outcomes of reactive/nonreactive collisions

IR spectra of molecular clusters

Interaction energy

Eint = EAB − EA − EB

internal coordinates of the monomers A and B used in the calculations of EA and
EB are the same as within the dimer AB



Molecular Interactions

Interaction energy for weakly interacting subsystems A and B

Supermolecular approach
Eint = EAB − EA − EB

Perturbation-theory approach: expansion in orders of the interaction potential

Eint = E
(1) + E

(2) + . . .

Eint obtained directly, in a perturbative manner
based on monomer properties
partitioned into well-de�ned energy contributions
free of basis-set superposition error (BSSE)
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Perturbation Theory

treated as perturbation
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Perturbation Theory

treated as perturbation

violates Pauli principle

A

B



Perturbation Theory

Rayleigh-Schrödinger Perturbation Theory

Eint = E
(1)
RS + E

(2)
RS + . . .

E
(k)
RS = 〈Φ0|V̂Φ

(k−1)
RS 〉

the RS series either diverges or converges too slowly

in systems containing atoms other than hydrogen and helium, RS diverges

even the lowest energy physical states are buried in a continuum of unbound,
unphysical states

P. Claverie, Int. J. Quantum Chem. 5 273 (1970); W. H. Adams Int. J. Quantum Chem. S24 531 (1990)



Rayleigh-Schrödinger PT: LiH example

W. H. Adams Int. J. Quantum Chem. S24 531 (1990)



Rayleigh-Schrödinger PT: LiH example

Electrons assigned initially to the system A can fall into the Coulomb wells of the system
B by means of the strong nucleus-electron attraction, ejecting some other electrons into
the continuum

Interaction operator V̂

V̂ = −
∑
i∈A

∑
β∈B

Zβ

riβ
−

∑
k∈B

∑
α∈A

Zα

rkα

+
∑
i∈A

∑
k∈B

1

rik
+

∑
α∈A

∑
β∈B

ZαZβ

Rαβ



Symmetry-adapted Perturbation Theory

Key idea behind SAPT

replace ΦAΦB → Â(ΦAΦB)

Symmetrized Rayleigh-Schrödinger Theory (SRS)

E
(k)
RS = 〈Φ0|V̂Φ

(k−1)
RS 〉

E
(k)
SRS =

〈Φ0|V̂AΦ
(k−1)
RS 〉

〈Φ0|AΦ
(k−1)
RS 〉



Symmetry-adapted Perturbation Theory

SRS: B. Jeziorski, K. Szalewicz, G. Chaªasi«ski, Int. J. Quant. Chem., 14, 271 (1978)

� SRS is the only SAPT vartiant applicable to many-electron systems

HS: J. O. Hirschfelder, R. Silbey, J. Chem. Phys., 45, 2188, (1966)

MSMA: J. N. Murrell, G. Shaw, J. Chem. Phys., 46 1768 (1967); J. I. Musher, A. T.
Amos, Phys. Rev., 164, 31, (1967)

ELHAV: R. Eisenschitz, F. London, Z. Phys. 60, 491, (1930); J. Hirschfelder, Chem.

Phys. Lett. 1 363 (1967); A. van der Avoird, J. Chem. Phys. 47 3649 (1967)

JK: B. Jeziorski, W. Koªos, Int. J. Quant. Chem., 12-S1, 91, (1977)
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Symmetry-adapted Perturbation Theory

Advantages of SRS

dramatic improvement of low-order interaction energies

accounts for electron exchange: tunnelling of electrons between monomers

correct asymptotic behavior through all orders

clear physical interpretation of low-order energy corrections

Interaction energy decomposition in SRS

E
(k)
SRS = E

(k)
RS + E

(k)
exch
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E
SAPT
int = E

(1)
elst + E

(1)
exch + E

(2)
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(2)
exch−ind + E

(2)
disp + E

(2)
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E
(1)
elst =

∫ ∫
ρA(r1)ρB(r2)

|r1 − r2|
dr1dr2

represents the energy of electrostatic (Coulombic) interaction of the monomer's
charge distributions



E
SAPT
int = E

(1)
elst+E

(1)
exch + E

(2)
ind + E

(2)
exch−ind + E

(2)
disp + E

(2)
exch−disp

E
(1) =

〈Φ0|V̂ ÂΦ0〉
〈ÂΦ0|ÂΦ0〉

E
(1)
exch = E

(1) − E (1)
elst

energetic e�ect due to Pauli repulsion
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L. Piela Ideas of Quantum Chemistry (2007)



E
SAPT
int = E

(1)
elst + E

(1)
exch + E

(2)
ind + E
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exch−ind + E

(2)
disp + E

(2)
exch−disp

electrostatic potential of unperturbed monomer B modi�es the wave function of
monomer A

E
(2)
ind: energetic e�ect of mutual polarization of the monomers by the �eld of their

interacting partner
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correlation of instantaneous multipole moments of the monomers (intermolecular,
stabilizing e�ect)
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Example: benzene dimer (kcal/mol)

aug-cc-pVDZ S T

E
(2)
ind -1.84 -1.36

E
(2)
exch−ind 1.69 1.13

E
(2)
disp -6.26 -4.60

E
(2)
exch−disp 0.88 0.61

A. Hesselmann, G. Jansen, M. Schütz, J. Chem. Phys. 122 (2005)



SAPT

E
SAPT
int = E

(1)
elst + E

(1)
exch + E

(2)
ind + E

(2)
exch−ind

+ E
(2)
disp + E

(2)
exch−disp

Advantages of SAPT

Van der Waals minimum: accurate to within few percent

many �avors of SAPT

di�erent approaches to recover correlation within monomers
SAPT(CCSD), SAPT(DFT), SAPT0, SAPT2, SAPT-F12, . . .



SAPT

FIG. 2. Performance of SAPTmethods. For each technique considered among (a) zeroth- and second-order truncations, (b) higher, triples-including truncations,
and (c) higher truncations with δMP2 corrections, the MAE averaged over four databases is plotted (gray) for smaller to larger basis sets. Subset MAE values
are shown as inset bars for hydrogen-bonding (red), mixed-inf uence (green), and dispersion-dominated (blue) NCI motifs. Colored circles correspond to
computational cost traces in Fig. 3, and black-bordered colored circles indicate Pauling points44 in SAPT theory.

T. M. Parker et al. JCP 140, 094106 (2014)



Multicon�gurational SAPT

Motivation

existing SAPT formulations based on single-reference treatment of the monomers

lack of formalism for systems described with multireference wavefunctions

interactions between excited-state molecules
out-of-equilibrium geometries
transition-metal complexes
...

M. Hapka, M. Przybytek, K. Pernal, J. Chem. Theory Comput., 17, 5538 (2021)



Multicon�gurational SAPT

int
SAPT

takes as input one- and two-particle reduced density matrices (γ, Γ) of the monomers

based on response properties from extended random phase approximation (ERPA)

general: may be applied with any MC wavefunction (CAS, GVB-PP, DMRG, CIPSI, ...)

ERPA: K. Chatterjee, K. Pernal, J. Chem. Phys. 137 (2012)



Multicon�gurational SAPT

int
SAPT

valid for ground and excited states (singlet and high-spin states)

N6 scaling with system size (n3OCCn
3

SEC)

N5 algorithm for E
(2)
disp

M. Hapka, M. Przybytek, K. Pernal, JCTC, 15, 6712 (2019), 17, 5538 (2021)



Example: excited-state complexes

How does Eint change upon excitation?

S66: J. �ezá£ et al., J. Chem. Theory Comput. 7, 2427 (2011)

M. R. Jangrouei et al., J. Chem. Theory Comput., 18(6), 3497-3511 (2022)



Benzene· · ·H
2
O, · · ·MeOH, · · ·MeNH

2

Ees − Egs
H
2
O MeOH MeNH

2

∆E
(1)
elst 0.88 0.98 0.54

∆E
(1)
exch −0.35 −0.45 −0.25

∆E
(2)
ind 0.11 0.15 0.08

∆E
(2)
exch−ind −0.05 −0.08 −0.03

∆E
(2)
disp 0.17 0.24 0.22

∆E
(2)
exch−disp −0.05 −0.07 −0.05

∆ESAPT
int 0.72 0.77 0.50

- stabilization + destab. kcal/mol
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Peptide· · ·H
2
O, · · ·MeNH

2

Ees − Egs
H
2
O MeNH

2

∆E
(1)
elst 0.71 0.71

∆E
(1)
exch -0.03 0.05

∆E
(2)
ind 0.12 -0.12

∆E
(2)
exch−ind -0.03 0.32

∆E
(2)
disp -0.01 -0.10

∆E
(2)
exch−disp 0.01 0.05

∆ESAPT
int 0.77 0.91

- stabilization + destab. kcal/mol



Pyridine· · ·H
2
O, · · ·MeOH, · · ·MeNH

2

Ees − Egs
H
2
O MeOH MeNH

2

∆E
(1)
elst 0.04 0.03 0.17

∆E
(1)
exch 0.02 0.02 -0.15

∆E
(2)
ind 0.02 0.02 0.04

∆E
(2)
exch−ind 0.01 0.01 −0.04

∆E
(2)
disp 0.02 0.04 0.15

∆E
(2)
exch−disp 0.00 0.00 −0.03

∆ESAPT
int 0.03 0.04 0.14

- stabilization + destab. kcal/mol



Eint for excited-state complexes
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ground state excited state

SAPT > CAS+DISP > CASPT2

M. R. Jangrouei et al., J. Chem. Theory Comput., 18(6), 3497-3511 (2022)



Multicon�gurational SAPT

hν

GammCor, https://github.com/pernalk/GAMMCOR

Tutorial

interactions between excited-state molecules

out-of-equilibrium geometries

https://github.com/pernalk/GAMMCOR
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