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1 Variations on Fermat-Euler theorem 

In [Schw81] a semigroup approach to the FERMAT-EuLER Theorem was devel­
oped 

arp(n) == 1 (mod n), (a,n) = 1 

based on an idempotent technique giving the best possible extensions of this 
fundamental result to the set Z of the all integers. In [LaPo96] the idea was 
generalized to finite commutative rings R and subsequently to the residually 
finite DEDEKIND domains, that is DEDEKIND domains R satisfying the finiteness 
condition: 

(FN) For every non-zero ideal MeR the residue class ring Rj M is finite. 

A detailed specialization of these results depends then upon a correspond­
ing detailed knowledge of the structure of the group of units (i.e. invertible 
elements) of the corresponding residue class ring Rj M. The most known pro­
totypes of rings where this knowledge is available are, besides Zn the ring of 
residue classes modulo n, the algebraic number fields. Thus for instance, for 

- residually finite DEDEKIND domains we only have Lemma 8 in general. For 
algebraic number fields see [LaPo96]. 

1.1 Semigroup level 

The basic underlying idea of the proofs of generalizations of FERMAT-EuLER 

Theorem given in [Schw81] and [LaP096] is based on the some elementary semi­
group ideas. To describe them we shall suppose in this Section that S is a finite 
commutative semi group written multiplicatively. 

Given an xES, the sequence 

xES (1) 

contains some of its elements multiple times. If we denote by k = k( x) E N 
(here N is the set of positive integers) the least such exponent for which xl< 
appears at least twice in (1) and d = d(x) the least exponent with xl< = xl<+d, 

then the sequence (1) has the form 

The next elementary result is instrumental in the investigations which follow: 

Lem.ma 1 (Frobenius 1895) For every xES the set 

(2) 

forms a cyclic group with respect to the multiplication. 
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The identity element e = xr, r = r( x) of the group C( x) is the unique 
idempotent of R which belongs to (1). This connections are described saying 
the element x belongs to the idempotent e. 

The above observations imply (see also proof of Theorem 1.9 in [LaPo96]): 

Proposition 1 (Individual Fermat - Euler Theorem) If K:, 8 E N with 
K: ~ k(x), d(x) I 8, then for every x E 5 we have 

and the numbers k(x) and d(x) are the least positive numbers possessing this 
property. 

The main problem here is to determine the exact values of k(x) and d(x). 
As mentioned above, more knowledge about 5 is required for this task. In the 
process of the determination of values of these numbers further structural results 
are needed. To make the paper self-contained we shall outline some crucial 
facts, the reader is referred to [LaPo96} for more details. Of basic importance 
are properties of the idempotents. 

Let Es denote the set of idempotents of 5. Let e E Es. Then the set 

PS(e) = {x E 5; x belongs to e} 

is the largest subsemigroup of 5, which except for e contains no other idem­
potent of 5. This uniquely determined maximal subsemigroup pS(e) will be 
called the maximal (multiplicative) semigroup (of semigroup 5) belonging to the 
idempotent e E Es. Note that 

5 = U pS(e). 
eeEs 

Moreover, if e E Es is an idempotent in 5, then there always exists a subgroup of 
5 containing e as its identity, e.g. the group {e} or the group C( x) of Lemma 1 
provided x belongs to the idempotent e. Since S is finite, there exist maximal 
subgroup of S amongst the all subgroups of 5 for which e serves as the identity 
element. We shall call this group GS(e) the maximal (multiplicative) subgroup 
of 5 belonging to the idempotent e E Es. It is surprising that the existence of 
these subgroups is almost unknown in the classical number theory. 

Given an idempotent e E Es, define 

ke = max{k(x) ; x E pS(e)}, de = l.c.m.{d(x) ; x E PS(e)} 

and 
ks = max{k(x) ; x E 5}, ds = l.c.m.{d(x) ; x E 5}. 

The algebraic meaning of numbers k(x),d(x) for x E 5, ke,d. for e E Es, 
ks, and ds is best explained by the next results [LaPo96, p.268]: 
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Lemma 2 For any x E 5 
(aJ Every of x.l:(z), x.l:·, x"s is an element of a subgroup of 5. iVIore precisely, 
x"(z) E C(x), x"· E GS(e) for x E Ps(e), and x.l:s E UJEEs GS(J). 

(b) For every x E UfEEs GS(J) the element xd(z) = x d• = xds is an idempotent 
of 5. 

These numbers enable us to complement the above individual FERMAT­

EULER Theorem and its classical version to statements over three basic sub­
semi group levels of 5, namely: 

• the least subsemigroup generated by x yielding FERMAT-EuLER Theo­
rems of individual type, 

• the maximal subsemigroup belonging to an idempotent of 5 yielding local 
types of this Theorem, and 

• the whole multiplicative semigroup of 5 giving global type FERMAT­

EULER Theorems. 

Namely, it follows from the definitions of numbers ke, de, ks, ds and Theo­
rems 1.10, and 1.11 of [LaPo96] that: 

Proposition 2 (Local Fermat - Euler theorem) If e E Es, and 1t,8 E N 
with It ~ ke, de 1 8, then then for every x E pS (e) we have 

x",+,s = x"'. 

Moreover, the numbers ke, de are the least positive integers such that this equality 
holds under the given conditions for each x E pS(e). 

Proposition 3 (Global Fermat - Euler theorem) For every x E 5 and 
1t,8 EN with It ~ ks, ds 18 we have 

and the numbers ks, ds are the least positive integers such that this equality 
holds under the given conditions for each x E 5. 

1.2 Finite rings level 

The classical FERMAT-EuLER Theorem involves both additive and multiplica­
tive structure of the ring of integers, so it seems unavoidable to respect the 
interference of both, the additive and multiplicative structure of the underly­
ing ring in the process to find the best possible generalization of this Theorem 
joining its classical form. 

Therefore, in this section we shall always suppose that R denotes a finite 
commutative ring with the identity element 1 = lR. The set ER of idempotents 
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of R is obviously non empty for 0,1 E E and it is finite. The set ER can be 
endowed with a partial ordering 

x ~ y ~ xy= x. 

An idempotent e E ER is called primitive if it is minimal in the ordered set 
(ER \ {O}, ~). 

Lemm.a 3 Let el, ... ,en be the all primitive idempotents of R. Then 
(i) If 0 =I fEE, then 

(ii) If 0 =I fEE, then 

f= 
n 

L 
i=l 

if ei ~ f, 
otherwise. 

e; . 

!Ci=Ci 

To simplify the notation, given f E ER, denote 

If = {iE{l, ... ,n};fei=ed, 

If = {I, ... , n} \ If. 

Note the following facts (the reader is referred for more details to [LaPo96]) 
for e E ER: 

• GR(e) = pR(e)e, thus in particula.r GR(l) = pR(l), 

• GR( e) is the group of units of eR with respect to the ring multiplication 
and GR(e) = peR(e). 

• pR(O) = N(R), where N(R) denotes the the nil-radical of the ring R 

N(R) = {x E R ; xt = 0 for some t > O} 

which is formed by nilpotent elements of R. Thus nil-radical is the max­
imal semigroup belonging to the idempotent O. 

If el, ... , en are all the primitive idempotents of R, then we have the Peirce 
decomposition of R 

and ([LaPo96, p.263-264]) 

pR(f) = pe 1R(ed) $ ... $ pe~R(enf) = E9 GR(e;) $ E9 N(e;R) 

GR(f) $ N«l- f)R) 

GR(f) = E9 GR(e;). 
;EIJ 

iEIJ iEl, 

Important observation is given in the next result: 
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Lemma 4 ([LaPo96, Theorem 1.14]) Let el,' .. , en E E be the primitive 
idempotents of R. Then for every i = 1, ... , n we have 

(4) 

and this union is disjoint. 

If we define for y E ei R 

Vi(Y) = { i if Y E GR(ed, 
if y E N(eiR), where t is minimal with yt = O. 

and 
V(x) = max{vi(eix) ; i = 1, ... , n}, 

then we have: 

Lemma 5 ([LaPo96, Corollary 1 of Theorem 1.15]) For every x E R we 
have k(x) = v(x). 

Finally, if we define 

V(i) = max{v(x) ; x E eiR}, f.P) = l.c.m.{d(x) ; x E GR(ei)} 

for every i = 1, ... , nand 

PI = l.c.m.{p(i) ; i E If} 

then numbers PI, JEER, have the following property ([LaPo96, Lemma 1.8, 
Corollary 1]): 

Lemm.a 6 If f E ER, then Pflpl and the number Pf is the exponent of the 
group GR(t). 

If analogically we define 

VR = max{vI ; fEE} = va, PR = l.c.m·{PI ; fEE} = Pl, 

then these are the least positive integers such. that: 

Lemm.a 7 (a) X VR is an element of a multiplicative subgroup of (R, .) for every 
xE R, 
(b) Xi>R is an idempotent for every x E UfEE GR(J). 

The previous considerations together give the following generalized FERMAT­

EULER Theorems (global and local) which are "computationally easier" to han­
dle in comparison with the Proposition 2 and 3, because it reduces the determi­
nation of the values of v(i), p(i) for i = 1, ... , n to the knowledge of the values 
vf,PI for every JEER. Thus we have: 
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Proposition 4 (Local Fermat - Euler theorem) If e E E R , and 1\.,8 E N 
with I\. 2: lIe, J-I.e I 8, then then for every x E pR( e) we have 

X,,+6 = x"'. 

The numbers lIe, J-I.e are the least positive integers such that this equality holds 
under the given conditions for each x E pR( e). 

Proposition 5 (Global Fermat - Euler theorem) For every x E Rand 
1\.,8 E N with I\. 2: l/R, J-I.R I 8 we have 

and the numbers lIR, J-I.R are the least positive integers such that this equality 
holds under the given conditions for each x E R. 

1.3 Dedekind domains level 

Henceforth we shall suppose that R stands for a residually finite DEDEKIND 

domain. If M is a non-zero ideal of R then the residue class ring R/ivf will be 
denoted by RM and its elements by [xJ = [xl.i\{ = x + M for x E R. The norm 
N(M) of an ideal M is defined as the cardinality of the residue class ring RM. 

Since every proper ideal M of a DEDEKIND domain R is uniquely (up to the 
order of the factors) expressible in the form of a product of powers of prime 
ideals, suppose that 

(5) 

where PI' ... ' Pr are distinct prime ideals of Rand Ui > 0, i = 1, ... , r. 
For these rings the FERMAT-EuLER Theorem is usually stated in the form: 

Lemma 8 ([Nark74, Theorem 1.8]) Let GRM([IJM) denote the group of units 
of the residue class ring RM with M # (0) of a residually finite Dedekind domain 
R. If <PR(M) = card (GRM([IJM»)' then 

if'R(M) = N(M) II (00 - N(P)-OO) , 
'P 

where the product is extended over all prime ideals appearing in (5), and, more­
over, if x E R and «x), M) = (1), then 

x'PR(M) == 1 (mod M). 

As usual, we say that an ideal A divides an ideal B, in symbols AlB, ifthere 
exists an ideal C with B = AC. It can be easily shown that in a DEDEKIND 

domain AlB if and only if A :) B. 
Let an ideal T divide the ideal M. Then the ideal T is called the unitary 

divisor of jlv[, if (T, ':f.) = (1). Here the greatest common divisor (A, B) of two 
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ideals A and B is defined as the ideal A + B = {a + b ; a E A, b E B}, i.e. the 
least (with respect to the set inclusion) ideal containing both ideals A. and B. 
Moreover, an ideal D is called unitary divisor generated by the divisor T of M 
provided D is a unitary divisor of the ideal M and D is divisible by exactly the 
same prime ideals of the ring R as the ideal T. We shall denote it by D = (T). 

If (5) is the factorization of an ideal M with distinct prime ideals PI, ... , Pr , 

Ui > 0, i = 1, ... , r, then given a divisor T of the ideal j\1, define 

IT = {i E {I, ... , r} ; PiIT}. 

The next result describes the relation between unitary divisors of the ideal 
M and idem po tents of the residue class ring RM. 

LeIDIIla 9 ([LaPo96, Theorem 3.2]) There exists a one-to-one correspon­
dence between unitary divisors of the ideal !vI and idempotents of the residue 
class ring RM. More precisely, every idempotent in RM is a solution of the 
congruence system 

x == 0 (mod Pt·) 
x-I (mod Pt·) 

for i E JD, 

for i E {I, .. . ,r} \ JD, 

where D is a unitary divisor of the ideal M. 

(6) 

If an idempotent [J] E RM is given by the system (6), where the ideal D is 
a unitary divisor of the ideal M, then we again say that [J] is the idempotent 
belonging to the (unitary) divisor D. 

This implies, for instance, that we have 2r idempotents in the ring RM, and 
that primitive idempotent rei], for every i = 1, ... , r, is just the idempotent 
belonging to the unitary divisor 

M rrr u· . _ _ J 

M. - p';'i - Pj . 
I j=l 

j~i 

This shows that our notation JT does not collide with its previous usage. If 
[x] E RM and T = «x), M), then we say that [x] belongs to the divisor T of M. 

The next result brings us back to FER.\fAT-EULER Theorem via the explicit 
determination of II([X]): 

LeIDIIla 10 ([LaPo96, Theorem 4.3]) Let [x] E RM belong to a divisor T = 
TIjeJT pjVj, where 1 :::; Vj :::; Uj for every j E JT. Then 

II([X]) = { ~a.x fUi 1 
1EJT Vi 

if T = 1 (IT = 0), 

otherwise. (7) 
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This Theorem in turn implies that 

V(i) = Ui. 

For later purposes define the function 7{ on proper non-zero ideals AI of a 
DEDEKIND ring R by 

7{R(M) = max{ui; i E {I, .. . ,r}} 

if (5) is the decomposition of M into the product of prime ideals. 
If [f] is the idempotent belonging to the divisor D of M, then 

VU] = !flax Uj = 7{R(D); 
]EJD 

in the case [J] = [0] we get 

Zl[O] = . max Uj = l/RM = 7{R(M). 
]E{1, ... ,r} 

We also have: 

Lemma 11 Let (f] be the idempotent of the ring RM belonging to the unitary 
divisor D of M. Then 
(i) The element [x]l£R(D) belongs to CRM([f]) for everg (x] E pRM([f]). 

(ii) The element [x]l£R(M) belongs to a group for every [x] E RM. 
The numbers 7{R(D) and 1f.R(M) are the least positive integers possessing these 
properties. 

Of fundamental importance is also the following structural result: 

Lemma 12 Let [f] E RM be the idempotent belonging to the unitary divisor D 
of M. Then the finite commutative rings R M and (f]M RM with identities [1] M 

75 75 
and [J]M are isomorphic. 

Corollary 12.1 Let [J] E RM be the idempotent belonging to the unitary divisor 

D of M. Then the unit groups C
R

1f ([1] M) and C[J]MRM «(fLy) are isomorphic. 
75 

Corollary 12.2 If rei], i = 1, ... , r are primitive idempotents of RM, then 

This shows that for the determination of the values I-'(i), I-'[J], and I-'R.vr = 1-'[1] 

the information about the structure of the groups CRp
" ([I]p,,), where P is the 

prime ideal of the ring Rand U > 0, is necessary. Thus for instance, a classical 
structural result says: 
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Lemma 13 If P is a prime number in Z and 'U > 0, then 

if P = 2, 'U = 1, 
if P = 2, 'U = 2, 
if P = 2, 'U > 2, 
if p> 2. 

Therefore the exponent of the unit group GZ"'([I]m), where mE Z, m f:. 0, 
is given by the so-called Carmichael function ..\ defined by: 

if m = 1, 
2u - 2 if m = 2u

, 'U > 2, 

{

I 

..\(m) = <p(m) if m = 2,4, or pU for odd prime p, 
l.c.m.{..\(p:i); i = 1, ... , r} if m = p¥' .. . p~r, 

where <p is the EULER totient function, i.e.: 

Lemma 14 For every j = 1, ... , r 

if Pj = 2, 'Uj = 1, 
if Pj = 2, 'Uj = 2, 
if Pj = 2, 'Uj > 2, 
if Pj > 2. 

(8) 

This yields the following (by the way the best possible) extensions of FERMAT­

EULER Theorem for Z which are proved in [Schw81], where 

H(m) = 7-£z«m». 

Proposition 6 (Global Fermat-Euler Theorem) Let a, mE Z, m f:. O. If 
~,5 EN with ~ ~ H(m), ..\(m) 15, then 

a~+6 == a~ (mod m), 

where H(n) = max{al' a2, ... , ak} forn having the standard form n = pf'p~~ .. . p~k. 
The exponents ..\(m) , H(m) are the least positive integers for which the congru-
ence is true for every a. 

If again, given a divisor d of m, (d) denotes the unitary divisor of m having 
the same set of prime divisors as d, and, a unitary divisor of m is such a divisor 
t ofm for which (m,mjt) = 1, then 

Proposition 7 (Local Fermat-Euler Theorem) Let a, m E Z, m f:. 0 and 
d=(a,m)}. If~,6EN with~~H(d),..\(7)15, then 

a",+6 == a'" (mod m), 

The exponents ..\(mjd) , H(d) are the least possible positive integers over the set 
P(d) = {n E Z : (n, m») = d}. 
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Various other forms of FERMAT-EuLER Theorem found in the literature 
can be derived from the just given one using that the LAGRANGE'S Theorem of 
group theory which in case of Zm says 

'<imEN A(m) I rp(m). (9) 

This follows directly also from (8). For concretization of Propositions 2 
and 5 for other rings the values of J.Le and J.LR are needed. In [LaPo96] the 
corresponding values for GAussian integers, and other quadratic extensions of 
Z and general number fields can be found. 

2 Smarandache's algorithm 

Given two integers a, m with m ::p 0, F .SMARANDACHE [Smar81] proved that 
the following algorithm terminates 

Let do = (a, m), a = aodo, 
(ao,mo) = l. 

m = modo, 
If do> 1 then 

d1 = (do, mo), do = d6dl' (d6, mr) = l. 
mo = mIdI, 

If d1 > 1 then 
d2 = (dl , mr), dl = did2 , 

(d}, m2) = l. 
mi = m2 d2, 

If d2 > 1 then 
d3 = (d2, m2), d2 = d~d3, (d~, m3) = l. 

m2 = m3d3, 
etc. until d.-I> 1 and 

d. = (d.-I, m.-r), d.-1 = d;_ld., 
(d;_I' m.) = 1, 

m.-I = m.d., 
where d. = 1. 

This algorithm. provided him the basis for the following generalization of the 
FERMAT-EuLER Theorem: 

Proposition 8 (Smarandache, [Smar81, Theoreme]) Ita, mE Z, m::p 0, 
then 

(10) 

where m. and s are defined through the above algorithm and rp is the EULER's 
totient function. 

It follows from the above algorithm that 

d.1 d.-II···1 do, do = (a,m), 
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m. I m.-I I ... I mO I m, 

(dr, m.) = 1 for i = 0,1,2, ... , s - 1, 

(a, m.) = 1, 

m = (d6) I (di)2 ... (d;_I)' .m., 

a = aod6di ... d;_ld •. 

(11) 

(12) 

Relation (11) is employed as the starting point of the SMARANDACHE's proof 
of the above Proposition 8 through the EULER Theorem 

a'P(m.) == 1 (mod m .. ). (13) 

However, as we noted in the previous Section of this paper, <p (m.) is not the 
best exponent for which (13) is true for for every a coprime to m •. The best 
exponent is given by CARMICHAEL'S function ~(m .. ) as relations (7) and (9) 
show. Therefore an immediate check of the SMARANDACHE'S proof implies that 
SMARANDACHE's result of Proposition 8 can be improved to the form: 

Theorem 1 If a, m E Z, m:f. 0, then 

aA(m.)+. == a' (mod m), (14) 

where m., and a are defined through as above and ~ is the Carmichael's function. 

3 Generalized Smarandache's algorithm 

In this Section give another proof of a generalization of Proposition 8 based on 
the results quoted in Section l. 

R will again denote a residually finite DEDEKIND domain. Here the SMARAN­
DACHE's algorithm acquires the following form: 

Given two ideals A, M with M :f. (0), let 

Let Do = (A,M), A = AoDo, 
(Ao,Mo) = R. 

M=MoDo, 
If Do :f. R then 

DI = (Do, Mo), Do = DijDl , 
(Dij,Mr) = R. 

Mo = lVfIDI, 
If DI :f. R then 

D2 = (Dl' MI), Dl = DtD2, (Dt, M 2) = R. 
Ml = IV!2D2, 

If D .. - I :f. R then 
D. = (D.-I, lVf._t), D.-l = D;_ID., (D;_l' M.) = R, 

M.- I = lvI.D., 
etc. 
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Though we give a more explicit proof of the above SMARANDACHE'S result 
in this more general setting, the original SMARANDACHE'S ideas can also be 
employed here if the well ordering principle of the set of positive integers used 
by SMA RAND ACHE over the set 

1 = d. :S d.- 1 :S ... :S do, do = (a, m), 

is replaced in R through the norm function N over the set 

by means of the following elementary results: 

Lemm.a 15 ([Gilm72, Exercise 8,p.467l) If R is a Dedekind domain and 
A, B are two non-zero ideals with finite norm N(A),N(B), then AB also has 
finite norm and 

N(AB) = N(A).N(B). (15) 

Note that there follows from the subsequent Exercise 9, [Gilm72] that the 
truth of (15) for every couple of non-zero ideals in a residually finite domain R 

. forces that R is DEDEKIND. 

Lemm.a 16 Let R be a residually finite Dedekind domain. If A, B are two ideals 
of R with AB, then N(A)N(B). 

Proof. As already mentioned if R is DEDEKIND then A C B holds if and only 
if there exists an ideal G such that A = BG. If N(A) = N(B), then N(G) = 1, 
i.e. G = R. Consequently, A = BG = B, which is impossible due to AB. 

That the SMARANDACHE's algorithm also terminates in this more general 
setting follows from the next result: 

Theorem 2 Let M = Pf' P!f2 ... p;:k and A = Pf' pf2 ... pe" be decompo­
sitions of ideals M and A into the product of distinct prime ideals of R with 
o :S ai and 0 :S /3i for i = 1,2, ... , k. Then the generalized Smarandache's 
algorithm terminates for s given by 

s = max { 0, r ;; 1 : for i = 1,2, ... , k with /3i :/= O} . 

Proof We shall discuss the contribution of every prime ideal P separately. 
Let pall ly! and p,l3I1A. If /3 :/= 0, put 

a=K/3+q, o < q :S /3, 

and K = 0 if /3 = O. 
If Do = (A, M) and p-t°IIDo, then 70 = min{ a, /3}. Consequently, if lVI = 

MoDo, then p~oIlMo, where Po = a-",{o. Thus if a :S /3 or /3 = 0, i.e. if K = 0, 
then pOIIMo, and P does not contribute more to the whole process. 



If K ;::: 1, then 10 = {3 and Po = a - {3 > 0, i.e. pa-!3 f. R, and we can 
continue in the SMARANDACHE'S algorithm. If D1 = (Do, Ma) and Pi11lD1, 
then 11 = minha,pa}. Since Mo = lvhD1 , PJ.l 1 Ill\tf1 with P1 = Po - 11. 
Consequently, P1 = 0 if {3 < a ~ 2{3, i.e. if K = 1, or P1 = a - 2/3 provided 
f{ > 1. Thus if f{ = 1, then po IIM1 , and the contribution of P terminates. If 
f{ > 1 then P1 = a - 2{3 and 11 = {3, etc. 

In the last but one step, PK-1 = a - K{3 and PiK- 1 IIDK_1 with ~/K-l = 
minhK-2,PK-2} = {3. Then PiKllDK implies IK = minhK-1,PK-d 
a - K/3 and 

MK-1 = MK DK yields PK = PK-1 -IK-1 = 0, i.e. PlvfK. 
This shows that the SMARANDACHE's algorithm really stops after 

max{o,r~:l : i=I,2, ... ,kwith{3;f. O} 

steps, and the proof is finished. 
Lemma 10 immediately then proves: 

Corollary 2.1 If [x] E RM belongs to the divisor T = [LOT pfj, where 1 < 
/3i ~ ai for every j E IT then 

v([x]) = { 1, 
s, 

if T= 1 (i.e. iflT = 0), 
otherwise. 

It follows from the last Corollary that SMARANDACHE'S number s is a more 
suitable tool for extension of the (p - I)-power version of FERMAT Theorem, 
while v([x]) does this for its p-power version. 

Moreover we have: 

Theorem. 3 If Do = (A, M) and D = (Do), then 

M 
M. = 75. 

Proof. Let pallM but PD. Then paliM. and PDa. Consequently, 

paIlM;, i=O,I, ... ,s, 

i.e. paIlM •. 
Let PIM and also PID. We claim that PM •. In the opposite case 

P I M. I M._1 I ... I Mo I M, 

and simultaneously PIDo. Therefore PID1 = (Do, Ma), and thus PID2 = 
(D1 , Mt), etc. , PID. = (D.- 1 , M.-d. A contradiction, since D. = 1. 

This together with Lemma 8 gives the following extension of SMARAN­
DACHE's contribution to the individual type FERMAT-EULER Theorem to resid­
ually finite DEDEKIND domains: 
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Theorem 4 Let R be a residually finite Dedekind domain and M its non-zero 
ideal. Then given an element a E R, let s,lvI. be determined by the above 
Smarandache's algorithm for A = (a), and M. Then 

aI"R(M.)+. == a' (mod M). (16) 

It follows from the above discussion that the exponent Y'R(M.) is not the 
best possible. The best one is given by the order of the cyclic group C( a) in RM. 
The "next" best exponent is given by the exponent of the ma..'Cimal subgroup 
of the multiplicative semigroup of RM belonging to the idempotent belonging 
to the unitary divisor D = (((a), M)). In the case when R = Z this is given 
through the CARMICHAEL function. The reader is again referred to [LaPo96] for 
how the corresponding values can be computed in the case of algebraic number 
fields. The necessary facts can also be found in [Naka79]. For other residually 
finite commutative rings the corresponding numbers can be computed using (3) 
and Lemma 12 and its Corollaries 12.1, 12.2. 

4 Applications 

As noticed by SMARANDACHE in [Smar81J his algorithm can be easily imple­
mented. Namely: 

Step 1: A:= a, M := m, i := 0 

Step 2: COMPUTE d = (a, m) AND M' = Mid 

Step 3: IF d = 1 THEN s = i and m. = M'; STOP 

Step 4: IF d:l 1 THEN A := d, M := M', i := i + 1; GOTO 2 

In conjunction with the above given form of individual FERMAT-EuLER The­
orem the SMARANDACHE'S algorithm can be used for a effective determinations 
of: 

• The highest power in which a prime from a given set {Pl,P2, ... ,Pi:} of 
primes divides a given integer n. Simply apply the above algorithm with 
a=Pl···pi:andm=n . 

• the least power Ie for which a given number x belongs to a subgroup of 
the multiplicative semigroup of Zn, the residues modulo n. Again apply 
the the algorithm with a = x, and m = n. 

Adaptation of the above ideas to other residually finite rings along above 
lines is left to the reader. 
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