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Abstract To deal with decision-making problems with
interval neutrosophic uncertain linguistic information, the
paper proposes a multiple attribute group decision-making
method under an interval neutrosophic uncertain linguistic
environment. Firstly, the concept of an interval neutro-
sophic uncertain linguistic set and an interval neutrosophic
uncertain linguistic variable (INULV) is presented by
combining an uncertain linguistic variable with an interval
neutrosophic set. Secondly, we introduce the operation
rules of INULVs and the score function, accuracy function
and certainty function of an INULV. Thirdly, we develop
an interval neutrosophic uncertain linguistic weighted
arithmetic averaging INULWAA) operator and an interval
neutrosophic uncertain linguistic weighted geometric
averaging (INULWGA) operator and investigate their
properties. Fourthly, a group decision-making method is
established based on the INULWAA and INULWGA
operators to solve multiple attribute group decision-making
problems with interval neutrosophic uncertain linguistic
information. Finally, an illustrative example is provided to
demonstrate the application of the developed approach.
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1 Introduction

Multiple attribute decision making is an important research
topic in decision theory, and then it has been applied
widely in many fields, such as engineering and economic
management. Recently, new decision-making methods
have been presented under various fuzzy environments [6—
8]. In complex decision-making problems, however, there
is a lot of qualitative information, where the evaluation
results of decision makers may easily be expressed by
linguistic variables or uncertain linguistic variables
because of time pressure, lack of knowledge, and the
decision maker’s limited attention and information pro-
cessing capabilities. Thus, Zadeh [19] originally proposed
the concept of the linguistic variable and applied it to fuzzy
reasoning. After that, Herrera et al. [2] put forward a model
of consensus for group decision making under a linguistic
assessment. Herrera and Herrera-Viedma [3] also proposed
a linguistic decision analysis to solve decision-making
problems with linguistic information. Then, Xu [15] pre-
sented a linguistic hybrid arithmetic averaging operator and
applied it to multiple attribute group decision-making
problems with linguistic information. Meanwhile, Xu [16]
further proposed goal programming models for multiple
attribute decision making under a linguistic environment.
Furthermore, Zeng and Su [10] put forward linguistic
induced generalized aggregation distance operators and
applied them to multiple attribute decision making. Agar-
wal and Palpanas [1] further introduced a linguistic rough
set (LRS) by integrating linguistic quantifiers in the rough
set framework. On the other hand, Xu [14] proposed the
uncertain linguistic ordered weighted averaging (ULOWA)
operator and uncertain linguistic hybrid aggregation
(ULHA) operator and applied them to multiple attribute
group decision-making problems with uncertain linguistic
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information. Also, Xu [17] developed some induced
uncertain  linguistic ~ ordered  weighted averaging
(IULOWA) operators and applied them to multiple attri-
bute group decision making under an uncertain linguistic
environment. Furthermore, by combining a linguistic
variable with an intuitionistic fuzzy set (IFS), Wang and Li
[12] introduced the intuitionistic linguistic set (ILS) that
consists of a linguistic part and an intuitionistic part. Fur-
ther, they [12] proposed an intuitionistic two-semantic, a
Hamming distance between two intuitionistic two-seman-
tics, and a ranking method for alternatives in accordance
with the comprehensive membership degree to the ideal
solution for each alternative. Wang and Li [13] also
introduced the operation rules of intuitionistic linguistic
variables (ILVs), the expected value, score and accuracy
functions of an ILV and developed the intuitionistic lin-
guistic weighted arithmetic averaging (ILWAA) operator
and intuitionistic linguistic weighted geometric averaging
(ILWGA) operator, and then they applied the ILWAA and
ILWGA operators to multiple attribute decision-making
problems with intuitionistic linguistic information. Fur-
thermore, Liu and Jin [4] proposed the concept of an
intuitionistic uncertain linguistic variable (IULV), which is
an extension of the ILV concept, and developed an intu-
itionistic uncertain linguistic weighted geometric averaging
(IULWGA) operator, an intuitionistic uncertain linguistic
ordered weighted geometric (IULOWG) operator, and an
intuitionistic  uncertain linguistic hybrid geometric
(IULHG) operator, which generalizes both the IULWGA
operator and the IULOWG operator, and then they applied
these operators to multiple attribute group decision-making
problems with IULVs. Liu et al. [5] further developed
some intuitionistic uncertain linguistic Heronian mean
operators, including an intuitionistic uncertain linguistic
arithmetic Heronian (IULAH) operator, an intuitionistic
uncertain linguistic weighted arithmetic Heronian (IUL-
WAH) operator, an intuitionistic uncertain linguistic geo-
metric Heronian (IULGH) operator, and an intuitionistic
uncertain  linguistic ~ weighted geometric Heronian
(IULWGH) operator, and then applied them to group
decision making.

In real decision-making problems, there is often
incomplete, indeterminate and inconsistent information.
Thus, the neutrosophic set proposed by Smarandache [9]
can be better to express this kind of information. Therefore,
Ye [18] proposed the concepts of interval neutrosophic
linguistic set (INLS) and interval neutrosophic linguistic
variable (INLV) by combining a linguistic variable with an
interval neutrosophic set (INS). Since an INLV consists of
a linguistic part and an interval neutrosophic part, we can
also consider that the linguistic part of the INLV is the
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linguistic variable represented by decision maker’s judg-
ment to an evaluated object and the interval neutrosophic
part of the INLV is the subjective evaluation value on the
reliability of the given linguistic variable, which is
expressed by a truth-membership degree interval and an
indeterminacy-membership degree interval and a falsity-
membership degree interval. However, an INLS is an
extension of an ILS by replacing the intuitionistic part of
the ILS with interval neutrosophic part, while the linguistic
part in the INLS is still the linguistic variable rather then
the uncertain linguistic variable that easily expresses the
qualitative information. Hence, the INLS cannot represent
and deal with interval neutrosophic uncertain linguistic
information. To overcome the shortcoming, the INLS
should be extended by expressing the linguistic part of an
INLS with an uncertain linguistic variable to propose the
concepts of an interval neutrosophic uncertain linguistic set
(INULS) and an interval neutrosophic uncertain linguistic
variable (INULV), which are composed of an uncertain
linguistic part and an interval neutrosophic part. Therefore,
INULSS can easily express and better handle the uncertain
information and inconsistent information than ILSs, IULSs
and INLSs. As the further extension of author’s previous
work [18], the purposes of this paper are: (1) to propose the
concepts of an INULS and an INULV (2) to introduce
basic operation rules of INULVs and the score, accuracy
and certainty functions of an INULV (3) to develop an
interval neutrosophic uncertain linguistic weighted arith-
metic averaging (INULWAA) operator and an interval
neutrosophic uncertain linguistic weighted geometric
averaging (INULWGA) operator and to investigate their
properties, and (4) to establish a group decision-making
method based on the INULWAA and INULWGA opera-
tors for solving multiple attribute group decision-making
problems with interval neutrosophic uncertain linguistic
information.

To achieve the above purposes, the remainder of this
paper is structured as follows. Section 2 briefly describes
some concepts of linguistic variables, uncertain linguistic
variables, INSs, INLSs and INLVs. In Sect. 3, we propose
an INULS and an INULYV, the operation rules of INULVs,
and the score function, accuracy function and certainty
function of an INULV. Section 4 introduces INULWAA
and INULWGA operators of INULVs and investigates
their properties. In Sect. 5, a multiple attribute group
decision-making method based on the INULWAA and
INULWGA operators is established in interval neutro-
sophic uncertain linguistic setting. In Sect. 6, an illustrative
example is provided to demonstrate the application of the
proposed method. Section 7 contains conclusions and
future work.
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2 Preliminaries

2.1 Linguistic variables and uncertain linguistic
variables

Some concepts of linguistic variables, uncertain linguistic
variables and their basic operation rules are introduced
below.

Let S = {sg, 2, ..., 5.1} be a finite and totally ordered
discrete linguistic term set with old cardinality, where s; in
the linguistic term set S represents a linguistic variable and
[ is an odd value. For example, Taking / = 7, we can give a
linguistic term set S [3]:

S = {50, S1, 52, 83, S4, S5, S} = {extremely poor, very
poor, poor, medium, good, very good, extremely good}.

For any two linguistic variables s; and s; in a linguistic
term set S must satisfy the following characteristics [2, 3]:

Order of two variables: s; > s;if i > j;
Negation operator: neg(s;) = $.1.;;
Maximum operator: max(s;, §;) = s; if i > J;
Minimum operator: min(s;, s;) = s; if j > i.

L=

Then, the discrete linguistic term set S = {sq, 51, 52, 53,
S4, S5, S} can be extended to a continuous linguistic set
S = {s,Jo € R}, which also satisfy the aforementioned
characteristics, to minimize the linguistic information loss
in the operation process. For any two linguistic variables s;
and s; for s;,s; € S, the operation rules are defined as fol-
lows [15, 16]:

5; D Sj = Siyj;

5 @D 8j = Sixj;

Si/Sj = Si/js

As; = s, for 2 > 0;

(si)'= sy for 1 > 0.

A e

Definition 1 [14, 17] Suppose § = [s,, 5], Where s,,5, €
S with a < b are the lower limit and the upper limit of §,
respectively. Then § is called an uncertain linguistic
variable.

Let §; = [sq1, 1] and § = [s42, sp2] be any two uncer-
tain linguistic variables, then their operation rules are
defined as follows [14, 17]:

L. 51 5 = [Sa1,Sp1] @ [Sa2; 2] = [Saita2, Sb1+b2]5

2. 51 @8 = [Sa1,51] @ [Sa2, 5p2) = [Saixa2, Spixp2)s

3. 51/52 = [sa1,Sp1]/[Sa2s Sp2] = [Sar/p2s Sp1ja2] if a2 # 0
and b2 # O;

4. 5 = ;L[Sa17sb1] = [S/lalasibl] for /. > 0.

5. (51)A: [‘v(a])i‘"g(bl);‘] for A > 0.

2.2 Some concepts of INSs

Smarandache [9] firstly proposed a neutrosophic set, which
generalizes fuzzy sets, IFSs and interval valued intuition-
istic fuzzy sets (IVIFSs), and gave the following definition
of a neutrosophic set from philosophical point of view.

Definition 2 [9] Let X be a space of points (objects), with
a generic element in X denoted by x. A neutrosophic set
A in X is characterized by a truth-membership function
T4(x), an indeterminacy-membership function /,(x) and a
falsity-membership function F(x). The functions 74(x),
I4(x) and F4(x) are real standard or nonstandard subsets of
170, 17, ie., T4(x): X = 170, 17, LL(x): X = 170, 177,
and F,(x): X — 170, 1. Thus, the sum of T4(x), I4(x) and
Fa(x) satisfies the condition ~0 < sup Ta(x) + sup I
(x) + sup Fu(x) < 3.

For easy applications in real science and engineering
areas, Wang et al. [11] introduced the concept of an INS,
which is a subclass of a neutrosophic set, and gave the
following definition of an INS.

Definition 3 [11] Let X be a space of points (objects)
with generic elements in X denoted by x. An INS A in
X is characterized by a truth-membership function 74(x),
an indeterminacy-membership function I4(x), and a fal-
sity-membership function F4(x). Then, there are T4(-
x) = [inf Tx(x), sup Ty(x)] = [0, 1], Ix(x) = [inf Ix(x),
sup I4(x)] € [0, 1], and Fu(x) = [inf Fu(x), sup
Fa(x)] < [0, 1] for each point x in X. An INS A can be
represented by

A = {6 Ta(0), 14 (x), Fa () x € X}
= {x, ([inf Tx(x), sup Ta(x)], [inf I4(x), sup I, (x)],
[inf Fx(x),sup Fa(x)])|x € X}

Obviously, the sum of T4(x), I4(x) and F4(x) satisfies the
condition 0 < sup T4(x) + sup I4(x) + sup Fu(x) < 3.

Then, some relations of INSs are introduced as follows
[11]:

1. The complement of an INS A is denoted by A® and is
defined as Tyu(x) = [inf Fu(x), sup Fa(x)] Ia(-
x) =[1 —sup I4(x), 1 —inf I,(x)], Fa(x) = [inf
Ts(x), sup Tx(x)] for any x in X.

2. An INS A is contained in the other INS B, written as
A < B, if and only if inf T,(x) <inf Tp(x), sup
Ta(x) < sup Tp(x), inf I,(x) > inf Ip(x), sup Is(-
x) > sup Ip(x), inf Fa(x) > inf Fp(x), and sup Fu(-
x) > sup Fp(x) for any x in X.

3. Two INSs A and B are equal, written as A = B, if and
only if A < Band B < A.
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2.3 Interval neutrosophic linguistic set

Based on combining INSs and linguistic variables, Ye [18]
firstly proposed INLSs and gave the following definition:

Definition 4 [18] Let X be a finite universal set, then an
INLS in X is defined as

A= {<)C7 [5‘()()(), (TA(X),IA(X),FA(X))}NX € X},

where sge S, Ta(x) = [inf Tx(x), sup Tx(x)] < [0, 1],
Io(x) = [inf I4(x), sup I4(x)] = [0, 1], Fa(x) = [inf Fs(x),
sup Fu(x)] < [0, 1], and 0 < sup T4(x) 4 sup I4(x) + sup
Fa(x) <3 for any xeX. The functions T4(x), I4(x) and
FA(x) express, respectively, the truth-membership degree
interval, indeterminacy-membership degree interval, and
falsity-membership degree interval of the element x in X to
the linguistic variable sy,.

Definition 5 [18] Let A= {(x, [sqow), ([inf Ta(x),
sup T4 (x)], [inf I4(x), sup I4(x),], [inf Fa(x),sup Fa(x)])])
[xeX} be any INLS. Then the seven tuple
(So(x), ([inf T4 (x), sup Tx(x)],

[inf I, (x), sup I4(x),], [inf F4(x),sup Fa(x)])) is called an
INLV and A can also be viewed as the collection of INLVs.
Thus, the INLS can also be expressed by

A = {{sg(x), ([inf T4 (x), sup T4 (x)],[inf 14 (x), sup I (x)],
[inf Fa(x),sup Fa(x)]))|x € X}

Let a; = (Sy(a,), ([infT(a1), supT(a;)], [infl(a1),
supl(ay)], [infF(ai),supF(a1)])) and  ax = (Sg(a),
([infT (az),supT(az)], [infl(az), supl(az)], [infF(az),

supF(a,)])) be any two INLVs for a;, a, € S and any
real number A > 0, then their operation rules are defined as
follows [18]:

. ag®a= <s0<al>+0(a2),([inf T(al) +inf T (az) —infT
(a1) infT(az),supT(a;)+ supT(az)— supT(ar)
sup T (az)], [inf I(a;)infI(az),supI(a;) sup(az)],
[inf F(ay)inf F(ay),sup F(ay) sup F(ay)]));

2. a1 ®ay = <S()(a1) « (;(az),([inf T(al) inf T(az), sup T(al)
supT(az)], [infI(a;) +infl(ay) —infI(a;)infl(a,),
supl(a;) +supl(ay) —supl(ay)supl(ay)],[inf F(ay)
+inf F(ay) — inf F(a;) inf F(az), supF(a;) +supF
(a2) — sup F(ar) sup F(az)]));

3. Jar = (S0, ([1 (1 —infT(a)),1 — (1 —supT

)], .[infI* (ay),supI*(a,)], [inf F*(ay), supF*
]

Yo = (1= supl(@))], [1— (1~ inf F(a))’,
1~ (1~ sup Fla))']).
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Let  a; = (So(a)), ([infT(ay),supT(ay)], [infl(a),supl
(a1)], [infF(ay),supF(a1)])) and ax = (so(q,), ([infT(az),
supT(ay)], [infl(ay),supl(ay)], [infF(ay),supF(az)])) be
any two INLVs for ay, a, € S and any real numbers A, Aj,
A» > 0, then they satisfy the following properties [18]:

ayday =a, Day;

ar®@ay =a; ®ay;

Mar @ az) = day © day;
ay ® hay = (A + Ar)ar;
a/itl ® a;tz — ai~1+iz;

af' ®a§“‘ = (a1 ® ax)™.

S kv

Then, Ye [18] defined the score function, accuracy
function and certainty function of an INLV, which are
important indexes for ranking alternatives in decision-
making problems.

Definition 6 [18] Let a = (sgq), ([infT(a),supT(a)],
[infl(a), supl(a)], [infF(a),supF(a)])) be an INLV fora €
S. Then, the score function, accuracy function and certainty
function for the INLV a are defined, respectively, as
follows:

e(a) = (4 +inf T(a) — inf I(a) — inf F(a) + sup T(a)
— sup/(a) — sup F(a))sp(a)
= SY(4-inf T(a)—inf I(a)—inf F(a)+sup T(a)—sup I(a)—sup F(a))0(a) s
(1)
h(a) = J(inf T(a) — inf F(a) + sup T(a) — sup F(a))su(

= Si(inf T(a)—inf F(a)+sup T(a)—sup F(a))0(a) s
(2)
1,.
C(Cl) = E(lnf T(Cl) + sup T(a))s9(a) = Si(inf T(a)+sup T(a))0(a)
(3)

Definition 7 [18]. Let a; and a, be any two INLVs for a;,
a, € S. Then, the ranking method can be defined as follows:

1. If e(a;) > e(ay), then a; > a,,

2. If e(a;) = e(ay) and h(a;) > h(a,), then a; > a,,

3. Ife(ay) = e(an), h(a;) = h(ay), and c(a;) > c(a,), then
a, > as,

4. Ife(a;) = e(ay), h(a,) = h(a,), and c(a;) = c(a,), then
a, = a,.

Let a; G=1, 2, ..., n) be a collection of INLVs and
W=, w,, ..., wn)T be the weight vector of a; (j = 1, 2,
..., n) with w; €[0,1] and Z;;le: 1. Then Ye [18]
proposed the INLWAA and INLWGA operators, respec-
tively, as follows:
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INLWAA(ay,az, -+ ,a,)

i <Siw‘”<w>’ ({1 o= mrr- I supnaj))“”} ,

o fpal)

[Hinflwf (aj),HsupI“{’(a_,v)} , L inf F" (aj),HsupFWJ (a;)
=1 =1 =1 =1

(4)
INLWGA(ay,az, - - an)
[1 - ﬁ (1 - infl(aj))%7 1— ﬁ (1 — Sup[(ai))wf] ,
ll - ﬁ (1 —inf F(a;))", 1~ ﬁ (1— SupF(aj))W/] ) >
(5)

3 Interval neutrosophic uncertain linguistic set

In real decision making, there is a lot of qualitative infor-
mation, which is easily expressed by linguistic variables or
uncertain linguistic variables by decision makers. An ILS
consists of the intuitionistic part and the linguistic part.
Then, an IULS composes of the intuitionistic part and the
uncertain linguistic part. Hence, the IULS only extends the
linguistic part of the ILS and can express the truth-mem-
bership degree and falsity-membership degree belonging to
an uncertain linguistic variable, but cannot express the
truth-membership  degree, indeterminacy-membership
degree, and falsity-membership degree belonging to an
uncertain linguistic variable. Furthermore, an INLS con-
sists of the interval neutrosophic part and the linguistic part
and can handle the information expressed by the truth-
membership degree, indeterminacy-membership degree
and falsity-membership degree belonging to the linguistic
variable, but cannot represent and deal with the informa-
tion expressed by the truth-membership degree, indeter-
minacy-membership degree and falsity-membership degree
belonging to the uncertain linguistic variable. To overcome
the aforementioned shortcoming, this section proposes
INULSs and INULVs by combining an uncertain linguistic
variable with an INS, and then introduces the operation
rules and ranking method of INULVs.

Definition 8 Let X be a finite universal set and [sq(y),
Sp]€ S be an uncertain linguistic variable. An INULS in X
is defined as

A = {(x, [500), $p(0)), (Ta (%), 1a (%), Fa(x)))|x € X},

where Sga, Spw€ S, Talx) = [inf Tx(x), sup To(x)] = [0, 1],
Ly(x) = [inf I4(x), sup I4(x)] < [0, 1], and F4(x) = [inf Fa(x),

sup F4(x)] < [0, 1] with the condition 0 < sup T4(x) + sup
I4(x) 4 sup F4(x) < 3 for any xeX. The functions T4(x), I4
(x) and F4(x) express, respectively, the truth-membership
degree interval, the indeterminacy-membership degree interval,
and the falsity-membership degree interval of the element x in
X belonging to the uncertain linguistic variable [sg.), Syl € S.

A ={{x, [Sqx)y  Sr(w], ([InfTx(x),
supTy (x)], [infl4(x),  suply(x),], [infFa(x),supFa(x)])])
[x€X} be an INULS. Then the eight tuple
([Sq(x)> Sr()], ([InfTy(x),supTy(x)],  [infla(x), supla(x),],
[infF (x), supF4(x)])) is called an INULV and A can also
be viewed as a collection of INULVs. Thus, the INULS can
also be expressed as

A = {([s00): Speo); ([inf Ta (x), sup T4 (x)],
[inf I4(x),sup I4(x)], [inf Fa(x),sup Fa(x)]))|x € X}.

Definition 9 Let

Definition 10 Let a; = ([sg(a,), Sp(a,)). ([inf T(a), sup
T(a))], [inf I(a,), sup 1(a,)], [inf F(a,), sup F(a;)])) and a,
= ([S0(a)s Sp(a))» (linf T(@y), sup T(@)], [inf I(Gy), sup
I(@y)], [inf F(ay), sup F(dy)])) be two INULVs and /4 > 0,
then the operation rules of INULVs are defined as follows:

1. aPa = <[S(-)(a1)+9(az) Sp(a)+p(d) ] ([mf T(al) +inf T

(@) —inf T(ay)inf T(a),sup T(a;) +sup T(a,)
—sup T(a)sup T(a)], [inf I(a,)inf I(a,), sup !

(@)sup I(ay)], [inf F(a,)inf  F(a,),sup F(a;)sup
{7(672)1»; _ )
2. a@ar = ([soa)xo@): Spa)xp@)s ([infT(a)

inf T(ay), sup T(ay) sup T(a,)], [inf I(a,)+ infI(ay) —
inf I(a,)inf I(a»),supI(ai)+ supl(ar)— supl(ai)
supI(a,)], [inf F(a,)+ inf F(G,) — inf F(a;) inf F(ay),
sup F(ay) + sup F(a,) —sup F(a,) sup F(az))));

3. 2ar = {[Si)s Sipanl (1 — (1 —infT(@))", 1— (1—
supT(ar))’], [inf (@), supt* (@), [inf F*(a), sup
FA(an))));

4. a;= ([sy (@1),spa), ([inf T"(@),sup T* (a)], [1 —
(1 —1nf1(a1)) 1-(1 —supl(d N4, 1= (1= inf F

(an)’, 1= (1 = sup F(a)’]))-
Obviously, the above operation results are still INULVs.

Theorem 1 For any two INULVs a\ = ([soa,),Sp(a))»
(linf T(a,), sup T(a,)], [inf I(a,), sup I(a;)], [inf F(a,), sup
F(ay))) and @ = ([So(a,)s Sp(a)]» ([inf T(@2), sup T(ayp)], [inf
I(ay), sup 1(ay)], [inf F(a,), sup F(@)])), and any real
numbers 1, Ay, o > 0, it is easy to prove that their oper-
ation rules have the following properties:

a ®ay =ay da;

a ®ay = dy ®ay;

)»(d[ &b dz) == /lfl] ©® )ﬁz;

Aay P Aady = (/ll + /12)&1;

el S
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5' ~A1 ®a/2 _ d}1+b
6. al' ®ak = (a ®dy)".
To compare INULVs, we define the score function,

accuracy function and certainty function of an INULV as
the extension of author’s previous work in [18].

Definition 11 Let a = ([sg(a), S)(a), ([inf T(a), sup T(a)],
[inf I(a), sup I(a)], [inf F(a), sup F(a)])) be an INULV.
Then, the score function, accuracy function, and certainty
function for the INULV g are defined, respectively, as
follows:

E(@) = (4 + inf T(a) — inf 1(@) — inf F(a)
+supT(a) —supI(a) — sup F(a))/6 X S(o(a)+p(a))/2
= S(4-+inf T(@)—inf 1(d)—inf F(@)+sup T(@)—sup 1(a) —sup F(@)) x (0(@)+p(a))/12>
(6)
H(a) = (inf T(@) — inf F(a)
+ sup T(a) — sup F(a))/2 X s(oa)+p(a)) 2 (7)
= S(inf T(a)—inf F(d)+sup T(d)—sup F(a)) x (0(@)+p(a)) /4>
C(a) = (inf T(a) + sup T(a))/2 x s

(@)+p(a))/2 (8)

= S(inf T(@)+sup T(a)) x (0(a)+p(a)) /4-

Based on Definitions 7 and 11, a ranking method
between INULVs can be given as follows.

Definition 12 Let a; and d, be two INULVs. Then, their
ranking method can be introduced as follows:

1. If E(a;) > E(ap), then a; > aj,

2. If E@) = E@G,) and H(G@,) > H(@,), then @, > d,

3. If E@a,) = E(d@), H@a) = H(a), and C(@) > C(a),
then a; > ao,

4. If E(a)) = E(a»), H(a1) = H(ay), and C(a1) = C(ay),
then a; = a,.

4 Two weighted aggregation operators
for INULVs

Based on the operation rules in Definition 10 and the
extension of Egs. (4) and (5), we can propose the weighted
arithmetic aggregation operator and weighted geometric
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aggregation operator for INULVs to aggregate interval
neutrosophic uncertain linguistic information.

4.1 Interval neutrosophic uncertain linguistic
weighted arithmetic averaging operator

Definition 13 Let g; (j =1, 2, ..., n) be a collection of
INULVs. The INULWAA operator is defined by

san) = ijdj 9)
=

where W = (wy, wo, ..., wn)T is the weight vector of a;
G=12,...,n),w e[0,1] and Z;’:l w; = L.

INULWAA(a,, s, - - -

Theorem 2 Let a; (j=1, 2, ..., n) be a collection of
INULVs. Then by Eq. (9) and the operation rules in Defi-
nition 10, we have the following result:

INULWAA(dy, G, ,Gn) = { |8
Zw, a ZW/P ”/)
=1

lﬁ(linfT(dj))waH(lsupT(dj))Wf}
l; inf 1" (@ Hsup]% 61,] [/HmfF (a), ngpF'f(a

=1 =

)

(10)
where W= ( w;, wy, ..., WnT is the weight vector of a;

(=1,2, ..., n)w;e[01] and Y} wj=1

Proof The proof of Eq. (10) can be done by means of
mathematical induction.

1. When n = 2, then

{[$wr00a1)» Swiptan ], (1 = (1 =inf T'(@y))"",
1—(1—supT(a;))"],

[inf "' (a@),supI™ ()], [inf F*' (@1),sup F*' (a@1)])),

wid) =

Wady = <[SW20(52)’SW2P(¢52>] ’ ([1 - (1 - infT(dZ))Wzv
1—(1—supT(a))"],

[inf " (az), sup I (a2)], [inf F** (@2),sup F** (@2)])),

Thus,
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INULWAA(EQ,&Q) = wid; b wrdy

= S 2 ,8 2
> wi0a)

2 /ZI:W/‘/)(J;’) ,
(1= —=infT(a)" +1— (1 —infT(az))"
— (1= (1 —=infT(a@))")(1 — (1 —inf T(a))"*),
I1— (1 —supT(a))" +1—(1—supT(ar))™
—(I = (1 =supT(a))")(1 — (1 —supT(az))"™)],
[inf "' (@) inf I"?(ay), sup I (ay ) sup I**(a@,)],
[inf F" (a,) inf F**(a,), sup F"' (@) sup F**(a,)]))

(1 = (1 —inf T(a;))"" (1 —inf T(ay))"*,
1 —(1—supT(a))” (1—supT(a))*],

2
|JH1anWf a;), Hsuplwf dj ]
=1

|JH1anWf (@), f[supFWf (@) ]>>
(11)

2. When n = k, by using Eq. (10), we obtain

INULWAA(ay,a,....dr)

k
=\ |5 )S ; (1—infT(a;))",
< Zn,() aj) wip(aj) <|: g j
(1—supT(a;)) ] lefIW’ a;) Hsuplwf a; ]
=1
|JH1anW/ aj) HsupFWf aj ]>>

::]»

1-—

»\.

(12)

(3) When n =k + 1, by applying Egs. (11) and (12),
we can get

INULWAA(d],dz,...,dkH) = Skl 5 Skt
ij aj) Zw,p aj)
=

k
([ =[] (1 =inf 7(@)" + 1 = (1 = inf T(G41))"™"

j=

k
H (1 —inf T(@))") (1 — (1 — inf T(dgs1))"™),

k
1- H (1 =supT (@) +1— (1 —sup T(dgs1))"™ "
=1

)

k
1= T = supT(@))")(1 — (1 = sup T(dxs1))"™")
Jj=1

k+1 k+1 k+1 k+1
Hlnf[”/ a;), Hsup]“f , HmfF”f a), H sup F"(a;)
={ [ ) Sict S (1= (1 —infT(a))",
Zu 0(aj) Zn/p aj) j=1
J=1

=1

k+1
1[0 - swp7(@ M,

=1

k1 k1 k1 k1
Hmf[ (ay), Hsup]“ a;) HmfF”' a), HsupF”f a;)

D)

D)

Therefore, according to the above results, we obtain
Eq. (10) for any n. This completes the proof. []

Especially when W = (1/n, 1/n, ..., 1/n)", then INUL-
WAA operator reduces to an interval neutrosophic uncer-
tain linguistic arithmetic averaging operator for INULVs.

It is obvious that the INULWAA operator satisfies the
following properties:

1. Idempotency: Leta; G =1, 2,...,
INULVs. If g; j =1, 2,..., n) is equal, i.e., a; = a for
j=1,2,..., n, then INULWAA(a,, ay,...,a,) = a.

2. Boundedness: Let a; G = 1, 2,..., n) be a collection of
INULVs and dy,;, = min(ay, as, . . ., a,) and dma.x = max
(a,az,...,a,) for j=1, 2,.., n, then amip
< INULWAA(aG,,ay, .. .,a4,) < dmax.

3. Monotonicity: Let @; (j = 1, 2,..., n) be a collection of
INULVs. If g < éz’;‘ for j=1, 2,..., n, then
INULWAA(ay, a, . . .,d,) < INULWAA(G}, a5, . . .,a)).

n) be a collection of

Proof

1. Since g; =aforj=1,2,..., n, we have

@ Springer
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INULWAA(dy, dy, - -, dy)

—{ |s. Sn =TT @ -inf7a))”,
< [ > wi0(@) Zw/p(d/)} ([ =1 ( @
=1 =1
1= [ =supT(a))|, LH inf 1" (), | [ sup 1 (ﬁ/)} :
i=1 =1

({1 (1 —infT(a))fZI:W",

j=1
W,

LH inf (&), | [ sup 7 (&)
=1 =1
zﬂ:\vj x wj i\/‘/j
1— (1 —supT(a))=" |, |infl~=" (a),supl=" (a)|,

{inf Ff;wf(a), sup p” (a)] ) >

= ([so@)» $p(@],([inf T(a)), sup T(a))],
[inf 1(@), sup I(a)], [inf F(a), sup F(a)]))

=a

= S 73‘ n
Swi0@) > wip(a)
j=1 j=1

2. Since dpmi, = min(a,dp,...,d,) and dmax
(ar,as,...,a,) forj=1,2,..., n, there is dpin< a; <
~ . n ~ n ~
dmax- Thus, there exists > 7 Widmin< > W;d;<

n - .. n - - .
Zj:I Widmax. This is Gmin< > | wjdj Zdmax, ie.,
amin< INULWAA(a,,as, .. .,d,) < dmax-

3. (3) Since ag; < df for j =1, 2,..., n, there is

n ~ n ~% .
ijl wjdj < ijl wid; ie.,
INULWAA(ay, ay, . . .,d,) < INULWAA(G;,d, . . .,a5).

= max

Thus, we complete the proofs of these properties. [

4.2 Interval neutrosophic uncertain linguistic
weighted geometric averaging operator

Definition 14 Let g; (j =1, 2, ..., n) be a collection of
INULVs. Then the INULWGA operator is defined as

INULWGA(a1, s, - a,) = [ [ &}, (13)
j=1

where W = (wy, wa, ..., w,)! is the weight vector of g;
G=12,...,n),w e[0,1] and Z}’Zl w; = L.

Theorem 3 Let a; =1, 2, ..., n) be a collection of
INULVs. By Eq. (13) and the operation rules in Definition
10, we have the following result:

@ Springer

INULWGA(dy,ay, - - -, dy)

n

n
={ |5 S , inf 7% (a;), | | sup 7" (a;) |,
< [Te@) I (LH j ,11 ’

|:1 - ﬁ (1 —infI(a;))",1— ﬁ (1- sup](dj))wf] ,

{1 - H (1 —inf F(a))", 1 — H = supF(dj))w/:| ) >
j=1 j=1
(14)

where W = (wy, wa, ..., w,)" is the weight vector of g;
G=1,2,...,n),w €[0,1] and Z}ll w; = L.

By a similar proof manner of Theorem 2, we can also
give the proof of Theorem 3 (omitted).

Especially when W = (1/n, 1/n, ..., l/n)T, the
INULWGA operator reduces to an interval neutrosophic
uncertain linguistic geometric averaging operator.

It is obvious that the INULWGA operator also satisfies
the following properties:

1. Idempotency: Let g; (j = 1, 2,..., n) be a collection of
INULVs. If g; (j =1, 2,..., n) is equal, i.e., g; = a for
j=1,2,..., n, then INULWGA(a,,a,,--,d,) = a.

2. Boundedness: Let a; (j = 1, 2,..., n) be a collection of
INULVs and G, = min(ay, da, . . ., d,) and dmnax = max
(a,az,...,a,) for j=1, 2,.., n, then dapi
< INULWGA(ay,ay, . . .,a0,) < Gmax-

3. Monotonicity: Let a; (j = 1, 2,..., n) be a collection of
INULVs. If a; < Zz]’f for j=1, 2,..., n, then
INULWGA(a,,
as,...,a,) < INULWGA(}, a3, . . ., a)).

Since the proof process of these properties is similar to
the above proofs, we do not repeat it here.

5 Group decision-making method
by the INULWAA and INULWGA operators

This section presents a method for multiple attribute group
decision-making problems based on the INULWAA and
INULWGA operators and the score, accuracy and certainty
functions of INULVs under an interval neutrosophic
uncertain linguistic environment.

In a multiple attribute group decision-making problem,
assume that A = {A{, A,, ..., A,,,} is a set of m alternatives,
C ={Cy, C,, ..., C,} is a set of n attributes, and E = {E|,
E,, ..., E,} is a set of ¢ decision makers. Then, the weight
vector of decision makersis V = (vy, va, ..., vt)T forv, >0
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and 22:1 viy = 1. The weight vector of the attributes,
entered by the decision maker, is W = (wy, wa, ..., W)t
with w; € [0, 1] and 377, w; = 1. In the group decision
process, for each decision maker E; (k =1, 2, ..., ©), the
evaluation information of the alternative A; (i = 1, 2, ...,
m) with respect to the attribute C; (j = 1, 2, ..., n) is rep-
resented by the form of an INULS:

A = ([0 o] (Te(©) (). Fy () G e €},

where, Ty«(Cj) = [inf Ty (Cj), sup Tye(Gj)] € [0, 1], Ly (G))

= [inf L4 (G), sup Ly (G})] C [0, 1], Fps(G;) = [inf Fus(G),
sup Fae(C;)] € [0, 1], and 0 < sup Ty (Cj) + sup I (Cy) +
sup Fpe(Cj) <3 for j=1,2, ...,n,i=12, .., mand

k=1,2,..,
denoted by &5 = <[ ek’spf;]’ ([TZ;Lv TII;U} [I{;L’I{;U] [FkL

ij ?
ij Y

t. For convenience, an INULYV in an INULS is

kU . _ L
Fj MmaeE=1,2,...m;j=1,2, ....,mk=1,2, ..., 0.

Thus, one can establish the k-th interval neutrosophic
uncertain linguistic decision matrix D = (c?fj)m « n for
k=1,2,..,t1

The decision steps are described as follows:
Step 1: Obtain the integrated matrix D = (&lj)m % n DY

the following aggregation formula:

= (0,89, (IT5 TV UGS IFEFET) )

=INULWAA(d),d2,....d5)

= St LS s : TkL u] : l*Tl-k-U Vi :
<[Zu0‘,' Zup] <|: g H( i) ]

k=1 k=1

) 16 [f1ee) 1))
k=1 k=1 k=1 k=1
(15)
Step 2: Calculate the individual overall value of the
INULV d; for A; i=1, 2,
aggregation formula:
di=[so.5,,), (TF. T IEIVLIFE FYD))
=INULWAA(di,d, -+ ,din)

NOR TGN OREE)

—1 j=1 j=1

..., m) by the following

(16)

or

di = ([so,5,.), (TH 170, 1,170, IFE FYD))

1771

= INULWGA(d;1 ,dy, . . ., diy)

([t 1)

= S n y S
Hou/ Hpij/

j=1
[‘ ~Ha-gi-TLo '>]

J=1 J=1

[1 — H (1—Fp)", 1 - H (1—F)"

J=1 J=1

(17)

Step 3: Calculate the score function E(c?[) i=1,2,...,
m) (accuracy function H(c?,-) and certainty function C(c~l,-))
by applying Eq. (6) (Egs. (7) and (8)).

Step 4: Rank the alternatives according to the values of
E(d;) (H(d;) and C(d))) (i = 1, 2, ..., m) by the ranking
method in Definition 12, and then select the best one(s).

Step 5: End.

6 Illustrative example

An illustrative example about investment alternatives
adapted from [18] is used to demonstrate the applications
of the proposed decision-making method under an interval
neutrosophic uncertain linguistic environment. There is an
investment company, which wants to invest a sum of
money in the best option. To invest the money, there is a
panel with four possible alternatives: (1) A; is a car com-
pany; (2) A, is a food company; (3) A3 is a computer
company; (4) A4 is an arms company. The investment
company must take a decision according to the three
attributes: (1) C; is the risk; (2) C, is the growth; (3) C5 is
the environmental impact. The weight vector of the attri-
butes is W = (0.35, 0.25, 0.4)". A group of experts eval-
uate the four possible alternatives of A; (i = 1, 2, 3, 4) with
respect to the three attributes of C; (j = 1, 2, 3), where the
evaluation information is expressed by the form of INULV
values under the linguistic term set S = {5y = extremely
poor, s; = very poor, s, = poor, s; = medium, s;, = good,
S5 = very good, s = extremely good}.

Assume that three experts or decision makers are
required in the evaluation process and their weight vector is
given as V = (0.37, 0.33, O.S)T. Then, the evaluation
information of an alternative A; (i = 1, 2, 3, 4) with respect
to an attribute C; (j = 1, 2, 3) can be given by the three
experts. For example, the INULV value of an alternative A,

with respect to an attribute C; is given as < {s}ks;} ([0.4,

@ Springer
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0.5], [0.2, 0.3], [0.3, 0.4]) > by the first expert E;, which
indicates that the mark of the alternative A; with respect to
the attribute C; is about the uncertain linguistic value

[s}1 sé} with the satisfaction degree interval [0.4, 0.5],

indeterminacy degree interval [0.2, 0.3], and dissatisfaction
degree interval [0.3, 0.4]. Similarly, the four possible
alternatives with respect to the above three attributes can
be evaluated by the three experts, thus we can obtain the
following three interval neutrosophic uncertain linguistic
decision matrices:

[54, 51, ([0.4,0.5],[0.2,0.3], 0.
,([0.5,0.7],[0.1,0.2], 0.

(10.3,0.4],[0.1,0.2], [0.
sk, 1], ([0.6,0.7], [0.0,0.1], [0.

SO o O

s1,s11,([0.4,0.5),]0.1,0.2],[0.3,0.4
s4,s5,(06 0.7],[0.1,0.2],[0.1,0.2]
s3,s4 ],([0.4,0.5],[0.1,0.3],[0.3,0.4
s1,s1],([0.5,0.7],]0.0,0.1],[0.1,0.2]
(
(l
(

(I )
( )
(I )
(Iss )
§s3,s4, 0.3,0.4],[0.1,0.2],[0.5,0.6))
s, 1], ([0.5,0.6],[0.1,0.2], [0.1,0.2])
<s2,s3, 0.5,0.6],[0.2,0.3],[0.0,0.1])
(I )

si,s1],((0.3,0.4],10.1,0.2],[0.1,0.2]

[2,52], ([0.4,0.5],[0.2,0.3], [0.
0.6,0.7],[0.1,0.2], [0.
,([0.4,0.5],]0.1,0.2], [0.
52,52],([0.6,0.8],[0.0,0.1], [0.

s5,s6 ,([0.4,0.5],[0.0,0.1],[0.2,0.3
v4,s5 ,([0.6,0.7],[0.1,0.2], [0.2,0.3]
5,0.6],[0.2,0.3],[0.3,0.4

6,0.7],[0.1,0.2],]0.2,0.3]

([s3, 56 (1 )
(ls3, 53, ([ )
< s57S6 v( )
<S4a35 (] )
53, 52],(]0.2,0.3],[0.0,0.1],[0.6,0.7])
§s4,s5 ],([0.5,0.7],]0.1,0.2],0.1,0.2])
([s3 sg,s4 ],(0.5,0.6],[0.1,0.2],[0.2,0.3])
(Is3 )

2.52),(03,0.4],[0.1,0.2], [0.1,0.2]

0.4,0.5],[0.1,0.3],0.2,0.3))
0.5,0.6],[0.1,0.2],[0.2,0.3])
0.4,0.5],[0.0,0.1],[0.2,0.3])
0.6,0.7],[0.0,0.1], [0.1,0.2]))

2
NG
2
W
AN AN AN N

SS’SG’
S3,8‘4,

(3
(e
<4757

~

S3,S4,
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[s4, vs], ([0.1,0.3],[0.0,0.1],[0.5,0.6])
[s3, ss], ([0.7,0.8],[0.1,0.2],[0.0,0.1])
([s3, s3], (0.6,0.7],[0.1,0.2],[0.0,0.1]))
([s3,53], ([0.4,0.5],[0.0,0.1],[0.0,0.1]))

The proposed group decision-making method can han-
dle this decision-making problem according to the fol-
lowing calculational steps:

Step 1: By using Eq. (15), we obtain the following
integrated matrix:

b= <gu)4><‘§

[ ([0.4000, 0.5000], [0.1625, 0.3000], [0.2656, 0.3669])
[54.70, 8570], ([0.5355, 0.6730], [0.1000, 0.2000], [0.2000, 0.3000])
[54.26, 5526], ([0.3648, 0.4651], [0.0000, 0.1625], [0.2656,0.3669])
[54.30, 85.30], ([0.6000, 0.7000], [0.0000, 0.1000], [0.1000, 0.2000])

$4.30, 55,30]7

horihasiinging

(
(
(
(

([s4.63, 55.63], ([0.4319,0.5324],[0.0000, 0.1591], [0.2624, 0.3638))
([5370, 5470, (0.6331,0.7344], [0.1000, 0.2000], [0.1257, 0.2286)))
([53.96, 54.96), ([0.4651,0.5656], [0.0000, 0.2158], [0.3000, 0.4000))
([s333, 54.33), ([0.5355,0.6730], [0.0000, 0.1548], [0.1257,0.2286] ))

([s3.63, 54.63), ([0.2112,0.3388], [0.0000, 0.1292], [0.5310,0.6313))
([s3.63, s4.63), ([0.5710,0.7045], [0.1000, 0.2000], [0.0000, 0.1625]))
([52.63, 53.63), ([0.5324,0.6331],[0.1292, 0.2324], [0.0000, 0.1437))
( ( )

[52.33, 53.33), ([0.3316,0.4319], [0.0000, 0.1625], [0.0000, 0.1625)))

Step 2: By applying Eq. (16), we can obtain the indi-
vidual overall values of the INULV &,- forA; i=1,2,3,
4):

dv = ([s4.1145. Ss.1145], ([0.3397, 0.4502], [0.0000,
0.1828], [0.3493, 0.45497)),

d, = ([$4.0220, S5.0200), ([0.5758, 0.7019], [0.1000,
0.2000], [0.0000, 0.2193])),

ds = ([s3.5330, Saszzol. ([0.4617, 0.5633], [0.0000,
0.2013], [0.0000, 0.25771)),

dy = ([537320, Sa7320], ([0.4901, 0.6043], [0.0000,

0.1355], [0.0000, 0.1903])).

Step 3: By applying Eq. (6), we can obtain the score
values of E(d;) (i = 1, 2, 3, 4):

E(d1) = s2.0047, E(d2) = 535862, E(d3) = 530601, and
E(ds) = 533635

Step 4: Since E(d>) > E(ds) > E(d3) > E(d;), the
ranking order of four alternatives is A, > Ay > Az > A;.
Therefore, we can see that the alternative A, is the best
choice among all the alternatives.

On the other hand, we can also utilize the INULWGA
operator as the following computational steps:

Step 1’: The same as Step 1.

Step 2: By applying Eq. (17), we compute the individual
overall values of the INULV c?,- forA; (i =1,2,3,4):
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31:<[s4_0933, S5.0075],  ([0.3158, 0.4347], [0.0602,
0.2003], [0.3855, 0.48941)),,

dy = ([s30005, Saoos2l, ([0.5729, 0.7006], [0.1000,
0.2000], [0.1057, 0.2295])),

J3= ([53.4490, S4.4687), ([0.4509, 0.5525], [0.0538,
0.2044], [0.1790, 0.29511)),

6?4 = ([$37040» S4.7008], ([0.4600, 0.5714], [0.0000,

0.1392], [0.0680, 0.1926])).

Step 3": By using Eq. (6), we can get the score values of
E(d) (i=1,2,3,4):

E(d1) = 27688, E(d2) = 34750, E(d3) = 528181, and
E(ds) = 532475

Step 4": Since E(dy) > E(dy) > E(d3) > E(d;), the
ranking order of four alternatives is A, > A4 > A3 > Aj.
Thus, we can see that the alternative A, is still the best
choice among all the alternatives.

From the above decision results, we can see that the two
kinds of ranking orders and the best alternative are iden-
tical, which are in agreement with the results of the method
in [18].

Compared with the author’s previous method in [18],
although the decision results are in accordance with the
ones in [18], the method proposed in this paper differs from
the method in [18] for the multiple attribute decision-
making problem not only due to the fact that the method
proposed in this paper uses the INULV information and the
weighted arithmetic aggregation operator and the weighted
geometric aggregation operator for INULVs in the group
decision-making problem, but also due to the consideration
of the uncertain linguistic variable represented by decision
makers’ judgment to an evaluated object and the subjective
evaluation value on the reliability of the given uncertain
linguistic variable, which includes the indeterminacy
information besides truth and falsity information belonging
to the uncertain linguistic variable in the INULV. How-
ever, the method in [18] is a special case of the proposed
method in this paper. Therefore, the group decision-making
method proposed in this paper is more general and more
feasible than the decision-making method in [18] since the
former is a generalization of the later. The advantage is that
the former easily reflects the ambiguous nature of a group
of decision makers’ judgment to an evaluated object
because the INULV can provide the uncertain linguistic
variable which easily expresses the qualitative information
and the reliability of the given uncertain linguistic variable
by a group of decision makers (experts) in the group
decision-making problem, while the decision-making
method in [18] can only provide the exact linguistic value,
which difficultly expresses the qualitative information in
some situations, and the reliability of the given linguistic
value by unique decision maker (expert). Therefore, the

group decision-making method in this paper is superior to
the decision-making method in [18].

7 Conclusion

To deal with group decision making problems with
INULVs, this paper proposed a group decision-making
method based on the INULWAA and INULWGA opera-
tors to handle group decision-making problems with
interval neutrosophic uncertain linguistic information.
First, INULSs and the operation rules of INULVs were
proposed as the generalization of the concepts of INLSs
and INLVs. Then, the score function, accuracy function
and certainty function of an INULV were defined to rank
INULVs. Furthermore, we proposed the INULWAA and
INULWGA operators and investigated their properties, and
then applied them to group decision-making problems with
interval neutrosophic uncertain linguistic information.
Finally, an illustrative example was provided to demon-
strate the application of the proposed method. The devel-
oped group decision-making method is the extension of
existing decision-making method [18] and more suitable
for expressing indeterminate and inconsistent information
and handling group decision-making problems with inter-
val neutrosophic uncertain linguistic information. The
group decision-making method in this paper is superior to
the one in [18]. In the future, we shall continue working on
the extension and application of the developed operators to
other domains.
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