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For the six-gluon scattering process we give explicit and simple expressions for the amplitude 
and its square. To achieve this we use an analogy with string theories to identify a unique 
procedure for writing the multi-gluon scattering amplitudes in terms of a sum of gauge invariant 
dual sub-amplitudes multiplied by an appropriate color (Chan-Paton) factor. The sub-amplitudes 
defined in this way are invariant under cyclic permutations. satisfy powerful identities which 
relate different non-cyclic permutations and factorize in the soft gluon limit. the two-gluon 
collinear limit and on multi-gluon poles. Also, to leading order in the number of colors these 
sub-amplitudes sum zncoherent!~ in the square of the full matrix clement. The results contained 
here are important for Monte Carlo studies of multi-jet processes at hadron colliders as well as for 
understanding the general structure of QCD. 

1. Introduction 

The calculation of multi-gluon scattering processes in QCD is extremely com- 
plicated owing to the cancellations that occur because of the gauge invariance of the 
theory. In this paper we present simple and explicit analytical results for the 
six-gluon scattering amplitude in the helicity representation and its square summed 
over the colors and helicities of the gluons. This is achieved by using an analogue 
with string theories to identify gauge invariant, dual sub-amplitudes for multi-gluon 
processes. The sub-amplitudes are obtained by rewriting the color factors of the 
Feynman diagrams in terms of traces of color matrices in the fundamental represen- 
tation of the gauge group. To evaluate the sub-amplitudes the polarization vectors 
for the gluons are written in terms of Weyl spinors and the calculus of spinor 
products is employed. The dual sub-amplitudes so defined and calculated have 
many remarkable properties that are generally expected only of the full amplitude. 
The most important property being the factorizution of the sub-amplitudes in the soft 
gluon limit, in the two-gluon collinear limit and on the three-gluon poles. The 
simple form of the sub-amplitudes and their many surprising and beautiful proper- 
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A Jewel at the Heart of Quantum Physics

Illustration by Andy Gilmore

Artist’s rendering of the amplituhedron, a newly discovered mathematical object resembling a
multifaceted jewel in higher dimensions. Encoded in its volume are the most basic features of reality
that can be calculated — the probabilities of outcomes of particle interactions.

hysicists have discovered a jewel-like geometric object that dramatically
simplifies calculations of particle interactions and challenges the notion that

space and time are fundamental components of reality.

“This is completely new and very much simpler than anything that has been done
before,” said Andrew Hodges, a mathematical physicist at Oxford University who has
been following the work.

The revelation that particle interactions, the most basic events in nature, may be
consequences of geometry significantly advances a decades-long effort to reformulate
quantum field theory, the body of laws describing elementary particles and their
interactions. Interactions that were previously calculated with mathematical formulas
thousands of terms long can now be described by computing the volume of the
corresponding jewel-like “amplituhedron,” which yields an equivalent one-term
expression.

“The degree of efficiency is mind-boggling,” said Jacob Bourjaily, a theoretical
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Art McDonald
SNO

NOBEL 2015 

“for the discovery of neutrino flavor transformations, 
which shows that neutrinos have mass”

~ vacuum
oscillations

Wolfenstein matter
effects dominant flavor 

transformationsSee Smirnov  arXiv:1609.02386

“for the discovery of neutrino oscillations, 
which shows that neutrinos have mass”
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John	Beacom,	The	Ohio	State	University Neutrino	University	Seminar,	Fermilab,	July	2017 13

Energetic	and	Luminous	Gamma	Sources	Exist

Gammas	do	point,	but	they	do	attenuate,	don’t	reveal	parents

Wide	variety	of	point	and
diffuse	sources,	high	fluxes	

Energies	up	to	~ 100	TeV

Neutrinos are Everywhere !
from Big Bang 300 nus / cm^3

2 or more v/c <<1
SuperNovae

> 10^58
Sun’s

~ 10^38 nu/sec

Neutrinos are Forever !!!
(except for the highest energy neutrino’s)

Daya Bay
3 x 10^21 nu/sec

using � ⌘ �m2L/4E

. therefore in the Universe:

@N⌫
@t > 0 .

– Typeset by FoilT

E

X – 18
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4     massive_neutrinos.nb

W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

– Typeset by FoilTEX – 1

(Dialog) In[185]:=

nue = PieChart3D[{686, 294, 20},
ChartStyle % {Blue, Blue, Blue}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nue = PieChart3D[{100},
ChartStyle % {GrayLevel[0.2]}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

num = PieChart3D[{157, 353, 490},
ChartStyle % {Cyan}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nut = PieChart3D[{157, 353, 490},
ChartStyle % {Red, Red, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu3 = PieChart3D[{490, 20, 490},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu2 = PieChart3D[{353, 294, 353},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu1 = PieChart3D[{157, 686, 157}, ChartStyle % {Cyan, Blue, Red},
PlotTheme % "Business", SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]
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Neutrino Flavor or Interaction States:W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⌫e = ⌫µ = ⌫⌧ =

Propagator ⌫↵ ! ⌫� = �↵� e�i E⌫t

most ⌫e

least ⌫e

⌫
1

⌫
2

⌫
3

Propagator ⌫j ! ⌫k = �jk e
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jL
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W+ ! µ+⌫µ
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provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

– Typeset by FoilTEX – 1

W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⇠ 1 picosecond in Neutrino rest frame !!!

⌫e = ⌫µ = ⌫⌧ =

Propagator ⌫↵ ! ⌫� = �↵� e�i E⌫t

most ⌫e
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⇡ Age of Universe / 10
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Neutrino Mass EigenStates or Propagation States:

(Dialog) In[185]:=

nue = PieChart3D[{686, 294, 20},
ChartStyle % {Blue, Blue, Blue}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nue = PieChart3D[{100},
ChartStyle % {GrayLevel[0.2]}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

num = PieChart3D[{157, 353, 490},
ChartStyle % {Cyan}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nut = PieChart3D[{157, 353, 490},
ChartStyle % {Red, Red, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu3 = PieChart3D[{490, 20, 490},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu2 = PieChart3D[{353, 294, 353},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu1 = PieChart3D[{157, 686, 157}, ChartStyle % {Cyan, Blue, Red},
PlotTheme % "Business", SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]
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(Dialog) In[182]:= NO = Graphics[{Inset[nu1, {0, 0}], Inset[nu2, {0, 0.55}], Inset[nu3, {0, 3}]}]
IO = Graphics[{Inset[nu1, {0, 2.45}], Inset[nu2, {0, 3}], Inset[nu3, {0, 0}]}]
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Solar Exp, SNO
KamiLAND
Daya Bay, RENO, …

SuperK, K2K, T2K
MINOS, NOvA
ICECUBE

Unitarity
SK, Opera
ICECUBE ?
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1

3

Interactions:

simple complicated

Propagation:

simplecomplicated

=U
unitary matrix ?

masses ?
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13. Neutrino mixing 43

lepton current in the CC weak interaction Lagrangian, are linear combinations of the LH
components of the fields of three massive neutrinos νj :

LCC = −
g√
2

∑

l=e,µ,τ

lL(x) γα νlL(x) Wα†(x) + h.c. ,

νlL(x) =
3

∑

j=1

Ulj νjL(x), (13.78)

where U is the 3 × 3 unitary neutrino mixing matrix [17,18]. The mixing matrix U can
be parameterized by 3 angles, and, depending on whether the massive neutrinos νj are
Dirac or Majorana particles, by 1 or 3 CP violation phases [40,41]:

U =

⎡

⎣

c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13
s12s23 − c12c23s13e

iδ −c12s23 − s12c23s13e
iδ c23c13

⎤

⎦

× diag(1, ei
α21
2 , ei

α31
2 ) . (13.79)

where cij = cos θij , sij = sin θij , the angles θij = [0, π/2], δ = [0, 2π] is the Dirac CP
violation phase and α21, α31 are two Majorana CP violation phases. Thus, in the case
of massive Dirac neutrinos, the neutrino mixing matrix U is similar, in what concerns
the number of mixing angles and CP violation phases, to the CKM quark mixing matrix.
The presence of two additional physical CP violation phases in U if νj are Majorana
particles is a consequence of the special properties of the latter (see, e.g., Refs. [39,40]) .

As we see, the fundamental parameters characterizing the 3-neutrino mixing are: i)
the 3 angles θ12, θ23, θ13, ii) depending on the nature of massive neutrinos νj - 1 Dirac
(δ), or 1 Dirac + 2 Majorana (δ, α21, α31), CP violation phases, and iii) the 3 neutrino
masses, m1, m2, m3. Thus, depending on whether the massive neutrinos are Dirac or
Majorana particles, this makes 7 or 9 additional parameters in the minimally extended
Standard Model of particle interactions with massive neutrinos.

The neutrino oscillation probabilities depend (Section 13.2), in general, on the neutrino
energy, E, the source-detector distance L, on the elements of U and, for relativistic
neutrinos used in all neutrino experiments performed so far, on ∆m2

ij ≡ (m2
i − m2

j ),
i ̸= j. In the case of 3-neutrino mixing there are only two independent neutrino mass
squared differences, say ∆m2

21 ̸= 0 and ∆m2
31 ̸= 0. The numbering of massive neutrinos

νj is arbitrary. It proves convenient from the point of view of relating the mixing angles
θ12, θ23 and θ13 to observables, to identify |∆m2

21| with the smaller of the two neutrino
mass squared differences, which, as it follows from the data, is responsible for the solar
νe and, the observed by KamLAND, reactor ν̄e oscillations. We will number (just for
convenience) the massive neutrinos in such a way that m1 < m2, so that ∆m2

21 > 0. With
these choices made, there are two possibilities: either m1 < m2 < m3, or m3 < m1 < m2.
Then the larger neutrino mass square difference |∆m2

31| or |∆m2
32|, can be associated with

the experimentally observed oscillations of the atmospheric νµ and ν̄µ and accelerator
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Important in neutrinoless double beta decay.
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“The” ⇧ Standard Model

• 3 light (mi <1 eV) Majorana Neutrinos: ⌅ only 2 ⇤m2

• Only Active flavors (no steriles): e, µ, ⌃

• Unitary Mixing Matrix:
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(Dialog) In[198]:= SolarNO = Graphics[{Inset[nu1, {0, 0}], Inset[nu2, {0, 0.4}]}]
SolarIO = Graphics[{Inset[nu2, {0, 0}], Inset[nu1, {0, 0.4}]}]

(Dialog) Out[198]=

(Dialog) Out[199]=

(Dialog) In[182]:= NO = Graphics[{Inset[nu1, {0, 0}], Inset[nu2, {0, 0.55}], Inset[nu3, {0, 3}]}]
IO = Graphics[{Inset[nu1, {0, 2.45}], Inset[nu2, {0, 3}], Inset[nu3, {0, 0}]}]
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nue = PieChart3D[{100},
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ChartStyle % {GrayLevel[0.2]}, PlotTheme % "Business",
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nut = PieChart3D[{157, 353, 490},
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SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]
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ssq23 = 0.4
csq23 = 1 ' ssq23

Jr = (ssq13 , ssq12 , csq12 , ssq23 , csq23)^0.5
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FIG. 2: 1-D ��2 for deviation of both UPMNS row (solid) and
column (dashed) normalisations, fitted with all spectral and
normalisation data, when considering new physics that enters
above |�m2| � 10�2eV2.

as |Uµ1| and |Uµ2| only appear in the degenerate com-
bination |Uµ1|2 + |Uµ2|2, they cannot be distinguished
individually. This degeneracy is very weakly broken by
the ⌫µ ! ⌫e appearance experiment T2K [1], and will be
improved upon taking of more data and with future high
statistics NO⌫A [11] results. The addition of this nor-
malisation and sterile data in the 3⌫ unitarity case does
not change anything in the fit. From here on we will
discuss only the main results, as calculated including all
normalisation and sterile search data.

The addition of this sterile search and normalisation
data improves the situation significantly. If we define
the shift in range of allowed values as the ratio of the
di↵erence in 3� ranges without and with unitarity, to
that derived with unitarity, the increase in parameter
space for |Uei|, i = 2, 3 and |Uµi|, i = 1, 2, 3 are all 
10% (4%, 8%, 8%, 7% and 4% respectively), with |Ue1|
taking the majority of the discrepancy in the ⌫e sector,
with an increase of allowed range of 68%, primarily
due to the weaker bounds from KamLAND compared
to the SBL reactors, and that |Ue1|2 forms the bulk of
|Ue1|2 + |Ue2|2 + |Ue3|2. The entire ⌫⌧ sector, however,
may contain substantial discrepancies from unitarity
with shifts in allowed regions of 37%, 46% and 104%
respectively. We have little or no current mechanisms
to directly measure any ⌫⌧ elements and we have not
yet observed any oscillation amplitude peaks, even the
recent 5� discovery of ⌫µ ! ⌫⌧ at OPERA [49] only
sees the tail end of the 1st oscillation maximum and the
observation of 5 events on a background of 0.25 ± 0.05
is not significant spectrally and can be equally be fit by
a flat normalisation discrepancy. The precision we do
have is driven by the fact large deviations here cause
violations of unitarity too large in the ⌫e and ⌫µ sectors,
passed through by the geometric Cauchy-Schwartz

constraints.

We must stress that even if the 3� ranges of the
U
PMNS

elements agree closely with the unitarity case,
this does not equate to the neutrino mixing matrix
being unitary. In the unitary case the correlations are
much stronger and choosing an exact value for any one
the mixing elements drastically reduces the uncertainty
on the remaining elements. To better understand the
level at which we know unitarity is conserved or not, we
plot the resultant ranges for the normalisation in Fig
(2). We see that the ⌫e and ⌫µ normalisation deviations
from unity are relatively well constrained ( 0.06 and
0.07 at 3� CL respectively), primarily by reactor fluxes
and a combination of precision measurements of the rate
and spectra of upward going muon-like events observed
at Super-Kamiokande [53] and the multitude of long
and short baseline accelerator ⌫µ ! ⌫µ disappearance
experiments. We note the ⌫µ normalisation deviation
from unity is constrained slightly (⇡ 1%) better than
the ⌫e normalisation. This is due to the large theoretical
error, 5%, on total flux from reactors assumed [56]. The
remaining normalisation deviations from unity are all
constrained to be . 0.2 - 0.4 at 3� CL.

For the case of the six neutrino unitarity triangles, we
present the allowed ranges for their closures in Fig. (3).
For the three row triangles the bounds originate from a
combination of the corresponding geometric constraints
along with appearance data in the respective channel.
The column triangles, however, are bound by the geomet-
ric constraints only, and as the column normalisations are
proportionally less known, so too are the column unitar-
ity triangles. Only one triangle does not contain a ⌫⌧
element, the ⌫e⌫µ triangle, and hence it is the only tri-
angle in which it is excluded to be open by more than
0.03 at the 3� CL, compared to between 0.1 - 0.2 at the
3� CL for the remaining triangles. This hierarchical sit-
uation will not improve unless precise measurements can
be made in the ⌫⌧ sector.

If one wishes to proceed with measurements of unitar-
ity, without the assumption of an extended U

PMNS

ma-
trix and its subsequent Cauchy-Schwartz bounds, then
prospects for improvement are essentially limited to mea-
suring the ⌫e normalisation. Improvement of all ⌫e ele-
ments is possible, especially if the new generation reac-
tor experiments, JUNO [57] and RENO50 [58], proceed
as planned. See discussion by X. Qian et al. [12] for
a detailed discussion of the possible improvements. Sig-
nificant improvement in the ⌫µ sector would require the
measurement of ⌫µ disappearance at the solar mass scale,
well beyond what is currently technologically feasible.
Improvements in the indirect 3+N sterile measure-

ments are much more promising, the Fermilab Short
Baseline Neutrino (SBN) [59] program consisting of the
SBND, MicroBooNE and ICARUS experiments on the
Booster beam, will be capable of probing a wide range
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Figure 6. Comparisons of the expected sensitivities to NSI parameters at DUNE and T2HK,
before and after combining their respective data sets. Darker (Lighter) bands show the results when
priors constraints on NSI parameters are (not) included in the fit. The vertical gray areas bounded
by the dashed lines indicate the allowed regions at 90% CL (taken from the SNO-DATA lines for
f=u in Ref. [54]).

5 Conclusions

Neutrino physics is entering the precision Era. After the discovery of the third mixing angle

in the leptonic mixing matrix, and in view of the precision measurements performed by the
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FIG. 3: 1-D ��2 for the absolute value of the closure of the
three row (solid) and three column (dashed) unitarity tri-
angles, fitted with all spectral and normalisation data, when
considering new physics that enters above |�m2| � 10�2 eV2.
There is one unique unitarity triangle, the ⌫e⌫µ triangle, in
that it does not contain any ⌫⌧ elements and hence is con-
strained to be unitary at a level half an order of magnitude
better than the others. By comparison to Fig. 2 one can
clearly see the Cauchy-Schwartz constraints are satisfied.

of parameter space for 3+N models, increasing both the
appearance and disappearance bounds. Subsequently,
the long baseline program DUNE [60] will also be
able to significantly extend the constrained region of
⌫µ ! ⌫e appearance to lower mass di↵erences, leading
to increased constraints on the ⌫e⌫µ unitarity triangle
in this regime. An understanding of the neutrino flux
and cross sectional uncertainties are crucial for unitarity
measurements. Possible future experiments such as
a fully fledged Neutrino Factory [61] or the nuStorm
facility [62], with the uncertainty on their fluxes of the
order 1%, will be able to constrain the ⌫µ normalisation
and ⌫e⌫µ triangle far beyond what is currently obtain-
able. However, no one experiment can probe all scales
and complementarity is vital to definitively make a
statement about unitarity from new low-energy physics,
especially as there is little means to directly measure the
⌫⌧ sector. Improvement in ⌫⌧ appearance requires new
experiments with both an intense, well known beam of
high enough energy ⌫µ or ⌫e to kinematically produce
charged taus, as well as a detector technology capable
of e�ciently identifying them to a degree necessary

for precision high statistics measurements, both of
which are extremely di�cult tasks. Perhaps crucially
for ⌫⌧ measurements, Hyper-Kamiokande [63] will be
incredibly sensitive to atmospherically averaged steriles,
� 0.1 eV2, and will significantly improve the current
bounds on |U⌧1|2 + |U⌧2|2 + |U⌧3|2 in this regime, to
approximately 1� |U⌧1|2 + |U⌧2|2 + |U⌧3|2  0.07 at the
99% CL [64], which would bring it closer inline with the
other sectors.

In this paper we have emphasised the fact that
current experimental bounds on unitarity within the 3⌫
paradigm allows for considerable violation, and without
the unitarity assumption, the precision on the individual
U
PMNS

elements can vary significantly (up to 104% in
the case of |U⌧3|). However, we find no evidence for non-
unitarity. The prospects of directly measuring all the 12
unitarity constraints with high precision are poor, and
even when one allows for additional model-dependant
sterile searches we can only constrain the amount of
non-unitarity to be . 0.2 - 0.4, for four out of six of
the row and columns normalisations, with the ⌫µ and ⌫e
normalisation deviations from unity constrained to be 
0.07, all at the 3� CL, see Fig. 2. Similarly, five out of
six of the unitarity triangles are only constrained to be
. 0.1 - 0.2, with opening of the remaining ⌫e⌫µ triangle
being constrained to be  0.03, again at the 3� CL, see
Fig. 3. One must be careful when assessing the current
experimental regime with the addition of new physics we
are currently insensitive to, as without the assumption of
unitarity there is much room for new e↵ects, especially
in the ⌫⌧ sector where currently significant information
comes from the unitarity assumption and not direct
measurements.
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for the Jarlskog invariant, J ≡ Im(VudVcbV ∗
ubV

∗
cd) = 2.69 × 10−5, in the quark sector also agrees

with the current global fit value.) Potential direct measurements for these parameters at the LHCb

can test our predictions.

As a result of the GJ relations, our model predicts the sum rule [8, 17] between the solar neutrino

mixing angle and the Cabibbo angle in the quark sector, tan2 θ⊙ ≃ tan2 θ⊙,TBM + 1
2
θc cos δℓ, with

δℓ being the leptonic Dirac CP phase in the standard parametrization. In addition, our model

predicts θ13 ∼ θc/3
√

2. Numerically, the diagonalization matrix for the charged lepton mass matrix

combined with UTBM gives the PMNS matrix,

⎛

⎜

⎜

⎜

⎝

0.838e−i178o

0.543e−i173o

0.0582ei138o

0.362e−i3.99o

0.610e−i173o

0.705ei3.55o

0.408ei180o

0.577 0.707

⎞

⎟

⎟

⎟

⎠

, (22)

which gives sin2 θatm = 1, tan2 θ⊙ = 0.420 and |Ue3| = 0.0583. The two VEV’s, u0 = −0.0593 and

ξ0 = 0.0369, give ∆m2
atm = 2.4 × 10−3 eV2 and ∆m2

⊙ = 8.0 × 10−5 eV2. As the three masses are

given in terms of two VEV’s, there exists a mass sum rule, m1−m3 = 2m2, leading to normal mass

hierarchy, ∆m2
atm > 0 [8]. The leptonic Jarlskog is predicted to be Jℓ = −0.00967, and equivalently,

this gives a Dirac CP phase, δℓ = 227o. With such δℓ, the correction from the charged lepton sector

can account for the difference between the TBM prediction and the current best fit value for θ⊙.

Our model predicts (m1,m2,m3) = (0.0156,−0.0179, 0.0514) eV, with Majorana phases α21 = π

and α31 = 0.

Our model has nine input parameters, predicting a total of twenty-two physical quantities:

12 masses, 6 mixing angles, 2 Dirac CP violating phases and 2 Majorana phases. Our model is

testable by more precise experimental values for θ13, tan2 θ⊙ and γ in the near future. δℓ is the

only non-vanishing leptonic CP violating phase in our model and it gives rise to lepton number

asymmetry, ϵℓ ∼ 10−6. By virtue of leptogenesis, this gives the right sign and magnitude of the

matter-antimatter asymmetry [18].

Conclusion.—We propose the complex group theoretical CG coefficients as a novel origin of CP

violation. This is manifest in our model based on SU(5) combined with the double tetrahedral

group, T ′. Due to the presence of the doublet representations in T ′, there exist complex CG

coefficients, leading to explicit CP violation in the model, while having real Yukawa couplings and

scalar VEVs. The predicted CP violation measures in the quark sector are consistent with the

current experimental data. The leptonic Dirac CP violating phase is predicted to be δℓ ∼ 227o,

which gives the cosmological matter asymmetry.
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for the Jarlskog invariant, J ≡ Im(VudVcbV ∗
ubV

∗
cd) = 2.69 × 10−5, in the quark sector also agrees

with the current global fit value.) Potential direct measurements for these parameters at the LHCb

can test our predictions.

As a result of the GJ relations, our model predicts the sum rule [8, 17] between the solar neutrino

mixing angle and the Cabibbo angle in the quark sector, tan2 θ⊙ ≃ tan2 θ⊙,TBM + 1
2
θc cos δℓ, with

δℓ being the leptonic Dirac CP phase in the standard parametrization. In addition, our model

predicts θ13 ∼ θc/3
√

2. Numerically, the diagonalization matrix for the charged lepton mass matrix

combined with UTBM gives the PMNS matrix,
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which gives sin2 θatm = 1, tan2 θ⊙ = 0.420 and |Ue3| = 0.0583. The two VEV’s, u0 = −0.0593 and

ξ0 = 0.0369, give ∆m2
atm = 2.4 × 10−3 eV2 and ∆m2

⊙ = 8.0 × 10−5 eV2. As the three masses are

given in terms of two VEV’s, there exists a mass sum rule, m1−m3 = 2m2, leading to normal mass

hierarchy, ∆m2
atm > 0 [8]. The leptonic Jarlskog is predicted to be Jℓ = −0.00967, and equivalently,

this gives a Dirac CP phase, δℓ = 227o. With such δℓ, the correction from the charged lepton sector

can account for the difference between the TBM prediction and the current best fit value for θ⊙.

Our model predicts (m1,m2,m3) = (0.0156,−0.0179, 0.0514) eV, with Majorana phases α21 = π

and α31 = 0.

Our model has nine input parameters, predicting a total of twenty-two physical quantities:

12 masses, 6 mixing angles, 2 Dirac CP violating phases and 2 Majorana phases. Our model is

testable by more precise experimental values for θ13, tan2 θ⊙ and γ in the near future. δℓ is the

only non-vanishing leptonic CP violating phase in our model and it gives rise to lepton number

asymmetry, ϵℓ ∼ 10−6. By virtue of leptogenesis, this gives the right sign and magnitude of the

matter-antimatter asymmetry [18].

Conclusion.—We propose the complex group theoretical CG coefficients as a novel origin of CP

violation. This is manifest in our model based on SU(5) combined with the double tetrahedral

group, T ′. Due to the presence of the doublet representations in T ′, there exist complex CG

coefficients, leading to explicit CP violation in the model, while having real Yukawa couplings and

scalar VEVs. The predicted CP violation measures in the quark sector are consistent with the

current experimental data. The leptonic Dirac CP violating phase is predicted to be δℓ ∼ 227o,

which gives the cosmological matter asymmetry.
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FIG. 3: 1-D ��2 for the absolute value of the closure of the
three row (solid) and three column (dashed) unitarity tri-
angles, fitted with all spectral and normalisation data, when
considering new physics that enters above |�m2| � 10�2 eV2.
There is one unique unitarity triangle, the ⌫e⌫µ triangle, in
that it does not contain any ⌫⌧ elements and hence is con-
strained to be unitary at a level half an order of magnitude
better than the others. By comparison to Fig. 2 one can
clearly see the Cauchy-Schwartz constraints are satisfied.

of parameter space for 3+N models, increasing both the
appearance and disappearance bounds. Subsequently,
the long baseline program DUNE [60] will also be
able to significantly extend the constrained region of
⌫µ ! ⌫e appearance to lower mass di↵erences, leading
to increased constraints on the ⌫e⌫µ unitarity triangle
in this regime. An understanding of the neutrino flux
and cross sectional uncertainties are crucial for unitarity
measurements. Possible future experiments such as
a fully fledged Neutrino Factory [61] or the nuStorm
facility [62], with the uncertainty on their fluxes of the
order 1%, will be able to constrain the ⌫µ normalisation
and ⌫e⌫µ triangle far beyond what is currently obtain-
able. However, no one experiment can probe all scales
and complementarity is vital to definitively make a
statement about unitarity from new low-energy physics,
especially as there is little means to directly measure the
⌫⌧ sector. Improvement in ⌫⌧ appearance requires new
experiments with both an intense, well known beam of
high enough energy ⌫µ or ⌫e to kinematically produce
charged taus, as well as a detector technology capable
of e�ciently identifying them to a degree necessary

for precision high statistics measurements, both of
which are extremely di�cult tasks. Perhaps crucially
for ⌫⌧ measurements, Hyper-Kamiokande [63] will be
incredibly sensitive to atmospherically averaged steriles,
� 0.1 eV2, and will significantly improve the current
bounds on |U⌧1|2 + |U⌧2|2 + |U⌧3|2 in this regime, to
approximately 1� |U⌧1|2 + |U⌧2|2 + |U⌧3|2  0.07 at the
99% CL [64], which would bring it closer inline with the
other sectors.

In this paper we have emphasised the fact that
current experimental bounds on unitarity within the 3⌫
paradigm allows for considerable violation, and without
the unitarity assumption, the precision on the individual
U
PMNS

elements can vary significantly (up to 104% in
the case of |U⌧3|). However, we find no evidence for non-
unitarity. The prospects of directly measuring all the 12
unitarity constraints with high precision are poor, and
even when one allows for additional model-dependant
sterile searches we can only constrain the amount of
non-unitarity to be . 0.2 - 0.4, for four out of six of
the row and columns normalisations, with the ⌫µ and ⌫e
normalisation deviations from unity constrained to be 
0.07, all at the 3� CL, see Fig. 2. Similarly, five out of
six of the unitarity triangles are only constrained to be
. 0.1 - 0.2, with opening of the remaining ⌫e⌫µ triangle
being constrained to be  0.03, again at the 3� CL, see
Fig. 3. One must be careful when assessing the current
experimental regime with the addition of new physics we
are currently insensitive to, as without the assumption of
unitarity there is much room for new e↵ects, especially
in the ⌫⌧ sector where currently significant information
comes from the unitarity assumption and not direct
measurements.
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Towards a better understanding of Osc. Prob. 

Globes, 
while a very useful tool, 

is not enough !
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What Do the Experiments Do ?

Daya Bay and RENO fit their L/E data to:

• Pee ⇡ 1� cos4 ✓13 sin
2 2✓12 sin

2�21� sin2 2✓13 sin
2�ee

– Typeset by FoilTEX – 7

FIG. 4: Daya Bay’s original definition, see [4] and [5], for an e↵ective �m2, �m2

Y Y , is given by
the solid red line. Notice the sizeable L/E dependence near oscillation minimum and maximum
(vertical black dotted lines). At all oscillation extrema, this definition is discontinuous and the size
of the discontinuity is sin 2✓

12

�m2

21

⇠ 3%. The first discontinuity occurs in the middle of the
experimental data of the Daya Bay, RENO and Double Chooz experiments. The L/E independent
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Therefore they are identical up to corrections of O(10�4) as L/E ! 0.
Given that �m
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For the current experiments this range is from [0,0.8] km/MeV and then from Fig, 4 it is
clear that
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Y Y i ⇡ �m

2

ee, (25)

if the discontinuity at OM is averaged over in a symmetric way. In practice, of course, one
needs to weight the average over the L/E range by the experimental L/E sensitivity. This
is something that can only be performed by the experiment. This was not performed in ref.
[4] or [5].
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• To demonstrate these facts, I have plot four di↵erent �m2’s as
functions of L/E in the figure:

1. �m2
31, L/E independent

2. �m2
32, L/E independent
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(this is the solution to eqn(1)) which as you can see from the figure is
L/E dependent and is ambiguous near L/E ⇡ 0.5 km/MeV. (Oscillation
Maximum)
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31 + s212�m

2
32. This was first defined in NPZ

(reference below) and is also L/E independent. It is the ⌫e weighted
average of �m2

31 and �m2
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Note by Stephen Parke (parke@fnal.gov)

Fermilab, June 3 2015:

The Daya Bay experiment in arXiv:1505.03456, footnote (8), defines
�m2

ee via

sin2�ee ⌘ c212 sin
2�31 + s212 sin

2�32 (1)

with �ij ⌘ �m2
ijL

4E and s212 = sin2 ✓12 = 1� c212.

Unfortunately, this definition of �m2
ee su↵ers from two maladies:

• It is L/E dependent !

• It is multiply defined in the region L/E ⇡ 0.5 km/MeV, the central L/E
of DB’s far detectors!
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Latest Results from the NOvA Experiment

38Jonathan M. Paley Fermilab Neutrino Division

Reconstructed Neutrino Energy (GeV)
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Neutrino Oscillation Amplitudes
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Neutrino Oscillation Amplitudes
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µeĀµe

– Typeset by FoilTEX – 2

� +�32 � ��32

A31 A21 Aµe Ā⇤
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T2K/HK NOvA
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ESSnuSB, T2HKK

⌫3 mass eigenstate with smallest ⌫e content
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New Perturbation Theory for Osc. Probabilities
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Figure 1: The upper figure shows the angles, φ and ψ, as a function of the matter potential

for both NO and IO. φ and ψ are the mixing angles θ13 and θ12 in matter respectively. For

ψ, the curves for the two mass ordering are nearly identical. The two lower figures show the

eigenvalues to zeroth order, λ1,2,3, in matter as a function of the matter potential for NO

and for IO. For all our figures, YeρE ≥ 0 is for neutrinos and YeρE ≤ 0 for antineutrinos.

• The size of the perturbing Hamiltonian, Ȟ1, is controlled by the parameter

ϵ′ ≡ ϵ s(φ−θ13) s12c12

= s(φ−θ13)s12c12
∆m2

21

∆m2
ee

,
(2.5.4)

which is never larger than 1.4%.

• In vacuum,

s(φ−θ13) = 0 , (2.5.5)

so that the zeroth order Hamiltonian gives the exact result. Also, in the limit where

a → −∞ for NO or a → +∞ for IO s(φ−θ13) → −s13 which is of O(
√
ϵ). Whereas for

a → +∞ for NO or a → −∞ for IO s(φ−θ13) → c13 ∼ 1, see figure 2.
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eigenvalues to zeroth order, λ1,2,3, in matter as a function of the matter potential for NO

and for IO. For all our figures, YeρE ≥ 0 is for neutrinos and YeρE ≤ 0 for antineutrinos.
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so that the zeroth order Hamiltonian gives the exact result. Also, in the limit where
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New Perturbation Theory for Osc. Probabilities
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Figure 3: The νµ → νe oscillation probability is plotted in the upper part of the figure for

DUNE parameters; a 1300 km baseline and Yeρ = 1.4 g·cm−3. The fractional uncertainties

at zeroth and first order are plotted using the analytic formulas in tables 1 and 2 respec-

tively. The probability to second order is calculated by using λ’s and W through second

order, see eqs. 3.1.3 and 3.2.6

.

the mixing matrix, W2, have been used to calculate the oscillation probabilities to second

order. The resulting oscillation probabilities are more than two orders of magnitude closer

to the exact values than the first order probabilities.

4.4 Precision of the perturbation expansion

The oscillation probabilities that were perturbatively calculated in this section are only

useful if they are more precise than the experimental uncertainties. In figure 3, we have

plotted the fractional uncertainties8 at each order of our perturbative expansion for the

νµ → νe channel at the DUNE [16], baseline of 1300 km. The precision at the first

oscillation maximum and minimum for DUNE are shown in table 3. We note that the

precision improves at lower energies, such as for NOνA [17] and T2K/T2HK [18, 19].

The results are comparable for different values of δ, for the inverted ordering, for other

channels, and for antineutrino mode. Therefore, even at zeroth order, the precision exceeds

the precision of the expected experimental results.

8The exact oscillation probability were calculated using [3, 4].
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Latest Results from the T2K Experiment

36Jonathan M. Paley Fermilab Neutrino Division

using constraint of 
sin2 2θ13 = 0.085 ± 0.005

44
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FIG. 43. One dimensional ��

2 surfaces for oscillation pa-
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using T2K data with the reactor constraint.
The critical ��

2 values obtained with the Feldman-Cousins
method are used to evaluate the 90% confidence level with
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FIG. 44. Total predicted ⌫

(–)
e

-appearance event rates in the
⌫-mode samples and in the ⌫̄-mode sample as a function of
�

CP

for di↵erent values of sin2
✓23 and both mass orderings,

compared to T2K data. The dashed line distinguishes the two
solutions for the octant of ✓23.

B(NH/IH) = 2.28; the Bayes factor for the upper octant
is B(sin2 ✓23 > 0.5/ sin2 ✓23 < 0.5) = 1.32. Neither can
be considered decisive.

2. Results with reactor constraints

This section presents the results obtained with the
MCMC analysis when adding a Gaussian prior on sin2 ✓13
with the value given in Tab. XVIII. The posterior mode
marginalized over the nuisance parameters is given in
Tab. XXIX. Including the reactor prior on sin2 ✓13, the
best-fit is closer to that obtained by the reactor experi-
ments compared to the T2K-only results. The �

CP

best-
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FIG. 45. One-dimensional marginal ��

2 surfaces for oscil-
lation parameters �

CP

and sin2
✓13 using T2K data with the

reactor constraint. The contour is produced by marginalizing
the likelihood with respect to all parameters other than the
parameter of interest. The red line shows the critical ��

2

values obtained with the Feldman-Cousins method, used to
evaluate the 90% confidence level with the proper coverage.
The green line show the ��

2 obtained with the fit to the T2K
data.

TABLE XXVIII. Posterior probabilities for the mass order-
ings and sin2

✓23 when fitting T2K data only with an MCMC
method.

sin2
✓23 < 0.5 sin2

✓23 > 0.5 Line Total
Inverted ordering 0.137 0.168 0.305
Normal ordering 0.294 0.401 0.695
Column total 0.431 0.569 1

fit is closer to the maximum violating value of �⇡/2 due
to the correlations with sin2 ✓13 shown in Fig. 46.
The MCMC algorithm uses a flat prior on �

CP

, but
its dependence on this choice of prior has been tested
by computing the credible intervals with a flat prior on
sin �

CP

. The two sets of intervals are in reasonable agree-
ment as shown in Fig. 47.
The Bayes factor for the mass ordering and the ✓23

octant can be computed with the method described in
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FIG. 41. Comparison of the T2K data in ⌫

µ

(left) and ⌫

µ

(right) disappearance channels with the expected spectra obtained
with the T2K most probable values of the oscillation parameters and using the NO⌫A most probable values for sin2

✓23 (higher
octant) and �m

2
32 taken from Ref. [86].
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FIG. 42. A comparison of two-dimensional constant ��

2 contours in the �

CP

–sin2
✓13 plane using T2K data with the reactor

constraint, for both four-sample (red) and five-sample (black) analyses with normal (left) and inverted (right) mass ordering
hypotheses. The contours are produced by marginalizing the likelihood with respect to all parameters other than the parameters
of interest.

summarized in Tab. XXVII. The best fit point is the
mode of the four-dimensional histogram where the axes
are the oscillation parameters.

TABLE XXVII. Best-fit results and the 1� credible interval
of the T2K data fit without the reactor constraint with the
MCMC analyses including both mass orderings.

Parameter Best-fit ±1�
�

CP

-1.815 [-2.275; -0.628]
sin2

✓13 0.0254 [0.0210; 0.0350]
sin2

✓23 0.513 [0.460 ; 0.550]

�m

2
32 2.539⇥ 10�3

eV

2
/c

4 [�2.628;�2.544]⇥ 10�3
eV

2
/c

4

[2.436; 2.652]⇥ 10�3
eV

2
/c

4

The ±1� credible intervals, which have a 68.3% prob-
ability of containing the true value, are computed, for
each parameter, from the posterior probability density
marginalized over all the other parameters as shown in
Fig. 46. Fig. 46 also shows the correlations between the
oscillation parameters with the map of the marginal pos-
terior density probability and the credible intervals in the
space formed by two parameters.

The proportion of the MCMC points with sin2 ✓23 >

0.5 or < 0.5 gives the posterior probability of the octant.
Similarly, the relative proportion of steps with �m

2
32 >

or < 0 gives the posterior probability of each mass or-
dering. They are shown in Tab. XXVIII. A Bayes fac-
tor can be computed as a ratio of the posterior prob-
abilities [90]. The Bayes factor for normal ordering is
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FIG. 43. One dimensional ��

2 surfaces for oscillation pa-
rameter �

CP

using T2K data with the reactor constraint.
The critical ��

2 values obtained with the Feldman-Cousins
method are used to evaluate the 90% confidence level with
the proper coverage.
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FIG. 44. Total predicted ⌫

(–)
e

-appearance event rates in the
⌫-mode samples and in the ⌫̄-mode sample as a function of
�

CP

for di↵erent values of sin2
✓23 and both mass orderings,

compared to T2K data. The dashed line distinguishes the two
solutions for the octant of ✓23.

B(NH/IH) = 2.28; the Bayes factor for the upper octant
is B(sin2 ✓23 > 0.5/ sin2 ✓23 < 0.5) = 1.32. Neither can
be considered decisive.

2. Results with reactor constraints

This section presents the results obtained with the
MCMC analysis when adding a Gaussian prior on sin2 ✓13
with the value given in Tab. XVIII. The posterior mode
marginalized over the nuisance parameters is given in
Tab. XXIX. Including the reactor prior on sin2 ✓13, the
best-fit is closer to that obtained by the reactor experi-
ments compared to the T2K-only results. The �

CP

best-
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FIG. 45. One-dimensional marginal ��

2 surfaces for oscil-
lation parameters �

CP

and sin2
✓13 using T2K data with the

reactor constraint. The contour is produced by marginalizing
the likelihood with respect to all parameters other than the
parameter of interest. The red line shows the critical ��

2

values obtained with the Feldman-Cousins method, used to
evaluate the 90% confidence level with the proper coverage.
The green line show the ��

2 obtained with the fit to the T2K
data.

TABLE XXVIII. Posterior probabilities for the mass order-
ings and sin2

✓23 when fitting T2K data only with an MCMC
method.

sin2
✓23 < 0.5 sin2

✓23 > 0.5 Line Total
Inverted ordering 0.137 0.168 0.305
Normal ordering 0.294 0.401 0.695
Column total 0.431 0.569 1

fit is closer to the maximum violating value of �⇡/2 due
to the correlations with sin2 ✓13 shown in Fig. 46.
The MCMC algorithm uses a flat prior on �

CP

, but
its dependence on this choice of prior has been tested
by computing the credible intervals with a flat prior on
sin �

CP

. The two sets of intervals are in reasonable agree-
ment as shown in Fig. 47.
The Bayes factor for the mass ordering and the ✓23

octant can be computed with the method described in
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Summary:

• from Nu1998 to now, tremendous exp. progress on Neutrino 
SM:  more at Nu2018


• LSND Sterile Nu’s neither confirmed or ruled out at 
acceptable CL: - ultra short baseline reactor exp.


• Great Theoretical progress on understand many aspects of 
Quantum Neutrino Physics:       - Oscillations, Decoherence, 
Osc. Probabilities in Matter, Leptogenesis, …..


• Still searching for convincing model of Neutrino masses and 
mixings: with testable and confirmed predictions !


