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The notions of the Snmarandache group and the Smarandache Boolean ring are intro-
duced here with the help of group action and ring action i.e. module respectively. The centre of
the Smarandache groupoid is determined. These are very important for the study of Algebraic

structures.
1. The centre of the Smarandache groupoid :

Definition 1.1

An element a of the smarandache groupoid (Zp, A) is said to be conjugate to b if there
exists r in Zp such that a=TAbATL

Definition 1.2

An element a of the smarandache groupoid (Zp, A ) is called a self conjugate element of
Zpif a=rAaAr foralre Zp.

Definition 1.3

The set Zp* of all self conjugate elements of (Zp, A ) is called the centre of Zp i.e.
Zp*={ae Zp a=rAaArVre Zp}.

Definition 1.4

Let (Z, +,) be a commutative group, then Z7{0,1,2,3,4,5, 6, 7, 8 }. If the elements

9 9
of Z, are written as 3-adic numbers, then

Z, = { (00),, (01),, (02),, (10),, (11),, (12),, (20),, (21);, (22); }
and (Z,, A ) is a smarandache groupoid of order 9. Conjugacy relations among the elements of

Z,are determined as follows :

16



0AQA0=0
1A0AI=0
2A0A2=0
3A0A3=0
4A0A4=0
SA0AS5=0
6A0A6=0
7TAQ0AT7=0
8A0AB=0

0A1AO0=1
1ATALl=1
2A1A2=1
3A1A3=1
4A1A4=1
SA1TAS=1
6A1A6=1
TATAT=1
8A1A8=1

0A2A0=2
1A2A1=0
2A2A2=2
3A2A3=2
4A2A4=0
5A2A5=2
6A2A6=2
TA2AT=0
8A2A8=2

0A4A0=4
1A4A1=4
2A4A2=4
3A4A3=4
4A4A4=4
5A4A5=4
6A4A6=4
TA4A7=4
8A4A8=4

0ASAO0=5
1ASA1=3

4A5A4=3
SASAS=5
6A5A6=5
TASAT=3
8ASA8=5

0A6A0=6
1A6A1=6
2A6A2=6
3A6A3=0
4A6A4=0
SA6A5=0
6A6A6=6
TA6AT=6
8A6A8=6

0A7TA0=7
1ATA1=T7
2ATA2=1T
3ATA3=1
4A7TA4=1
SATAS=1
6ATA6=T
TATAT=T
8ATAB=T

3SA8A3=2
4A8A4=0
S5A8A5=2
6A8A6=28
TABAT=6
8ABA8=8

Table - 1

Here Z * ={ 0, 1, 3, 4 }, the set of all self conjugate elements of Z_ is called the centre
of (Z,, A). Again (Z.*, A) is an abelian group.

D-form of the Smarandache groupoid (Z,, A) is given by D, = { 0, 2, 6, 8 }. Again
(D,, A) is an abelian group. The group table (2) and group table (3) are given below.

A0 1 3 4 Al0O 2 6 8
010 1 3 4 0{0 2 6 8
1{1 0 4 3 212 0 8 6
313 4 0 1 616 8 0 2
414 3 1 0 818 6 2 0
Table - 2 Table - 3

From table (2) and table (3); it is clear that (Z,*, A) and (D, A) are isomorphic to each other.

Definition 1.3
The groups (Zp*, A)and (D, A) of the Smarandache groupoid (Zp, A) are isomor-

phic to each other.
Proof is obvious.
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2. The Smarandache group :

To introduce the Smarandache group, we have to explain group action on a set. Let A be
a group and B a set. An action of A on B is a map, B x A — B written (b, p) = b A P such that
1) forevery p, g€ A and b € B, we have
((b,p),9=(bAp)Aq=(bAp)Ag=bA(pAQ)
and 1) for every b € B, we have (b,0)=bA0=b
where O denotes the identity element of the group A.
If a group A has an action on B, we say that B 1s a A-set or A-space. Here in this paper
we shall use B(A) in place of “Bisa A - space”. -

Note :

If B is a proper subgroup of A, then we get a map A x B — A defined by
(a,b) >aAbe A Thisisa group action of B on A. Then we say that AisaB - set or B - space
i.e. A(B) is a B - space. In this paper, by proper subgroup, we mean a group contained in A,
different from the trivial groups.

Definition 2.1
The smarandache group is defined to be a group A such that A(B) is a B - space, where
B is a proper subgroup of A

Examples 2.2
i) The D - form of (Zp, A) defined by
D, ze = {re Zp:rAC(r)=Sup(Zp)} = Ais a Smarandache group. [f Bis a

proper subgroup of A, then the action of B on A is the map, A x B — A defined
by(a,q)=aAqforallae Aand qe B. ThisactionisaB - actionie A(B)isa
B - space.

i) The centre of (Zp, A) defined by
Zp*={ae Zp:a=rAaAr Vre Zp}=AisaSmarandache group. If B be
a proper subgroup of A, then the action of B on A is the map, A * B — A defined
by(a,p)=aApforallae Aandforallpe B. ThisactionisaB - spacei.e. A(B)

1s a B - space.

ii1) The Addition modulo m of two integers r = (& ,a_, =----=-=-=-=----=- aa) and
s=(b_b,_,---- bb,)_ denoted by /+ \and defined as

ri+\s=(@_a, .. .. aa) FNb b, .. . bb,).
=(a /+\b_a /+ Vo, .. .. a/t\ba/+ b)
=(C_,C, - cc,),, Wwhere c= a/+ \b fori=0,1,2, . n-l.
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The group (Zp, /+_\) is a Smarandache group. The group (Zp, /+) contains a proper
subgroup (H={0,1,2,3, ... .. .. p-1}L,/+ Y

Then the action of H on Zp is the map Zp x H — Zp defined by (a, r) =a/+ \r forall
a< Zp and for all r € H. This action is a H - space i.e. Zp(H) is a H - space.

iv) ThesetZ = {0,1,2,3,4,5,6,7,8,9,10, 11, 12, 13, 14, 15 } can be written as
Z., = {(00), (01, (02),, (03), (10),, (11),, (12),, (13),, (20),, (21),, (22),,
(23),, (30),, (31),, (32),, (33), }

is a smarandache group under the operation /+,\ and its group table is as follows:

/+\ 0 1 2 34 5 6 7|18 9 10 11} 12 13 14 15
olo0 1 2 3|4 5 6 718 9 101112 13 14 15
1 1 2 3 0{5 6 7 419 10 11 8| 13 14 15 12
212 3 0 16 7 4 5|1011 8 9| 14 15 12 15
3 30 1 217 4 5 6]11 8 9 1015 12 13 14
414 5 6 718 9 1011112131415 0 1 2 3
515 6 7 4910 11 8{13 141512 1 2 3 O
6 |6 7 4 5|10 11 9114151213 2 3 0O 1
717 4 5 6|11 8 9 1015121314} 3 O 1 12
gl 8 910 111121314150 1 2 3| 4 5 6 7
9191011 8f13141512, 1 2 3 of 5 6 7 4
10/1011 8 9141512132 3 0 1} 6 7 4 5
11111 8 9 10{1512 13 14{3 0 1 2} 7 4 56
1212 1314150 1 2 3|4 5 6 7 {8 9 10 11
1311314151211 2 3 0fs5s 6 7 419 10 11 8
14114 1512 1312 3 o 1|6 7 4 5 j10 11 8 9
151151213143 0 1 2|7 4 5 6 |1 8 9 10
Table - 4

From above group table, it is clear that (H= {0, 1, 2, 3, 89,10, 11 },/+\)1sa
subgroup of (Z,, /+,\). Then the action of H on Z is the map Z  x H — Z, defined by
(a,r)=a+\r forallac Z andforallre H. This action is a H - space 1.e. Z, (H) is 2 H - space.

Here (K={0, 1,2,3 },/+,\) be a subgroup of (H, /+,\). Then the action of K on H 1s the
map, H x K — H defined by (b, p)=b/+\pforallbe Hand forallpe K. This actionisa K -
space i.e. H(K) is a K - space. Hence H is a Smarandache group contained in the Smarandache

group Z . So it is called the Smarandache sub-group.
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3. The Smarandache sub-group :

Definition 3.1
The smarandache sub-group is defined to be a smarandache group B which is a proper
subset of smarandache group A (with respect to the same induced operation).

4. Smarandache quotient group :
Let (H, A) be smarandache subgroup of the Smarandache group (B, A), then the quotient
group B/ = V is defined as smarandache quotient group such that V(K) is a K - space, where K
is a proper subgroup of V i.e. the group action of K on Visamap V x K — V, defined by
(HAa), HAp)=(HAa)A(HAp) foral HAae V and HApe K

5. Smarandache Boolean ring :

Definition 5.1

The intersection of two integersr=(a_a , ... .. aa)_ and
s=(_b, .. ... bb)_ denotedbyrsand defined as
rns =(_nb a,nb, .. .. anbanb),
= (Cn-lcn-l CICO)m
wherec =a Nb, = min(a,b) for i=0,1,2, .. .. ,n-l

If the equivalence classes of are expressed as m - adic numbers, then with binary opera-
tion M is a groupoid, which contains some non trivial groups. This groupoid is smarandache

groupoid. Here (Zp*, A, M) and (Z_

o Zey A, N) are Boolean ring.

Definition 5.2

The smarandache Boolean ring is defined to be a Boolean ring A such that the Abelian
group (A, A) has both left and right B - module, where B is a non trivial sub-ring of A.

From above, we mean an Abelian group (A, A) together with a map, B x A — A, written
(b, p)=b " pe Asuchthatforeveryb,ce Bandp, qe A, we have

i) bn(pag=0bnpalbng

i) (bAc)np=(bnp)A{cnp) i) (bncynp=bn(cnp)

Again from the map, A x B — A, written (p, b) = p M b € A such that for every
p,q€ Aandb, ce B, we get

Y (pAgQNb=(pNb)A(gNDb)

1) pn(Ac)y=(pnb)A(pnc) i) pnbdne)=(pEnb)nc

20



Definition 5.3
The smarandache Boolean sub-ring is defined to be a smrandache Boolean ring B which
is a proper subset of a Smarandache Boolean ring A. (with respect to the same induced operation).

Definition 5.4

The smarandache Boolean ideal is defined to be an ideal B of Smarandache Boolean ring
A such that the Abelian group (C, A) has both left and right B - module, where C 1s a proper
subset of B. From above we mean an Abelian group (C, A) together with a map, C x B —» C
written (¢, p) = C NP e C such that this mapping satisfies all the postulates of both left and right
B - module.

Examples 5.5

Let (Z.,,, +,,,) be an Abelian group, then Z, = {0,1,2, .. ... .. 255} Ifthe
elements Z,  of are written as 4 - adic numbers, then
Z,. = { (0000), (0001),, (0002),, (0003),, (0010),, ... ... .. ... ,(3333), tand

(Z..., A)is a smarandache groupoid of order 256. The centre of (Z,,, A) is
Z'256 ={0,1,4,5,16,17, 20,21, 64, 65, 68, 69, 80, 81, 84, 85 }. Here (27, A, M) is

a Smarandache Boolean ring and its composition tables are given below :

256°

Al 0 1 4 516 17 20 21[64 65 68 69| 80 81 B84 85
0] 0 1 4 5|16 17 20 21 |64 65 68 69| 80 81 84 85
111 0 5 417 16 21 20 |65 64 69 68| 81 80 B85 B84
414 5 0 12021 16 17|68 69 64 65| 84 85 80 8l
515 4 1 021 20 17 16 {69 68 65 64| 8 84 81 80
16/16 1720211 0 1 4 518081 84 85,64 65 68 69
17117 16 21 20 0 5 4]81 808584165 64 69 68
20{20 21 16 17{ 4 5 O 1|84 85 808168 69 64 65
21|21 20 17 16 4 1 0]858 8180|69 68 65 64

64|64 65 68 69|80 81 84 850 1 4 5|16 17 20 21
65165 64 69 68|81 80 8584 |1 0 5 4 |17 16 21 20
6868 69 64 65|84 8580 81 |4 5 O 1 |20 21 16 17
6969 68 65 64|85 84 81 8015 4 1 0 |21 20 17 16
80/ 80 81 84 83{64 65 68 69| 16 17 20 21
81{81 80 85 84{65 64 69 68 | 17 16 21 20
84|84 85 80 81]68 69 64 65|20 21 16 17
85/85 84 81 80|69 68 65 64 |21 20 17 16

wh

— O W b
O ~ bW

1
0
5
4

wnm == O

Table - 5
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Nl 0 1 4 5(16 17 20 21 {64 65 68 69|80 81 84 85
0/ 0 0000 000{0 00 0 0 0 0
1lo101/0 1 01{0 1 01 1 0 1
410 0 4 4 0 440 0 4 4 0 4
5101 45 1 45(0 1 45 1 5
16/0 0 0 01616 1616/ 0 0 0 0|16 16 16 16
1770 1 0 1{1617 16170 1 0 1|16 17 16 17
2000 0 4 4|16 16 2020/ 0 0 4 4|16 16 20 20
2110 1 4 5{1617 2021{0 1 4 5|16 17 20 21
64/ 0 0 0 0 0 0 0|64 64 64 64| 64 64 64 64
650 1 0 1 1 0 1[646564 65 64 65 64 65
68/ 0 0 4 4 0 4 4|64 64 68 68| 64 64 68 68
69]0 1 4 5 1 4 5|64 6568 69| 64 65 68 69
800 0 0 0116 16 16 16 |64 64 64 64| 80 80 80 80
8110 1 0 1[16 1716 17|64 65 64 65| 80 81 80 8l
840 0 4 4116 16 20 20 | 64 64 68 68| 80 80 84 84
85/ 0 1 4 5{16 17 20 21 |64 65 68 69| 80 81 84 85
Table - 6

Some smarandache Boolean sub-rings of (Z~

Here smarandache Boolean subrings H,, H, H, H , H, are ideals of (Z*

H = {0,1,4,5,16,17,20,21}
H,={0,1,4,5,64,6568 69 )
H,={0,1,4,5,80, 81, 84, 85}
H,={0,5,16,21,64,69,80,85}
H,= {0,1, 16, 17, 64, 65, 80, 81 }
H={01,45}
H ={0,1,1617}
H,={0,1,6465)}

H ={0,1,80,81} etc
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