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Abstract
Indirect spin–spin coupling constants, or simply J-couplings, are one of the most useful
and widely used NMR parameters for structure determination. Accurate analytic repre-
sentation of their structural dependence is crucial for quantitative analysis. The depen-
dence of vicinal J-coupling constants upon the dihedral angle of the coupled nuclei was
first established by Karplus more than 50 years ago. Since then, Karplus original equa-
tions have been extensively modified and generalized in order to account for different
effects upon the J-coupling values.

In this work, we critically analyse the use of such Karplus-type equations for the
description of the dihedral dependence of J-couplings derived from both experiment
and first principles. The use of alternative nonanalytic expressions is also discussed.
Finally, we have collected the most accurate J-coupling parameterizations of the recent
literature, particularly those that exhibit explicit dependence upon the dihedral angles
that govern the backbone and side-chain conformations of polypeptide chains.

Key Words: J-coupling, Indirect spin–spin coupling, Karplus equation, Structure deter-
mination, Phi/psi dihedral angles
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1. INTRODUCTION

NMRspectroscopyhasbeen revealedovermore than50years as themost
powerful technique for examining conformation of both organic and inorganic

or organometallic compounds. The advent of high- and ultra-high-NMR

spectrometers, the successive improvements in 2D, 3D, or 4D techniques,

and the advances in molecular biology for 13C and 15N isotopic enrichment

of biomolecules allownowadays for the elucidationof the structure anddynam-

ics of biological systems such as proteins, RNA, DNA, and carbohydrates.

Among the different types of NMRdata that can be gathered in solution,

namely, chemical shifts, NOE cross peaks, and residual dipolar couplings

(RDCs), indirect nuclear spin–spin coupling constants, or simply

J-couplings, represent a unique source of information for structure determi-

nation. Moreover, the measurement of J-couplings through hydrogen

bonds has provided direct evidence of their presence, also allowing for

the characterization of the hydrogen bond topology and local structural

and electronic details.

NMR analysis of molecular geometry bids for accurate parameterization

of the dependencies of J-coupling constants upon geometric parameters,

such as bond distances, angles, and particularly dihedral angles.

Explicit dependence of the J-couplings on dihedral angles is typically

established by using (fitting to) analytic expressions. Chiefly, this permits

the derivation of the corresponding torsion angles from the value of the

J-coupling constant for molecular structure analysis. However, the inverse

function is multiple-valued (i.e. several dihedral angles conform to a typical

value of a J-coupling) so that a second J-coupling that is dependent upon the

same torsion angle may be necessary to solve the ambiguity. Different

parameterizations of the same J-coupling may lead to differences of ca.

1 Hz [1], way over the accuracy of the present measurements. It may be

argued that the J-couplings are less helpful than other NMR data for full,

quantitative structure analysis. See, however, recent successful applications

by van Gunsteren [2].

In 1959, Karplus [3] described for the first time, and on theoretical

grounds, the dependence of vicinal J-coupling constants upon the dihedral

angle of the coupled protons in ethane as

3JH,H¼ 8:5 cos2y�0:28 0� y� p=2
9:5 cos2y�0:28 p=2� y� p=2

�
ð5:1Þ
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In a subsequent paper [4], partially motivated by some criticism on the

limitation of the theory, Karplus analysed the effect of the substituent’s

electronegativity and the dependence upon the bond angle and lengths

(the latter turned out to be of minor relevance). On the basis of valence-

bond arguments [5], Karplus introduced is most celebrated general equation

for the dependence of the vicinal J-couplings on the dihedral angle, in the

form of a series of (real) Fourier coefficients truncated after the third term:

J yð Þ¼C0þC1 cosyþC2 cos2y ð5:2Þ
whereC0,C1, andC2 are real constants. According to Karplus, such expres-

sion primarily suggests the expected trends on the basis of theoretical

grounds and should be regarded as a zeroth-order approximation. Neverthe-

less, Eq. (5.2) or the most generally used form as a truncated cosine power

series

J yð Þ¼A cos2 yð ÞþB cos yð ÞþC ð5:3Þ
has had a pivotal role since then in the development of new and more accu-

rate parameterizations of the dependence of J-couplings upon the molecular

geometry.

The original Karplus equation has been subjected to continuous modi-

fications and reparameterizations in order to embrace a vast number of dif-

ferent nuclear pairs on different molecular environments [6–23]. The scope

of this chapter is to discuss the use of Karplus-type equations for the descrip-

tion of the dihedral dependence of J-couplings and to gather the most rel-

evant data available to date, specifically devoted to the characterization of

backbone (secondary structure) and side-chain conformations of proteins.

J-couplings over one (1J) and two (2J) bond ones are not as highly used as

the 3J-couplings for structural determination, but notable exceptions will

also be covered.

2. DETERMINATION OF KARPLUS PARAMETERS: FROM
STATIC TO SELF-CONSISTENT FITTINGS
The parameters for the Karplus-type parameterizations are often

determined empirically. In that case, it is essential to have accurate values

of both the experimentally measured J-couplings and the corresponding

relevant dihedral angles.

It is important to note that the measured J-couplings are a time average of

instantaneous values, which are affected by the angular fluctuations of the
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dihedral angles over a timescale of milliseconds [24]. In the static or rigid

approach, one uses an individual structure that represents the averaged dihe-

dral angles (either from an X-ray diffraction structure or from NMR data),

and the motional averaging effects are automatically included in the adjusted

coefficients during the parameterization process. For instance, a given

J-coupling measured in solution is associated to a particular dihedral angle

derived from an X-ray diffraction structure of the molecule in the crystal

form. By using a sufficiently large number of J-couplings involving the same

type of atoms (and often the same or very similar chemical environment), a

set of parameters can be derived with appropriate statistical tools, usually the

least squares minimization of the difference between the measured and the

recalculated J-coupling values. A problem associated to the use of X-ray-

derived structures is that one tacitly assumes that the geometry, in particular

the torsional angle, in the crystal structure and in the solution is the same.

Another issue is that in X-ray structures, the hydrogen atoms are typically

added at idealized positions (e.g. assuming ideal tetrahedral geometries of

the Ca atoms and perfect in-plane HN positions in peptides). This introduces

uncertainties in the dihedral angles involving proton positions. For instance,

the difference in the HN–N–Ca–Ha dihedral angles (see Fig. 5.1) in a high-

resolution X-ray structure of GB3 [25] and a dipolar coupling-refined

NMR structure [26] amounts to ca. 6.5� on average, more than twice

the average deviation on the backbone torsion angles involving

C atoms [24].
Figure 5.1 Labelling of the relevant atoms of a polypeptide chain. Subscripts i, i�1, and
iþ1 denote the current, preceding, and following residues in the sequence. Dihedral
angles associated to the backbone f(C0

i�1–N–C
a–C0

i) and c(Ni–C
a–C0–Niþ1) angles

and to the side-chain torsion angle w(N–Ca–Cb–Cg) of the central residue are also
depicted.
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For a more appropriate interpretation of the experimental data, confor-

mational flexibility must be taken into account. The experimental

J-coupling values can be regarded as weighted average of the different dihe-

dral angle “states”:

Jh i�
ð
p yð ÞJ yð Þdy, ð5:4Þ

where p(y) is the dihedral angle distribution function over the [0,2p] range,
assumed to follow a Gaussian normal distribution [27]. Harmonic motion

can be included to the Karplus fits by considering an additional width param-

eter (s) associated to the standard deviation of the dihedral angle over its

average value. In such approach taking care of the motion, one can obtain

appropriately modified Karplus coefficients [28] as

J y, sð Þh i¼Ae�2s2cos2 yð ÞþBe�2s2cos yð ÞþA

2
1�e�2s2

� �
þC ð5:5Þ

where A0 ¼Ae�2s2 , B0 ¼Be�2s2 , and C0 ¼ A
2
1�e�2s2
� �þC. Moreover,

the previous equation also suggests that a set of A, B,C parameters free from

harmonic motion can be derived from the value of s.
When motion effects are expected to be due to the existence of different

conformations (multiple rotameric states significantly populated), rather to

local fluctuations, they can also be accounted for with staggered-rotamer

models [29], in which discrete probabilities for the different conformers

are introduced. They are often used when describing amino acid side-chain

torsion conformations. See, for instance, Ref. [30] for a recent critical anal-

ysis of several models.

The J-couplings may also be associated to an ensemble of structures

derived from molecular dynamics (MD) simulations. The measured

J-couplings are then fitted to the calculated values, which are averaged over

the ensemble of structures:

Jcalch i¼
XM
k

Jcalc,k ð5:6Þ

Sufficient conformational sampling and high-quality force fields, com-

bined with more involved Karplus-type parameterizations, are required to

derive accurate models to reproduce J-coupling measures from MD simu-

lations. The accuracy obtained is often not too satisfactory [31].
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Other techniques combine MD simulations techniques with appropriate

restrains to conform to the NMR data such as NOEs, order parameters,

RDCs, or J-couplings themselves. For instance, the dynamic ensemble

refinement method [32] yields a set of conformations that conform to both

the average structure and the fluctuations. Other approaches are applied by

Clore and Schwieters [33,34].

Apparently, better reproduction of the J-coupling dependence upon

dihedral angles is obtained when fitting the experimental couplings to

dynamic ensemble NMR structures. The typical observation is that the

Karplus-type equations exhibit larger variations as a function of the associ-

ated dihedral angle when they are derived from an ensemble of structures, as

compared to those obtained from a single, averaged, dihedral angle (from

either MD simulations or NMR or X-ray structures) [35]. Such

ensemble-derived Karplus parameters are also closer to those obtained from

first-principle electronic structure calculations [36].

Nowadays, many electronic structure codes include efficient

implementations [37–41] of the Ramsey equations [42] for the calculations

of nonrelativistic spin–spin coupling constants. A vast number of publica-

tions devoted to the calculation of J-couplings can be found in the literature,

covering different aspects such as the basis set effects [43–55], the compar-

ison of wave function versus density functional theory (DFT) methods [56–

60], or the choice of exchange–correlation functional in DFT approaches

[61–68]. Excellent recent reviews of Contreras [69] and Helgaker [70] cover

these particular aspects.

Indeed, ab initio electronic structure methods permit the routine calcu-

lation of J-couplings for any nuclear configuration of the system, that is, free

from molecular motion effects. They can also be readily used to explore the

dependence of the J-coupling values upon other geometric parameters such

as bond distances and bond angles, as well as electronic effects [71]. Several

techniques have also been developed to assist in the rationalization and inter-

pretation of the J-coupling values. Electron delocalization is the key factor

for the transmission of the J-couplings, and conjugation, hyperconjugation,

and charge–transfer effects are responsible for the enhancement (or the

decrease) of the spin–spin coupling. Contreras et al. have devised a number

of rules [71–76] for the rationalization of the values of one- and two-bond

J-couplings in such terms.

The increase on the computational resources and the efficient imple-

mentation on electronic structure codes of the J-coupling calculations have

already reached the point in which direct calculation of the J-couplings
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(at least the leading Fermi contact contribution) along thousands of snap-

shots has replaced Karplus parameterizations for the assessment of dynamics

effects on J-couplings in proteins [77,78]. Another recent example is the

so-called automatic fragmentation quantum mechanics/molecular mechan-

ics approach of Xiao [79]. In a most recent study [80], the authors applied the

method to calculate at the PW91/IGLO-III level of theory 3J(HN,Ha),
3J(HN,Cb), and 3J(HN,C0) coupling for protein GB3 including dynamic

effects. It was found that this direct approach yielded better agreement with

experimental values than the available Karplus equations.

Last but not least, an interesting strategy proposed by Schmidt [81–83]

exploits the redundant information given by the set of different J-couplings

related to the same dihedral angle to obtain reliable Karplus coefficients

without making explicit use of structural reference data from X-ray or

NMR. For instance, in polypeptides, up to six measurable 3J-couplings

are associated to the same backbone torsion angle f of a given residue,

namely, 3J(C0
i�1,C

0
i),

3J(C0
i�1,H

a), 3J(C0
i�1,C

b), 3J(HN,Ha), 3J(HN,Cb),

and 3J(HN,C0
i). The dihedral angle is defined from the three-bond path

fi(C
0
i�1–N–Ca–C0

i), as shown in Fig. 5.2. Thus, the 3J(C0
i�1,C

0
i) coupling

has a natural dependence upon f. According to Karplus theory, the depen-

dence of 3J(C0
i�1,C

0
i) can be described by Eq. (5.3) where y¼f. If perfect

trigonal, planar, and tetrahedral geometries for the backboneN and Ca atom

are assumed, the dependence of the remaining five 3J-couplings upon the

dihedral angle can be written using Eq. (5.3) making explicit reference to

the same torsion angle by taking y¼fþdf, where the torsion phase df
depends upon the particular 3J-coupling, as shown in Table 5.1.
Figure 5.2 Newman projection of the peptide torsion angle fi(C0
i�1–N–C

a–C0
i). Dihe-

dral angle increments df are used to relate f to alternative dihedral angles.



Table 5.1 Torsion phase angles used to relate 3J-couplings to the definition
of the dihedral backbone angle f, according to IUPAC/IUB definition [84]
Coupling Torsion phase (df) (�)
3J(C0

i�1,C
0
i) 0

3J(C0
i�1,H

a) þ120

3J(C0
i�1,C

b) �120

3J(HN,Ha) �60

3J(HN,Cb) þ60

3J(HN,C0
i) �180
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If a sufficient set of experimental 3J-couplings are known for a protein (at

least four couplings per residue in the particular case described), the whole

set of experimental coupling constants can be used to adjust, simultaneously,

a set of 18 Karplus parameters – three for each different type of 3J-coupling,

assuming the parametric dependence of Eq. (5.3) – and the unknown dihe-

dral angles associated to each residue. Thus, in this so-called self-consistent

fitting, the Karplus coefficients are not influenced by the differences

between the solution and crystal states. Moreover, additional parameters

for each residue such as Gaussian width parameters or rotamer probabilities

can be included to explicitly account for angular motion in the fitting

[82,83]. Extra dihedral angle parameters accounting for possible distortions

of ideal bond geometries can also be included, though their effect was

already found to be negligible [81]. Alternative extended Karplus equations

including more parameters can also be used to improve the fitting process at

the expense of a few more degrees of freedom in more complicated cases

such as side-chain dihedral angles [82,83].

This promising method is expected to benefit in the near future from the

collection of extensive sets of experimental J-couplings. Self-consistent cor-

efinement using similar data from several proteins can enable to establish

unique J-couplings dependencies of wider applicability. Whether measured
1J- and 2J-couplings exhibiting marked (and quantifiable) dependence upon

dihedral angles can be combined with the 3J ones is yet to be explored.

It is clear that in order J-couplings to be really useful for structure deter-

mination, it is critical to have at one disposal as accurate as possible analytic

representations of their structural dependence. As mentioned earlier,

Karplus original equations have been extensively modified and generalized

in order to include different effects upon the J-coupling values, other than
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the merely geometric ones. For the simplest of case of proton–proton vicinal
3J(H,H) couplings in substituted ethanes (e.g. across HdCdCdH bond-

ing paths), Haasnoot and Altona derived in the 1980s a number of a gener-

alized Karplus parameterizations to account for the electronegativity of the

substituents and their orientation [10–16], even including their nonadditive

interactions in their actual most accurate versions [17]. Imai and Osawa

introduced [22,23] a generalization of the Karplus equation including

22 adjustable parameters, incorporating explicit dependence on the

CdCdH bond angles and CdC distances and on electronegativity/orien-

tation of substituents. For an extensive coverage of the vast number of

Karplus-type parameterizations of vicinal couplings on carbohydrates, see

the recent review of Coxon [85]. In this sense, it is somewhat surprising that

the well-known online calculation of homo- and heteronuclear 3J-couplings

for carbohydrates, nucleotides, and peptides of Stenutz [86] is still relying on

Karplus-type parameterizations derived way before year 2000 (with two

notable exceptions from Zhao [87] and Coxon [88] from 2007).

This work aims at collecting the most accurate J-coupling parameteriza-

tions of the recent literature, particularly those that are most relevant for pro-

tein structure determination. In the following, we will describe the most

common analytic expressions used to describe the dependence of the

J-couplings upon dihedral angles.
3. J-COUPLING DEPENDENCE UPON DIHEDRAL ANGLES

3.1. Analytic Expressions

A number of analytic expressions have been used in the literature to express

the dependence of the J-couplings upon (mostly) dihedral angles. Karplus

theory of vicinal coupling constants is simply expressed by Eqs. (5.2) or

(5.3). The physical significance of the two sets of parameters, namely,

(C0, C1, C2) of Eq. (5.2) and (A, B, C) of Eq. (5.3), is represented in

Figs. 5.3 and 5.4.

The Fourier-type parameterization of Eq. (5.2) is interesting as it collects

the average value of the coupling magnitude in the independent coefficient

C0, as the average of the cos(ny) terms over the [0,2p] interval vanishes. The
primary and secondary maxima of the Karplus curve, that is, trans and cis ori-

entations of the dihedral angle y, respectively, differ by 2C1 (usually with

negative value). The largest difference in the J-coupling value from its mean

is related to the difference (C2�C1). See figure for more relationships.



C0

C2

C2+|C1|

C2–|C1|

2|C1|

2C2+|C1|

–150 –100 –50 0 50 100 150

Figure 5.3 Physical interpretation of the Karplus coefficients of an equation of the form
J(y)¼C0þC1 cos yþC2 cos 2y. The parameter C1 is assumed to be negative in this
picture.

C +A/2

A/2 –|B|

A/2 + |B|

A+ |B|

A–|B|

2|B|

–150 –100 –50 0 50 100 150

C

Figure 5.4 Physical interpretation of the Karplus coefficients of an equation of the form
J(y)¼A cos 2(y)þB cos(y)þC. The parameter B is assumed to be negative in this picture.
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The most straightforward generalization of Eq. (5.2) is to consider a

larger expansion of the Fourier series as

J yð Þ¼
X
k

Ck cos kyð Þ ð5:7Þ

Terms for k¼3 are included in the parameterizations of Imai [22],

Altona [14], and Tvaroška [89], among others. A recent parameterization

of vicinal J-couplings for methionine methyl groups with DFT calculations

made use of terms up to k¼6 [90].

The main role of a cos(3y) term is to shift the maxima of J(y) away from
the y¼�p values, as illustrated in Fig. 5.5.

The relative height of the maxima at y¼0 and y¼�p is reversed if

jC3j> jC1j. On the other hand, if jC3j> jC1j but C3 is also negative (we

are considering the most typical case where C1 is negative), the height of

the maximum at y¼0 decreases, eventually leading to two maxima
–150 –100 –50 0 50 100 150

Figure 5.5 Comparison of the Karplus-type J(y)¼C0þC1 cos yþC2 cos 2y (red) and the
extended J(y)¼C0þC1 cos yþC2 cos 2yþC3 cos 3y (green) equations. The parameter
C1 is assumed negative and C3>2jC1j.



–150 –100 –50 0 50 100 150

Figure 5.6 Comparison of the Karplus-type J(y)¼C0þC1 cos yþC2 cos 2y (red) and the
extended J(y)¼C0þC1 cos yþC2 cos 2yþC3 cos 3y (green) equations. The parameters
C1 and C3 are assumed negative and jC3j>2jC1j.
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symmetrically placed around the y¼0 value (see Fig. 5.6). In any case, the

symmetry around the y¼0 value is still conserved, so the inclusion of

higher-order cos(ky) terms for k¼2, 3, etc. in the analytic expression cannot

account for asymmetries of the curve with respect to y¼0.

Asymmetry of the curve around y¼0 is simply achieved by adding extra

sin(y) term to the to the original Karplus equation to get

J yð Þ¼C0þC1 cos yð ÞþC2 cos 2yð ÞþS1 sin yð Þ ð5:8Þ

As illustrated in Fig. 5.7, the difference of the values of the function at themin-

ima iny¼�p/2 and y¼þp/2 is givenby twice the value of theS1 parameter.

The inclusion of sine terms was first proposed by Pachler [8] in order to

properly take into account the substituent effects upon 3J(H,H)-couplings in

ethyl derivatives. In fact, in his equation, he included an additional sin(2y) term
to improve the fitting. It was later utilized also by Altona [14,16] and in more

recent studies [87,91–97] particularly devoted to carbohydrates.



C0

C2

S1
2S1

S1

C2+|C1|

C2–|C1|

2|C1|

–150 –100 –50 0 50 100 150

Figure 5.7 Physical interpretation of the Karplus coefficients of an equation of the form
J(y)¼C0þC1 cos(y)þC2 cos(2y)þS1 sin(y). In this picture, the parameter C1 is assumed
to be negative and S1 is positive.
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In ordinary proteins, asymmetry is expected in coupling constants
3J(Ha,Hb), 3J(N,Hb), 3J(C0,Hb), 3J(Ha,Cg), 3J(N,Cg), and 3J(C0,Cg), which

are governed by the dihedral angle w related to the amino acid side-chain

torsion [83].

A more general representation that combines both high-order sine and

cosine terms is given by the so-called generalized polar Karplus model of

Schmidt [83]. The more general and extended functional dependence of

the J-coupling of the form

J yð Þ¼
X
k

Ck cos kyð Þþ
X
l

Sl sin lyð Þ ð5:9Þ

can be also expressed in a polar compact representation (provided that the

same number of sine and cosine terms is considered) as

J yð Þ¼
X
k

Dk cos k yþ#kð Þ½ �, ð5:10Þ



198 Pedro Salvador

Author's personal copy
where Ck¼Dk cos #k, Sk¼Dk sin #k, and Dk¼ (Ck
2þSk

2)1/2 and

#k¼ atan Sk
Ck

� �
.

Considering terms up to k¼2, one obtains

J yð Þ¼D0þD1 cos yþ#1ð ÞþD2 cos 2 yþ#2ð Þ½ � ð5:11Þ
Now, the original Karplus relationship of Eq. (5.2) is recovered by set-

ting #k¼0 for all k, whereas the extended Eq. (5.8) is obtained by just setting

#2¼0.

The functional dependence of Eq. (5.9) with up to k¼3 and l¼2 was

recently used to fit DFT-computed vicinal J-couplings associated to the

side-chain torsion of valine [98] and phenylalanine and tyrosine residues [99].

The authors found a relevant contribution from the S2 term and rather

unexpected positive C1 coefficient. The latter has been interpreted in terms

of hyperconjugative interactions [98,100,101].

Equation (5.10) also suggests that the torsion phase #k, which is given in a
fix value in the context of self-consistent Karplus parameterizations discussed

earlier (see Fig. 5.2), can also be seen and used as an extra parameter for the

fitting.

Indeed, four-parameter equation of the form

J yð Þ¼A cos2 yþdð ÞþB cos yþdð ÞþC ð5:12Þ
has been applied, among others, by Lindorff-Larsen [35], Case [102], and

Chou [36] to parameterize the dependence of a number of vicinal
3J-couplings associated to backbone and side-chain torsion angles in proteins

from experimental and DFT data.

Further improvements of the quality of the fittings can be achieved by

using extended Karplus models that can account for substituent effects.

The well-known classical Haasnoot–Altona equation [12] for proton–

proton vicinal J-couplings

J yð Þ¼ p1 cos
2yþ p2 cosyþ p3þ

X4
i¼1

Dwi p4þ p5 cos
2 xyþp6jDwijð Þ� � ð5:13Þ

uses six adjustable parameters {pi} and the substituent- and substituent-

orientation-dependent parameters Dwi and x. The former accounts for elec-

tronegativity differences between the ith substituent and hydrogen.

Improved parameterizations such as the Diez–Altona–Donders [17] also

include sine terms to explicitly account for asymmetry effects. van
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Gunsteren [31] recently applied this functional form to establish the depen-

dence upon the side-chain torsional angle w of 3J(Ha,Hb)-couplings.

In the case of polypeptides, one could in principle improve the fit errors

by making use of amino acid-type-dependent sets of Karplus coefficients.

Schmidt [82] introduced a clever scheme in which fundamental Karplus

parameters for a given J-coupling were combined with a dihedral angle-

independent term (incremental coefficient) that accounts for the different

amino acid topologies.

The functional form of the J-coupling model can be written as

JXY yð Þ¼C0þDC0þC1 cos yð ÞþC2 cos 2yð Þ ð5:14Þ

where DC0¼ k
X
i

niDC
ið Þ
0 and k¼ gXgYð Þ

gH

1=2

.

The DC0
(i) incremental coefficients account for substituent effects (differ-

ences with respect to H atoms) in both the central and terminal sites, ni being

the number of counts each particular substitution i occurs. The prefactor k is
introduced in order to normalize the incremental effect on each J-coupling

according to the magnitude of the gyromagnetic constants gX and gY con-

stants of the pair of nuclei involved.

Hence, the set of incremental coefficients DC0
(i) is included in the fitting

process. The authors used this formulation within a self-consistent fitting

approach [81] to obtain very accurate amino acid-specific Karplus parame-

ters for the six vicinal 3J-couplings that probe the side-chain torsion angle w
by making use of six additional DC0

(i) parameters. In a subsequent study, the

results were further improved by introducing an additional sine term to

account for asymmetry effects.

Further extensions of the Karplus equations have also been introduced to

explore the dependencies of the J-couplings upon two dihedral angles

simultaneously [73]. This strategy has been used to describe analytically

the complex angular dependencies that often exhibit one- and two-bond

J-couplings, for which the Karplus theory does not trivially applies. In some

other cases, it has been observed that, even for vicinal 3J-couplings,

including explicit dependence of a second dihedral angle further improves

the fitting. In the context of protein structure determination, the use of

expressions depending upon the two backbone dihedral angles will

potentially allow for a complete determination of the backbone conforma-

tion (i.e. secondary structure).
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Edison et al. [103,104] fitted ab initio calculations of the Fermi contact

term and experimental correlations of a number of 1J-, 2J-, and 3J-couplings

of a peptide model to a two-dimensional equation of the form

J f, cð Þ¼
XM
i¼1

XN
j¼1

cos ifð Þcos jcð Þþ cos ifð Þsin jcð Þf
þsin ifð Þcos jcð Þþ sin ifð Þsin jcð Þg ð5:15Þ

(with appropriate coefficients for each independent term) in terms of the

backbone f and c angles. A second-order expansion with M¼N¼2

including 25 adjustable parameters produced a good fit.

Hennig et al. [105] used a first-order fit (M¼N¼1) utilizing nine adjust-

able parameters to establish the dependence of the 3J(Ca,HN)-coupling con-

stants associated to the peptide-bond torsion oi with the adjacent fi and

ci�1 backbone dihedral angles for structure determination.

However, the superiority of two-dimensional fits over the conventional

one-dimensional ones sometimes leads to controversies. Wirmer [106] stud-

ied a set of 2J(Ni,C
a
i�1)-couplings from ubiquitin and staphylococcal nucle-

ase and found significant correlation with backbone conformation. Using in

this case a truncated two-dimensional Fourier series of the form

J y1, y2ð Þ¼C0þ
XM
k¼1

C
ðkÞ
1 cos ky1þ

XN
k¼1

C
ðkÞ
2 cosky2 ð5:16Þ

the fitting obtained with M¼N¼2 (five parameters) as a function of fi�1

and ci�1 dihedrals was excellent. In the case of the 1J(Ni,C
a
i)-coupling,

however, the use of a two-dimensional fit was not statistically superior over

a conventional one-dimensional Karplus function. Later on, Kozminski et al.

[107] explored the same angular dependence for the 2J(Ni,C
a
i�1)-coupling

using DFT calculations on a dipeptide model system with M¼2 and

N¼1. Conversely, Puttonen et al. [108] found that a two-dimensional

equation did not improve significantly over and a conventional Karplus

fit of experimental 2J(Ni,C
a
i�1)-coupling values with theci�1 dihedral angle.

Most recently, Kazimierczuk et al. [109] were able to measure the full set of

72 2J(Ni,C
a
i�1)-couplings on human ubiquitin and obtained a better two-

dimensional fit to both fi�1 and ci�1 dihedral angles.

Clearly, one of the reason of these kind of quandaries in establishing the

dihedral dependences of the J-couplings is the lack of experimental data on

significant parts of the conformational space. The backbone conformations

typically populate the allowed regions of the Ramachandran space, and the
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side-chain torsion is essentially restricted to the classical rotameric positions

around w¼�60� and w¼�180�. The data points of the representations

of experimental J-couplings versus dihedral angle are typically clustered

around the populated conformations. The lack of experimental sampling

in significant parts of the f, c, or w space in the X-ray or NMR structures

essentially makes several sets of Karplus parameters able to describe

equally well the data. It is also difficult to determine whether a postulated

dependence upon additional geometric parameters is significant or not.

van Gunsteren [31] illustrated these problems most recently for the

case of 3J(Ha,Hb)-couplings, depending upon the side-chain torsional

angle w.
Thus, 1J(Ni,C

a
i),

2J(Ni,C
a
i�1), and possibly other J-couplings could defi-

nitely be used as a secondary structure index, that is, to discriminate between

most different conformations such as helical and beta-sheet, but one should

abstain to use the corresponding Karplus fits to establish quantitative relations

with dihedral angles. The use of these Karplus fits to estimate the J-coupling

values from the averaging over an MD simulation trajectory that does sample

the entire dihedral angle space is questionable [110].

In this sense, exploring thedependenceof a given J-couplingover theentire

rangeof values of the correspondingdihedral angle canbebetter achievedusing

ab initio calculations [24,47–76,80,87–104,107,111–123].Whether or not the

associated Karplus fit will improve over the empirical ones for structure

determination critically depends on the ability of the computational model

(i.e. combination of level of theory and basis sets and inclusion of solvent

effects) to produce accurate J-coupling values.

An illustrative example is the recent study by Juranic [124] on the rela-

tionship of 2J(N,C0)-couplings with the peptide-bond twist angle o, typi-
cally assumed planar. The deviations of the peptide bond from planarity

are very small, so that high-accuracy data are needed to establish significant

relationships. Because such level of precision can hardly be achieved exper-

imentally, the authors relied on DFT predictions for a capped tripeptide

model system combined with the experimental data to derive a rather

involved analytic relationship of the 2J(N,C0)-coupling values with the pla-

narity and relative orientation of the sequentially adjacent peptide-bond

planes. It was noted that relatively large 2J(N,C0)-couplings may be indica-

tive of significant structural strain.

The state of the art of the quantum mechanical methods for the calcu-

lation of J-couplings has been most recently reviewed by Rusakov and

Krivdin [125].
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3.2. Nonanalytic Expressions
For those J-couplings not trivially considered within the Karplus theory such

as 1J- and 2J-couplings, one is often left to statistical analysis aimed at looking

for trends and correlations rather than to derive parameterizations. The recent

vast studies of Schmidt on Ca-related 1J-couplings [126] and 2J-couplings

[127] are noteworthy examples. He carried out an exhaustive statistical analysis

of a set of 3999 measurements of ten different types of 2J-couplings gathered

from 148 NMR experiments on six proteins. The results indicated a strong

correlation of the 2J(Ca,N)- and 2J(HN,C
a)-couplings with both f and c

dihedral angles and a moderated but still significant correlation of the
2J(Ha,C0) and 2J(C0,HN) ones [127]. In the case of the 1J-couplings, the

authors investigated all four one-bond couplings involving the Ca carbon

of the polypeptide chain. A total of 3105 couplings constants from 150

NMR experiments from six proteins were subjected to extensive statistical

analysis [126]. All four Ca-related 1J-couplings were found equally sensitive

to side-chain torsion angle (w) and to backbonef andc dihedral angles. Aver-

aged values of some couplings were found to correlate to amino acid type

rather than to structure, like the 1J(Ca,Cb)-coupling, and some others did

not exhibit significant variations, like the 1J(Ca,C0) ones. For both the 1J-

and the 2J-couplings, the authors avoided any attempt to perform parameter-

izations of their dependence upon dihedral angles.

Theoretical electronic structure calculations, in particular the more

affordable DFT methods, can also be applied to explore the dependence

of J-couplings on backbone dihedral angles in an exhaustive fashion.

Dannenberg et al. [123] used as a model an acetyl(Ala)3NH2 capped

trialanine peptide to determine the dihedral angle dependence of up to

24 one-, two-, and three-bond J-coupling constants for the entire Ram-

achandran space of the central Ala residue at the B3LYP/D95** level of the-
ory. Initially, full geometry optimizations for all degrees of freedom except

dihedral f and c of the central alanine residue were carried out for fixed 5�

intervals each, in the full range of�180� to 180�, for a total number of 5184

optimized structures [128]. Then, the J-couplings involving essentially all

pairs of atoms of the backbone and side chain were computed with varying

intervals from 10� to 20� in both f and c, for a total number of 483 single-

point calculations. The study manifested significant deviations from

Karplus-type models over a single dihedral angle, even for the widely used
3J(Ha,HN)-coupling (see Fig. 5.8).
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Figure 5.8 B3LYP/D95** 3J(Ha,HN) couplings over the whole Ramachandran space of
the central residue in Ac-Ala3-NH2 model. Adapted from Ref. [123] with permission
of the PCCP Owner societies.
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In fact, only the 3J(C0
i�1,C

0
i)-,

3J(C0
i�1,H

a)-, and 3J(C0
i�1,C

b)-couplings

exhibited the expected behaviour of a genuine Karplus dependence [123].

As could be anticipated, the 1J- and 2J-couplings depended on both back-

bone dihedral angles in a complex manner, as illustrated in Fig. 5.9 for

the case of the 1J(N,C0)-coupling constant.

Rather than fitting the J-couplings to analytic expressions of the dihe-

dral angles, the authors provided with two-dimensional grids for each

J-coupling from which the theoretical estimate for any pair of f and c
values could be obtained by simple interpolation (triangulation). Even

though such strategy may not be so helpful for structure determination,

the use of a numerical grid-based approach should be useful for accurate

J-coupling predictions averaged over an MD trajectory or NMR ensemble

structures, particularly in those cases where Karplus fits are not available or

simply not appropriate.



Figure 5.9 B3LYP/D95** 1J(N,C0) couplings over the whole Ramachandran space of
the central residue in Ac-Ala3-NH2 model. Adapted from Ref. [123] with permission from
the PCCP Owner societies.
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4. PARAMETERIZATIONS OF J-COUPLINGS UPON
DIHEDRAL ANGLES IN PROTEINS
In this last section, we provide with an updated compilation of analytic

Karplus and extended Karplus equations that describe the dependence of

J-couplings (mostly vicinal 3J ones) with the dihedral angles associated to

the backbone and side-chain conformations of polypeptide chains.

Most of the data refer to the backbone’s fi(C
0
i�1–N–Ca–C0

i) angle

(Tables 5.2–5.7) and side-chain w(N–Ca–Cb–Cg) torsion angles

(Tables 5.8–5.13). These are best described by a number of vicinal
3J-couplings.

In the case of the backbone’s ci(Ni–C
a–C0–Niþ1) dihedral angle, there

are much fewer 3J-couplings that can serve as experimental probes of it (see

Table 5.14). Couplings involving oxygen atoms can hardly be determined

with sufficient accuracy due to the quadruple moment and fast relaxation of
17O nuclei. The 3J(N,N)-coupling constants are very small and not too sen-

sitive to neither f nor c variations [123]. In addition, dihedral angle depen-

dencies of two important 1J- and 2J-couplings typically used for protein

structure determination are included in Tables 5.15 and 5.16.

Unless otherwise stated, we will discuss the J-coupling for the spin-1/2

isotopes such as 1H, 13C, and 15N. As usual, J-couplings for alternative

isotopes may be derived from the respective gyromagnetic ratios.



Table 5.2 Coefficients of Karplus-type equations for J(fþdf) coupling constants

df¼0� A/C0 B/C1 C/C2
Additional
parameters Fitting method Source (n) Eq. type (see text) References

3J(C0
i�1,C

0
i) 2.71 �0.91 0.21 �2.56 Rigid, DFT Ace-Ala-NH2 (5.12) [102]

3J(C0
i�1,C

0
i) 1.36 �0.93 0.60 n/a Rigida, NMR

[129,130]

Ubiquitin (57) (5.3) [130]

3J(C0
i�1,C

0
i) 1.51�0.86 �1.09�1.11 0.52�0.39 n/a Self-consistent Flavodoxin (745) (5.2) [79]

The df angle shifts relate the torsion angle between the particular pairs of spins to f. See text for the particular Karplus equation type used. Fitting method applied, data
source, and the number of J-couplings used in the fitting (in parenthesis) are also given.
aBest performing Karplus fit. Alternative formulations are available in the original publication.
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Table 5.3 Coefficients of Karplus-type equations for J(fþdf) coupling constants

df¼�120� A/C0 B/C1 C/C2
Additional
parameters Fitting method Source (n) Eq. type (see text) References

3J(C0
i�1,C

b) 1.86 �1.20 0.27 2.45 Rigid, DFT Ace-Ala-NH2 (5.12) [102]

3J(C0
i�1,C

b) 1.74 �0.57 0.25 n/a Rigida, NMR

[129,130]

Ubiquitin (57) (5.3) [130]

3J(C0
i�1,C

b) 2.72�0.80 �0.31�0.52 0.39�0.37 n/a Self-consistent Flavodoxin (745) (5.2) [79]

The df angle shifts relate the torsion angle between the particular pairs of spins to f. See text for the particular Karplus equation type used. Fitting method applied, data
source, and the number of J-couplings used in the fitting (in parenthesis) are also given.
aBest performing Karplus fit. Alternative formulations are available in the original publication.

Author's personal copy



Table 5.4 Coefficients of Karplus-type equations for J(fþdf) coupling constants

df¼120� A/C0 B/C1 C/C2
Additional
parameters Fitting method Source (n)

Eq. type
(see text) References

3J(C0
i�1,H

a) 4.41�0.06 �2.14�0.03 0.77�0.05 n/a Ensemble, DER

[32] (128)

Ubiquitin (65) (5.3) [35]

3J(C0
i�1,H

a) 4.77 �1.85 0.49 �1.49 Rigid, DFT Ace-Ala-NH2 (5.12) [102]

3J(C0
i�1,H

a) 3.72 �2.18 1.28 n/a Rigida, NMR

[129,130]

Ubiquitin (57) (5.3) [130]

3J(C0
i�1,H

a) 3.76�1.05 �1.63�0.56 0.89�0.60 n/a Self-consistent Flavodoxin

(745)

(5.2) [79]

The df angle shifts relate the torsion angle between the particular pairs of spins to f. See text for the particular Karplus equation type used. Fitting method applied, data
source, and the number of J-couplings used in the fitting (in parenthesis) are also given.
aBest performing Karplus fit. Alternative formulations are available in the original publication.

Author's personal copy



Table 5.5 Coefficients of Karplus-type equations for J(fþdf) coupling constants

df¼60� A/C0 B/C1 C/C2
Additional
parameters Fitting method Source (n)

Eq. type
(see text) References

3J(HN,Cb) 5.5�0.1 �1.30�0.04 �0.16�0.02 n/a Ensemble, DER

[32] (128)

Ubiquitin (60) (5.3) [35]

3J(HN,Cb) 3.71 �0.59 0.08 n/a Ensemblea

(160) [33]

GB3 (49) (5.3) [24]

3J(HN,Cb) 4.58 �0.36 �0.31 �1.82 Rigid, DFT Ace-Ala-NH2 (5.12) [102]

3J(HN,Cb) 3.06 �0.74 0.13 n/a Rigida, NMR

[129,130]

Ubiquitin (57) (5.3) [130]

3J(HN,Cb) 2.90�0.80 �0.56�0.52 0.18�0.37 n/a Self-consistent Flavodoxin

(745)

(5.2) [79]

The df angle shifts relate the torsion angle between the particular pairs of spins to f. See text for the particular Karplus equation type used. Fitting method applied, data
source, and the number of J-couplings used in the fitting (in parenthesis) are also given.
aBest performing Karplus fit. Alternative formulations are available in the original publication.
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Table 5.6 Coefficients of Karplus-type equations for J(fþdf) coupling constants

df¼þ180� A/C0 B/C1 C/C2
Additional
parameters Fitting method Source (n)

Eq. type
(see text) References

3J(HN,C0
i) 3.4�0.1 �0.75�0.08 �0.08�0.03 n/a Ensemble,

DER [32] (128)

Ubiquitin

(61)

(5.3) [35]

3J(HN,C0
i) 4.36 �1.08 �0.01 n/a Ensemblea

(160) [33]

GB3 (49) (5.3) [24]

3J(HN,C0
i) 5.34 �1.46 �0.29 �7.51 Rigid, DFT Ace-Ala-

NH2

(5.12) [102]

3J(HN,C0
i) 4.29 �1.01 0.00 n/a Rigida, NMR

[129,130]

Ubiquitin

(57)

(5.3) [130]

3J(HN,C0
i) 4.41�0.81 �1.36�1.03 0.24�0.37 n/a Self-consistent Flavodoxin

(745)

(5.2) [79]

The df angle shifts relate the torsion angle between the particular pairs of spins to f. See text for the particular Karplus equation type used. Fitting method applied, data
source, and the number of J-couplings used in the fitting (in parenthesis) are also given.
aBest performing Karplus fit. Alternative formulations are available in the original publication.
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Table 5.7 Coefficients of Karplus-type equations for J(fþdf) coupling constants

df¼�60� A/C0 B/C1 C/C2
Additional
parameters Fitting method Source (n)

Eq. type
(see text) References

3J(HN,Ha) 8.40 �1.36 0.33 n/a Ensemblea

(160) [33]

GB3 (49) (5.3) [24]

3J(HN,Ha) 8.33�0.06 �1.69�0.03 0.44�0.05 n/a Ensemble,

DER [32] (128)

Ubiquitin

(63)

(5.3) [35]

3J(HN,Ha) 9.14 �2.28 �0.29 �4.51 Rigid, DFT Ace-Ala-

NH2

(5.12) [102]

3J(HN,Ha) 7.09 1.42 1.55 n/a Rigida, NMR

[129,130]

Ubiquitin

(57)

(5.3) [130]

3J(HN,Ha) 7.90�1.02 �1.05�0.54 0.65�0.58 n/a Self-consistent Flavodoxin

(745)

(5.2) [79]

The df angle shifts relate the torsion angle between the particular pairs of spins to f. See text for the particular Karplus equation type used. Fitting method applied, data
source, and the number of J-couplings used in the fitting (in parenthesis) are also given.
3J-couplings as a function of the w(N–Ca–Cb–Cg) side-chain torsion angle.
aBest performing Karplus fit. Alternative formulations are available in the original publication.
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Table 5.8 Coefficients of Karplus-type equations for J(wþdw) coupling constants

dx¼�120� A/C0 B/C1 C/C2
Additional
parameters Fitting method Source (n)

Eq. type
(see text) References

3J(C0,Cg) 1.70 �0.70 1.72 0.14 (C3)

0.11 (S1)

�0.15 (S2)

Rigid, DFT Ace-Val-NME (5.9) [98]

3J(C0,Cg) 1.69a �1.11 1.11 0.10 (S1) Self-consistent Flavodoxin (763) (5.14) [30]

3J(C0,Cg) 1.70a �0.87 1.15 n/a Self-consistent Flavodoxin (763) (5.2) [82]

3J(C0,Cg)b 3.42 �0.59 0.17 5 Ensemble, NMR [36] Ubiquitin, GB3,

HIV-protease (51)

(5.12) [36]

3J(C0,Cg)c 2.76 �0.67 0.19 17 Ensemble, NMR [36] Ubiquitin, GB3,

HIV-protease (51)

(5.12) [36]

The dw angle shifts relate the torsion angle between the particular pairs of spins to w. See text for the particular Karplus equation type used. Fitting method applied, data
source, and the number of J-couplings used in the fitting (in parenthesis) are also given.
aConsensus values. Specific C0 parameters for different amino acid types are available in the original publication.
bFrom Val and Ile residues. See original publication for the definition of Cg.
cFrom Thr residues. See original publication for the definition of Cg.
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Table 5.9 Coefficients of Karplus-type equations for J(wþdw) coupling constants

dx¼0� A/C0 B/C1 C/C2
Additional
parameters Fitting method Source (n)

Eq. type (see
text) References

3J(C0,Hb) 3.77 �0.97 3.63 �0.20 (C3)

�0.07 (S1)

�0.10 (S2)

Rigid, DFT Ace-Val-NME (5.9) [98]

3J(C0,Hb) 3.24a �1.99 2.48 �0.59 (S1) Self-consistent Flavodoxin (763) (5.14) [30]

3J(C0,Hb) 3.32a �1.58 2.01 n/a Self-consistent Flavodoxin (763) (5.2) [82]

The dw angle shifts relate the torsion angle between the particular pairs of spins to w. See text for the particular Karplus equation type used. Fitting method applied, data
source, and the number of J-couplings used in the fitting (in parenthesis) are also given.
aConsensus values. Specific C0 parameters for different amino acid types are available in the original publication.

Author's personal copy



Table 5.10 Coefficients of Karplus-type equations for J(wþdw) coupling constants

dx¼120� A/C0 B/C1 C/C2
Additional
parameters Fitting method Source (n)

Eq. type
(see text) References

3J(Ha,Cg) 4.03 1.10 3.66 0.02 (C3)

0.22 (S1)

0.70 (S2)

Rigid, DFT Ace-Val-NME (5.9) [98]

3J(Ha,Cg) 3.41a �1.58 2.46 0.10 (S1) Self-consistent Flavodoxin (763) (5.14) [30]

3J(Ha,Cg) 3.46a �0.96 2.67 n/a Self-consistent Flavodoxin (763) (5.2) [82]

The dw angle shifts relate the torsion angle between the particular pairs of spins to w. See text for the particular Karplus equation type used. Fitting method applied, data
source, and the number of J-couplings used in the fitting (in parenthesis) are also given.
aConsensus values. Specific C0 parameters for different amino acid types are available in the original publication.
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Table 5.11 Coefficients of Karplus-type equations for J(wþdw) coupling constants

dx¼0� A/C0 B/C1 C/C2
Additional
parameters Fitting method Source (n)

Eq. type
(see text) References

3J(Ha,Hb) 6.61 �1.07 3.36 n/a Ensemble, NMR (16)b Plastocyanin (108) (5.3) [31]

3J(Ha,Hb) 5.87 �1.59 3.50 n/a Ensemble, X-ray (2)b HEWL (100) (5.3) [31]

3J(Ha,Hb) 6.41 0.89 5.58 �0.18 (C3)

�0.10 (S1)

1.36 (S2)

Rigid, DFT Ace-Val-NME (5.9) [98]

3J(Ha,Hb) 5.86a �1.86 3.81 �0.37 Self-consistent Flavodoxin (763) (5.14) [30]

3J(Ha,Hb) 5.83a �1.37 3.61 n/a Self-consistent Flavodoxin (763) (5.2) [82]

3J(Ha,Hb) 5.34 �0.65 3.70 n/a X-rayb FKBP (94) (5.3) [31]

The dw angle shifts relate the torsion angle between the particular pairs of spins to w. See text for the particular Karplus equation type used. Fitting method applied, data
source, and the number of J-couplings used in the fitting (in parenthesis) are also given.
aConsensus values. Specific C0 parameters for different amino acid types are available in the original publication.
bBest performing Karplus fit. Alternative formulations are available in the original publication.
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Table 5.12 Coefficients of Karplus-type equations for J(wþdw) coupling constants

dx¼0� A/C0 B/C1 C/C2
Additional
parameters Fitting method Source (n)

Eq. type
(see text) References

3J(N,Cg) 2.8�0.2 0.4�0.1 �0.4�0.1 3�0.1 Ensemble,

DER [32] (128)

Ubiquitin (14)

TNfne (15)

(5.12) [35]

3J(N,Cg) 0.83 0.23 0.87 0.14 (C3)

0.07 (S1)

�0.01 (S2)

Rigid, DFT Ace-Val-NME (5.9) [98]

3J(N,Cg) 3.5 0.40 �0.2 n/a Rigid, X-ray Parvalbumin (6),

Calmodulin (12),

IFAPB (2)

(5.3) [131]

3J(N,Cg) 1.05a �0.55 0.68 0.02 Self-consistent Flavodoxin (763) (5.14) [30]

3J(N,Cg) 1.02a �0.49 0.65 n/a Self-consistent Flavodoxin (763) (5.2) [82]

3J(N,Cg)b 2.64 0.26 �0.22 6 Ensemble,

NMR [36]

Ubiquitin, GB3,

HIV-protease (51)

(5.12) [36]

3J(N,Cg)c 2.01 �0.21 0.12 7 Ensemble,

NMR [36]

Ubiquitin, GB3,

HIV-protease (51)

(5.12) [36]

The dw angle shifts relate the torsion angle between the particular pairs of spins to w. See text for the particular Karplus equation type used. Fitting method applied, data
source, and the number of J-couplings used in the fitting (in parenthesis) are also given.
aConsensus values. Specific C0 parameters for different amino acid types are available in the original publication.
bFrom Val and Ile residues. See original publication for the definition of Cg.
cFrom Thr residues. See original publication for the definition of Cg.
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Table 5.13 Coefficients of Karplus-type equations for J(wþdw) coupling constants

dx¼�120º A/C0 B/C1 C/C2
Additional
parameters Fitting method Source (n)

Eq. type
(see text) References

3J(N,Hb) 1.86 0.41 1.85 0.11 (C3)

�0.11 (S1)

0.08 (S2)

Rigid, DFT Ace-Val-NME (5.9) [98]

3J(N,Hb) 2.15a �0.93 1.26 0.17 Self-consistent Flavodoxin (763) (5.14) [30]

3J(N,Hb) 2.22a �0.75 1.15 n/a Self-consistent Flavodoxin (763) (5.2) [82]

The dw angle shifts relate the torsion angle between the particular pairs of spins to w. See text for the particular Karplus equation type used. Fitting method applied, data
source, and the number of J-couplings used in the fitting (in parenthesis) are also given.
3J-couplings as a function of the c(Ni–C

a–C0–Niþ1) backbone torsion angle.
aConsensus values. Specific C0 parameters for different amino acid types are available in the original publication.
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Table 5.14 Coefficients of Karplus-type equations for 3J(c) and/or 3J(c,f) coupling constants

A/C0 B/C1 C/C2
Additional
parameters Fitting method Source (n)

Eq. type
(see text) References

3J(Ha,Niþ1)
a 5.58 �1.06 �0.30 Rigid, DFT Ace-Ala-NH2 (5.3) [102]

3J(Ha,Niþ1)
a,b �0.88 �0.61 �0.27 Rigid, X-ray [132] Ubiquitin (67) (5.3) [133]

3J(Ca,HN) 0.5390 – – �0.2280c

�0.2026

0.0680

0.0802

0.0664

0.1209

�0.0798

�0.1367

Rigid, X-ray Ubiquitin (67) (5.15) [105]

See text for the particular Karplus equation type used. Fitting method applied, data source, and the number of J-couplings used in the fitting (in parenthesis) are also given.
aSee the original publication for additional constant-phase angles.
bFit to the value of the J-coupling including negative sign.
cCoefficients of a two-dimensional Fourier series expansion including f angle. See original publication for further details.
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Table 5.15 Coefficients of Karplus-type equations for 2J(c) and/or 2J(c,f) coupling constants

A/C0 B/C1 C/C2
Additional
parameters Fitting method Source (n)

Eq. type
(see text) References

2J(Ni,C
a
i�1) 7.738 �1.557 �0.2047 n/a Rigid, NMR Ubiquitin (68) (5.3) [108]

2J(Ni,C
a
i�1)

a,b �7.21 þ1.41 �0.42 �0.47c Rigid, X-ray Ubiquitin (72) (5.16) [74]

2J(Ni,C
a
i�1)

a,b �10.1982 �1.2395 �0.4346 �0.8664c Rigid, DFT Ace-Ala-NME (5.16) [107]

2J(Ni,C
a
i�1) 7.8509 �1.517 �0.6616 n/a Rigid, NMR GB1 (55) (5.3) [134]

2J(Ni,C
a
i�1) 7.8163 �1.3892 �0.3709 �0.1717c

�0.6408d
Rigid, X-ray Ubiquitin,

staphylococcal

nuclease (122)

(5.16) [106]

See text for the particular Karplus equation type used. Fitting method applied, data source, and the number of J-couplings used in the fitting (in parenthesis) are also given.
aFit to the value of the J-coupling including negative sign.
bSee the original publication for additional constant-phase angles.
cC1 coefficient for a cos f dihedral angle additional term.
dC2 coefficient for a cos

2 f dihedral angle additional term.
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Table 5.16 Coefficients of Karplus-type equations for 1J(c) and/or 1J(c,f) coupling constants

A/C0 B/C1 C/C2
Additional
parameters

Fitting
method Source (n)

Eq. type
(see text) References

1J(Ni,C
a
i) 8.6453 �1.2129 2.8484 n/a Rigid, NMR GB1 (55) (5.3) [134]

1J(Ni,C
a
i) 9.2297 �1.0515 1.9386 n/a Rigid, NMR Ubiquitin (68) (5.3) [108]

1J(Ni,C
a
i) 9.5098 �0.9799 1.7040 n/a Rigid, X-ray Ubiquitin,

staphylococcal

nuclease (122)

(5.3) [106]

1J(Ni,C
a
i) 10.176 �0.987 1.080 n/a Rigid, X-ray Ubiquitin (72) (5.2) [74]

See text for the particular Karplus equation type used. Fitting method applied, data source, and the number of J-couplings used in the fitting (in parenthesis) are also given.
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