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m Integral-driven : sequential access to O(N*) integrals, indirect access to vectors

for (i,j,k,1l,integral) in all_integrals:
pairs = find_determinant_pairs(i,j,k,1,ijkl)
for (d1,d2) in pairs:
do_work(d1,d2)

W N e

m Determinant-driven : sequential access to vectors, indirect access to integrals

for dl in determinants:
for d2 in determinants:
i,j,k,1 = get_excitation(d1l,d2)
do_work(d1,d2)

W N e

m Integral-driven: outer loop appears as O(Nyo?), ignores zero integrals
m Determinant-driven: outer loops appear as O(Ndetz)
m Efficient CIPSI: How to be efficient within a determinant-driven approach
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Data structures
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ieD
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(O ThI) = (pivrlO2lpjo1) — (il Oalore))

Need for functions : f(I,J) — (i,j, k, 1, ¢)



r2 —>< Double-determinant representation
@ -

A Slater determinant can be written as a Waller-Hartree double determinant

N=1)=-1"xitl)=-1"xh)e i)
Storage:
m 1 determinant: one integer for IAT and one integer for ll
m Set the bit to 1 if the orbital is occupied

m > 64 orbitals: N, integers for IAT and for Il




rQ _>< Fast determinant comparisons
@ -

Bitwise operations (1 CPU cycle):
m and, or, xor, shl, shr: logical
m shl, shr: shift left/right
m lzcnt, tzent : Number of leading/trailing zero bits
m popcnt : Number of bits set to 1
Example: degree of excitation between |/) and |J):

integer function degree(det_i, det_j, N_int)
integer, intent(in) :: N_int
integer*8, intent(in) :: det_i(N_int,2), det_j(N_int,2)
integer i two_d, i
two_d = 0

do i=1,N_int
two_d = two_d + popcnt( ieor( det_i(i,1), det_j(i,1) ) ) &
+ popent ( ieor( det_i(i,2), det_j(i,2) ) )

© 0 N O U W N

end do
degree = rshift(two_d,1)
end function degree

= e
= o




I'Q ->< Fast determinant comparisons
@ -

1514131211109 8 7 6 5 4 3 2 1 0

0000000011111111 : D,
0010010010101111 : D,
0010010001010000 : D, xor D,
0000000001010000 : (D, xor D,) and D,
0010010000000000 : (D, xor D) and D,

To get the orbital indices: number of leading/trailing zeros gives the positions of the
1's.
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m Integrals require a fast random access
m 8-fold permtutation symmetry (ij|kl) = (kjil) = ---

m Many integrals are zero: need for a sparse data structure

Implementation

m Hash table

m f(i,j, k,I)— > K gives the same K for all similar permutations
mf(i+1,j,k 1) —1f(i,j, k1) is likely to be 1 : locality
m Array (cache) for 128* frequently used integrals




TR=><

Table: Time to access integrals (in nanoseconds/integral) with different access patterns. The
time to generate random numbers (measured as 67 “ns/integral) was not counted in the
random access results.

Access Array Hash table

ik 9.72 125.79
il k 9.72 120.64
ik.j, | 10.29 144.65
I k,j,i  88.62 125.79
I k,i,j 88.62 120.64
Random 170.00 370.00
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Efficient direct CI
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m Power method with preconditioning for symmetric diagonal-dominant matrices.
m Bottleneck: H|W)

v

CIPSI
m CIPSI is not a method but an algorithm

m CIPSI can be seen as a refinement of Davidson's diagonalization algorithm:
At every iteration:

m Davidson: add all singles and doubles, stop at AE = 10-15
m CIPSI: add selected singles and doubles, stop at Ep1a = 107%, Nget max: - - -
m Everything that can be done with Davidson can be done with CIPSI: preserve
symmetries (space and spin), limit degree of excitation (CISD, CISDTQ, etc), limit
space (CAS), effective Hamiltonians, excited states, etc.

v
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Popular misconception

Sorting is not O(Nlog(N)) : sorting is O(N log(M)) (linear in N, log in M)

m Ais an array of N integer values
m The bitmask is an integer with only one bit set to one (00001000)

1 void radix_sort(int* A, size_t N, int bitmask) {

2 if (bitmask == 0) return;

3 int left[N], right[N];

4 int p=0 ; int g=0 ;

5 for (int i=0 ; i<N ; i++) {

6 if (A[i] & bitmask) { rightlq] = A[il; q++; }
7 else { left [p] = A[il; p++; } }
8 radix_sort(left , p, bitmask >> 1) ;

9 radix_sort(right, q, bitmask >> 1) ;

10 for (int i=0 ; i<p ; i++) { A[ il = left [i] ; }
11 for (int i=0 ; i<q ; i++) { A[p+i] = right[i] ; }
12 }




r2—>< Double-determinant representation of V

i S
Ndet Nd et

U=l =>"3" CmD, D),
I

k=1 m=1

mIf DZ and D}, are represented as Ny -bit strings, this transformation can be done
in O(Nger X Nmo) (sorting).

m Searching for same-spin excitations: looping over k or m : O(Njet) ~ O(v/Nyet)
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Forall | = D/ D, in W
m Find indices p of 1 singles and 11 doubles

Y =S UHyey = (D, DLHIDLD,) Com
J P

m Find indices g of | singles and || doubles
(1MW) =Y (M| )es = > (D, D, [HID, DY) Ciq
J q

m Find indices pg of 1] doubles:
m Find indices p of 1 singles
m Find indices g of | singles

([HIV) = ([H[Jyey =D (D, D) [HID)DS) Cq
J pPq
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Stochastic evaluation of the PT2
correction and selection




-r2:>< Epstein-Nesbet Second order correction

Consider a wave function V expanded on an arbitrary set D of Ny orthonormal Slater
determinants,

V= Z CI“>’ Evar = <lij\|u7|{\l|l\;l>
1eD

The Epstein-Nesbet 2nd order correction to the energy is

(V[H|a) (a|HIW)
Eor2= D~ o)

acA

The set A contains the Slater determinants
m that are not in D

m for which d(/,«) =1 or 2 for at least one pair (/, «)



-r2 -—>< Formal scaling

o WHHY)  — (Cep all|H]a))?
Eero =) Evar — (a[H]|a) > E\l,arD—<oz|H|a)

acA acA
m Size of A : size of (7A'1 + 7A_2)!‘U>

2
m Number of non-zero terms : d(/,a) <2 ~ Nye X [(Ngec x (Nmo — Ngec)) ]

m Expensive




r2—>< Solutions to make simulations possible
@ -

"Non-general’ but conventional solutions:

m Partition the MO space into different classes (active, virtual, inactive, etc)
m Use another zeroth-order Hamiltonian (CAS-PT2, NEV-PT2)

Solutions applicable to any wave function:

m Truncation of D to consider only contributions due to large ¢
But: Truncation — bias because EpTs is a sum of same-sign values (negative).

m Algorithmic improvement

m Monte Carlo sampling in A. Unbiased method
But: Statistical error decreases as O (1/1/Neamples) = Difficult to get 10 °a.u
precision.

m Parallelism
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D A

m Choose an arbitrary ordering of |/). |1)
Natural choice:

C/2

(V)

w) =

m Make disjoint groups A; of |«)
originating from the same generator |/)

m Each A, has its own contribution ¢; to
EpT2
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(v
Epro = ZE [#]0))”

acA A {afH]a)
S Z ‘U’H\OJ/ )?

1€D a €A, = (o [Ha)
= ZE’

1eD

q=3 ((V[H]an)?

Evar = (| H]eu)




-I-g:_x From O(N2,,) to O(N;/?)
NT

det Néet

V="l =3 Cmb, D,
I

k=1 m=1

m Sorting is O(Nyet)

m (/|H|o){a|H|J) = 0 when d(/,J) > 4

m Loop over Nget determinants (rows of the C matrix)
Remove all the rows where d(D,,D,,) > 4 (~ O(v/Nyger))

m Loop over Njet determinants (columns of the C matrix)
Remove all the columns where d(D;,, D#,) > 4)

m The remaining number of determinants is bounded by the size of the CISDTQ
space
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o = Z 1M o) (e[ HIVY)

a€A, var_ a/|?-l|oz/>

m We know that all the |«;) are singles and doubles with respect to |/)

m |V)) is the projection of |W) on the subspace of determinants in D which are no
more than quadruply excited with respect to |/)

m For a subset of excitations ij — ab, |V’) is filtered further with possible
hole/particle constraints
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((V[H]o))
— (| H]a)

E
aEA, var

(V[H|ar) = 35 co ([ H]ar)

(ay|H|evy) is always large (otherwise |o;) would be better in the variational space,
and PT is questionable)

mY eD:¢ <0

m |¢/| is expected to decrease as c;?

m The computational cost decreases with /

Monte Carlo formulation

EPT2—Z€I ZP/Q —<FI>
pi

1D iep P
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Only Nget contributions ¢, — all ¢/ can be stored in memory.

Lazy Evaluation (Wikipedia)
In programming language theory, lazy evaluation, or call-by-need is an evaluation

strategy which delays the evaluation of an expression until its value is needed
(non-strict evaluation) and which also avoids repeated evaluations (sharing).

def lazy_e(i):
if not e_is_computed[i]:
e[i] = compute_e(i)
e_is_computed[i] = true
return e[i]

TR W N




-r2:>< Monte Carlo with Lazy Evaluation

€] €
Epro=) e = P/—:<—>
2 =2 =)

leD 1eD

m Draw a generator determinant |/) with probability p,

m Increment n;, the number of evaluations of ¢,

m If ¢/ is not already computed, compute it and store its value
m Epr2 ~ ) jep m%

m Statistical error : O (1/1/Nsamples)

m Lazy evaluation : Exponential acceleration (time to solution)



-r2:>< Monte Carlo with Lazy Evaluation
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Figure: Fp, cc-pVDZ, 10° determinants in the variational space



-r2:>< Monte Carlo with Lazy Evaluation
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-r2:>< Monte Carlo with Lazy Evaluation
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rg-—x Monte Carlo with Variance reduction

m Noise can be smoothed out by averaging

m Split D into M equiprobable sets : "Comb"

M
EPT2=Z€/=Z Z €l

1eD k=1 1,€Dy

New Monte Carlo estimator




r2—>< Monte Carlo with Variance reduction
@ -
1

10 T T T T

leil/¢i? (au)

Figure: Fp, cc-pVDZ, 10° determinants in the variational space



r2—>< Monte Carlo with Variance reduction
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r2—>< Monte Carlo with Variance reduction
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rg-—x Monte Carlo with Variance reduction
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r2—>< Monte Carlo with Variance reduction
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-rQ ->< Hybrid deterministic/stochastic scheme

When all the determinants have been drawn, the exact Ep1> can be computed
= The result with zero statistical error can be reached in a finite time

In typical wave functions, 90% of the norm is on a few determinants

Compute the few first contributions ¢/, and perform the MC in the rest

1 M €1,
EPT2=Z€/+ MZ_

I€Dp Pl

(pIEDs)




-I'Q ->< Hybrid deterministic/stochastic scheme

Make the deterministic part grow during the calculation.

At each MC step

m Draw a random number

m Find the determinants selected by the comb (increment n;’s)
m Compute the ¢; which have not been yet computed

m Compute deterministically the first non-computed determinant
m If a tooth of the comb is completely filled = Deterministic

v

t €
Boralt) = 3 ot 3 e
samples(t) pi

IEDD(t) /€D5(t)

4




-re ->< Hybrid deterministic/stochastic scheme
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-re ->< Hybrid deterministic/stochastic scheme
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-r2 ->< Hybrid deterministic/stochastic scheme
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-r2:>< Some timings: Cr,, 210 determinants, 800 cores

Basis Epto Wall-clock time
cc-pVDZ —0.0683(1) 14 min
~0.06836(1) 55 min
—0.068361(1) 2.4 hr
—0.068360604 3 hr
cc-pVTZ  —0.1244(5) 19 min
—0.1247(1) 58 min
—0.12463(1) 3.5 hr
—0.124642(1) 8.7 hr
— ~ 15 hr (estimated)
cc-pVQZ  —0.1558(5) 56 min
~0.1559(1) 2.5 hr
~0.15595(1) 9.0 hr
—0.155952(1)  18.5 hr
— ~ 29 hr (estimated)
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m There is no memory bottleneck with PT2

m The |«) determinants are never stored
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