On Tangents and Secants of Infinite Sums

Michael Hardy

Abstract. We prove some identities involving tangents, secants, and cosecants of infinite sums.

Fork =0,1,2,... let ¢, be the kth-degree elementary symmetric function of tan6;,
j=1,2,3,..., 1ie. the sum of all products of k of the tangents. It is routine to prove
by induction on the number of terms, when that number is finite, that
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As far as I know, the last two identities do not appear in any refereed source. The
case of the first one in which only finitely many terms appear on the left appears in
[1, page 47].

We will prove that the last two identities hold when the sum on the left converges
absolutely. The first identity in that case follows as a corollary. I added a quick sketch
of these proofs to Wikipedia’s “List of trigonometric identities” [2] in 2012.

1. ELEMENTARY SYMMETRIC FUNCTIONS AND CONVERGENCE.

* The kth-degree elementary symmetric function e, in finitely many variables x;,
i €{1,...,n}1is the sum of all products of k of those variables:

enk = Z l_[xj.

AC(l....n} jeA
[Al=k

In particular, e, o = 1 and if kK > n then e, ; = 0. For example, e4, = x;x; + x1x3
+ X1X4 + X2X3 + XoX4 + X3X4.

* The kth-degree elementary symmetric function e, in variables x;, i € N = {1, 2,
3, ...} is the sum of all products of k of those variables:

a= Yy []x )
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¢ In the two infinite series
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each term shown is itself =1 times one of the infinite series (2). As long as conver-
gence is absolute, the order of summation will not affect the value of the sum, but
our proofs will involve limits of partial sums. Hence, we will evaluate the sums in
the following order:

c—erte—-=lim Y (=1 e,
even k<n
3)
er—eytes—-oo=lim Y (=D e,
odd k<n

2. EXAMPLES OF TRIGONOMETRIC IDENTITIES. In all that follows, we
will have x; = tan6; for j =1, 2,3, .... Here are our identities in the case where
only three 6s are not 0:

tan 6; + tan 6, + tan 6; — tan @, tan 6, tan 6;

tan(6, + 6, + 03) = )
an(, + 0, +6) 1 — tan 6, tan 6, — tan @, tan 63 — tan 6, tan 6;

sec 0, sec 0, sec 05

sec(6) + 6, + 03) = ’
(01 + 62+ 65) 1 — tan 0, tan 6, — tan 0, tan O3 — tan 0, tan 03

sec 0, sec 6, sec 05

01+ 0, +03) = .
csc(ér +6: +63) tan 6, + tan 6, + tan 6; — tan 6, tan 6, tan 65

3. RESULTS IN THE INFINITE CASE.

Theorem 1. Suppose Zjozl 0; converges absolutely. Then the three identities (1) hold,
with the infinite sums involving symmetric functions defined as in (3). Convergence in
(3) is absolute.

Proof. We take the codomain of trigonometric functions to be the one-point com-
pactification R U {oo}. Thus, they are continuous everywhere, and as n — oo, the
secant, cosecant, and tangent of Z';:l 0; approach the values of those functions at
Zji] 0}, including the case in which a pole occurs at the value of that sum.

Our central tactic is to rearrange the last two identities in (1) in the case involving
only finitely many terms as follows:

n
[T, sect;
J_
en,O_en,2+€n,4_"': 7
S S
4)
n
[T)_, sect;
J_
€n1 — €n3 + €ps5 — = 7 9
csc )i 0;

(the sums on the left have only finitely many nonzero terms). The identities (4) are
proved by a routine induction on .
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For large enough N, for all j > N, we have 6; so close to O that 1 < secf);
<1+ 912 < exp(@f). Hence,

1< ]—[ sech); < ]_[(1 +6%) < ]_[exp(ej?) = exp Z@j ,
j=N j=N j=N j=N

and that converges as n — oo since Z 0; converges absolutely. Thus, the right sides
of (4) converge and, therefore, so do the left sides, and to the same limit.

To show that convergence on the left side is absolute, we let f, , be the kth-degree
elementary symmetric function in the absolute values |x|, ..., |x,|. It is enough to
prove that

n
lim E Juk < 00.
n—oo
k=0
We have

lim ank = hm l_[(l + |x;:]) < hm nexp |x;| = hm epolx,l < 00.
i=1 i=1 i=1

Finally, since tan = sec/csc, the first identity in (1) follows. [ |
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