International J.Math. Combin. Vol.8 (2010), 108-124

Labeling, Covering and Decomposing of Graphs

— Smarandache’s Notion in Graph Theory

Linfan Mao
(Chinese Academy of Mathematics and System Science, Beijing, 100190, P.R.China)

( Beijing Institute of Civil Engineering and Architecture, Beijing, 100044, P.R.China)

E-mail: maolinfan@163.com

Abstract: This paper surveys the applications of Smarandache’s notion to graph theory
appeared in International J.Math.Combin. from Vol.1,2008 to Vol.3,2009. In fact, many
problems discussed in these papers are generalized in this paper. Topics covered in this
paper include: (1)What is a Smarandache System? (2)Vertex-Edge Labeled Graphs with
Applications: (i)Smarandachely k-constrained labeling of a graph; (ii)Smarandachely super
m-mean graph; (ili)Smarandachely uniform k-graph; (iv)Smarandachely total coloring of a
graph; (3)Covering and Decomposing of a Graph: (i)Smarandache path k-cover of a graph;

(ii)Smarandache graphoidal tree d-cover of a graph; (4)Furthermore.
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8§1. What is a Smarandache System?
A Smarandache System first appeared in [1] is defined in the following.

Definition 1.1([1]) A rule in a mathematical system (X;R) is said to be Smarandachely denied
if it behaves in at least two different ways within the same set 3, i.e., validated and invalided,
or only invalided but in multiple distinct ways.

A Smarandache system (X;R) is a mathematical system which has at least one Smaran-

dachely denied rule in R.

Definition 1.2([2]) For an integer m > 2, let (X1;R1), (22;R2), -+, (Zm; Rm) be m mathe-
matical systems different two by two. A Smarandache multi-space is a pair (i,ﬁ) with
S=U3%, and R=J R
i=1 i=1
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Definition 1.3([3]) An aziom is said to be Smarandachely denied if the axiom behaves in at
least two different ways within the same space, i.e., validated and invalided, or only invalided
but in multiple distinct ways.

A Smarandache geometry is a geometry which has at least one Smarandachely denied

aziom (1969 ).

Example 1.1 Let us consider an Euclidean plane R? and three non-collinear points A, B and
C. Define s-points as all usual Euclidean points on R? and s-lines any Euclidean line that
passes through one and only one of points A, B and C, such as those shown in Fig.1.1.

(i) The axiom (A5) that through a point exterior to a given line there is only one parallel
passing through it is now replaced by two statements: one parallel, and no parallel. Let L be
an s-line passes through C' and is parallel in the Euclidean sense to AB. Notice that through
any s-point not lying on AB there is one s-line parallel to L and through any other s-point
lying on AB there is no s-lines parallel to L such as those shown in Fig.1(a).

(ii) The axiom that through any two distinct points there exist one line passing through
them is now replaced by; one s-line, and no s-line. Notice that through any two distinct s-
points D, E collinear with one of A, B and C, there is one s-line passing through them and
through any two distinct s-points F, G lying on AB or non-collinear with one of A, B and C,
there is no s-line passing through them such as those shown in Fig.1(b).

Fig.1

Definition 1.4 A combinatorial system €¢ is a union of mathematical systems (X1; R1),(X2; Ra),
<, (B Rm) for an integer m, i.e.,
%= (U2 URi)
i=1 i=1

with an underlying connected graph structure G, where
V(G) = {217 227 T uEm}u

E(G)={ (%) | 5iN%; #0,1 <d,j <m}.
82. Vertex-Edge Labeled Graphs with Applications

2.1 Application to Principal Fiber Bundles

Definition 2.1 A labeling on a graph G = (V, E) is a mapping 0, : VU E — L for a label set
L, denoted by G*.
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If0, : E— 0 orfy:V — 0, then G is called a vertex labeled graph or an edge labeled
graph, denoted by GV or G¥, respectively. Otherwise, it is called a vertez-edge labeled graph.

Example:
2 1
2 9 3
LN TN
3 9 4 3 1 4
Fig.2
Definition 2.2([4]) For a given integer sequence 0 < ny < ng < -+ < nm, m > 1, a

combinatorial manifold M is a Hausdorff space such that for any point p € M, there is

a local chart (Up,p) of p, i.e., an open neighborhood U, of p in M and a homoeomor-

phism op + Up — f{(nl(p),ng(p), N (p)), a combinatorial fan-space with {ni(p),n2(p),
* 5 Ms(p) (p)} < {7’1,1,7’),2, T ,nm}, and Ux{nl(p)vTLQ(p)v T Ms(p) (p)} = {7’1,1,7’),2, T ,nm}, de-
N N peEM
noted by M(ny,na, -+ ,ny,) or M on the context and

A= {(Up, 0p)lp € M(n1,n,- - 1))}
an atlas on M(nl,ng,-u SN,

A combinatorial manifold M is finite if it is just combined by finite manifolds with an
underlying combinatorial structure G without one manifold contained in the union of others.
Certainly, a finitely combinatorial manifold is indeed a combinatorial manifold. Examples of

combinatorial manifolds can be seen in Fig.3.

(a) (b)
Fig.3

Let M(nl, Ng, - ,Ny) be a finitely combinatorial manifold and d,d > 1 an integer. We

construct a vertex-edge labeled graph G¢[M (n1,n2, -« ,nm)] by
V(GM(n1,n2, -+ n)]) = Vil J V2,

where V; = {n; — manifolds M™ in M(ny,--- ,nm)|1 <i < m} and Vi = {isolated intersection

points Opyn; ppms of M™ M™ in M(ny,n2,- - ,nm) for 1 < 4,5 < m}. Label n; for each
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n;-manifold in V7 and 0 for each vertex in V5 and
B(G M (1,2, ,np))) = B1 | Ea,

where FE; = {(M™, M") labeled with dim(M™ (Y M™) | dim(M™ (\M™) > d,1 <i,j <m}
and Ey = {(Opmi pgmi s M™), (Opgni pgmi, M™9) labeled with O[M™ tangent M™ at the point
Opgni prsfor 1. <d, 5 <m}.

Now denote by H(ni,nz,- - ,n;,) all finitely combinatorial manifolds M(nl, Ny Ny
and G[0,n,,] all vertex-edge labeled graphs G* with 67, : V(G') U E(GF) — {0,1,--- ,n,}
with conditions following hold.

(1)Each induced subgraph by vertices labeled with 1 in G is a union of complete graphs

and vertices labeled with 0 can only be adjacent to vertices labeled with 1.
(2)For each edge e = (u,v) € E(G), 12(e) < min{7 (u), 71 (v)}.

Then we know a relation between sets H(ni, na, -+ , M) and G([0,ny,], [0, 7)) following.

Theorem 2.1([1]) Let 1 < n3 < ng < -+ < ny,m > 1 be a given integer sequence. Then
every finitely combinatorial manifold M e H(ni,na, -+ ,nm) defines a vertex-edge labeled graph
G([0,n]) € G[0,n,,). Conversely, every vertez-edge labeled graph G([0,n,,]) € G[0, n,,] defines
a finitely combinatorial manifold M € H(ni,na, -+ ,Ny) with a 1 —1 mapping 6 : G([0, ny]) —
M such that 6(u) is a 0(u)-manifold in M, 7 (u) = dimf(u) and (v, w) = dim(6(v) ) 6(w))
for Vu € V(G([0,n,])) and ¥V(v,w) € E(G([0,n])).

Definition 2.3([4]) A principal fiber bundle consists of a manifold P action by a Lie group 4,
which is a manifold with group operation 4 x4 — 4 given by (g, h) — goh being C* mapping,
a projection w: P — M, a base pseudo-manifold M, denoted by (P, M,%9), seeing Fig.4 (where
V =77YU)) such that conditions (1), (2) and (3) following hold.

(1) there is a right freely action of 4 on P,, i.e., for Vg € 4, there is a diffeomorphism
Ry : P — P with Ry(p) = pg for Vp € P such that p(g192) = (pg1)g2 for Vp € P, ¥g1,92 € 4
and pe = p for some p € P, e € 9 if and only if e is the identity element of 4.

(2) the map w: P — M is onto with 7= *(n(p)) = {pglg € ¥4}.

(3) for Yz € M there is an open set U with x € U and a diffeomorphism Ty : 7= 1(U) —
U x 9 of the form Ty (p) = (7(p), su(p)), where sy : 7= 2(U) — 4 has the property sy (pg) =
su(p)g for¥g €4, penY(U).
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ARG e

Fig.4

Question For a family of k principal fiber bundles Py(M1,%), Po(M2, %), -+, Po(My, %)
over manifolds My, Ms, ---, My, how can we construct principal fiber bundles on a smoothly

combinatorial manifold consisting of My, Ms, -+ - , My, underlying a connected graph G?
The answer is YES. The technique is by voltage assignment on labeled graphs defined as follows.
Definition 2.4([4]) A woltage labeled graph on a vertes-edge labeled graph G is a 2-tuple
(GT; ) with a voltage assignments o : E(GY) — T such that
alu,v) = a t(v,u), V(u,v) € E(GY),

with its labeled lifting G~ defined by

V(GEe) =V(GY) x T, (u,g) € V(GE) x T abbreviated to ugy;

E(GY) = { (ug,vg40) | for V(u,v) € E(G*) with a(u,v) =h }
with labels O : G¥> — L following:

Or(ug) =0r(u), and Or(ug,vgon) = 0r(u,v)

for u,v € V(GY), (u,v) € E(G*) with a(u,v) =h and g,h € T.

For a voltage labeled graph (GL, o) with its lifting GL, a natural projection m : Gt« — GF
is defined by 7(u,) = u and 7(ug, vgon) = (u,v) for Yu,v € V(GL) and (u,v) € E(GL) with
a(u,v) = h. Whence, (G« ) is a covering space of the labeled graph G¥. A voltage labeled
graph with its labeled lifting are shown in Fig.4.4, in where, G¥ = C¥ and T = Z.

3
3
2 1
4
A5 4 5 5
(G*, ) GLe
Fig.5

Now we show how to construct principal fiber bundles over a combinatorial manifold M.
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Construction 2.1 For a family of principal fiber bundles over manifolds My, Mo, -+, My,
such as those shown in Fig.6,

A, A, . A
¥ ' '
HM‘[ HM{ .. lHML
Fig.6

where 7, is a Lie group acting on Py, for 1 < i <[ satisfying conditions PFB1-PFBS3, let M

be a differentiably combinatorial manifold consisting of M;, 1 <i <1 and (G*[M],«) a voltage

graph with a voltage assignment o : G* [M] — & over a finite group &, which naturally induced
a projection 7 : GE[P] — GE[M). For YM € V(GE[M)), if m(Py) = M, place Py on each

lifting vertex M*= in the fiber 1= (M) of G*=[M], such as those shown in Fig.7.

w1(M)

|
-

Fig.7
Let 1T = 7l 7=t for VM € V(GE[M]). Then P = U Pys is a smoothly combinato-
MeV(GL[M))
rial manifold and Lg = U Fu o Lie multi-group by definition. Such a constructed

MeV(GL[M])
combinatorial fiber bundle is denoted by Pt (M, %c).

For example, let & = Z; and GY[M] = C3. A voltage assignment o : GL[M] — Z, and its
induced combinatorial fiber bundle are shown in Fig.8.

(%) w1 PM2 131\/[3

Fig.8
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Then we know the existence result following.

Theorem 2.2([4]) A combinatorial fiber bundle P*(M, %) is a principal fiber bundle if and
only if for Y(M', M") € E(GH{M]) and (Parr, Pagr) = (M', M) € B(GHP)), ar ey =

HM” |P]\/I/OPM” .
2.2 Smarandachely k-constrained labeling of a graph

In references [5]-[6], the Smarandachely k-constrained labeling on some graph families are dis-

cussed.

Definition 2.5 A Smarandachely k-constrained labeling of a graph G(V, E) is a bijective map-
ping f : VUE — {1,2,..,|V]| + |E|} with the additional conditions that |f(u) — f(v)] > k
whenever wv € E, |f(u) — f(w)| > k and |f(uv) — f(vw)| > k whenever u # w, for an integer
k > 2. A graph G which admits a such labeling is called a Smarandachely k-constrained total
graph, abbreviated as k — CTG.

An example for k = 5:

12 2 128 (V14 g4 710
2B O+

Fig.9: A 5-constrained labeling of a path P.

Definition 2.6 The minimum positive integer n such that the graph GUK,, is a k — CTG is
called k-constrained number of the graph G and denoted by t;(G), the corresponding labeling is

called a minimum k-constrained total labeling of G.
Problem 2.1 Determine t(G) for Vk € ZT and a graph G.
>Update Results for Problem 2.1 obtained in [5]-[6]:

Casel. k=1

In fact, t1(G) = 0 for any graph G since any bijective mapping f: VUE — {1,2,..,|V| +
|E|} satisfies that |f(u)— f(v)| > 1 whenever uwv € E, |f(u)—f(uv)| > 1 and | f(uv)— f(vw)| > 1

whenever u # w.

Case 2. k=2

0 if n=2,
(1) t2(P)=4 1 if n=3,
0 else.

Proof Let V(P,) = {v1,v2,...,0n} and E(P,) = {v;v;41|1 <i <n — 1}. Consider a total
labeling f : VUE — {1,2,3,...,2n— 1} defined as f(v1) = 2n—3; f(ve) = 2n—1; f(vive) = 2;
f(vavs) = 4; and f(vr) = 2k — 5, f(vgvry1) = 2k, for all k > 3. This function f serves as a

Smarandachely 2-constrained labeling for P,, for n > 4. Further, the cases n = 2 and n = 3
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are easy to prove. O

Fig.10

Proof If n > 4, then the result follows immediately by joining end vertices of P, by an
edge vivy, , and, extending the total labeling f of the path as in the proof of the Theorem 2.4
above to include f(viv2) = 2n.

Consider the case n = 3. If the integers a and a + 1 are used as labels, then one of them
is assigned for a vertex and other is to the edge not incident with that vertex. But then, a + 2
can not be used to label the vertex or an edge in C5. Therefore, for each three consecutive
integers we should leave at least one integer to label C'3. Hence the span of any Smarandachely
2-constrained labeling of C3 should be at least 8. So t2(C5) > 2 . Now from the Figure 3 it is
clear that t2(C3) < 2. Thus t2(C3) = 2. O

(3) to(K,) =0 if n > 4.

2 4if n=1 and m=1,
(6) to(Kmpn)=¢ 1 if n=1 and m > 2,

0 else.
Case 3. k>3

3k—6, if n=3,
(1) tr(Kyn)= if k.n > 3.
n(k —2), otherwise.

Proof For any Smarandachely k-constrained labeling f of a star K ,, the span of f, after
labeling an edge by the least positive integer a is at least a +nk. Further, the span is minimum
only if a = 1. Thus, as there are only n + 1 vertices and n edges, for any minimum total
labeling we require at least 1 +nk — (2n + 1) = n(k — 2) isolated vertices if n > 4 and at least
14+nk—2n=n(k—2)+1if n =3. In fact, for the case n = 3, as the central vertex is incident

with each edge and edges are mutually adjacent, by a minimum k-constrained total labeling,
the edges as well the central vertex can be labeled only by the set {1,1+ k,1 + 2k, 1 + 3k}.
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Suppose the label 1 is assigned for the central vertex, then to label the end vertex adjacent to
edge labeled 1 + 2k is at least (1 + 3k) 4+ 1 (since it is adjacent to 1, it can not be less than
1+ k). Thus at most two vertices can only be labeled by the integers between 1 and 1 + 3k.
Similar argument holds for the other cases also.

Therefore, t(K; ) > n(k —2) for n > 4 and ¢(K; ,,) > n(k —2) 4+ 1 for n = 3.

To prove the reverse inequality, we define a k-constrained total labeling for all k& > 3, as

follows:

(1) When n = 3, the labeling is shown in the Fig.11 below

&0 - ©®O®

&

Fig.11

(2) When n > 4, define a total labeling f as f(vov;) =1+ (j — 1)k for all j,1 < j < n.
flog) =14 nk, f(r1) =2+ (n—2)k, f(va) =3+ (n — 2)k,and for 3 <i < (n— 1),

fwi)+2, if f(v;) =0(mod k),

fvig1)=
f(vi)+1, otherwise.

and the rest all unassigned integers between 1 and 1 + nk to the n(k — 2) isolated vertices,
where vg is the central vertex and vy, vo, vs, ..., v, are the end vertices.

The function so defined is a Smarandachely k-constrained labeling of K; , U I_(n(k,Q), for
all n > 4. O

(2) Let P, be a path on n vertices and ko = [#%-1|. Then
0 if k <k,

th(Pn)=4 2(k—ko)—1 if k>ko and 2n = 0(mod 3),
2(k — ko) if k>ko and 2n=1 or 2(mod 3).

(3) Let Cy, be a cycle on n vertices and ko = |22~ ]. Then

0 if k< ko,
th(Cn) =< 2(k —ko) if k>ko and 2n =0 (mod 3),
3(k—ko) if k>ko and 2n =1 or 2(mod 3).
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2.3 Smarandachely Super m-Mean Graph

The conception of Smarandachely edge m-labeling on a graph was introduced in [7].

Definition 2.7 Let G be a graph and [ : V(G) — {1,2,3,---,|[V|+ |E(G)|} be an injection.
For each edge e = uv and an integer m > 2, the induced Smarandachely edge m-labeling f§ is

defined by

m

50 = |

Then f is called a Smarandachely super m-mean labeling if f(V(G))U{f*(e) : e € E(G)} =
{1,2,3,---,|V| + |E(G)|}. A graph that admits a Smarandachely super mean m-labeling is

6]

called Smarandachely super m-mean graph.

Particularly, if m = 2, we know that

fle) = 2 ) if f(u)+ f(v) is even;
JEIHSQIEL3f f(u) + f(v) is odd.

Example: A Smarandache super 2-mean graph P?

4 6 12

Fig.12

Problem 2.2 Find integers m and graphs G such that G is a Smarandachely super m-mean
graph.

>Update Results for Problem 2.2 Obtained in [7]:

Now all results is on the case of Smarandache super 2-mean graphs.

(1) A H-graph of a path P, is the graph obtained from two copies of P, with vertices
V1,02, ...,V, and ui,us,...,u, by joining the vertices Ung and Ungr if n is odd and the

vertices vz i1 and ug if n is even. Then
A H-graph G is a Smarandache super 2-mean graph.

(2) The corona of a graph G on p vertices v1,v2,...,v, is the graph obtained from G by
adding p new vertices uy, U2, ..., u, and the new edges u;v; for 1 <i < p, denoted by G © Kj.

If a H-graph G is a Smarandache super 2-mean graph, then G ® K; is a Smarandache
super 2-mean graph.
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(3) For a graph G, the 2-corona of G is the graph obtained from G by identifying the center
vertex of the star S at each vertex of GG, denoted by G ® Ss.

If a H-graph G is a Smarandache super 2-mean graph, then G® Ss is a Smarandache super

2-mean graph.
(4) Cycle Cyy, is a Smarandache super 2-mean graph for n > 3.
(5) Corona of a cycle Cy, is a Smarandache super 2-mean graph for n > 3.

(6) A cyclic snake mC,, is the graph obtained from m copies of C,, by identifying the vertex
U(rt2), in the j™ copy at a vertex vy, in the (j 4+ 1) copy if n = 2k 4 1 and identifying the
in the (j + 1)'" copy if n = 2k.

vertex v(41), in the 5% copy at a vertex vy,

The graph mCy,-snake, m > 1,n > 3 and n # 4 has a Smarandache super 2-mean labeling.

(7) A P,(G) is a graph obtained from G by identifying an end vertex of P, at a vertex of
G.

If G is a Smarandache super 2-mean graph then P, (G) is also a Smarandache super 2-mean
graph.

(8) Cpn X Py, forn>1,m = 3,5 are Smarandache super 2-mean graphs.

Problem 2.3 For what values of m (except 3,5) the graph Cy, x P, is a Smarandache super
2-mean graph?

2.4 Smarandachely Uniform k-Graphs

The conception of Smarandachely Uniform k-Graph was introduced in the reference [8].

Definition 2.7 For an non-empty subset M of vertices in a graph G = (V, E), each vertex u
in G is associated with the set fy;(u) = {d(u,v) : v € M, u # v}, called its open M-distance-
pattern.

A graph G is called a Smarandachely uniform k-graph if there exist subsets My, Mo, - -+ , My,
for an integer k > 1 such that f§; (u) = f, (u) and f3; (u) = f3, (v) for 1 <i,j < k and
Yu,v € V(G). Such subsets My, Ms, -, My, are called a k-family of open distance-pattern
uniform (odpu-) set of G and the minimum cardinality of odpu-sets in G, if they exist, is called
the Smarandachely odpu-number of G, denoted by odf(G).

Usually, a Smarandachely uniform 1-graph G is called an open distance-pattern uniform
(odpu-) graph. In this case, its odpu-number ody (G) of G is abbreviated to od(G).

Problem 2.4 Determine which graph G is Smarandachely uniform k-graph for an integer
k>1.

>Update Results for Problem 2.4 Obtained in [8]:

(1) A connected graph G is an odpu-graph if and only if the center Z(G) of G is an odpu-set.
(2) Every self-centered graph is an odpu-graph.
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(3) A tree T has an odpu-set M if and only if T is isomorphic to Ps.
(4) If G is a unicyclic odpu-graph, then G is isomorphic to a cycle.
(5) A block graph G is an odpu-graph if and only if G is complete.

(6) A graph with radius 1 and diameter 2 is an odpu-graph if and only if there ezists a
subset M C V(G) with |M| > 2 such that the induced subgraph (M) is complete, (V — M) is

not complete and any vertex in V. — M is adjacent to all the vertices of M.

Problem 2.5 Determine the Smarandachely odpu-number od3 (G) of G for an integer k > 1.

>Update Results for Problem 2.5 obtained in [8]:

(1) For every positive integer k # 1,3, there exists a graph G with odpu-number k.

(2) If a graph G has odpu-number 4, then r(G) = 2.

(3) The number 5 cannot be the odpu-number of a bipartite graph.

(4) Let G be a bipartite odpu-graph. Then od(G) = 2 if and only if G is isomorphic to Ps.
(5) 0d(Cor41) = 2k.

(6) 0d(K,) =2 for alln > 2

2.5 Smarandachely Total Coloring of a graph

The conception of Smarandachely total k-coloring of a graph following is introduced by Zhongfu
Zhang et al. in [9].

Definition 2.8 Let f be a total k—coloring on G. Its total-color neighbor of a verter u of
G is denoted by C¢(z) = {f(z)|lx € Tn(u)}. For any adjacent vertices x and y of V(G), if
Cy(z) # Csy), say f a k AVSDT-coloring of G (the abbreviation of adjacent-vertex-strongly-
distinguishing total coloring of G).

The AVSDT-coloring number of G, denoted by xast(G) is the minimal number of colors
required for an AVSDT-coloring of G

Definition 2.9 A Smarandachely total k-coloring of a graph G is an AVSDT-coloring with
1Cr(@)\Cy(y)| = k and |Cr(y)\Cy ()| = k.
The minimum Smarandachely total k-coloring number of a graph G is denoted by x*.,(G).

Obviously, xast(G) = xL.(G) and
LS XEHG) <XE(G) < XN G) < <Xk (@)
by definition.

Problem 2.6 Determine x*,(G) for a graph G.

>Update Results for Problem 2.6 obtained in [9]:

XL (Sm + W) = m+n+3 if min{m,n} > 5.
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It should be noted that the number x*_,(G) of graph families following are determined for
integers k > 1 by Zhongfu Zhang et al. in references [10]-[15].

1) 3-regular Halin graphs;
2) 2P,, 2C,, 2K, , and double fan graphs for integers n > 1;

3) P,, + P, for integers m,n > 1;

(1)
(2)
3)
(4) P, V P, for integers m,n > 1;
(5) Generalized Petersen G(n, k);
(6)

6) k-cube graphs.

83. Covering and Decomposing of a Graph

Definition 3.1 Let & be a graphical property. A Smarandache graphoidal & (k,d)-cover of
a graph G is a partition of edges of G into subgraphs G1,Ga,--+ ,G; € & such that E(G;) N
E(G;) <k and A(G;) < d for integers 1 <i,j <.

The minimum cardinality of Smarandache graphoidal & (k,d)-cover of a graph G is de-
noted by H(g];’d)(G).

Problem 3.1 determine H(glz,’d)(G) for a graph G.

3.1 Smarandache path k-cover of a graph

The Smarandache path k-cover of a graph was discussed by S. Arumugam and I.Sahul Hamid
in [16].

Definition 3.2 A Smarandache path k-cover of a graph G is a Smarandache graphoidal &
(k, A(G) )-cover of G with & =path for an integer k > 1.

A Smarandache path 1-cover of G such that its every edge is in exactly one path in it is
called a simple path cover.

The minimum cardinality of simple path covers of G is called the simple path covering
number of G and is denoted by HE;;,’A(G))(G).

If do not consider the condition E(G;)NE(G;) < 1, then a simple path cover is called path
cover of GG, its minimum number of path cover is denoted by 7(G) in reference. For examples,

ms(Kyn) = [5] and 74(T) = g, where k is the number of odd degree in tree T'.

Problem 3.2 determine H(glz,’d)(G) for a graph G.

>Update Results for Problem 3.2 Obtained in [10]:

(1) H;’A(G))(T) =n(T) =%, where k is the number of vertices of odd degree in T.

(2) Let G be a unicyclic graph with cycle C. Let m denote the number of vertices of degree
greater than 2 on C. Let k be the number of vertices of odd degree. Then
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3 ifm=0
LAG) ky2  ifm=1
I, = (G) =
kvl ifm=2
k ifm >3
(3) For a wheel W,, = Ky + C,,—1, we have
6 ifn=4
1,A(G
nGA O w,) =

2| +3  ifn>5

Proof Let V(W,,) = {vg,v1,...,0n—1} and E(W,,) = {vov; : 1 <i <m—1}U{vv;41:1 <
1 <n-—2}U{viv,-1}.
If n = 4, then W,, = K4 and hence 1% (W,)(W,,) = 6.

Now, suppose n > 5. Let r = bJ
If n is odd, let

Pi:(viaUO;vr+i)7i:1,2,...,’l”.
Pr+1 = (1)1,’02,...,’0,0)7
PTJFQ = (U1,’027«,1}2T,1, .. ~,'Ur+2) and

Pry3 = (Ur, V41,V 42).

If n is even, let

P, = (vi,v0,p—144), 1 =1,2,...,7 — L.

P = (vo,v2r—1),

Pry1 = (v1,v9,...,0p-1),

Pryo = (v1,v2r—1,...,0p41) and

Pry3 = (Vr—1,0r,Vp41).

Then H(;,’A(G))(Wn) ={Py, Ps,..., P13} is a simple path cover of W,,. Hence ws(W,,) <
r+3 = L%J—i—?). Further, for any simple path cover v of W,, at least three vertices on

C = (v1,v2,...,0,—1) are terminal vertices of paths in ¢. Hence ¢t < ¢ — % — 3, so that
n02Dw,) =q—t>%+3=2]+3. Thus 1>V (W,) = |2] +3. O

A. Nagarajan, V. Maheswari and S. Navaneethakrishnan discussed Smarandache path 1-
cover in [17].

Definition 3.3 A Smarandache path 1-cover of G such that its every edge is in exactly two
path in it is called a path double cover.

Define G * H with vertex set V(G) x V(H) in which (g1, h1) is joined to (g2, he) whenever
9192 € E(G) or g1 = g2 and h1hs € E(H); Go H, the weak product of graphs G, H with vertex
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set V(G) x V(H) in which two vertices (g1, h1) and (ga, ha) are adjacent whenever g192 € E(G)
and hihe € E(H) and

Y2(G) = min { || : ¢ is a path double cover of G }.

(4) Let m > 3.
3 if m is odd;

Y2(Crp 0 Ko) =
6 if m is even.

(5) Let m,n > 3. ¥2(Cp, 0 C,) =5 if at least one of the numbers m and n is odd.
(6) Let m,n > 3.

4 if n =1 or 3(mod 4)

72(Pmocn):
8 if n =0 or 2(mod 4)

(7) 42(Com + K2) = 6 if m > 3 is odd.
(8) Y2 (P, % K2) =4 for m > 3.

(9) v2(Pp * K2) =5 form > 3.

(10) v2(Com x P3) =5 if m > 3 is odd.
(11) 42 (P, 0 K2) = 4 for m > 2.

(12) vo(Kpm,n) = max{m,n}.

(13)

3 if m=2 or n=2;

4 if m,n > 2.
(14) 72(Cp x Cp) =5 4f m > 3, n > 3 and at least one of the numbers m and n is odd.
(15) ¥2(Cpy x K3) =4 for m > 3.

3.2 Smarandache graphoidal tree d-cover of a graph

S.Somasundaram, A.Nagarajan and G.Mahadevan discussed Smarandache graphoidal tree d-

cover of a graph in references [18]-[19].

Definition 3.4 A Smarandache graphoidal tree d-cover of a graph G is a Smarandache graphoidal
2 (1G], d)-cover of G with & =tree for an integer d > 1.

The minimum cardinality of Smarandache graphoidal tree d-cover of G is denoted by
vgpd)(G) = H;‘f"d)(G). If d = A(G), then vgpd)(G) is abbreviated to yr(G).

Problem 3.3 determine yr(G) for a graph G, particularly, vr(G).

>Update Results for Problem 3.3 Obtained in [12-13]:

Case 1:  ~7(G)
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(4) yr (P, x Pp) = 2 for integers m,n > 2.
(5) yr (P, X Cp,) = 2 for integers m > 3, n > 2.
(6) Y7 (Cm x Cn) =3 if m,n > 3.

Case 2: ”ygpd)(G)
(1)

—2d+1 .
p(p2 ) zfd<§,

Y (K, = o1 ifas
if p > 4.
2) W (Kpn) =p+q—pd=mn— (m+n)(d—1) if n,m > 2d.
(3) ”Y”Erd)(KQdflzdfl) =p+q—pd=2d—1.
(4) KD (K ) = [22] for d > [22] and n > 3.
(5) ”y(Td)(Cm x Cp) =3 ford>4 and ”Y(T2)(Om x Cp) =q—p.

85. Furthermore

In fact, Smarandache’s notion can be used to generalize more and more conceptions and
problems in classical graph theory. Some of them will appeared in my books Automorphism
Groups of Maps, Surfaces and Smarandache’s Geometries (Second edition), Smarandache Multi-
Space Theory (Second edition) published in forthcoming, or my monograph Graph Theory — A
Smarandachely Type will be appeared in 2012.
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