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Abstract: Let (Q,p), (A,v) be measure spaces. Let ({fo}aca, {7ataco) and ({gs}sen, {ws}sea) be
continuous 1-Schauder (resp. oco-Schauder) frames for a Banach space X'. Then for every x € X'\ {0},

we show that

1 1
p(supp(0yz)) > resp.  v(supp(fyv)) >

! sup | fa(wp)] g sup | falws)]

aeN,BEA aeN,BEA

(supp(8,2)) > ! (supp(8;2)) > !
v(supplbyzr)) > ———Fi—— resp. p(suppbrr)) 2 ——m——
I sup  |gs(7a)| d sup |95 (7a)|

aeN,BEA ae,BEA

where
Op : X3z 0pm € LY(Up); 0pr:Q3a (0z)(a) = fo(r) €K
= falz) € K),
0,: X >x 0,0 € LYAV); O,2: A B (0,2)(B) :=gs(x) €K
(resp. O,: X >z 04z € LCAv); O4z:A> B~ (0,2)(8) :=gs(x) € K).

resp. O : X3z =0 e LMN0n); Orx:Q23a— (Orx)(a
! f f f

This solve two problems asked by K. M. Krishna in the paper ‘Functional Continuous Uncertainty Prin-
ciple’ [arXiv:2308.00312v1].
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1. INTRODUCTION
Given a collection {7;}"_; in a finite dimensional Hilbert space H over K (R or C), let
0r : H > hw 0:h=((h15))j— € K"
Following is the most general form of discrete uncertainty principle for finite dimensional Hilbert spaces.

Theorem 1.1. (Donoho-Stark-Elad-Bruckstein-Ricaud-Torrésani Uncertainty Principle) |2,

5,16] Let {7;}}_1, {w;}j—; be two Parseval frames for a finite dimensional Hilbert space H. Then

<||97h||0 + ||9whH0

2
A0 ) > 1o, nlolnlo >

5, VheH\ {0}
max |(7;, wg)|
1<), k<n



K. MAHESH KRISHNA

Recently, Theorem has been greatly improved to continuous families in Banach spaces (even infinite

dimensions). To state the result, we need a notion.

Definition 1.2. [§] Let (Q, i) be a measure space. Let {74 }acq be a collection in a Banach space X and
{fa}acq be a collection in X*. The pair ({fo}acq, {Ta}acq) is said to be a continuous p-Schauder
frame for X (1 < p < o0) if the following holds.

(i) For every x € X, the map Q> a— fqo(x) € K is measurable.

(ii) For every x € X,

Jall? = [ 15a(@)l? dute)
Q

(iii) For every x € X, the map Q3 a— fo(x)7o € X is weakly measurable.
(iv) For everyz € X,

o= [ fola)radut)
Q

where the integral is weak integral.
Note that condition (ii) in Definition says that the map
O : X>x 0z e LP(Qu); Orx:Q5am— (Orx)(a) = fo(z) €K
is a linear isometry.
Theorem 1.3. (Functional Continuous Uncertainty Principle) [§] Let (Q, 1), (A,v) be measure

spaces. Let ({fataca,{Tataca) and ({gs}sen,{ws}pea) be continuous p-Schauder frames for a Banach
space X. Then for every x € X \ {0}, we have

1 1 1
sip [Jala)) VPPN D )t 2 S

acQ,fEA acQ,BEA

Q=
Q=

p(supp(95))7 v(supp(8yz)) 7 >

where q is the conjugate index of p.

Corollary 1.4. (Functional Donoho-Stark-Elad-Bruckstein-Ricaud-Torrésani Uncertainty Prin-
ciple) (11] Let ({f;}7—1,{m;}7=1) and ({gx}isy, {wk}is,) be p-Schauder frames for a finite dimensional
Banach space X. Then for every x € X \ {0}, we have
1 1 1 1 1 1
1052115 169llg > and |0gz|g |1052llg >

= max | fi(wr)] - max lgr ()|’

1<j<n,1<k<m 1<j<n,1<k<m

where q is the conjugate index of p.

In paper [8], it is asked that whether we have version of Theorem for p =1 and p = oco. In this paper,

we solve these problems.
2. FuNcTIONAL CONTINUOUS UNCERTAINTY PRINCIPLE FOR CONTINUOUS 1-SCHAUDER FRAMES
We clearly have the following definition from Definition [1.2)

Definition 2.1. Let (2, 1) be a measure space. Let {74 }acq be a collection in a Banach space X and
{fa}aca be a collection in X*. The pair ({fo}taca; {Ta}acq) is said to be a continuous 1-Schauder
frame for X if the following holds.
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(1) For every x € X, the map Q3 a — fo(x) € K is measurable.
(ii) For every x € X,

Hw:ﬂmmmm»
Q

(iil) For every x € X, the map Q3 a > fo(x)7q € X is weakly measurable.
(iv) For every x € X,

o= [ ful@)raduta)
Q

where the integral is weak integral.
We note that condition (ii) in Definition says that the map
Op : X 2>x—0px € LY p); Opx: Q3 am (0rz)(a) = fa(z) €K
is a linear isometry.

Theorem 2.2. (Functional Continuous Uncertainty Principle for Continuous 1-Schauder

Frames) Let (Q,p), (A,v) be measure spaces. Let ({fatacq,{Ta}acq) and ({gs}sea,{ws}sen) be
continuous 1-Schauder frames for a Banach space X. Then for every x € X \ {0}, we have

1 1
supp(f¢z)) > , v(supp(fyx)) > ——m———.
,u( pp( f )) = sup ‘fo/(wﬁ)‘ ( pp( g )) sup ‘gﬁ(Ta”
a€Q,BEA a€Q,BEA
In particular,
1
p(supp(@rx))v(supp(4z)) >
< sup |fa(wﬂ)|> ( sup gﬁ(Ta)|>
a€eN,BEA aeN,BEA
and
(supp(02)) + v(supp(B,2)) > ! —
supp(6rx v(supp(8,2)) > .
: I ‘ sup |fa(wp)l ~ sup gs(7a)
aeN,BEA ac,BEA

Proof. Let x € X\ {0}. First using 6 is an isometry and later using 6, is an isometry, we get



K. MAHESH KRISHNA

Hxllz||9fw||:/|fa(:n)ldu(a): / |[fa(@)| dp(a)
Q

supp(0yx)
- [ | ( [ sat@res dV(ﬁ)) -/
supp(05x)

supp(0yx) A

_ / / 95(2) fa(w5) dv ()

supp(6¢x) pupp(fgx)

)| dp()

/ ) fa(ws) dv(B

A

dpu(o) < / / 195(2) faw5)] di(B) dpu(2)

supp(0¢x) supp(fgx)

< ( sup | fa(wp) |> 95 ()| dv(B) dp(a)

a€eN,BEA

supp(0yx) supp(9 x)

= < sup |fa(ws |> p(supp(fsx)) lga(z)| dv(B)

a€EQ,BEA

supp(9 )

= < sup | fa(wgs I> p(supp () |0gz|| = ( sup |fa(w[3)|> p(supp(Oyz))||||.

aeQ,BeA ae,BeA

Therefore

1
< u(supp(@sx)).
s [Faly)] = OO
aEQ,BeA

On the other way, first using 6, is an isometry and 0 is an isometry, we get

]l = 19,2 = / 195(2)| du(8) = / l95()| dv(B)
A

supp(fgx)

WG (/ f“(x>7adu<a)) we) = |
Q

supp(fgyx) supp(fgyx)

_ / / Fa()g5(7a) dpu(e)

supp(fgz) pupp(frx)

s( sup |gﬁ<ra>|> / / [fal)| dpi(r) di(B)

acQ),BEA

/ fal)95 (7a) dpi()

Q

dv(pB)

an(B) < / / | fa@)gs(7a)| dia(c) dv(8)

supp(fgz) supp(fsx)

supp(fgy2) supp(ffx)

=( sup |gﬁ<m>|> (supp(fy2)) / fal@) du(a)
aeN,BEA

supp(0yx)

= ( sup Igﬁ(m)l> v(supp(b))[|0 ]| = (

sup Igﬁ(m)l> v(supp(fy2))||z||.
aEQ,BEA Q,8€A

aeQ,pe
Therefore
1

sup |gﬁ(7—o¢)|
aeQ,BEA

< v(supp(fy)).
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O

Corollary 2.3. (Functional Donoho-Stark-Elad-Bruckstein-Ricaud-Torrésani Uncertainty Prin-
ciple for 1-Schauder Frames) Let ({f;}}_1,{m;}7_1) and ({gx}i1, {wk}is,) be 1-Schauder frames
for a finite dimensional Banach space X. Then for every x € X \ {0}, we have

1 1
105l > and ||0gzllo >

1§j§f?’§kgm|fi(“’“)| 1§j§rr?,?)§(k§m|gk(7-j)|

In particular,
1

(150 9000 ) (085, )

165zll0ll8g]l0 =

and
1 n 1
| fi(wi)

max
1<j<n,1<k<m 1<j<n,1<k<m

10rzllo + [|6gz(lo = :
! |gr(75)]
Remark 2.4. We note that the L'-norm uncertainty principles derived in [1,/15,17] differ from our

result.

3. FUNCTIONAL CONTINUOUS UNCERTAINTY PRINCIPLE FOR CONTINUOUS 0o-SCHAUDER FRAMES
We first formulate the oo-version of Definition [1.2l

Definition 3.1. Let (2, 1) be a measure space. Let {74 }acq be a collection in a Banach space X and
{fa}aca be a collection in X*. The pair ({fataca, {Tataca) s said to be a continuous co-Schauder
frame for X if the following holds.

(i) For every x € X, the map Q> a — fqo(x) € K is measurable.
(ii) The map

O : X300 L pu); Orx:Q3a— (0rr)(a) = falz) eK

s a well-defined linear isometry.
(iii) For every x € X, the map Q3 o — fo(x)Ty € X is weakly measurable.
(iv) For every x € X,

z= / fa (@) 7 dp(a),

Q

where the integral is weak integral.

Theorem 3.2. (Functional Continuous Uncertainty Principle for Continuous co-Schauder

Frames) Let (Q,p), (A,v) be measure spaces. Let ({fatacq,{Ta}acq) and ({gs}sea,{ws}sen) be
continuous co-Schauder frames for a Banach space X. Then for every x € X \ {0}, we have

! (supp(6,2)) > !
—— v(supp(f,z)) > .
sup 195 ()] s b 1fa(@p)
acQ,BEA aEQ,BEA

p(supp(fyx)) >

In particular,
1

p(supp(fz))v(supp(dyx)) >
( sup Ifa(wa)l)< sup gﬁ(Ta)|>

acQ,feEA acQ,fEA

5
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and
1 1

+ .
sup ‘fa(wﬁ)‘ sup |gﬁ(7—a)|
acQ,BEA a€Q,BEA

p(supp(0yx)) + v(supp(fyz)) >

Proof. Let x € X\ {0} and o € Q. Then

fa ( / 95(2)ws duw)) | -

A

[O2) ()| = [falz)] =

/ 95(2) fa(w5) dV(ﬂ)'
A

< / 195(2) fa(0)| d(8)

supp(f,)

[ / 95() folwg) dv(B)

upp(0y)

<<a€§£@fa<wa>|> [ lastlane)

supp(fgyx)

S( sup fa(W5)|> v(supp(fyx))||0,||

aeN,BeA
= ( sup fa(Wza)l) v(supp(fy))|z]].
aEN,BeEA
Now using the fact that 6 is an isometry, we get
l[#]| = [|0fz| = ess sup(fx) < ( sup |fa(w6)|> v(supp(0gz))||z]].
aeN,BeA

Therefore
1

sup [ fa(wp)|
a€N,BEA

g5 ( / fol)7a du(@)) ‘ -
Q

— t / Jo()gp(Ta) dp(cr)

< v(supp(b4x)).
Now let 8 € A. Then

|(Bg2)(B)] = lgs(z)| = /fa(x)gﬂ(m) dp(a)

Q

< / | Fal@)g5 ()] ()

upp(65x) supp(6¢x)
s( sup |gﬂ<ra>|> / fal)| du(a)
aeN,BeEA

supp(6¢x)

<< sup |gﬁ(Ta)|> pu(supp(O5)) (|0 ]|
ae,BEA

_< sup |gﬁ(7'a)|> u(SuPP(efx))HmH-

aeQ,BeA
Since 6, is an isometry,
2]l = 1164 = ess sup(by) < ( sup |9/3(Ta)> p(supp(Oy2))||-
a€N,feA

6



ENDPOINT FUNCTIONAL CONTINUOUS UNCERTAINTY PRINCIPLES

Therefore

1

—— < u(supp(fsx)).
sp_ga(r)] =~ HOPPOr)

aeN,BEA

O

Noncommutative version of Donoho-Stark and entropic uncertainty principles are recently derived [4-6,
14}|15]. Thus it is desirable to obtain noncommutative versions of uncertainty principles obtained in this

paper and the paper [7TH12].
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