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Overview of the three lectures and tutorials

• Introduction, Full CI Quantum Monte Carlo and NECI 
(AA) 

• Transcorrelation: combining real-space methods such as 
VMC with quantum chemistry. Integral calculation with 
TCHint (PLR) 

• Transcorrelated Coupled Cluster (DK): solving the TC 
Hamiltonian with CC (e-co.jl) 

• Practical calculations (Philip Haupt, Johannes 
Hauskrecht)
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Many-Electron Schrödinger equation

Atomic units 

Electrons are Fermions:

Eh = 27.211 eV



The “standard” Quantum Chemical Hamiltonian 
2nd quantisation in finite basis sets
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Orbitals usually given by Restricted Hartree-Fock for weak-correlation and 
CAS-SCF for strong correlation 

Introduce  spatial orbitals,  
together with their fermionic creation and annihilation operators                                            

M ≫ N



Major capabilities of NECI

• FCIQMC: exact stochastic FCI method which can overcome 
the fermion sign problem 

• High parallelisability (upto ~20000 cores) allowing > 1010 
walker simulations 

• Initiator and adaptive-shift approximation for large systems 
• Transcorrelated Hamiltonians 
• Calculation of 1- and 2-body RDMs and TDMs  
• Excited states 
• Spin-adapted methodology (GUGA) for large open-shell 

systems (more than 20 OS orbitals) 
• Real-time propagation, and spectral functions
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−∂τΨ = (Ĥ − E)Ψ = 0

Imaginary time Schrödinger Equation  
and determinant based expansions

Ψ(τ) = ∑
i

Ci(τ) |Di⟩, |Di⟩ =
1

N!
|ϕaσϕbτ . . . . |

NFCI = ( M
Nα)( M

Nβ), Nα + Nβ = N M=number of spatial orbitals 
N=number of electrons

Ψ0 ∝ lim
τ→∞

Ψ(τ) = lim
τ→∞

e−τĤΨ(0)

We will solve this problem via a stochastic propagation of signed walkers  
with explicit annihilation (FCIQMC)



Ψ = ∑
i

(
Nw

∑
γ

sγδ(i − iγ)) |Di⟩ Nw = ∑
γ

|sγ |

FCIQMC: population dynamics of a set of walkers

Booth, Thom and Alavi, J Chem Phys, 131, 054106, (2009)

−∂τΨ = (Ĥ[Ψ] − E)Ψ = 0
Initiator Method: controlling the sign problem

Cleland, Booth, Alavi, J Chem Phys, 132, 041103, (2010) 

−∂τΨ = (Ĥ[Ψ] − E[Ψ])Ψ = 0

Adaptive Shift: unbiasing initiator bias in large systems

Ghanem, Lozovoi, Alavi, J Chem Phys, 151, 224108 (2019) 
Ghanem, Guther, Alavi, J Chem Phys, 153, 224115 (2020) 



−∂τΨ = (Ĥ − E)Ψ = 0

Schrödinger Equation

Ψ = ∑
i

(
Nw

∑
γ

sγδ(i − iγ)) |Di⟩ Nw = ∑
γ

|sγ |

FCIQMC: population dynamics of a set of walkers

−
dNi

dτ
= (Hii − S)Ni + ∑

j≠i

HijNj

Shift 

Master equation for the first-order kinetics of the walkers:

Ni =
Nw

∑
γ

sγδ(i − iγ)
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space

Pictorial example

Nw = ∑
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Overview of FCIQMC algorithm: 
a random Game of Life, death and annihilation

(Diagonal) death/cloning processes

Spawning (birth) processes

Annihilation step

Adjust Shift (in constant N mode)

Start with  N (positive) walkers on D0, an initial value of S, and time-step τ

Booth, Thom and Alavi, J Chem Phys, 131, 054106, (2009)

S ! S � 1

A�
ln

Ncurrent

Nold

Pairwise removal of walkers of 
opposite sign on the same det
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configuration 
space

Spawning

spawning event

Hij

i
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configuration 
space

Death

Death event

Hii − S

i
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configuration 
space

Annihilation

annihilation

Hash algorithm: O(Nw)
Booth, Smart, Alavi, Mol. Phys., 112 (14), (2014),1855-1869

i
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configuration 
space

Annihilation

i



ps = �
|Hij|

pgen(j|i)
pd = � |Hii � EHF � S|

pgen(j|i) � (N2M2 +NM)�1

The rules of FCIQMC 
(derived from the underlying imaginary-time S.E.)
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Dabd
ijk

Probability of death
Probability to spawn new walker

If Hij < 0 , child has same sign 
as parent.  
If Hij > 0 child has opposite sign 
of parent

X

j

pgen(j|i) = 1



The projected energy  
(non-variational)

Eproj =
⟨ΨT |H |Ψ⟩

⟨ΨT |Ψ⟩

ΨT = DHFFor single reference problems

For multi-reference problems ΨT = ∑
i∈𝒯

ciDi

Evar =
⟨Ψ |H |Ψ⟩

⟨Ψ |Ψ⟩
Can be estimated via reduced density matrices
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H2O (all electron, cc-pVDZ, 452x106 determinants)

“Annihilation plateau”

Variable shift mode

Coherent exponential growth

Incoherent exponential growth



Predicted FCI results from the 2009 paper
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Overview of initiator-FCIQMC

(Diagonal) death/cloning processes

Spawning (birth) processes

Annihilation step

Adjust Shift (in constant N mode)

Start with N (positive) walkers on D0, an initial value of S, and time-step τ

Initiator test [Cleland, Booth, Alavi, J Chem Phys, 132, 
041103, (2010)]



If D is empty,
child of P spawned onto D survives
only if P is an initiator (NP > nadd)

The initiator test: should the newly spawned walker 
survive?

22

DP The value of nadd is not crucial, as long as 
it is sensibly chosen. We typically use 
nadd =2 or 3. 

Initiators can bring to life new 
determinants



Demonstration
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Extrapolation to the infinite-walker limit using an  law 
Haupt et al, arXiv: 2302.13683

N−1/3
w
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Parallelisability of NECI
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Transcorrelated Hamiltonians 
non-unitary similarity transformations
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Ψ = e ̂JΦ
ĤΨ = EΨ

⇒ (e− ̂J Ĥe ̂J )Φ = EΦ

e− ̂J Ĥe ̂J ≡ H̃ = Ĥ + [Ĥ, ̂J] +
1
2!

[[Ĥ, ̂J], ̂J] + . . .

Baker-Campbell-Hausdorff expansion of the similarity-transformed Hamiltonian:

̂J = ̂J†

Only if  is the  
transformation unitary

̂J† = − ̂J



Two forms of the correlators lead to analytically 
evaluable (exact) BCH expansion 
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J(R) = ∑
i<j

u(ri, rj), R = {r1, . . . , rN}

(1) Jastrow correlator, useful for ab initio Hamiltonians, starts in 1st quantisation, 

̂J = J∑
i

̂ni↑ ̂ni↓

(2) Gutzwiller correlator, useful in the Hubbard model, starts in 2nd quantisation

u is real symmetric  but not necessarily merely a function of [u(ri, rj) = u(rj, ri)]
rij = |ri − rj |

Hubbard model is a good `toy’ model to study strong correlation
Dobrautz, Luo, Alavi, PRB 99, 075119 (2019)

Sophisticated u’s suitable for the TC method can be obtained  
from Variational Monte Carlo (PLR)



Correlation factor (Ne) with and without e-e-n term  
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Jastrow Factorised Similarity Transformation of the S.E. 
(Hirschfelder 1963, Boys and Handy 1969)
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J(R) = ∑
i<j

u(ri, rj), R = {r1, . . . , rN}

= Ĥ − ∑
i<j

K̂(ri, rj) − ∑
i<j<k

L(ri, rj, rk)

H̃ = Ĥ − ∑
i

( 1
2

▿2
i J + (▿iJ) ▿i +

1
2

(▿iJ)2)
BCH expansion terminates at second order (kinetic energy is 2nd order one-body  
differential operator):



Jastrow Factorised Similarity Transformation of the S.E.
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H̃ = Ĥ − ∑
i<j

K̂(ri, rj) − ∑
i<j<k

L(ri, rj, rk)

K̂(ri, rj) =
1
2 ( ▿2

i u + ▿2
j u + (▿iu)2 + (▿ju)2)

+( ▿i u ⋅ ▿i + ▿ju ⋅ ▿j )
L(ri, rj, rk) = ▿i uij ⋅ ▿iuik + ▿juji ⋅ ▿jujk + ▿kuki ⋅ ▿kukj



The TC Hamiltonian in 2nd quantised form  
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H̃ = ∑
pqσ

hp
qa†

pσaqσ +
1
2 ∑

pqrs

(Vpq
rs − Kpq

rs )∑
στ

a†
pσa†

qτasτarσ

−
1
6 ∑

pqrstu

Lpqr
stu ∑

στλ

a†
pσa†

qτa†
rλauλatτasσ

Kpq
rs = ⟨ϕpϕq | K̂ |ϕrϕs⟩ Lpqr

stu = ⟨ϕpϕqϕr |L |ϕsϕtϕu⟩

Excellent two-body-only approximation to the TC Hamiltonian (xTC) exists, 
and will be covered by Daniel Kats

The TC integrals are computed using TCHint



• The non-Hermitian nature of  has been considered a 
great source of difficulty in the past, which has prevented 
the wide-spread adoption of the TC method 

• As a non-unitary similarity transformation,  

                   is iso-spectral with  

• The eigenvalues of  are real 

• However  has distinct left and right-eigenvectors

H̃

H̃ Ĥ
H̃

H̃
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H̃ |Φ(R)⟩ = E |Φ(R)⟩
⟨Φ(L) | H̃ = ⟨Φ(L) |E

 is a “pseudo-Hermitian” operatorH̃



• Note that in ,  acts in the wrong way 

  

• The left-eigenvector is less compact.  

• Therefore approaches which must compute are not 
ideal (eg bi-variational) 

• Need methods which need only compute the right-
eigenvector of 

H̃† τ

⟨Φ(L) |

H̃
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H̃† = eJĤe−J, i.e. J → − J
H̃† |Φ(L)⟩ = E |Φ(L)⟩

Dobrautz, Luo, Alavi, PRB 99, 075119 (2019)

18-site 2D Hubbard model, U/t=4 



Imaginary-times methods such as FCIQMC can be used as the 
projective diagonaliser of the similarity transformed Hamiltonian 
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Ψ(β) = e ̂J Φ(β)

Φ(β) = e−β(H̃−E0)Φ(0)

Ψ(β) = e−β(Ĥ−E0)Ψ(0)

Ψ0 = lim
β→∞

e−β(Ĥ−E0)Ψ(0)

Φ0 = lim
β→∞

e−β(H̃−E0)Φ(0)



Strategies and approximations solve transcorrelated 
Hamiltonians

• Transcorrelated FCIQMC                            

                    

 Main use is in multi-reference problems

• Transcorrelated CC     

     Main use is for weak/medium correlation 

• Transcorrelated Perturbation theory: test of behaviour for metals 

Non-hermitian character TC Hamiltonian does not cause a problem for the 
above methodologies. 

Φ(R) = ∑
I

CI |DI⟩

Φ(R) = e ̂T |D0⟩, ̂T ≈ ̂T1 + ̂T2
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Proof 
[Luo, Alavi, JCTC, 14, 1403, (2018)]
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e ̂J Φ(β) = Ψ(β) = e−β(Ĥ−E0)Ψ(0) = e−β(Ĥ−E0)e ̂J Φ(0)

⇒ Φ(β) = e− ̂J e−β(Ĥ−E0)e ̂J Φ(0)

= lim
M→∞

e− ̂J (1 −
β
M (Ĥ − E0))

M

e ̂J Φ(0)

= lim
M→∞ (1 −

β
M (e− ̂J Ĥe ̂J − E0))

M

Φ(0)

= e−β(H̃−E0)Φ(0)

= lim
M→∞

e− ̂J (1 −
β
M (Ĥ − E0)) e ̂J e− ̂J (1 −

β
M (Ĥ − E0)) . . . e ̂J Φ(0)←→
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Imaginary time propagation with      leads to the ground state!H̃



Boys-Handy form for u
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u(ri, rj) = ∑
mno

cnml(r̄m
i r̄n

j + r̄m
j r̄n

i )r̄
o
ij

r̄ =
r

1 + r

m + n + o ≤ 6

Includes e-e, e-n, and e-e-n terms

r̄ ≈ 1 − 1/r → 1 for large r
r̄ ≈ r − r2 for small r

For the first-row atoms, the 17 parameters have been obtained by a  
Variance minimisation VMC by Schmidt and Moskowitz, JCP, 93, 4172 (1990)



Correlation factor (Ne) with and without e-e-n term  
(SM17 vs SM7)
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First application of TC-FCIQMC: First row atoms
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Cohen, Luo, Guther, Dobrautz, Tew, Alavi, JCP 151, 0161101 (2019) 



The role of the K and L terms
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Ne atom  cc-pVQZ with SM17 correlation factor 

⟨DHF | K̂ |DHF⟩ = − 382 mH

⟨DHF |L |DHF⟩ = + 108 mH

The effect of the three-body (L) terms is to raise the energy, countering the 
large negative (non-Hermitian) contributions coming from the two-body (K) 
terms. 

It is necessary to have an accurate treatment of the 3-body terms
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