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1/20 Motivation & goal

Goal
Establish isomorphism:{

space of theta functions

associated with surface

}
∼=

{
space of skeins in

enclosed handlebody

}
.

Motivation
These spaces are central to Chern-Simons theory

My PhD is about improving this isomorphism
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2/20 Notation

Notation (Manifolds)

Σg

,n

−→ genus-g Riemann surface

with n boundary elements

Hg −→ genus-g handlebody

Notation (Symplectic mfds)
For symp mfd (M, ω), and f , g ∈ C

∞(M,R), we have

Xf −→ Hamiltonian vec field: ω(Xf , · ) = −df ( · )

{f , g} −→ Poisson bracket: {f , g} := ω(Xf ,Xg)
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2. Background
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3/20 Quantization

Definition (Quantization)
Quantization means replacing

1

{
classical phase space

}

=

symp mfd (M,ω)

⇝
{
quantum state space

}

=

Hilbert space H

2

{
classical observables

}

=

funcs f∈C∞(M,R)

⇝
{
quantum observables

}

=

Hermitian ops op(f )

while respecting Dirac’s conditions:

1 op(1) = idH

2 op( · ) is linear
3 observable rep is irreducible onH
4 op({f , g}) = i

ℏ [op(f ), op(g)] +O(h) ←− “correspondence principle”

Dario Trinchero Tour of Knots & Theta Functions



3/20 Quantization

Definition (Quantization)
Quantization means replacing

1

{
classical phase space

}
=

symp mfd (M,ω)

⇝
{
quantum state space

}

=

Hilbert space H

2

{
classical observables

}

=

funcs f∈C∞(M,R)

⇝
{
quantum observables

}

=

Hermitian ops op(f )

while respecting Dirac’s conditions:

1 op(1) = idH

2 op( · ) is linear
3 observable rep is irreducible onH
4 op({f , g}) = i

ℏ [op(f ), op(g)] +O(h) ←− “correspondence principle”

Dario Trinchero Tour of Knots & Theta Functions



3/20 Quantization

Definition (Quantization)
Quantization means replacing

1

{
classical phase space

}
=

symp mfd (M,ω)

⇝
{
quantum state space

}

=

Hilbert space H

2

{
classical observables

}
=

funcs f∈C∞(M,R)

⇝
{
quantum observables

}

=

Hermitian ops op(f )

while respecting Dirac’s conditions:

1 op(1) = idH

2 op( · ) is linear
3 observable rep is irreducible onH
4 op({f , g}) = i

ℏ [op(f ), op(g)] +O(h) ←− “correspondence principle”

Dario Trinchero Tour of Knots & Theta Functions



3/20 Quantization

Definition (Quantization)
Quantization means replacing

1

{
classical phase space

}
=

symp mfd (M,ω)

⇝
{
quantum state space

}

=

Hilbert space H

2

{
classical observables

}
=

funcs f∈C∞(M,R)

⇝
{
quantum observables

}

=

Hermitian ops op(f )

while respecting Dirac’s conditions:

1 op(1) = idH

2 op( · ) is linear
3 observable rep is irreducible onH
4 op({f , g}) = i

ℏ [op(f ), op(g)] +O(h) ←− “correspondence principle”

Dario Trinchero Tour of Knots & Theta Functions



3/20 Quantization

Definition (Quantization)
Quantization means replacing

1

{
classical phase space

}
=

symp mfd (M,ω)

⇝
{
quantum state space

}

=

Hilbert space H

2

{
classical observables

}
=

funcs f∈C∞(M,R)

⇝
{
quantum observables

}

=

Hermitian ops op(f )

while respecting Dirac’s conditions:

1 op(1) = idH

2 op( · ) is linear

3 observable rep is irreducible onH
4 op({f , g}) = i

ℏ [op(f ), op(g)] +O(h) ←− “correspondence principle”

Dario Trinchero Tour of Knots & Theta Functions



3/20 Quantization

Definition (Quantization)
Quantization means replacing

1

{
classical phase space

}
=

symp mfd (M,ω)

⇝
{
quantum state space

}

=

Hilbert space H

2

{
classical observables

}
=

funcs f∈C∞(M,R)

⇝
{
quantum observables

}

=

Hermitian ops op(f )

while respecting Dirac’s conditions:

1 op(1) = idH

2 op( · ) is linear
3 observable rep is irreducible onH

4 op({f , g}) = i

ℏ [op(f ), op(g)] +O(h) ←− “correspondence principle”

Dario Trinchero Tour of Knots & Theta Functions



3/20 Quantization

Definition (Quantization)
Quantization means replacing

1

{
classical phase space

}
=

symp mfd (M,ω)

⇝
{
quantum state space

}

=

Hilbert space H

2

{
classical observables

}
=

funcs f∈C∞(M,R)

⇝
{
quantum observables

}

=

Hermitian ops op(f )

while respecting Dirac’s conditions:

1 op(1) = idH

2 op( · ) is linear
3 observable rep is irreducible onH
4 op({f , g}) = i

ℏ [op(f ), op(g)] +O(h) ←− “correspondence principle”

Dario Trinchero Tour of Knots & Theta Functions



4/20
Polarizations
on a symplectic manifold

Definition (Polarizations)
Given 2n-dim symp mfd (M, ω),

1 a “complex distribution” F is a subbundle of TM⊗ C

2 &2 ω|F×F = 0 −→ “involutive” dist

3 &3 dimC F = 1

2
dimR M −→ “Lagrangian” dist

4 &4
p 7→ dim(Fp ∩ F̄p) constant on M −→ “polarization”

5 &5

F = F̄ −→ “real” polarization

F ∩ F̄ = 0 −→ “Kähler” polarization
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4/20
Polarizations
on a symplectic manifold

Example (Kähler polarization)
Take M = Rn × Rn

, as for a n particles in 1D.

Writing zj = xj + iyj , consider

∂

∂z̄j
=

1

2

(
∂

∂xj
+ i

∂

∂yj

)
∈ T (Rn × Rn)⊗ C.

The polarization

F := span

{
∂

∂z̄1
,
∂

∂z̄2
, . . . ,

∂

∂z̄n

}
is Kähler.
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Geometric quantization
The Hilbert space

Fix 2n-dim symp mfd (M, ω) & polarization F of M.

The Hilbert space

DefineH :=
{
M

s L
∣∣∣ ∀v ∈ F : ∇vs = 0

}
, where

■ L = Hermitian line bundle ←− fibrewise inner product ⟨ · , · ⟩

■ with compatible connection
⋆ ∇ ←− d⟨s, t⟩ = ⟨∇s, t⟩+ ⟨s,∇t⟩

■ with curvature ω/ℏ. ←− dθ = ω/ℏ where locally∇ = d − iθ

Define inner product ⟨s, t⟩ :=
∫
M/(F∩F̄)

⟨s(p), t(p)⟩ d vol
M/(F∩F̄) .
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“covariantly constant

in direction of F”
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explain
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Geometric quantization
The observables

Theorem (Weil’s integrality condition)
L exists iff ω/(2πℏ) ∈ H

2(M,Z).

The observables
For s ∈ H, f ∈ C

∞(M,R), define

op(f ) s := −iℏ∇Xf
s + f · s,

which satisfies Dirac’s conditions.
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6/20
First integral homology group
. . . of a surface

Definition (Intersection form)
Define the “intersection form” · : H1(Σg,Z)× H1(Σg,Z)→ Z as follows

1 represent homology classes by oriented multicurves γ1, γ2 with
finite set I of transverse intersections

2 γ1 · γ2 :=
∑

I σ, with σ = ±1 depending whether frame (γ′
1
, γ′

2
)

agrees with orientation on Σg

Definition (Canonical basis)
A “canonical basis” comprises oriented smooth simple closed curves

a1, . . . , ag, b1, . . . , bg of H1(Σg,Z) with aj · ak = bj · bk = 0, aj · bk = δj,k .

eg.
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3. Theta Functions
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7/20 Overview

Recall our goal:{
space of theta functions

associated with surface

}
︸ ︸

we now focus here

∼=
{

space of skeins in

enclosed handlebody

}
.

The construction has 2 steps:

Σg

y 1

associate

symp mfd

J (Σg)y 2

quantize in

Kähler pol{
theta funcs

}
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8/20
Jacobian variety
Definition of the variety

Fix a canonical basis, a1, . . . , ag, b1, . . . , bg of H1(Σg,Z).

Theorem (Holomorphic basis)
∃! basis ζ1, . . . , ζg of the space H (Σg) of holomorphic 1-forms st∫

aj

ζk = δjk .

Definition (Jacobian variety)

1 “period matrix” −→
(
1 Π

)
, for Π = (πjk), πjk

:=

∫
bj

ζk

2 “period lattice” −→ Λ(1,Π), spanned by matrix cols

3 “Jacobian variety” −→ J (Σg) := Cg/Λ(1,Π).
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Jacobian variety
. . . as a classical phase space

Coordinates on Jacobian variety
J (Σg) inherits real & complex coordinates from H (Σg)

∗
as follows:

1 H (Σg)
∗ ∼= Cg ←− dual basis ζ∗

j

2 H (Σg)
∗ ∼= R2g ←− basis B: ζ 7→

∫
aj

ζ, ζ 7→
∫
bj

ζ

Factor each by Λ(B) to view J (Σg) as a complex (resp real) mfd.

The coords are related by z = x+Πy.

Classical mechanics on Jacobian variety

1 symplectic form −→ ω = (dx)T ∧ dy

2 classical observables −→ generated by exp(2πi(pTx+ qTy)),
for (p,q) ∈ Z2g ∼= H1(Σg,Z)
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Hilbert space of quantization of Jacobian variety
Unpacking the definition

Fix an even N ∈ N; set ℏ =
1

2πN
. ←− (to meet Weil’s integrality condition)

Quantizing J (Σg)

RecallH :=
{
M

s L
∣∣∣ ∀v ∈ F : ∇vs = 0

}
;

1 L is a holomorphic line bundle with curvature

ω/ℏ = πiN(dz)T ∧ Y
−1

d z̄, where Π = X + iY .

2 Pull L back to Cg × C along quotient Cg × C↠ L.

3 A cocycle Λ: Cg ×Λ(1,Π)→ C encodes Cg × C by

(z, ζ) ∼ (z′, ζ ′) ⇐⇒ z′ = z+ λ, ζ ′ = Λ(z,λ)ζ
for some λ ∈ Λ(1,Π).
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Hilbert space of quantization of Jacobian variety
Unpacking the definition

.

.

.

4 Λ is holomorphic in z (for L to be), & satisfies cocycle condition:

Λ(z,λ)Λ(z+ λ,µ) = Λ(z,µ+ λ) for all z ∈ Cg, λ,µ ∈ Λ(1,Π).

5 Simplest solution:

Λ(z,λj) = 1, Λ(z,λg+j) = e
Nπ(2izj−πjj)

6 With F = span{ ∂
∂z̄1

, . . . , ∂
∂z̄n
},H is just holomorphic sxns. Pulled

back to Cg
, they satisfy:

f (z+ λj) = f (z)

f (z+ λg+j) = e
Nπ(2izj−πjj)

f (z).

This is the setΘΠ
N
(Σg) of “theta functions”.
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Hilbert space of quantization of Jacobian variety
Explicit basis

Lemma (Basis forΘΠ
N
(Σg))

A basis for ΘΠ
N
(Σg) is given by the “theta series”:

θΠµ(z) :=
∑
n∈Zg

exp

(
2πiN

[
1

2

(µ
N

+ n
)
T

Π
(µ
N

+ n
)
+

(µ
N

+ n
)
T

z
])

,

for µ ∈ {0, . . . ,N − 1}g ≡ Zg

N
.
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Schrödinger representation
Action of quantized observables

Theorem (Weyl quantization)
Quantized exponentials act onΘΠ

N
(Σg) as

op
(
e
2πi(pTx+qTy)

)
· θΠµ(z) = e

− iπ
N
(pTq−2µTq) θΠµ+p(z).

−→ “Schrödinger rep” of finite Heisenberg group on ΘΠ
N
(Σg)

Theorem (Space of linear operators)
The space L(ΘΠ

N
(Σg)) of linear operators onΘΠ

N
(Σg) has basis

op
(
e
2πi(pTx+qTy)

)
, where p,q ∈ Zg

N
.

axn of general function follows

by Fourier expansion wrt these
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4. Skeins
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11/20 Overview

We turn to the other space from our goal:{
space of theta functions

associated with surface

}
✓

∼=
{

space of skeins in

enclosed handlebody

}
︸ ︸

we now focus here

This construction is more direct:

Hg

y 1
construct

skein module

LN(Hg)
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12/20 Links & parallel powers

Fix smooth compact oriented 3-mfd M.

Definition (Framed links)

1 “framed link” −→ smooth embedding of finite disjoint

union of (oriented) annuli S
1× [0, 1]

2 Link(M) −→
{
ambient isotopy classes

of framed links in M

}

Definition (Parallel power)
The nth “parallel power” K

||N
of framed knot K

ν
↪−→ M is obtained by

restricting ν to S
1 ×

⊔
n

k=1

[
j

n+1
− 1

2n
, j

n+1
+ 1

2n

]
.

eg. K K ||3
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13/20
Linking number skein module
& the reduced version

Definition (Linking number skein module)
1 C[t, t−1] Link(M) −→ free C[t, t−1]-module over Link(M)

2 L(M) := C[t, t−1] Link(M)/ ∼ for “skein relations”

i  t ,  t –1 ←− links identical except

in embedded ball

ii L  L  

L(M) is the “linking number skein module”; its elements are “skeins”.

3 LN(M) := L(M)/ ∼ for further skein relations

iii t σ ∼ e

iπ
N σ

iv L ∼ L ∪ K
||n

LN(M) is the “reduced linking number skein module”.
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14/20
Skein algebra of a surface
= skein algebra of a cylinder over that surface

Definition (Skein algebra of surface)
We can define an algebra L(Σ) for smooth compact oriented surface Σ:

1 orientation of Σ× [0, 1] ←− orientation of Σ

2 product on L(Σ× [0, 1]) ←− gluing Σ× [0, 1] to itself

3 skein ⟨γ⟩ of multicurve γ ←− embedding Σ as Σ×{1/2} in
Σ× [0, 1]

Write L(Σ) := L(Σ× [0, 1]). A similar def applies to LN(Σ).
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15/20
Left action of skein algebra
. . . of a surface on the skein module of the enclosed handlebody

Fix a canonical basis, a1, . . . , ag, b1, . . . , bg of H1(Σg,Z).

Lemma (Hg as cylinder)
∃ orientation preserving diffeo f : Σg → ∂Hg , depending only on b1, . . . , bg ,
such that

each f (b1) bounds an embedded disk;

Hg is realized as Σ0,g+1 × [0, 1] so f (a1), . . . , f (ag) is a canonical basis
for H1(Hg,Z).

=

Action of LN(Σg) on LN(Hg)

By gluing Σg × [0, 1] to Hg under f , we get an axn of LN(Σg) on LN(Hg).
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such that

each f (b1) bounds an embedded disk;

Hg is realized as Σ0,g+1 × [0, 1] so f (a1), . . . , f (ag) is a canonical basis
for H1(Hg,Z).

=

Action of LN(Σg) on LN(Hg)

By gluing Σg × [0, 1] to Hg under f , we get an axn of LN(Σg) on LN(Hg).
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5. The Isomorphism
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16/20 Overview

We finally remark on the isomorphism:

{
space of theta functions

associated with surface

}
✓

∼=x
now focus here

{
space of skeins in

enclosed handlebody

}
✓

ie. LN(Hg) ∼= ΘΠ
N
(Σg)
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17/20 Operator algebras

Fix a canonical basis, a1, . . . , ag, b1, . . . , bg of H1(Σg,Z).

Lemma (Basis for LN(Σg))
LN(Σg) has basis ⟨ (p,q) ⟩, for (p,q) ∈ Z2g ∼= H1(Σg,Z).

Theorem (Operator algebras)
LN(Σg) ∼= L(ΘΠ

N
(Σg)), as algebras.

“Proof”.
By above lemma & prior basis for L(ΘΠ

N
(Σg)), isomorphism is

⟨ (p,q) ⟩ 7→ op
(
e
2πi(pTx+qTy)

)
.
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18/20 Hilbert spaces

Lemma (Basis for LN(Hg))
LN(Hg) = LN(Σ0,g+1 × [0, 1]) has basis ⟨γ⟩, where γ ranges over

multicurves representing homology classes of H1(Σ0,g+1,ZN)

Theorem (Main result)

ΘΠ
N
(Σg)LN(Hg)

L(ΘΠ
N
(Σg))LN(Σg)

⟨γ⟩ θΠ[γ](z)

∼=

∼=

where γ ranges over multicurves in Σ0,g+1

∼= Hg , [γ] ∈ H1(Hg,ZN) = Zg

N
.

This iso intertwines the resp actions.
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19/20 Overview of the proof

Proof outline.
1 ShowingΘΠ

N
(Σg) ∼= LN(Hg):

1 recall basis ⟨γ⟩ with γ ∈ H1(Hg ,ZN) for LN(Hg);

2 recall basis θΠµ(z) with µ ∈ Zg

N
forΘΠ

N
(Σg);

3 note [γ1] = [γ2] =⇒ ⟨γ1⟩ = ⟨γ2⟩;

4 note H1(Hg ,ZN) ∼= Zg

N
.

2 Showing this iso is an intertwiner:

1 consider multicurve (p,q) ⊂ Σg ;

2 consider multicurve γ = a
||µ1

1
a
||µ2

2
· · · a||µg

g
⊂ Σ0,g+1

3 compute

⟨(p,q)⟩ · ⟨a||µ1

1
· · · a||µg

g
⟩ = t

−pTq−2µTq⟨a||µ1+p1

1
· · · a||µg+pg

g
⟩

4 γ correponds to θΠµ(z), and a
||µ1+p1

1
· · · a||µg+pg

g
to θΠµ+p(z)

5 setting t = e

iπ
N , we recognize the Schrödinger rep

op
(
e
2πi(pT x+qT y)

)
· θΠµ(z) = e

− iπ
N
(pT q−2µT q) θΠµ+p(z).
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19/20
Overview of the proof
Observation / lamentation

Of course, we have relied on bases for each of

ΘΠ
N
(Σg), LN(Hg), L(ΘΠ

N
(Σg)), LN(Σg).
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6. Conclusion
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20/20 Concluding remarks

Why the result is interesting

1 It gives a much simpler topological version of the Schrödinger rep

on theta functions:

op
(
e
2πi(pTx+qTy)

)
· θΠµ(z) = e

− iπ
N
(pTq−2µTq) θΠµ+p(z).

2 It leads to a unified theory of theta functions on a Riemann surface

& skeins in the enclosed handlebody in the form of a TFQT.

Connection to my work
The TQFT in question is essentially U(1) Chern-Simons theory. In the

more common SU(2) case,

1 J (Σg) −→ moduli space of flat SU(2) connections on Σg ;

2 skein relations are more complicated;

. . . otherwise, same result. My work involves making this iso basis-free.
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