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Abstract: The purpose of this paper is to analyze the consistency
and convergence of an explicit fifth-stage fourth-order Runge-
Kutta method derived using f(x,y) functional derivatives. The
analysis revealed that the method is consistent and convergent.
The implementation of this method on initial-value problems was
done in a previous paper, and it revealed that the method compared
favorably well with the existing classical fourth stage fourth order
explicit Runge Kutta method.
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I. INTRODUCTION

Some of the Runge-Kutta methods derived today do not

possess the properties of convergence and consistency, hence,
they are not capable enough to handle problems the way they
ought to. This paper successfully analyzed the consistency
and convergence of a derived fifth stage fourth order explicit
Runge-Kutta method on initial value problems.
Runge-kutta methods are numerical (one-step) methods for
solving initial value problems of the form:

y'(x)=fxy), y(xo) = yo. (1.1)
Also, according to [5], [6], and [11][12][13], in Ordinary
Differential Equations, initial value problems are problems
with subsidiary conditions which are called initial conditions
and are applicable to solving real life problems. This can be
used to analyze growth and decay problems in real life
situations.
In the works of [8], [7], and [10], Explicit Runge-Kutta
methods have proven to be one of the best methods for
solving initial value problems in Ordinary Differential
Equations. However, the method is subject to improvement,
hence more research is still been carried out to get better
efficiency and accuracy of the method. Many researchers
have worked to improve on the accuracy of the method as can
been seen in the work of [1], [3], [4] and [9][14][15][16].
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Il. THEFIFTH STAGE FOURTH ORDER METHOD

IS WRITTEN BELOW
Yn + = ey + 3k — 3k + 4k, + ks)
ky = f(nn)
h h
ko= f (3t g0 + k)
h  h
ks = fCon + 79+ 7 (k1 + 2k3))
ks = f(xn

h
ks = f(tn + hoyn + 5 (a4 kg = 2k + 4ks))

Vn+1 =

h h
+ 5 n +Z(k2 + k3))

I11. CONSISTENCY AND CONVERGENCE
ANALYSIS OF THE FIFTH STAGE FOURTH
ORDER EXPLICIT RUNGE KUTTA METHOD

Theorem 3.0:  The explicit fifth-stage fourth-order

method is consistent if it converges to the initial value

problem y’ = f(x,¥), y(x,) = Yo.

Proof: Using the exact solution y(x,) of the initial value
problem:
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y, = f(x'Y)'Y(xo) = Yo: WE have that: Tn(hs) =Yn+1 — Yn = % (f(xn: yn) + 3[f(xn +chy, + ha21k1f(xn' yn))] -

3|f (xn +csh, yo+h <a31f(xn'yn) + as; (f(xn + ch, v, + ha21f(xn,J’n))))] +
4 f xn + C4h' yn + h <a41f(xn' yn) + a42 (f(xn + Czh’ Yn + ha21f(xn' yn)) +

as (F Con + €3y + 12(@saf Gon ) + s (f (o + b3 + hauf(xn.yn)))))) o+
CSh: Yn + h(aSIf(xnv Yn) + as; ( (xn + Czh Yn + ha21f(xn: yn)) + aSS(f(xn + C3h yn

h(a31f(xnﬂyn)) + as; ( (xn +ch,y, + ha21f(xn:yn)) + Qsy <f Xp + C4h, Y, +
h a41f(xn’ yn) + a42 (f(xn + CZh yn + ha21f(xn; Yn)) + a43 (f xn + C3h' yn +

h@saf Gon ) + aso (f (o + 23 + hauf(xn.yn)))))))
Dividing all through by h and taking the limit of both side as h — 0,we have

R () = 222220 = = [£ (o, Y) + 3f Cony V) = 3 G V) + 4f Gy V) + £ (i Y]

1
= €[6f(xn'yn)] = f(Xn Yn)
(D(xn, Yo 0) = f(xnl yn); y(xO) = Yo-

Hence our method is consistent and convergent .
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