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Abstract—Based on Traub’s methods for solving nonlinear
equation f(x) = 0, we develop two families of third-order
methods for solving system of nonlinear equations F(x) = 0. The
families include well-known existing methods as special cases.
The stability is corroborated by numerical results. Comparison
with well-known methods shows that the present methods are
robust. These higher order methods may be very useful in the
numerical applications requiring high precision in their computations
because these methods yield a clear reduction in number of iterations.

Keywords—Nonlinear equations and systems, Newton’s method,
fixed point iteration, order of convergence.

I. INTRODUCTION

Solving systems of nonlinear equations is a common and
important problem in science and engineering [1], i.e. for a
given nonlinear function F : D C R” — R", to find a vector
r = (ry,72,...,7,) such that F(r) = 0. This solution can be
obtained as a fixed point of some function ¢ : R” — R" by
means of fixed point iteration

xFD = p(x®) k=0,1,...

One of the basic procedures for approximating a solution of
nonlinear equation f(z) = 0, is the quadratically convergent
Newton’s method defined as

f(xk)

Thtl = T — F(wn)’

k=0,1,... (1

For systems of nonlinear equations, Newton’s method is given
as (see [2, 3]

xE+D) — (k) _ JF(x(k))_lF(x(k)), )

where Jg(x) is the jacobian matrix of the function F(x)
and Jp(x)~! is its inverse. For a system of n equations in
n unknowns, the first Fréchet derivative is a matrix with
n? evaluations while the second Fréchet derivative has n3
evaluations. The methods like Halley and Chebyshev [4, 5],
despite their cubic convergence, are considered less practical
from a computational point of view because of costly second
derivative.

Recently, many third order iterative methods have been de-
rived and analyzed for systems of nonlinear equations that do
not require the computation of second Fréchet derivative. For
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example, Homeier [6] developed a modified Newton method of
order three. Frontini et al. [7], Cordero et al. [8] and Noor et al.
[9] developed third order methods from quadrature formulae.
Darvishi et al.[10] presented the methods of same order using
Adomian decomposition technique. Hueso et al. [11] and
Lin et al. [12] also introduced iterative methods of same
order for systems of nonlinear equations. Some authors have
considered Traub’s third order methods [2] for univariate case
and generalized to multivariate case. For example, Herndndez
[13] extended a member of the family given by Traub [2]

sun =y - { PB4 ot Pt

2B (xk)
_ fl=r)
B#0, ulzg)= Filan) 3
in Banach Space for 5 = —1/2. Recently, Babajee et al. [14]
extended another member (8 = —1) of this family to systems

of equations. Based on the ongoing work in this direction,
here, we extend the family (3) to systems of equations for any
B € R. We consider another one-parameter family of same
order given by Traub [2]

B 28f(zk)
28+ 1)f"(zx) — f'(zk + Bu(zk))’
and generalize this to systems of equations for any 5 € R.

The resulting family includes the methods by Homeier [6] and
Noor et al. [9] as particular cases.

(C))

Tk+1 = Tk

The paper is organized in 6 sections. Some basic results
relevant to the present work are presented in Section 2. In
Section 3, the schemes are developed and behavior is analyzed.
In Section 4, particular cases of the families are presented. In
Section 5, new methods are compared with closest competitors
in a series of numerical examples. Section 6, contains the
concluding remarks.

II. BASIC RESULTS AND NOTATIONS
We consider the following results:

(A) Let ¢(x) be a fixed point function with continuous partial
derivatives of order p with respect to all components of x. The
iterative method x(*+1) = ¢(x(¥)) is of order p (see [2]) if

¢(r) =r;
9" ;(r)
TN _0forall 1<k<p-—1,
81‘1‘181‘1'2 e 815% ora - =P
1 §j7i177:2,"'7ik §n7
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P
axhaxi% /=0 for at least one value of
jail,l‘g,...,ip’ (5)

Expanding ¢;(x) in a Taylor series about r yields

¢ 1 o= = 926,
I DI o
Q1= 1 2

lig=1

#;(x) =

83% (r)

——————€,€i,€; ey 6
61118232281'13 i1 €19 Cig + ()

where
€y = Tiy — Tigs

Thus if ¢(x) is an iteration function of order p, then by
equation (5), we have

®; (x)
and the quantity
1 974(r)
p' 81‘i16$i2 e 81‘ip ’

is called the asymptotic error constant.

(B) Let J;;(x) denotes the (i,7) entry of the matrix Jp(x)
and the elements of Jg(x) ™! are denoted by H;;(x). Then,

ZHw

where §;;, is Kronecker’s delta, defined as:

1 ifi=k
Sik = ’
~{;

if i /=k.
Let 7 and ¢ be arbitrary and fixed. Then from (8), it follows
that

= dik, ®)

~ aJ; " OH,;
> Hij(x) gz(x)+ a;(X)ij‘(X):O‘ )
j=1 q j=1 q
Thus, we have
OHi;(x) d 8ij(x)
Hij(
j; Oz, ; / Oz,
- O f;(x)
> HyM g, 5, (0

1

J

Differentiating (9) partially with respect to x,., r being arbi-
trary and fixed, one can easily obtain

3 P = - [Z 2 2

= 0z 0zq = oxyr Oxq
OH,;; (x) 0J;k(x 021 (x
+Z Bz]( ) ”’“( ) | ZHZJ( )5 J’“( )} . an
q

(C) We use the following notations (first two are introduced
by Traub [2]):

3 fi(%)
Ox,0x,’

zqr ZHm(

12)
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Ziqu(X) = Z Z’qu(X)Zkrs(X)
=> [Z( a0 2 fl(x)) )S ( ()2 fm(x))}, (13)
k=1 Li=1 m=1
and
& fJ(X)
Ziars ZH” ox axraxs (14

where the last two subscripts of Ziqr(x) and the last three of
Ziqrs(x) may be permuted.
The Z,4r5(X) can also be simplified to (using (8) and (10))

" OH;p (X) 0% (x
3 (x) 0% fm(x)

Zigrs (%) = = Oz,  0x,0x '

(15)
m=1
III. DEVELOPMENT OF METHODS

For system of equations, the families (3) and (4) can be
written as

yF) = x®) 4 6JF(x(k))’1F(x(k)),

(D)

— x(F) _ %JF(XU@))%[(QB _ 1)Jp(x(k))

+ Je(y ™) (x*)) TR (x(*)) (16)
and
¥y =x® 48R (x®)F(x(®),
D = ) —25](26 + DIe(xV)
— Jr(y")) T FE®). (17)

Now, we shall prove convergence of (16) and (17). The
following lemmas, will be useful in the proof of main
theorems:

Lemma 1. Let

A(x) = x + BJr(x) " 'F(x), (18)

and .
Xi(x) =z + B Hij(x) f;(x), (19)

j=1
be the coordinate functions of A(x) fori=1,2,...,n. Then,
Ai(r) =14, (20
oz, = (14 B)diq, 21
82)\2' (I’) B

D0, = —fZqr(r). (22)

Proof. Since f;(r) = 0, equation (19) implies that X(x) is
fixed point function. i.e.

)\Z(r) =7T;.

scholar.waset.org/1307-6892/1595


http://waset.org/publication/Some-Third-Order-Methods-for-Solving-Systems-of-Nonlinear-Equations/1595
http://scholar.waset.org/1307-6892/1595

International Science Index, Mathematical and Computational Sciences Vol:5, No:12, 2011 waset.org/Publication/1595

World Academy of Science, Engineering and Technology
International Journal of Mathematical and Computational Sciences
Vol:5,No:12, 2011

Let 7 and ¢ be arbitrary and fixed. Differentiating (19) partially
with respect to x4, one obtains

S +6ZHU< B
+8 Z 8H“
=0ig+f Z Hij(x)Jjq(x)
LA L) @)
2o,

Setting x = r and taking into account that f;(r) = 0. Then
using (8), we have
OAi(r)
Oz
Now, we analyze the second derivative of \;(x). Differenti-

ating (23) partially with respect to x,, r being arbitrary and
fixed, it follows that

= (1 + ﬁ)ézq

32\( a (%)
&m@xq =0+ ﬂZH” 0z,.0x,
OH,;(x af OH;(x) df;(x)
+BZ axjr oz 52 aai ajgcr
0? 0°Hij;(x) (X
+/3Z Dn 0, (x) 24)

Evaluating (24) in X = r and using (10), we have
9?N( 6‘
-8 Z H” f J )

(%craxq
This completes the proof of lemma 1.

7ﬁZiqT (I') .

Lemma 2. Let N;(X) be the jth entry of the vector N(x)
= Jr(x)"'F(x), that is

x) =Y Hj(x) fi(x) (25)
k=1
Then,
N;(r) =0, (26)
ON;(r) o
oz, = djq, 27)
9N (r)
M = _qur(r)v (28)
0> N, (r)
D007y = Zjgsr (1) + Zjrsg(¥) + Zjsrq(r)
— 2Z4rs(1). (29
Proof. Since f;(r) = 0, it is clear that
Nj (I') =0.
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Let j and g be arbitrary and fixed. Differentiating (25) partially
with respect to x,, one obtains

ON; (x)
Oxq

o Ofn(x) | <= OHjr(x)
= H; + . 30
1;:1 k(%) ey k§:1 Drg Tr(%) (30)

At x = r, above equation yields

8N
ZHJk(r Jrq(r) = 0jq

Differentiating (30) partially with respect to z,., we have

9%N; (x) 02 fi, (x OH 1, (x) O f1(x)
Oxr0xq ZH = )8 81;(1 kzl Oz Oxq

- 3ij(x) Of(x) O Hjy(x)
+§1 dzq Oz, +§; 92,074 Ir(x). S

Setting x = r and using (10), we obtain

02N, (r) 82fk(r) B
ax,.axq Z:l Hit ax,.axq -

jqr(T).
Now, the third derivative of N;(x) with respect to z, s being
arbitrary and fixed, is given by

s 3 . 3 n ) 2
N 5y TS OHik) ()
Oxs0xrO0xg = 0xs0xrOxq et Oxs OxrOxq

n zn: Bfg;(x) 92 fi(x) n zn: 0% Hj,(x) 0f5(x)

Oxs0xq = Oxs0x, Oxq

. Z % H 1, (x) Dk (x) N 2”: OH 1. (x) 62 i (x)

Ozxs0xrg Oxr i Owqg  OzsOxy

O\ OPH i (x) 0% H i (x) O3 (%)
.32
+kzax Oz, 0z fk()+z durdng Oz, O

Setting x = r, then substituting (11) in (32), we get

O*N;j(r) N~ OHjn(r) O fu(r) i OHj(r) 82 fi,(r)
0xs0x,0xq et Oxq Oxs0xy et Oz, Oxs0xq
Ot (r) 8 fi,(r) 9® fr(r)
- H; 33
Z Oxs Oz, Oxg g L e war e 8x58xT81 (33)

Using equations (14) and (15), equation (33) yields

83N, (r) -
m = qusr(r) + ersq(r) + strq(r) - 2qu7‘s (l‘)
This completes the proof of lemma 2.

Theorem 1. Let F D C R*" — R"™ be sufficiently
differentiable at each point of an open neighborhood of
r € R", that is a solution of the system F(x) = 0. Let
us suppose that Jg(X) is continuous and nonsingular in r.
Then, the sequence {x*)};>q (x(9) € D) obtained by using
the iterative expression of method (16) converges to r with
convergence order three.

Proof. Let us consider r € R™ as a fixed point of iteration
function 1 : D C R™ — R"™ defined as

W09 = x= o007 (28— D) + RARING. G
The above equation can be written as

28T (x) (1 (x) — x) + [(28 — 1)Ir(x) + Jp(A(x))IN(x) = 0. (35)
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The ith component of (35) can be written as

28 Jiy (x) (5 (x) — )

Jj=1

+ Z[(w — 1)Ji;(x) + Ji;(AX)IN; (x) = 0. (36)

Setting x = r in (36) and assuming that Jg(r) is nonsingular.
Then, using (20) and (26), we have
¥;(r) = ;.

Differentiating (36) partially with respect to x,, one obtains

252 Jij(x) <8wj iX) - 6]‘1) + 252 aJ” ) (%5 (x) — z;5)

(37

Jj=1
+Z[(2/3—1>J2J(x>+Ju(A<x>>18N i) [(25 1)28%(’0
Jj=1
" 955 (A(X)) OAp, (X)
+ e | | Nj(x) = 0. (38)
5 (5 )]

Let us substitute x = r and apply (20), (21), (26), and (27).
Then, above equation yields

v (r)
0z,

Differentiating (38) partially with respect to x,., we have

=0. 39)

293 90 A a3 P (P00 )

aJ; O ; o i
+2ﬁ2 ?)éiﬂ (gJT(,)O Jr>+2/3’2 JJ(X)(%(X)—TJ)

&N, (x)
0z, 0xq

"L 855 (A(X)) OApy (X) ONj;(x)
]Z1 (plz_l Op, (x) ox, >:| Oxq

[ ij - - ij Opy (x J
+Wﬂzw®z@fgw*“ﬂm9

p1=1 94

+ Z[(QB = DJii(x) + Jiz(A(x)]

+|@8-1) Z OJ”(X)

— 927:5(x) "L 005 (AX) DA, ()
+ (25—1)2 Dn0m, Z <Z Tory () By )] N; (%)

j=1 \p1=1

n (S PI0) A
+}§::1 le:l (13:1 (a)\pz (X)Ap, (x) Oz, )
S P w
q

Setting x = r. Using (26), (27), (28) and results of lemma 1
in above equation, we obtain

9y (r)

0z, 0z,
Now, we analyze the third derivative of (36). Therefore,
differentiating (40) partially with respect to x5, and evaluating
the resulting expression in X = r using results of lemma 1,
lemma 2 and (14), it can be easily proved that

P1h;(r) 2 >
Qﬁm + (38° +26)Zjqrs(r)

- 26[ (IST( ) + ersq(r) + strq(r)] =0.

=0. (41)

(42)
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This yields
9%, (r)
Dosdmndi, — 2300+ Zirsa6) + Ziarq(r)

(1 + 325 ) Zjgrs(r) /=0 43)

So, by (5), we conclude that (16) presents a one-parameter
family of third order methods for systems of equations. We
denote this family by GTMI1, as this family is generalization
of Traub method (3). Substituting (43) into (6) and noting that
the summation is performed over all ¢, » and s from 1 to n,
yields

n n n 1
k+1
SARED WD W FEANT
q= s=1
1 38\ ~
-5 1+2> qurs(r)} eMeMe) (44)

This completes the proof of theorem 1. O
Remark 1. The error equation of (3) is given as (see [2])
2
QD) 1/ f" (@)
2\ f'(z*)
1 Sﬂ f///(z,*) &
——(1+= (k)3 45
$(1+7) (i) Jleor. e
where z* is the root of nonlinear equation f(x) = 0. Noting
that the Jacobian matrix is a generalization of f’ and that the

inverse of jacobian matrix, whose elements are denoted by
H,;, is generalization of 1/f’, shows that

33 ZiselPeld,

11=11o=1

is generalization of f”(z*)/f’(z*)[e®]? and

Z Z Z Zji1i2i3( Ef) Ej) 55)7

i1=1ip=1143=1

is generalization of (f”(2*)/f"(x*))?[e™]3. Also

33 Zi el

’Ll 112 113 1

is generalization of f”/(2*)/f'(x*)[e®]3. Thus,

(44) is the generalization of (45).

equation

Theorem 2. Under the hypothesis of theorem 1, scheme (17)
converges to r with convergence order three.

Proof. Let us consider a solution r € R™ of F(x) = 0 as a
fixed point of the iteration function ¢ : R™ — R" defined as

#(x) = x = 26[(28 + DJIr(x)
Equation (46) is equivalent to

(28 + D)Jx(x) = Jr(A(X)](p(x) — x) + 28F(x) = 0. (47)

—Jr(A(x)]T'F(x).  (46)
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Let ¢;(x), 7 = 1,2,...,n be the coordinate functions of ¢(x).
Then, ith component of equation (47) is

n

> l2s+1)

j=1

Jii (%) = Jij (A(x)] (¢ (x) —z3) +26fi(x) = 0. (48)

From above equation, it is clear that if 8 /= 0 Jg(r) is
assumed to be nonsingular and f;(r) = 0, then ¢(x) is fixed
point function, i.e.

65(1) =15, (49)

Now, differentiating equation (48) partially with respect to x,
we have

"< 95 (x)
28+1) ) ——=
= 0xq
" s 0T (A (X)) O,
- ( el m“")] (6,09 —,)
=1 \pi=1 P1 q
99, (x)
( @91 39400~ 3 ))) (%5 - ,)
afz(X) _
8% =0. (50)
Evaluating (50) in x = r and using (49), it can be easily seen
that
995(0) _ . (51)
Oz,

Eow by partial differentiation of (50) with respect to z,., we
ave

8J,J (x)

(28 +1) Z
T 9Ji5(A(x)) OApy (x) 99; (x)
72 <Z My, (x) Bz )] ( oz,

=1 \p;=1

_ 5jr>

%75 (x)
Ox,0xq

S (s 901 (A®) 922 (0
_Z; <2—:1 Tl(:) Y )] (65 (x) — ;)

| v I 02T (AX) Oy (X)) OApy (x)
o {Z (Z Opy (X)OAp, (X) Oz ) oz ]

Jj=1 | p1=1 po=1

+ (2ﬁ+1>2

X (65(x) — ) + ((2ﬂ FD =S Jiij)))
Jj=1 j=1

« 9%¢;(x) 2% fi(x)
Oz, 0xq Oz, 0xq
E)Jl (x) " 9755 (AX)) Op,y (X)
2 1 7 g AR Zre V)
(( B+ )Z JZI <p12_1 Ay, () Dzr ))
X (&?T(:) —51‘«1) =0. (52)

Setting x = r and then substituting (20), (21), (49) and (51)
in above equation, it can be proved that

P ¢;(r)
0z, 0z,

=0. (53)

Differentiating equation (52) partially with respect to x,, and
evaluating the resulting expression in x = r. Applying (13),
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(14), (49), (51), (53) and results of lemma 1 it can be shown
that

P p;(r)

2
Q/BW + (38 +25) iqrs(T)
= B[ Zjgsr(¥) + Zjrsq(X) + Zjsrg(®)] =0, (54
which implies
Poi(r)
0x50x,0x, =0 (55)

Therefore, we conclude that (17) presents a one-parameter
family of third order methods for systems of equations. We
denote this family by GTM?2. Substituting (55) into (6), the
error equation for family (17) is given as

D) ZZZ[ Ziora(1)

=1r=1

q 5=
1<1 3) Zys(r )} (B M) (56)

—

6 2

This completes the proof of theorem 2.

Remark 2. The error equation in case of (4) is given as [2]
N
ek 1) _ 1 f"(@*)
i\ Fla)

5 (1 +3 ) (J;/:/(f:))ﬂ P, 6D

Thus, by the similar argument as in remark 1 the equation (56)
is generalization of (57).

IV. PARTICULAR CASES

(A) Particular Cases of GTM1
For 8 = —1/2, we get third order method developed by
Hernandez [13]

yF) = x(k) _ 1/2']k_(,((k))fIF(X(k))7

XD =x®) 4 (Jp(x®) 7 Ie (™) - 20 (xV))

x (Je(x*)TTFEW). (58)
If 5 = —1, we obtain third order method developed by
Babajee et al. [14]

yF) = x(k) _ JF(x(k))_lF(x(k)),

XD = x40 9) 7 ey M) - 3e(x))
X (JF(X(’“))) Lp(x(0), (59)

(B) Particular Cases of GTM2
The value 8 = —1/2, gives third order method developed by
Homeier [6] which is given as

y® = x® —1/2Jp(x*) TR (x®),

xFH = x®) — (Jp(y ™)) ~TF(x®). (60)

scholar.waset.org/1307-6892/1595


http://waset.org/publication/Some-Third-Order-Methods-for-Solving-Systems-of-Nonlinear-Equations/1595
http://scholar.waset.org/1307-6892/1595

International Science Index, Mathematical and Computational Sciences Vol:5, No:12, 2011 waset.org/Publication/1595

World Academy of Science, Engineering and Technology
International Journal of Mathematical and Computational Sciences
Vol:5,No:12, 2011

If we let 8 = —2/3, equation (17) generates third order
method developed by Noor et al. [9].

y(k) —x®) _ 2/3JF(x(k))_1F(x(k)),

xEHD = x(B) — 4 (Jp(x®)) + 335 (yF))) T R(xR)). 61)

V. NUMERICAL EXAMPLES

Here we present some examples to test the performance
of present families GTM1 and GTM2 by taking 5 = 0.1
and 1. The comparison is carried out with Newton’s method
(NM) and with the special members of the families; Herndndez
method (HM), formula (58) and Homeier method (HMM),
formula (60). To check the theoretical order of convergence,
we obtain the computational order of convergence (p) using
the formula [15]

In(fx®FD — )/ x®) — )
P Tn(x® = e[ /][xED —x[])

We consider the following systems of nonlinear equations:

(a)

(62)

x1 + €"2 — cos(z2) =0,
3x1 — zg — sin(zz) = 0.

(b)
x? — 211 — 29 + 0.5 =0,
22 + 422 —4=0.
(©)
22 4+23—-1=0,
2} —23405=0.
(d
x? — 22 + 3log(wy) =0,
222 — 19 — 51 +1=0.
(e)
et +xix0—1=0,
sin(z1z2) + 21 + 22 — 1 =0.
(®
xr1 + 2.%'2 -3 = 0,
222 + 22 -5 =0.
(@ (
22+ 2%+ 23 =09,
L1X2x3 = 1.
1+ 32 — 23 =0.
(h)
Tox3 + 24(22 + 23) = 0,
x123 4+ x4(21 + 23) =0,
r1x9 + .1‘4(171 + 1‘2) = 0,
1T + X123 + Tox3 — 1=0.
()

Iixi+1_]~:07 7,:1,2,,98
.Z‘ggxl—l:().
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whose solutions, respectively are:
(@ r=(0,0).
(b) r = (1.9006767263670658, 0.31121856541929427)¢.
(c) r = (0.50000000000000000, 0.86602540378443865)" and
s = (—0.50000000000000000, —0.86602540378443865)".
(d) r = (1.3192058033298924, —1.6035565551874148)°.
(e) r=(0,1)%.
(f) r = (1.4880338717125849,0.75598306414370757)*.

(g) r=(2.2242448288477843,0.28388497407293814,
1.5837076128252723)",

and

s = (0.28388497407293814, 2.2242448288477843,
1.5837076128252723)"

(h) r = (0.57735026918962576, 0.57735026918962576,
0.57735026918962576, —0.28867513459481288)",

and

s = ( — 0.57735026918962576, —0.57735026918962576,
— 0.57735026918962576, 0.28867513459481288)".

r=(1,1,....,0) and s = (—1,—1,... — 1)t,

All computations are done using MATHEMATICA [16]
software, where the solutions r and s are computed with a
precision of 200 decimal digits. The stopping criterion used
is [[x*+1D) — x(®)|| 4 ||F(x(®))|| < 1071, For every method,
we analyze the number of iterations needed to converge to the
solution and computational order of convergence. The results
are displayed in Table 1. It can be observed that the numerical
results are in accordance with the theory developed in paper.
We can also observe that the present methods show good
stability and require less number of iterations (k) than NM
to reach the required solution.

VI. CONCLUSIONS

We have presented two one-parameter families of third
order methods for solving systems of equations. These families
are the generalization of known univariate families by Traub.
Analysis of convergence is supplied in Theorem 1 and 2.
Numerical results are presented and performance is compared
with well known methods. These numerical results over-
whelmingly support the theoretical results we have derived.
Similar experimentations have been performed on number
of other problems and results are found at par with those
presented here. Finally, we conclude the paper with the remark
that there is no clear winner among the presented methods in
the sense that in some situation one method may be the winner
while in some different the other method may be the winner.
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