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On Orthogonal Parts of a Solution to a Cauchy BVP
over Sobolev Spaces

Dejenie Alemayehu Lakew'* and Nar Rawal’**

Abstract
Let Q be a smooth and bounded doamin in R”. Considering three BVPs.

(I) First order: Let f € £2(Q),g € W22 (Q). Then the first order Cauchy BVP :

Du=f inQ
u=g ondQ

has a solution u given as W2 (Q) 5 u = [u,] ¥ [us] where [u,] to be the part of the solution that is evolved from
the trace value g of u, and [u/] to be the part of the solution that is evolved from the value f of the differential
equation over the domain Q.

(17) Second order: Let f € £2(Q),g1 € W3?2(9Q) g, € W22 (9Q).
Then the BVP:

~Du=f inQ
Tu=g 0ndQ

where tu = (190, Dupyq) = (g1,82) has a solution u € W22 (Q) with u = [u],, ,,) @ [u]; and
(1) Higher order: Let f € £2(Q),g; € W72 (3Q),j=1,....k— 1. Then

D'u=f inQ
Tu=g 0NnaJQ

where tu = (u9q,Dujgq,.-.D 'ugq) = (g1,82,..-.81), for k >3, has a solution u € W*?(Q) given as
= [u](gl»gb"-vgk—l) © [u] .

The symbol @ represents an orthogonal sum of functions that are from orthogonal sum & of function subspaces
of a Sobolev space with inner product.
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1. Preliminaries

Question! How are solutions to boundary value problems in
an inner product Sobolev space that is orthogonally decom-
posable behave? What part of the solution falls in to which
part of the summands that are closed subspaces of the space?
This is an interesting question to study. In this article was
investigated such decompositions for first, second and higher
order PDEs in a Sobolev space. In fact solutions in this case
appear to evolve from the trace values on the boundary and
the values of differential equations in the interior of the do-
main to become orthogonal components. In [1],[4],[6],[7] was
successfully developed decomposition results of Hilbert and
Sobolev spaces in general. Was developed properties of the
inner product that are defined and that of functions in the re-
spective spaces. In [1] there is seen how norm is enlarged and
space is expanding when the regularity exponent increases.

In this paper, I will investigate and show, a solution of a
partial differential equation in Q with a boundary value over
dQ over function spaces: W52 (Q) is actually an orthogonal
sum of those parts of the solution that evolve from values
of the derivative of the solution to a certain specific order in
the interior of Q and from trace value of the solution on the
boundary dQ of the domain.

That is, for f € £>(Q), the BVP:

D% =f
u=g

in O

on dQ .0
of order o for 1 < |a| < d with d a positive integer, has a
solution u in a certain Sobolev space W*2(Q) of an inner
product (.,.)yk2 (©)- Besides, the solution u be an orthogonal
sum of its parts, i.e.,

u=[ul & ul, (1.2)
so that
) () g =
(if) ||”HW1<2 = [”] HWkZ "‘H[”]gH‘sz.z(Q)

where [u] 1 is the part of the solution that evolves from f
and [u], is the part that evolves from g.

Was also investigate the maximum principle for the solu-
tion of the first order BVP when f is monogenic or Clifford
analytic function over the domain.

2. Orthogonality

Let d be a positive integer and Q be a smooth and bounded
domain in RY with a non empty boundary dQ. Let & € N,
1< p<oo.

Definition 1 (Weak Derivative) For a function f, it is say g
is the weak or generalized o' order derivative of f over Q
written as

g=D%f

if

/f )D%y(x)dQy = (—1) /g

Clearly a function that is a derivative in the ordinary sense
of a function is a weak derivative but not the converse. That
is a weakly differentiable function may not be differentiable
in ordinary sense.

(x)dQx, Yy €Cy (Q).

Example 1 Consider the function

0 0<x<1
f(x)—{ x—1 1<x<2 °
Then f is continuous on [0, 1] but not differentiable in the
regular sense as the derivative

(x) = 0 0<x<1
W=V 1 1<x<2

is discontinuous at x = 1. However g is the first order
weakly or generalized derivative of f on [0,1] since

fx)¢' (x)dx =

[0,2]

Il I
|

N

i )
oo <
~ —
RN
<
—
=
=
=

Il
|
)
\H

Vo € Cy ([0,2]).

Definition 2 For 1 < p < oo, k € NU{0}, the Sobolev space
WP (Q) is defined as the set of all functions f in £° (Q)
such that the a™ order weak derivative D*f € £F (Q) for
0<l|al<k
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As I mentioned in the preliminary, these function spaces
are ideal spaces to search for solutions to problems of reality
unlike regular function spaces such as C¥, where continuity to
an order is required.

The particular Sobolev space (or Hilbert space of higher
regularity) W2 (Q) where p = 2, and k > 1 is an inner prod-
uct space with inner product

/ <2/<|a<kDa x)D%g(x )) dQ, (2.1)

with norm given by

(f, 8wk

1wy = (U Pweay)”

Therefore there is a distance or metric defined in terms of this
norm given by

Pwr2o) (f 8) = IIf —gllwea(q) (2.2)
When p =2 and k = 0, there is the usual Hilbert space
wo2(Q) = £2(Q)
with inner product
(fs &lworq) / fx)gx)dQ, (2.3)

Definition 3 It is say two functions f, g € W52 (Q) orthogo-
nal with respect to the inner product defined by 2.1 if

(f, &wraq) =0. (2.4)
For more orthogonal functions see [2].

Theorem 1 For two orthogonal functions f and g of W52 (Q)

ifh= fWg then

Q) = Hf”‘%vkl(Q

Proof. 1 Clearly

Hh||2wk,2( >+ ||gH%Vk‘2(Q)

=

HhHWkl(Q) (h, h) Wk2 )

D=

D=

Wk 20) (& 8>Wk~2(g))

1
2

(
((rog fogwee)
(¢
(

17320+ 811200 )

since (f,8)wk2(q) = 0.

2 2
= ||h||Wk,2<Q) = ||wa12 + ||g||W12

As indicated above, the interest of the talk is partly on
the Sobolev space

W' (Q)={fe £ (Q):Df € £(Q)}

with inner product

(F. o) = || (F0)e(x) + DF(x)Dg(x) Ay (25)

there is few preliminary results on norm and orientation
for single and pairs of functions.

Theorem 2 For a function f, if Df = f, then

1fllwi2(@) = V211l ()
in particular
lellw120) = V2lle"l g0

Can be also discuss about angles in inner product spaces,
from the fact that

(. @iz = [ Fllwrzqa 8l o) cos6.
Theorem 3 For 0 < a < fB < 1, there is
Pwi2) (fs @f) > pyrzq) (f; BS)-
Proof. 2
Pwi2@ (f, af)=
=[If —afllwizg
—((f—af, f-af)?

=

</Q (f (x) — af (x))* + (D (f (x) — af(x))2> de>

V- ([ (s 0r?) dsz,C);

= (1= )| fllwr2(q)

> (1=B) Ifllwi2(@) = Pwiz) (f, BS)
since0<a<f<l=1-a>1-§>0.
Corollary 1 The following are valid,
(i) limpy12() (£, €F) = 1flw12()
(i) lim pyiog (f. ££) =0
e—1
(iii)  pwia) (f, —af) <pwiag) (f; —Bf)

Jor 0<oa< <l



On Orthogonal Parts of a Solution to a Cauchy BVP over Sobolev Spaces — 3/10

Proposition 1 For 1 < a < B, and f € W2 (Q), there is there is
-1 *
0)=206 0" =0.
pwi2e) (fs af) < pwiza) (f; BS)- cos™ (cos ) = 0 =
(ii) For
Proof. 3 o
a<0= m =1
pWI’Q(Q) (fv (Xf) = ”f_ af“Wl.Z(Q)
there is
cos_l(fcos 0) = =w-06
= [1=allfllwiq — 0*+0=n1x

and hence the angles are supplementary.
These conclude the proof.

IA

[1=B 11/l 3. Orthogonal Decompositions

Looking at how function spaces orthogonally decomposed
so that any function in the space is an orthogonal sum of
component functions from the orthogonal parts of the space.
The spaces was consider are the Sobolev spaces W<=12 (Q),
the space for p =2 and k € N. Was stablish the following
results along with several properties in [1] and [4].

Pwi2 (o) (f,BSf)

Theorem 4 For . # 0, if 6 = 6{(f, g) and 6" = 6((f, ag), Theorem 5 [4] The space £*(Q) has an orthogonal decom-

then position
either 6 =0" or 6" =m1—0.le,0+0"=n £2(Q)=A"? (Q)@D(W()m (Q)) 3.1
where 0 and 0" are angles between the indicated pair of ~ where
functions. A2 (Q) = KerDN £%(Q)
Proof. 4 Starting from the inner product, and

Wy? (@) = {f €W'(Q): (fiaa:Dfioa) = (0,0)}

(fs 8wy = Ifllwizgllgllwizg)cosd so that
| (. Shwiag) Vfe £ (Q),3g e A2 (Q) and heD(WOl’z (Q))
= 0 =cos
£ llwi2o)llglwizq) such that
and f=gWh.
. Theorem 6 [1] The Sobolev space W'? (Q) has an orthogo-
(f, agdwizg) = ol lfllwizlgllwizq)cos® nal decomposition
which implies W'2(Q) =A% (Q) & D? (WJ2 (Q)) 32)
where
0 — cos—! (f, aglwizg) A22(Q) = KerD* NW'2(Q)
Lo [ 1fllwr2ollgllwiz )
(. 8) "
B alf, & wiz2 .
= cos”! . Wo (@) = {f €W*2(Q): (fiaa: Dfiaa: D*fiaa) = (0, 0, 0)}
Lo [ lwiz e llgllwi 2
o so that
-1
- (WI cos 9) : Vfew'?(Q),3g€A**(Q) and heD? (W03’2 (Q))
Now there is two cases to consider: such that
(i) For f=gWh.

a These decompositions enable us to give the following
a>0= | o | =1 main results of our research.
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4. Main Results

In this section was consider first and second order boundary
value problems and see how the solutions are simply the
orthogonal sums of parts that evolve from boundary values
of the solution and interior values of the derivative of the
solution to the given order. Starting with the first order Cauchy
problem.

Theorem 7 Let f € £2(Q) and g € W22 (Q). The first order
Cauchy problem

{ Du=f inQ

on 0Q @.1)

u=g
has a solution u € W'? (Q) such that
u=[ul,ul,

where [u]f is the part of the solution that evolves from [ and
[u] ¢ IS the part of the solution that evolves from g with the
following properties

(i)
<[”]f’ [”}g>w1-2(9) =0
(i)
i lragy= 1y Byragy + 1l Tl Bz
(iif)
<u’ [u]f>w112(sz) B
(iv)
<u’ M8>W1v2(g) -

Proof. 5 For two functions f, g € C' (Q), integration by parts
provide

Il 1120y

I g i

| x=y)Dg(r)a0, =

Q

= [ 6= ()80 o0+
Q

- [ Do =1z ) de,
Then by taking f =T and g = u, there is

/ ['(x—y) Du(y)dQ, =
Q

= [ Ta=9)v0)u0)d00,~ [ DI x=y)u()ae,

where T is the fundamental solution to the Dirac operator
D.
But

DI (x—y)=8(x—y)

the Kronecker delta function and thus,

[ Ty Dutrae, =
Q

= aQF(x—y)v(y)u(y)daﬂy—/QS(X—y)u(y)de

u(®)= [ T=)v0)u()dd~ [ T(x—y)Duly)ae,
4.2)

which provides the integral representation of the solution u to
the BVP given by

o= [ D) 00060100+ (= [ 1) )4, ).

Seeing that this sum is in fact an orthogonal sum &,
Because the solution

uew'2(Q)=A"2(Q)eD (Wg’z (Q))

has a unique decomposition as sum of components from the
two sub spaces, A'?(Q) and D (W03’2 (Q)) But the first
integral

| Ta=3)v0)s0)00,

is a monogenic function over Q and hence an element of
KerDNL*(Q) =A'2(Q).

Needing to verify that the second integral

(—/QF(X—y)f(y)de> €D(W0]’2 (Q))
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as well. That is, there is a function & € WO3 2(Q) so that Hence

- /g;l"(x — ) f(»)dQy = DE (x) with &g =0.

Clearly from the fact that

u(x) = F(x—y)v(y)g(y)daﬂﬁ(—Af(x—y)f(y)d9y> _[ ul, @ ful,

2Q

and ujyq =g thereis

e = with
o[ T 409
T(./ag (r=2)v (1) g()do2+ / T(x—y)v(y)g(y)ddQ, and
I'(x— y)dQ
< / y >|8Q [M]f:_/gr(x_y)f(y)dg}“
(i) Then since W' (Q) is a space with inner product of
=7 ( agr (x=y)v(y) g(y)d&!%,) 5 + an orthogonal decomposition there is
Q
C(x—y)v 4oQ,, —/rx— aQ,
T(_/ l"(x—y)f(y)de> </{m (x=3) 0 ()g()dIQy, — | T(x=)f0) >>W1?2(Q)
Q |0Q
=0.
Tujgo =8
(ii) Again from the fact that the sum is an orthogonal sum,
the components obey the parallelogram law
/ F(x—y) f()dQ, )  =0.
B

2 2
u = Fx—y)v ddQ, +
Thus é‘ag = 0. In an analogous manner of the integral | HW]J(Q) | /asz (=)0 ()8ly) ’ ”WI’Z(Q)

representation of the solution u, get it now the integral repre-
sentation of & as

[ D=3 £0)42, [z
/rxz/rzy V)dQ,dQ,

~ AT OT G0 FO)a0 €W @) = L] g+ I o

Therefore, there is a (iii) follows from the fact that

—/Q/QF(X—Z)F(Z_)’)JC()’)dedQZEWOLZ(Q) <”7 [”]f> =

wl2 (Q)
so that

</Fx y) U (y)g(y)doQy+

D& (x)

b.( [ [ re-are-y o)

—./K;F(x—y)f(y)dﬂy. +<—/QF(x—y) ) /Fx ) F)dQy 12
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and likewise (iv) follows from

<u’ [u]g>wl.2(g)=
_ < [ T30 0)80)d00,.

/ny
Sl RCEE

The next result is for second order BVP.

)&(y)doQy, Wi )>

)8(0)dOQy [[312(q)

Theorem 8 Let f € £2(Q) and g € w22 (0Q),
g EWL?2 (0Q), then the second order BVP

{ szu:f
= (g1, &)

inQ

on 0Q 4.3)

with
81 = Tujgq and g» = tDujyq

has a solution u € W*? (Q) given by

uw = [ Ta=v0)ea0)d,

[ [ Ta=aTE-3)v @) () do0d0,+
QJoQ

+ [ [ ra=aTE-ysedade,

with the following properties

(i)
/ F'(x—y)v

- / T(x—2)T(z—y)v(2) g2 (1) dOQAQ, )
JQ JoQ

W (/Q/QF()C—Z)F(z—y)f(z)dﬂzdﬂy)

g1 (y)dOQy+

” u ”%VLZ(Q):
= | ([raT (x—y)v ()1 (y)doQy, +

— | [ Pa=aT =382 409:49, [

+||/Q_/Ql“(x—z)r(z—y)f(z)dgzdgy Hgm(m

1l 131200

Proof. 6 Clearly since the input function f € £ (), which
is the weekly second order derivative of the solution u, there
is u to be in W>2 (Q). This is because the Dirac operator D is
a regularity exponent diminishing operator, between Sobolev
spaces.

The repeated application of the integral representation
given in (4.2 ) will be used. Let v(x) = Du(x), then there is a
first order BVP

—Dv=f
V=g
whose solution is given by

9= [ T v0) 0020+ (- [ Dl 0)d, ).

But Du = v and hence there is again a first order BVP

{ —Du=f
u=gi

with a solution

_ 2
= [y g, 120

inQ
on 0Q

in Q
on 99

u(x)=

= [ T=3)v(0)u(y)do, - /Q T (x—y) Du(y)dQ,
_/ (x=y)v(y)81 (y)dIQy+
JoaT (v =2) v (2) g2(2)d9Q,
_/ ['(x—y) a0,
? + (= JoT (v —2) f(2)d)
7/ T(x—y)v () g (y)doQ,+
_/Q/agl"(x—‘y)‘F(y—z)v(z)g,rz(z)daQZdeJr
+ [ [ ra=yro-2) e,
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thereis & (x)=
It need to show that this sum is again an orthogonal sum
from the orthogonal decomposition

([ [ | [ ra=—yro-are—mrow—g

W2 (@) =42 (@) o D* (W, (@)

proven in [1]. Clearly f(q) dQydQ,,dQ.dQ, € Wy (Q)}.
Setti
/ T(x—y)v(y) g1 () dOQy+ erns
_ /Q [ Ta=y)T(-2)v(2)(2)d0:dQ W= [ TE=3)0 ()81 )40+

is annihilated by D? since

[ [ Ta=0To-9v@)e@da0.d0,
QJoQ

2
D(/l"x V)V (y) g1 (y)doQ,+ and
- [ | Ta=3T -2 () ea()d00.a0,
= [ [ Tx=0)T -2 fd0ud0,
—Dz(/ F'x—y)v(»e (v )d&Q) there is
= [u]ghgz W [u]f
-D? </ /3 Fx—y)T'(y—2)v (z)gz(z)d(?QZde> which proves (i).
JaJoa
(i) follows from the fact that
—-p( [ ro-9v@aE00.m,) <0 u= [y o, 91l
Thus
Theorem 9 For the BVP given in Theorem 7, if the input
function f is monogenic or Clifford analytic over C, then the
/a T (x=y)v () g1 (y)doQy+ following holds
(i)
- / F(x—y)T(y—2) v (2) g2(2)dIQAQ, € A2 (). u(x) = / (y)dQy,Vx e Q and p >0
oo 1B(x,p) || Ja(xp)

Next, it need to show that 3§ € WOS’2 (Q) such that (i)

g lu@) | < sup|g(x)].

| [ TG0 o-2) f)a0.ag, = D% (). o0
Proof. 7 The input function f is monogenic and hence u is
Clearly harmonic, since
& ()30 = (& ()00, DE (x)50) = (0,0). Mu=—D*u=—D(f) =0.

By applylng the result Ofin[egration by par[s above twice and But then harmonicfunctions Satl’sf:‘y the mean value theorem

the fact that and that proves (i).
The proof of the second result follows from the maximum

g‘ 20=0 principle for harmonic functions over a domain Q. Clearly
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the solution function to the BVP is harmonic and its integral
representation is given by

u(x)=

[ Pa=3)v0)s )02~ [ T(x=3)1()09,

and this function satisfies the maximum principle. That is

u attains its extreme values on the boundary of the domain.

This follows from

(e = 7 Tx=3)v()g()do,+
- [ P97 0)4%)a0
= T(/BQF(x—y)v(y)g(y)d&Q_y)aQJr
-7 (/QF(xy)f(y)de>aQ
Tu(x)ye = T(/(;QF(x—y)v(y)g(y)dmy)aQ

’c</gl"(x—y)f(y)d9y>ag —0.

Again Tyq is a trace operator that acts as a left inverse
operator of the boundary integral operator

/ Cx—y)v(y)g(y)doQ,
IQ

in such a way that

90 © </{)QF(X—y) v(y)g (y)d99y> =g
Therefore

Tu(x)go = g (x).

Hence

wolu) | < suplg(x)].
XEIQ

Corollary 2 If Q is compactly embedded in R", then for the
solution u of the BVP of Theorem 7, xy,x; € 0Q.:

(i)
lu@) | < [glx)|vxeQ
(i)

lg(x0) | < |u(x)|VreQ

Corollary 3 If f is monogenic over Q, then the the Cauchy

problem
Du=f inQ
u=0 ondQ
has a solution u = 0 and further more f = 0.

Proof. 8 Because f is monogenic over Q, there is that u is
harmonic over  since

Au= —D*u=—-Df =0.

Then the maximum value principles guarantees that | u(x) |
has maximum values on the boundary of the domain. But the
boundary value of u is zero and hence follows that u = 0 over
Q which then implies f = 0.

Remark 1 These results can be extended to higher order
boundary value problems which is our next focus.

Theorem 10 The Sobolev Space W *~1):2 (Q) (for k > 1) has
an orthogonal decomposition given by

W(k71)72 (Q) :Ak,Z (Q) @Dk (WO(Zk—l)Q (Q)) 4.4)

where DX is the k™ order Dirac operator and
AR (Q) = KerD* nWD2(Q).

From this fundamental theorem, there is a higher order
BVP whose solution has orthogonal components.

Theorem 11 (Higher order BVP) Let

fE2(Q), g, WK1 (9Q) for j=0,1,2,3,..k— 1 and
k=1,2,3,.... Then the k'"-order BVP

{ Du=f

Tu=g

inQ

on dQ .5)

with
g=(20(=woa), & (=Dupa), g (=D upq) ...,

vy 87 (=DIujpq) s g1 (=D upg))

has a solution u € W*=1:2(Q) given as an orthogonal
sum

u= M(é’o‘, 21,82, 83 8 1) P [u]f

where

That is
(i)

(L) ey thr) =0

wk-D2(q)
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@@ Nully,

(k=D2(Q

k—1 .
Iz /j:o G (Goas) ya gy +

+ || gs]'czf H‘Q;V(k—l),Z(Q)'

(iii)
(wyf) ggg(gagg,»>>ww(m _

—HZ/ Eh (Goag) I e o)

(iv) <ua Cgsz>w(k—]),2(g) =l Cgsz ||€V(k71)‘2(9)
where {yq, Lo are integral transform operators given by

/ny n

Gan () = [ Tx=y)n()de,

Caan (x (y)doQy,

and

Proof. 9 Clearly since f is in >(Q), the solution u is in
Wk=D.2(Q). This is because the Dirac operator D is a regu-
larity diminishing operator by 1 and so its k™ order reduces
a regularity of u by k and to be in > (Q). Using induction on
k. For k = 1,2 there is the Dirac operator D and D?, the case
of a first and second order Cauchy problems, which there is
shown in Theorems [7] and [8]. Now

Dfu=f on Qwith uyq = (80, g1, &2+ 8-1)

= u={y0(80)+%a(Loa(81))+lala(Loa(82) +
Calala (Coa(s3)) +
+  lo-lo  (La(gk-1))+ Co-lo (f).
—— N——
(k—1)-compositions k- compositions
That is

k—1 .
=X [, th(Gag)+chr

But the function

n=Y / ¢l (Grag)) € KerDFnWE (Q) = 4F2 (Q)

since

0 (L[, h(Gas) ) = DlGay) =0

and D8og = g and also {yqg is monogenic and hence
annihilated by D. Now what is left is to show that

s e 0t (W2 @)
that is there is to find an h € Wézkil)’z (Q) such that
(5 = DFh with hygq = 0.

But this is achieved by considering h =
Clearly

&3'f-

=@rew @
and
D'h=D'Gf =Caf.

From the fact that

(o (W "% @) ToA2(Q)

Then proveding the claim that the solution is the orthogo-
nal sum of functions that evolve from the boundary values g;,
and value f of the differential operator inside the domain

S
Il

k—1 .
L[, thiCns) e chs

[u] (81,825--:8k—1) @ [’/‘]f

as required.

Corollary 4 The solution u to 4.5 satisfies the following or-
thogonality properties

(i)

2
= I

I [u](goagl«,gzw-w 8k-1)

k—1 .
IE [, GGasi) By o,

k=1)2(Q)

<u, [u]f>W(k—l).2(Q) = [ u }(go 815 8255 8k—1) ”W(k D:2(Q)
[R<SaF

Corollary 5 The higher order Cauchy problem 4.5, with g =
0,ie,g;=0,Vj=0,....k—1, has a solution u given by

*k=12(q

u=_Cf
and hence
u=0wekfs.
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