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Abstract—The notions of intuitionistic fuzzy h-ideal and normalset defined on a non-empty set R, denoted by(HS An
intuitionistic fuzzy h-ideal inI-hemiring are introduced and some|FS(R) is an object having the form
of the basic properties of these ideals are investigated. Cartesian

product of intuitionistic fuzzy h-ideals is also defined. Finally a A= (ua, a) ={z,pa(z), a(z) : z € R}
characterization of intuitionistic fuzzy h-ideals in terms of fuzzy(N
relations is obtained. here the fuzzy setsuy, and A4 denote the degree

of membership(namelyu(xz)) and the degree of non-
membership(namely 4 (z)) of each element: € R to the
Mathematics Subject Classification[2008A72,16Y99  set A respectively, and < 4 (z) + Aa(z) < 1 for all z € R.
According to [1], for every two intuitionistic fuzzy sets
|. INTRODUCTION A = (pa,Aa) and B = (up,Ag) in R,we defineA C B

HE concept of fuzzy set was introduced by Zadeh[14hf and only if pa(z) < pp(x) and Ax(z) > Ap(z) for all

Jun and Lee[9] applied the concept of fuzzy sets th < R'.O.pViOUSWA =B means thatl ¢ B and B QA .
the theory ofT-rings. The notion off-semiring was intro- Definition 2.1: [6] A hemiring(respectively semiring) is a

duced by Rao[12] as a generalization Bfing as well as nonempty setR on which operations addition and multipli-

of semiring. Ideals of semirings (hemirings) play a centr&ﬁmon_ haye b_een _deflned suc_h thal, <) s a commuta’_uve
role in the structure theory and are important in many Othg}ono!d W_'th _|dent_|tyOR, (R"). IS a_sem!grqup(respecnvely
purposes. However they do not in general coincide with t Qn0|d with _|dent|t_le), multiplication distributes over ad-
usual ring ideals. So, many results of rings apparently ha' dion from either sidelr # 0 andOg.r = 0 = r.0r for all
no analogues in hemirings using only ideals. To solve this®
problem, Henriksen[7] defined a more restricted class aflgle
in semirings, named k-ideals. Another more restrictedybuy
important class of ideals, called as h-ideals, has beenetkfi : O
and investigated by Izuka[8] and La Torre[11]. These cotme;gh,e follwing conditions:
are extended td'-semiring by Rao[12], Dutta and Sardar[5]. () (a+b)ac=aac+bac
The basic concepts of fuzzification of h-ideals in hemirinf_') aa(b+¢) = aab + aac

Keywords—I'-hemiring, fuzzy h-ideal, normal, cartesian product.

Definition 2.2: Let R andT" be two additive commutative
semigroups with zero. TheR is called al’-hemiring if there
rg?xists a mappind? x I x R — R((a, a,b) — aab) satisfying

andT'-hemiring were discussed in [10] and [13], respectivel{) a(a + f)b = aab + afb

In ([2],[3]), Dudek discussed about the intuitionistic fyzh- 1¥) ac(bBe) = (aab)fe

ideals and their properties in hemirings. (Y) Osaa = 0s = aals

As a continuation of this, we introduce here the intuititinis (Vi) a0rb =05 = bOra for all a,b,c € R and for alla, 5 €
fuzzy h-ideals inI’-hemirings and investigate some of their Lo , - .
properties. In section Il, we recall some definitions. We Definition 2.3: A leftideal A of aI'-hemiring S'is called
investigate some basic properties of intuitionistic fuzzy @ l€ft h-ideal if for anyz,> € S anda,be A,z +a+2 =
ideals such as characteristic and level subset critertoair t b+_z =< A'_ i

behavior under intersection, fuzzy translation etc. intieac A Mght h-ideal is defined analogously.

3. Then we study and characterize normal intuitionistizjuz Definition 2.4 Let y be a nonempty fuzzy subset ofla

h-ideal and cartesian product of intuitionistic fuzzy feads in N€MINNg £(i.e. u(z) # 0 for somex € R). Theny is called
section 4 and 5 respectively. a fuzzy left h-ideal(fuzzy right h-ideal) oR if

() nlz+y) > minfu(e), u(y)} and

| PRELIINARIES (i) p(eyy) > uly)(respectivelyu(ayy) > u()) for all

z,y ER,vyeT.
As an important generalization of the notion of fuzzy setgii) For all z,a,b,2 € S, z +a + 2z = b+ z implies u(z) >
Atanassov[1] introduced the concept of an IntuitionistizZy min{u(a), u(b)}

— _ . In a similar manner we can define fuzzy right ideal of’a
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IIl. I NTUITIONISTIC FUZZY LEFT h-IDEALS

Definition 3.1: An intuitionistic fuzzy subsetA =
(4, 4) In aT-hemiring R is called an intuitionistic fuzzy
left h-ideal if
(1) pa(z+y) > min{pa(z), pa(y)} for all z,y € R.

(2) Ma(z+y) <max{Ia(z),\a(y)} for all z,y € R.

(3) pa(zyy) > pa(y) for all z,y € R and for ally € T.

(4) Ma(zyy) < Aa(y) forall z,y € R and for ally € T.

(5) x+a+z=b+z= pa(r) > min{pa(a), pa(b)} where
z,a,b,z € R.

(6) z4+a+z=0b+z= Aa(z) <max{ra(a), s
x,a,b,z € R.

An intuitionistic fuzzy subsetyu 4, A4) satisfying the first
four conditions is called an intuitionistic fuzzy left idéa the
I'-hemiring R.

(b)} where

Clearly, pa(0) > pa(z) and A4 (0) < Aa(z) for all z € R.
Example3.2: Let us considerR = N,I" = N with usual
addition(+) and multiplication (.) defined on natural numsbe
Then (R,+,.) is d -hemiring.
ConsiderA = (ua, Aa) Where

1 forz=0
pa(r) = 0.8 for x € pN ~ {0}
0.6 forz ¢ pN andz # 0

0 forz=0
Aa(z) = 0.2 for z € pN ~ {0}
0.4 forx ¢ pN andz #0

wherep is a prime number.Then it is easy to check that A is

an Intuitionistic fuzzy left h-ideal ofr.
Theorem3.3: An intuitionistic fuzzy subset A =
(4, Aa) of aI'-hemiring R is an intuitionistic fuzzy left h-
ideal of R if and only if any level subset
Rff’ﬁ) ={zx € R:pa(x) > aandry(z) < f;
such thato + 3 < 1}
is a left h-ideal ofR provided it is nonempty.
Proof: Let A = (ua,Aa) be an intuitionistic fuzzy left
h-ideal of R and letR'"") + ¢, wherea, 3 € [0, 1] such that
a+p <1
Letz,y € R(AQ’B). Thenpa(x +y) > min{ua(z), paly)} >

a(an(;lAA(:ery) < max{Aa(z), \a(y)} < B. S0,z +y €
R

a,f €[0,1]

Now let x € R( "8), y € Randvy eT.

Then pa(yyez) =2 pa(z) = o and Aa(yyz) < Aaz) < B.
which impliesyyz € R

HenceR( *F) is a left ideal.

Again letz, z € R anda, b € R'{"" be such that +a+ 2z =
b+ z.

Then pa(z) = min{pa(a),pa(b)} = o and Ag(z) <
max{\a(a), Aa(b)} < B. Hencex € R'™?. Therefore
R is a left h-ideal ofR.

Conversely, IetRff’B) be a left h-ideal of R , for any
a, B €10,1] with o+ 3 < 1.

Let x,y € R be such thatus(z) = a1,ua(y) = a2 and

Aa(z) = ﬂla)‘Agy) = 2. Thena; + 81 <1, ap + f2 < 1.
So, z,y € Rff’ﬁ), a left h-ideal, whered = «a; A ao,
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B = 31 V B> which impliesz +y € R( &8) ie. u (z +y)
a= a1 Aag =min{pa(z), paly)} and Mz +y) <p
B1V B2 = max{Aa(z), \a(y)}.
Again, letz,y € R andvy € I" be arbitrary.
Let [LA( ) = 61 and>\A( ) =coWithe; +c5 <1
Theny € R} (e1:2) \which implies zyy € R(Acl’cz) ie.
pa(@yy) = c1 = paly) andAa(zyy) < c2 = Aa(y).
ThereforeA is an intuitionistic fuzzy left ideal.
Again, supposed = (ua,A4) is not an intuitionistic fuzzy
left h-ideal.
So 3 xg, 20, ag, by € R such thatzy + ag + zg = by + 29 and
pra(@o) < min{pa(ao), pa(bo)}
Taking ag = §{pa(zo) + min{s4(ao
pa(zo) < ap < min{pa(ao), a(bo)}.
Clearly pa(ag), pa(bg) > ag.
AS pa(ag) + Aalag) <1, thens(ag) <1 — pa(ao).
SoAa(ag) <1 —ap and similarlyA4(bp) < 1 — ap.
Consideerf”’l""“), which is clearly nonempty, is a left
h-ideal of R andag,by € R(f”’l_"“). Therefore zy €
Rf“’l’“"). S0, ua(zo) > ap, which is a contradiction. =
Theorem3.4: Let A be a non-empty subset of B-
hemiring R. Then an intuitionistic fuzzy subset, \4)
defined by

v

), 1a(bo)}}, we have

(2) = ap forzec A
PAE) = oy forz ¢ A

| pp forze A
AA(“:)_{ B forzdA

where0 < a1 <as<1,0<By<fi<landa;+ 3 <1
for each i=1,2 is an intuitionistic fuzzy left h-ideal if amhly
if A'is a left h-ideal of R.
Proof: Let A be a left h-ideal ofR. Let z,y € R. If

x,y €A, thenz +y,xyyeAforall v e T. Thenpa(z+y) >
min{pa(z), pa(y)} » Aa(z +y) < max{Aa(z),\a(y)} ,
palzyy) = pa(y) and Aa(zyy) < Aa(y). If either x
ory ¢ A, then alsopa(z +y) > min{pa(z), pa(y)} .
Aa(@ +y) < max{Aa(z), a(y)} , pa(zyy) = paly) and
Aa(zyy) < Aa(y).
Let z,z,a,b € R be such thatr + a + 2 = b + z,then
if a,b €A, we obtain pa(a) = pa(d) = as,dala) =
Aa(b) = P2 and henceps(x) > min{ua(a), pa(d)} ,
Aa(z) < max{Aa(a), a(b)}. If eithera or b ¢ A then
min{pa(a), pa(b)} < on < pa) , max{Aa(a), Aa(b)} >
Ba > Aa(z). Hence(ua, Aa) is an intuitionistic fuzzy left
h-ideal of R.
Conversely, lefua, A1) is an intuitionistic fuzzy left h-ideal
of R. ThenREZl’il)) = A. So, by previous theorem[cf.Th.3.2]
A must be a left h-ideal ofz. [ ]

Corollary 3.5: Let A be a non-empty subset of B-
hemiring R. Then A is a left h-ideal of A if and only if the
intuitionistic fuzzy subsetu, A4) defined by

() = 1 forze A
HAT) = 0 forz ¢ A

0 forze A
’\A(x)_{ 1 forzg A

scholar.waset.org/1307-6892/1370


http://waset.org/publication/A-Study-on-Intuitionistic-Fuzzy-h-ideal-in-Γ-Hemirings/1370
http://scholar.waset.org/1307-6892/1370

International Science Index, Mathematical and Computational Sciences Vol:5, No:8, 2011 waset.org/Publication/1370

World Academy of Science, Engi
International Journal of Mathematical

neering and Technology
and Computational Sciences

Vol:5, No:8, 2011

is an intuitionistic fuzzy left h-ideal ofz.

Definition 3.6: Let A = (ua,Aa) and B = (up,Ap)
be two intuitionistic fuzzy subsets of B-hemiring R. Then
ANB = {zminfua(e), pp(r)}, max{Aa (@), Ap(z)}

x € R}.

Proposition 3.7: Intersection of a non-empty collection of
intuitionistic fuzzy left h-ideals of d"-hemiring R is also an
intuitionistic fuzzy left h-ideal of R.

Definition 3.8: [4] Let R, S beI'-hemirings andf : R —
S be a function. Thery is said to be d-homomorphism if

(i) fla+b)=f(a)+ f(b)
(i) f(aad) = f(a)af(b) for a,b eR anda € T.
(iii) f(0r) = 0s whereOr and0gs are the zeroes oR and
S respectively.

Proposition3.9: Let f : R — S be a homomorphism of
I-hemirings. If A = (04,n4) is an intuitionistic fuzzy left
h-ideal of S, then f~1(A) defined as

F7HA) = (f7(oa), f1 (na))

where

(f7 o) (@) = oa(f () and (f (na)) () = na(f(2))

for all z in S, is an intuitionistic fuzzy left h-ideal ofz,

Definition 3.10: Let A = (ua,A4) be an intuitionistic
fuzzy subset of X. Leta € [0,inf{ia(z) : = € X},
B €[0,1—sup{pa(z):ze X}
Then A} , = ((na)h, (Aa)l) is called an intuitionistic fuzzy
translation of A if
(,uA)g(ac) = pa(x)+8,(Aa)L(z) = Aa(z)—aforall z € X.

Definition 3.11: Let A = (ua,A4) be an intuitionistic
fuzzy subset of X. Lety € [0 1].
Then AY = ((ua))', (Aa)}') is called an intuitionistic fuzzy
multiplication of A if
(a)d(z) = v.paz), Aa) (z) = v.Aa(x) forall z € X.

Definition 3.12: Let A = (ua,A4) be an intuitionistic
fuzzy subset of X. Leta € [0,inf{y.\a(z) : =z € X},
B €[0,1—sup{v.pa(z ) x € X}] wherey € [0, 1].
ThenA 5Ta) N ((/LA),@ 4 (Aa)3T) is called an intuitionistic
fuzzy magnified translation of A |(,uA)MT( ) =y.palx) +
B, (Aa)M T (2) =~v.Aa(z) — « for all xeX

The’orem3.13: Let A = (na,Aa) be an intuitionistic
fuzzy subset of &-hemiring R. A is an intuitionistic fuzzy left
h-ideal of R if and only |fAMT is an intuitionistic fuzzy left
h-ideal of R,wherey € [0, 1] o € [0,inf{y. a(z) : z € X}],
B €0,1—sup{y.pa(z):z € X}
Proof: SupposeA is an intuitionistic fuzzy left h-ideal of

R. Then for anyz,y € R andn € T,

(pa)f i (x+y) = ypalz+y)+p
y.min{pa(z), pa(y)} + 8
min{(y.pa(x) + B), (v-paly) + B8)}
min{(ua) 5 (), (pa)fs (1)},

1LY

and

(1a) 5y (1)

v-palzny) + B
v.paly) + B
= ()} (y)

v

International Scholarly and Scientific Research & Innovation 5(8) 2011

1221

Similarly,

M)y (z+y)

yAalz+y) —a
~v.max{Aa(x),Aa(y)} —
max{(y.-Aa(z) — a), (v-Aa(y)
max{(Aa)a7 (z), (Aa) )T (9)}

IN

—a)}

and

AT (@ny) = vAalzny) —a
v Aaly) —

()\A)%WT(?/)

Let z,a,b, 2 €R be such that +a + z = b+ z. Then

IN

(na)fy () = ~y.pale)+ 8
> y-min{pa(a), pa(b)} +
= min{(y.pa(a) + B), (v-pa(b) + 8)}
= min{(na)il; (). (a)fly (0)}
and
Aoy (z) = 7Aa(2) —a
< ~.max{ia(a),Aa(b)} —
= max{(y.Aa(a) — ), (y-Aa(b) — @)}
= max{(Aa)sly (@), (Aa)ay (D)}
HenceAMT is an intuitionistic fuzzy left h-ideal of?.
Conversely, IetAMT ,, be an intuitionistic fuzzy left h-ideal
of R.

Then, for anyz,y €R and anyp €I,

(na)§(z +y) > min{(pa) 5T (2 M/LA)};”?(@/H

= v.palz+y)+ 8> mm{(v (@) + B). (viay) + B)}
= v.min{pa(z), pa(y)} + B

= pa(r +y) = min{pa(z), pa(y)}

(MA),M(@" y) > (na) 3 (y)
= y.palx y)+ﬂ2’yuA( )+ 8
= pa(rny) > pa(y)
AT (@ +y) < max{(Aa) T (), Aa) T (y)}
= v.Aa(z +y) —a < max{(y. AA(fﬂ) a), (7 /\A( ) —a)}
=7. max{/\A(w) AY)} —

= Az +y) < max{Aa(x), Aa(y)}

(Aa) M (any) < (Aa)¥T(y)
:>’Y)\A( )—a<7)\A() a
= )\A(wny) < Aa(y)

Letxz,a,b,z €R such thatt +a + 2 = b + z.

Then, (1a)3 (z) > min{(na) 77 (a), (na) 577 (b)}

= v.pa(z) + B = min{(y.pa(a ) B), (.14 () + )}
= v.min{pa(a), na(b)} + B

= pa(z) > min{pa(a), pa(b)}

(Aa)ay (z) < max{(pa)a’y
= v a(x) —a < max{(y.Aa
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=~.max{A4(a), \s(b)} — « and
= Aa(z) <max{ia(a), Aa(b)} .
Then A is an intuitionistic fuzzy left h-ideal oR. [ Malz) = Aa(z) = Aa(0)
Corollary 3.14: Let A = (ua, ) be an intuitionistic < max{Aa(a),Aa(b)} — A4(0)
fuzzy subset of d-hemiring R apdy € [0,1,8 € [0,1 — = max{ia(a) —Aa(0),2a(b) —Aa(0)}
sup{v.pa(z) : x € X},a € [0,inf{y.)\a(z) : z € X}]. — max{\i(a), AE(b)).
Then the following statements are equivalent: AV A
(i) A is an intuitionistic fuzzy left h-ideal ofR. HenceA™ is an intuitionistic fuzzy left h-ideal ofz.
(i) Aj 7 the intuitionistic fuzzy translation of A, is an intu-Again we havey; (0) = pa(0)+1—p4(0) = 1 andA}(0) =
itionistic fuzzy left h-ideal ofR. Aa(0) — Aa(0) = 0. HenceA™ is a normal intuitionistic left
(iii) Ay,the intuitionistic fuzzy multiplication of A, is an fuzzy h-ideal of R and by definitionA C A™. ]
intuitionistic fuzzy left h-ideal ofR. Corollary 4.4: Let A and A™ be as in the very previous
Proposition. Then
IV. NORMAL INTUITIONISTIC FUZZY LEFT h-IDEALS (i) foranyz e R, A*(z) = (0,1) = A(z) = (0,1) , and

Definition 4.1: An intuitionistic fuzzy left h-ideal (ii) A is a normal intuitionistic fuzzy left h-ideal oR if and
A=(ua, 4a) of a T' hemiring R is said to be normal if only if At =A

A(0)=(1,0); i.e.,ua(0) = 1,X4(0) = 0. . Remark4.5: If A= (u4,\4)is an intuitionistic fuzzy left
Example4.2: The intuitionistic fuzzy left h-idealA = p.deal of R, then(A+)*=A". In particular , if A is normal,

(ka,Aa) of I-hemiring (R,+,.), defined in th&xample 1., s then (4+)+ = A+ = A.

a normal intuitionistic fuzzy left h-ideal oR. Theorem4.6: Let A = (u4,A4) be an intuitionistic

Theorem4.3: Given an intuitionistic fuzzy left h-ideal fuzzy left h-ideal of al'-hemiring R and letf : [0,1] — [0, 1]
A=(pa, Aa) OI aT-hemring R. Let uj(z) = pa(z) +1— pe an increasing function. Then an intuitionistic fuzzy setb
pa(0) and My(@) = Aa(@) = Aa0) L for all @ € R gp = ((uy)p, (Aa)y) where (ua)s(z) = f(ualx)) and
Then AT = (MA,A ) is a normal intuitionistic fuzzy left h- (Aa)s(z) = f(Aa(z)) for all z in R is an intuitionistic

ideal,containing A4, Aa), of R. fuzzy left h-ideal of R. Moreover, if f(14(0)) = 1 and
Proof: For anyz,y € R andy €T, F(Aa(0)) =0, then A is normal.
Proof:

ph+y) = pal@+y)+1-pa0) Letz,y € Randy € R.

> min{pua(z), pa(y)} +1 — pa(0)

= min{pa(z) +1—pa(0), paly) +1—pa(0)} (a)s(z+y) = fpalz+y))

= min{y}(e). ih ()} > f(min{pa(@), pa(y)})

= min{f(pa()), f(ra(y))}

min{(za) s (x

)
ph(evy) = pa(yy) +1—pa0) > paly) +1 - pa(0) )s (a) s (w)},
)

(
(na)f(@vy) = flpalzyy)) > f(ualy)) = (pa)s(y)

= (),
and and
M@+y) = Aal@+y) —Ara(0) Aa)ple+y) = fAalz+y))
< max{\a(2), A\a(y)} — Aa(0) < fmax{Aa(z), a(y)})
= max{\a(z) — Aa(0), Aa(y) — Aa(0)} = max{f(Aa(z)), f(Aa(y))}
= max{\}(z),\i(y)}, = max{(Aa)s(z),(Aa)r(y)},
(Aa)f(@yy) = fAalzyy)) < fF(Aa(y)) = (Aa)s ().
HenceA; is an intuitionistic fuzzy left ideal.
Mi(eyy) = AA(fwy) Aa(0) Let z,a,b,z € R such thatt +a + z = b+ .
< Aaly) — Aa(0) Then
I (1a)s(@) = Fpa)(@) > Flminfuaa). pa(s)})
So At is an intuitionistic fuzzy left ideal ofR. = min{f(ua(a)), f(ua(b)}
-If-ﬁteﬁ’ a,b,z € Rsuchthatt +a+ 2 =b+ 2. = min{(1a)f(a), (a);(b)}
@) = pale) +1- pa(0) and
> min{ua(a), pa(d)} + 1 - pa(0) (Aa)s(@) = fAa)(@) < f(max{Aa(a), Aa(b)})
= min{pa(a) +1— pa(0), pa(d) +1 — pa(0)} = max{f(Aa(a)), f(Aa(b))}
= min{u}(a), x4 (0)} = max{(Aa)s(a),(Aa)s(D)}.
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Hence A is an intuitionistic fuzzy left h-ideal ofl- Then
hemiring R. 1
If f(1a(0)) =1, f(Aa(0)) = 0 then, (ua);(0) = 1 and  oalx) = glua(z)+ pale)
(Aa)f(0) = 0 and henced; = ((pa)y,(Aa)y) is a normal 1
intuitionistic fuzzy left h-ideal off-hemiring R. n 2 gmin{pa(a), pa(b)} + na(c)l
Theorem4.7: Let NI(R) denotes the collection of all .1 1
normal intuitionistic fuzzy left h-ideals ofR. Let A = - mm{i(m‘(a)+MA(C))’§(MA(b)+MA(C))}
(1a,Aa) € NI(R) be nonconstant such that it is a maxi- = min{oa(a),c4(b)}
mal element of(NI(R),C). Then it takes only two values
(1,0),(0,2). and
Proof: Since A is normal intuitionistic fuzzy left h-ideal, ;) = %P\A(f) + ()]

so A(0)=(1,0). Letzy(# 0) € R be arbitrary withu4(z¢) #

1. We claim thatua(zg) = 0. If not then there exists an

elementc € R such thatd < pa(c) < 1. Let A, = (c4,m4)
be an intuitionistic fuzzy subset d® defined by :c4(z) =
pua(@) + pa(©)] . na(@) = FAa(@) + Aa(e). Clearly A,
is well-defined.

Now, 0.4(0) = 4[ua(0) + wa(e)] > Llual) + pale)) =
oa(x),

174(0) = 3[Xa(0) +Xa(0)] < 5[Aa(2), Aa(e)] = na(z) for
any x in R.

Again, for anyz,y € R and for ally € R,

Slha(e + 1), (o)]

SImin{ua(e), ia)} + pa(e)
= min{5 (1a(2) + pa(e)), 5 (pa(y) + 1a(e))}

= min{UA($)7UA(y)}7

oa(r +y)

Y%

oalery) = 3luaery) +palo)

%[MA(y) + palo)] = oaly),

v

nalz+y) = Sz +y),Aalc)]
< g max{Aa(z), Aa(y)} + Aalc)]

= max{f()\ (z) + Aale)), %(M(y) +Aa(e)}
= max{nA( ):ma(y)}

=N =

DO |

and

na(zvyy) = %[)‘A(m’yy)+/\A(c)]

SPAa) + A4 (o)
= na(y).

IN

Hence A, is an intuitionistic fuzzy left ideal of?.
Letz,a,b,z € R such thatr +a + 2z = b+ z.

< %[max{)\A(a), Aa(D)} + Aa(e)]

= max{%()\A(a) +Aa(c), %()\A(b) +Aa(c))}
= max{na(a),na(b)}.

So A, is an intuitionistic fuzzy left h-ideal oR.
Define AY = (o,n%). Then by Proposition 4.24F is a
normal intuitionistic fuzzy h-ideal of?, where

oa(x) = oa(z)+1-04(0)
= Slnale) + al@)] 41— Lna(0) + pa(e)]
1
= 5[1 + pa(z)]
and
mh(@) = na(z) —na(0)
= 5P+ 4] = 3 Aa(0) + ()
= %)\A(l‘)
Hence AC Af.

Again sinces(c) = 1[1 + pa(c)] < ok(0) =1, Al is
non-constant.

Also A is a proper subset o} aso (z) = $[1+4 pa(z)] >
pa(z) and nf(z) = tAa(z) < Aa(z) for any z with
wa(z) #1in R. This violates the maximality of A in NI)
and so we get a contradiction. This completes the prodi.

V. CARTESIAN PRODUCT OF INTUITIONISTIC FUZZY LEFT
h-IDEALS

Definition 5.1: Let {R;};c; be a family of ’-hemirings.
Now if we define addition(+) and multiplication(.) on the
cartesian producﬂ R; as follows:

i€l
(xz)iel + (y1)1€l - (1'2 + yz)zGI and
(xz)zela(yz)ZGI - (xlayz)zel for all (-Ti)iGU (yi)iGI S IIE_IIRZ
and for allae € T.
Then H R; becomes d-hemiring.

Deflmtlon 5.2 An intuitionistic fuzzy relation on any
nonempty set X is an intuitionistic fuzzy s@t 4, A4), where
A - XXX—)[O 1] and A4 : XXX—>[O 1]
Definition 5.3: Let A=(u4, A1) be an intuitionistic fuzzy
relation on a setX and B = (op,np) be an intuitionistic
fuzzy subset ofX. Then A is said to be an intuitionistic
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fuzzy relation on B ifus(z,y) < min{op(z),op(y)} and

)\A(x?y) > maX{nB(x)vnB(y)} for all z, Y in X.
Definition 5.4: Let A = (ua,Aa) and B = (up,Ap) be

Theoremb5.7: Let A=(ua, Aa) be an intuitionistic fuzzy
subset of d’-hemiring R andS 4 be the strongest intuitionistic
fuzzy relation on R determined by A. Then A is an intuitionis-

two intuitionistic fuzzy subsets oR. Then cartesian producttic fuzzy left h-ideal ofR if and only if S4 is an intuitionistic

of A and B is defined as:
Ax B={(z,y),pa X i, a X1 Ap : T,y € R},
where (pa x pp)(x,y) = min{pa(z), pp(y)} and (Aa x
Ag)(x,y) = max{Aa(2), Ap(y)).
Theoremb5.5: If A,B are intuitionistic Fuzzy left h-ideals
of Rthen soisdA x Bin R x R.
Proof: Let (z1,22), (y1,y2) € Rx Randy €.
Then (A X B)((l‘l,l‘g) + (yl, yg))
= (Ax B)((z1 +y1), (v2 + y2))
= (Ha X pB,Aa X1 Ap)((z1 +y1), (22 + y2)). Now
(a x pp)((z1 +y1), (22 + y2))
= min{pa(z1 +y1), B2 + y2)}
> min{min{pa (1), pa(yr)}, min{pp(z2), pp(y2)}}
= min{min{pa(z1), pp(@2)}, min{pua(yr), p(y2)}}
=min{(ua X pp)(@1,22), (ka X 1B)(Y1,y2)}
(Aa x1 Ag) (1 +y1), (22 + y2))
= max{Aa(z1 +y1), A\p(22 + y2)}
< max{max{Aa(z1), Aa(y1)}, max{Ap(z2), Ap(
= max{max{A4(z1), Ap(22)}, max{Aa(y1), A5 (y2)}}
= max{(Aa X1 Ap)(z1,72), (Aa X1 AB)(y1,92) }
(a x pe)(z1, 22)7(y1,92))
= (pa x pp)(T17Y1, (T27Y2))
= min{pa(z1vy1), pB(r27Y2)}
> min{pa(y1), uB(ye)}
= (1a x pB) (Y1, Y2)
and
(Aa X1 Ap)((z1, 2)7(y1,y2))
= (Aa X1 AB)(17Yy1, T27Y2)
= max{Aa(z1791), Ap(r27y2)}
< max{Aa(y1), Ap(y2)}
= (Aa X1 AB) (Y1, v2).
Hence A x B is an intuitionistic fuzzy left ideal.
Let (iL’l,ZL’Q), (al,ag), (bl,bg), (21,22) € R x R be such that
(xl,xg) + (ahag) + (21, ZQ) = (bl, bg) + (Zl, 22). Thenx; +
a1+ 21 =b1 +2z; andzg + ag + 29 = by + 29.
Now
(Ax B)(z1,22) = ((ha X pB)(z1,22), (Aa X1 Ap)(21,22))
So, (ka % pp)(z1,72)
— min{jua(e1), s ()}
> min{min{pa(a1), pa(b1)}, min{pp(az), np(b2)}}
= min{min{pa(a1), pp(az)}, min{ua(b1), up(b2)}}
=min{(ua x pp)(a1,a2), (a x pp)(b1,b2)}.
and
()\A X1 )\B)(l'l,l'g)
= max{Aa(x1), Ap(x2)
< max{max{A4(a1),Aa(b1)}, max{Ag(az), Ap(b2)}}
= maX{maX{)\A(al), /\B(CLQ)}, max{)\A(bl), /\B(bg)}}
= max{()\A X1 )\B)(al,ag), ()\A X1 /\B)(bl,bg)}.
HenceA x B is an intuitionistic fuzzy left h-ideal of? x R.
[
Definition 5.6: Let X be a non-empty set and Aga, Aa)

fuzzy left h-ideal of R x R.

Proof: Let A=(ua,A4) be an intuitionistic fuzzy left
h-ideal of thel'-hemiring R. Then from the previous theorem
S4 = A x A is an intuitionistic fuzzy left h-ideal oR? x R.
Conversely, suppos&, be an intuitionistic fuzzy left h-ideal
of R x R.

Let x1,22,vy1,y2 € R andy € I'. Then

min{pa(z: +y1), pa(r2 +y2)}

= (pa X pa)(x1+y1, 22 +y2)

= (pa x pa)((z1,22) + (Y1, y2))

> min{(pa X pa)(@1,22), (pa X pa)(y1, y2)}

= min{min{pa (1), pa(2)}, min{pa(y1), paly2)}}

Let z,y be arbitrarily chosen fronk. Now putting z; =
x, 29 = 0,y1 = y,y2 = 0 and noting thagu 4 (0) > pa(r) for
all r € R we getua(z+y) > min{pa(z), paly)}

Again,

max{Aa(z1 +y1), Aa(z2 +y2)}

= (Aa x1Aa) (21 +y1, 22+ y2)

= (Aa x1 Aa)(z1,22) + (y1,92))

< max{(Aa X1 Aa)(@1, 22), (Aa X1 Aa)(y1,y2)}

= max{max{\a(z1), Aa(w2)}, max{Aa(y1), Aa(y2)}}

Let z, y be arbitrarily chosen fronk. Puttingz, = z, x5 =
0,41 = y,y2 = 0 and noting thak 4 (0) < A4 (r) forallr € R
we getia(z +y) < max{Aa(z), Aa(y)}.

Now,

min{pa(z17y1), pa(z27y2)}

= (N“A X MA)((g;lva)’Y(ylva))
> (pa X pa)(yi, ya)

= min{pa(y1), pa(y2)}
Let z,y be arbitrarily chosen from R. Putting

ry = xzaxe = 0,437 = y,y2 = 0 and noting that
pa(0) = pa(r) for all r € R we getpa(zyy) = pa(y).
Again

max{A4(z17y1), Aa(v27y2)}

= (Aa x1 Aa)((z1,22)7(Y1,92))

< (Aa X1 A4) (1, 92)

= max{Aa(y1), Aa(y2)}

Let z,y be arbitrarily chosen from R. Putting
ry = x,xe = 0,11 y,y2 = 0 and noting that
Aa(0) < Aa(r) for all r € R we getda(zyy) < Aa(y).

Let 171,@1,1)1,2’1,172,0,2,1)2,22 € R be such that
1 +a1 +21 = by + 21, andzg + as + 29 = by + 29
, then (z1,z2) + (a1, a2) + (21, 22) = (b1,b2) + (21, 22) and
hence

min{pa(z1), pa(z2)}

(Ha x pa)(@1, z2)

min{(pa X pa)(ar, az), (pa x pa)(by, b2)}
min{min{s4(a1), pa(az)}, min{a(br), pa(b2)}}

v

be an intuitionistic fuzzy subset of X. Then the strongest Let = be arbitrarily chosen fronRk. Puttingx; = x, 20 =
intuitionistic fuzzy relation on X determined by A is defined),a; = a,as = 0,0y = b,by = 0,27 = 2,20 = 0 and

as the cartesian product of A with itself and denotedShy
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for all those z,a,b,z € R with x + a + 2z = b+ 2z, R. Mukherjee is now a CSIR fellow. She passed M.Sc and NET in 2009.
pa (a:) > min{uA(a), pa (b)} gg\r/éasrhe is working for PhD Degree under the guidance of Drit 8wjmar
Also, '

max{Aa(z1), a(z2)}

= (Aa X1 Aa)(z1, 22)

< max{()\A X1 )\A)(al,ag), ()\A X AA)(bth)}

= max{max{Aa(a1),Aa(az)}, max{Aa(b1),Aa(b2)}}

Let = be arbitrarily chosen fronR. Puttingz; = z, 22 =
0,&1 = a,a2 = O,bl == b,bg == O,Zl = 2,22 = 0
and noting thath 4(0) < A4(r) for all » € R, we obtain
for all those z,a,b,2 € R with 2 +a + 2 = b+ z,
Aa(x) <max{Aa(a),ra(d)}.

HenceA = (ua,A4) is an intuitionistic fuzzy left h-ideal of
R. [ |
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