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Abstract

We introduce local Moufang sets as a generalization of Moufang sets. We present a
method to construct local Moufang sets from only one root group and one permutation. We
use this to describe PSLa over a local ring as a local Moufang set, and give necessary and
sufficient conditions for a local Moufang set to be of this form.

1 Introduction

A Moufang set is a permutation group G acting on a set X, along with a conjugacy class of
subgroups {U, | x € X}, such that each U, fixes z and acts regularly on X \ {z}, and such that
Ug = U, for all g € G. These structures have been introduced by Jacques Tits in [Tit92]. The
easiest example of a Moufang set is PSLy(k) acting on the projective line, where k is a field. In
[DWO06], T. De Medts and R. Weiss gave some natural necessary and sufficient conditions for a
Moufang set to be isomorphic to the Moufang set of PSLy(k) for some field & with char(k) # 2;
this result has been extended to fields of any characteristic by M. Griininger [Griil0].

In this paper, we introduce a more general structure that encompasses permutation groups
such as PSLy(R) for a local ring R. (All local rings appearing in this paper are assumed to be
commutative rings with 1.) We will call such a structure a local Moufang set. We have a set with
an equivalence relation (X, ~), and for each 2 € X a group U, acting faithfully on this set and
preserving equivalence. These groups are called root groups, and the group generated by them
is the little projective group, denoted by G. We want this action to be sufficiently nice, similar
to the situation of Moufang sets, and hence impose a few natural axioms.

Section 2 consists of some main definitions and basic properties that will be used throughout
the paper, including the generalization of two important notions of Moufang sets: the p-maps
and Hua maps. These are specific elements of the little projective group that respectively swap
and fix two chosen non-equivalent elements of X. Section 3 then aims to show that the two-point
stabilizer of those two chosen elements is in fact generated by the Hua maps.

To describe examples of local Moufang sets, it is convenient to have a simpler construction.
It turns out to be sufficient to have one root group and a permutation 7 which swaps the fixed
point of the root group with a non-equivalent point, in order to reconstruct all the data for a
local Moufang set; some additional conditions are needed to show all axioms (Theorem 4.6).
Using this construction, it is then easy to describe the local Moufang set structure of PSL2(R).

In the last section, we will define the notion of a special local Moufang set. From special
local Moufang sets with abelian root groups, satisfying some extra conditions, we can construct a

*PhD Fellow of the Research Foundation - Flanders (Belgium) (F.W.O.-Vlaanderen)


http://arxiv.org/abs/1510.03688v4
mailto:Tom.DeMedts@UGent.be
mailto:erijcken@cage.ugent.be

2 DEFINITION AND BASIC PROPERTIES OF LOCAL MOUFANG SETS 2

local ring R, and hence we expect the local Moufang set to be closely related to PSLy(R) (Theo-
rem 5.15). Using this construction, we find necessary and sufficient conditions for a local Moufang
set to be PSL2(R) for a local ring with residue field of characteristic not 2 (Theorem 5.20).
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2 Definition and basic properties of local Moufang sets

2.1 Local Moufang sets

We first recall the notion of a Moufang set, and we refer the reader to [DS09| for a general
introduction to the theory (which we will not explicitly need in the current paper).

A Moufang set is defined as a set X together with a family of groups {U, }..c x acting faithfully
on the set, satisfying the following two properties:

(M1) For x € X, U, fixes x and acts sharply transitively on X \ {z}.
(M2) For z € X and g € (U, | y € X), we have UJ = Uy,.

We will generalize this to a family of groups acting on a set with an equivalence relation,
which will be the main objects we introduce and study.

Notation 2.1.

o If (X,~) is a set with an equivalence relation, we denote the equivalence class of z € X
by Z, and the set of equivalence classes by X.

e We denote the group of equivalence-preserving permutations of X by Sym(X, ~).

e If g € Sym(X,~), we will denote the corresponding element of Sym(X) by 3.

e Our actions will always be on the right. The action of an element g on an element x will

be denoted by z - g or zg. Conjugation will correspondingly be ¢" = h=1gh.
We are now ready to define our main objects, the local Moufang sets.

Definition 2.2. A local Moufang set M consists of a set with an equivalence relation (X, ~) such
that |7| > 2, and a family of subgroups U, < Sym(X,~) for all € X, called the root groups.
We denote Uz := U, = Im(U, — Sym(X)) for the permutation group induced by the action of
U, on the set of equivalence classes. (This notation is justified by (LM1) below.) The group
generated by the root groups is called the little projective group, and will usually be denoted by

G := (U, | z € X). Furthermore, we demand the following:

(LM1) If © ~ y for z,y € X, then Uz = Uy.

(LM2) For z € X, U, fixes x and acts sharply transitively on X \ T.
(LM2’) For T € X, U fixes T and acts sharply transitively on X \ {Z}.
(LM3) For z € X and g € G, we have UY = Uy,.

It is worth noting that from these axioms, we also get
(LM3") For T € X and g € G, we have UJ = Uszy;
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this follows from (LM3) and the fact that we are working with the induced action. By (LM1)
the group Uz only depends on 7, and (LM2’) and (LM3’) precisely state that (X, {Uz};.x) is a
Moufang set.

Definition 2.3. Two local Moufang sets Ml and M are isomorphic, denoted Ml = M, if there is
a bijection ¢: X — X’ and group isomorphisms 6,.: U, — U;(m) such that

e forall z,y € X, we have z ~y <= ¢(x) ~ ¢(y);
o for all z,y € X and u € U,, we have p(x - u) = ¢(z) - 0,(u).

Before giving an example, we will first prove a basic property about local Moufang sets:
Proposition 2.4. Let M be a local Moufang set, and x,y € X with x 7t y. Then (U,,Uy,) = G.

Proof. Tt is sufficient to show that U, C (U,,U,) for any z € X. Assume first that z ~ . Then
z %y, so by (LM2) there is a g € U, such that zg = z. By (LM3), U, = U? C (U,,U,).
Similarly, if z ¢ x, then there is a g € U, such that yg = z, so U, = UJ C (Uy,Uy). O

This means that it is sufficient to give the set with its equivalence relation and two such root
groups to get all the data of a local Moufang set. We will use this to give an example of a local
Moufang set.

Example 2.5. The easiest example of a local Moufang set (with a non-trivial equivalence rela-
tion) is that of the projective special linear group acting on a projective line over a local ring R.

So let R be an arbitrary local ring, let m be its unique maximal ideal, and let R* = R\ m be
the set of invertible elements of R. First, we have to define the set and the equivalence relation,
i.e. the projective line over R. A vector line over R consists of all invertible multiples of a pair
(a,b) € R? such that aR + bR = R. We denote this vector line by

[a,0] :== {(au,bu) | u € R*}.
The projective line over R is then
PY(R) := {[a,b] | aR + bR = R} .

Since R is a local ring, the condition is equivalent to saying at least one of a and b is invertible.
We can hence simplify our projective line to

PYR) = {[1,7] | » € R} U {[m,1] | m € m}.
Now the equivalence relation on P!(R) can easily be defined by

[Lr]~[l,8] <= r—secm, 2.1)
[m,1] ~ [n,1] for all m,n € m, '

and no other equivalences hold. We get two non-equivalent points on the projective line which
have a simple description, namely [1,0] and [0, 1], for which we will define the root groups.
The root groups live inside

PSLy(R) := {A € Maty(R) | det(A) = 1}/{(}%) | r € R,r* = 1}.

We will denote a matrix in this quotient by square brackets. We can now set

10 1
Uno = { L 1] € PSLy(R) |7 € R} Uo,) = {{0 J € PSLy(R)

TER},
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which generates the entire little projective group, and hence defines all other root groups. We
denote this local Moufang set by M(R). Of course, we have not yet proven that this is a local
Moufang set. At this point, one could do the verifications, but we will later show sufficient
conditions which are easier to verify. What is important to note at this point, is that Up
indeed fixes [0, 1], preserves equivalence, and acts sharply transitively on {[1,7] | r € R}.

We also observe that there is a natural bijection from P!(R) to P!(R/m), the projective line
over the residue field R/m of R. Furthermore, the Moufang set we get by the induced action on
PL(R) is the standard Moufang set associated with PSLy(R/m).

In the example, we chose two nice points to work with. We will also do this in general, but
we would first like to know to what extent the choice of the points is relevant. It turns out that
it is not, as long as we take points that are not equivalent.

Proposition 2.6. Let M be a local Moufang set. The little projective group G acts transitively
on {(z,y) € X* [z £ y}.

Proof. Let (x,y) and (z’,y’) be such pairs. We will first map x to 2, for which we need two
cases:
x ~z': By (LM2), there is a g € U, mapping x to 2/, so we have (z,y) - g = (2/,y).
x 2’ Since |X| > 2, there is a z € X such that x « z and 2’ # z. Again by (LM2), there is
ageU,st x-g=2a', and hence (z,y) - g = (¢/,y") for some y" £ ’.

So, after renaming, we have reduced the question to finding an element mapping (z,y) to (z,y’).
/

Since y 4 x and y' # x, there is a g € U, mapping y to ¢’, hence (z,y) - g = (x,y’). O

Notation 2.7.

e In a local Moufang set, we now fix two points of X that are not equivalent, and we call
them 0 and oco.

e For any z ¢ oo, by (LM2), there is a unique element of U mapping 0 to . We denote
this element by «,. In particular, ag = 1.

e For x £ oo, weset —x:=0-a,%, soa;! =a_,.

For many properties, we will have to restrict to those x € X non-equivalent to both 0 and co.
Definition 2.8. In a local Moufang set, an element x € X is a unit if x % 0 and x % co.

There are a few other ways of characterizing the units, based on their corresponding elements
of Uso.

Proposition 2.9. Let M be a local Moufang set, and x € X with x o co. Then the following
are equivalent:
(i) x is a unit;
(i1) @z does not fiz 0; o
(iii) @ does not fix any element of X \ 30.
Proof.
(i) & (ii). We have z = Oa, € Oa, so

risaunit <= 240 <= 1¢0 < 040 a5 .

(i1) < (i11). The induced permutation @ is contained in Uss. By (LM2’), this element fixes
either all elements or no elements of X \ {c}. O
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Corollary 2.10. Let M be a local Moufang set, and x € X with x # co. Then x is a unit if and
only if —x is a unit.

Definition 2.11. Let M be a local Moufang set and 2z € X. We define U? := Ker(U, — Usz)
and U :=U, \ Ug.

These subsets are related to the units since z is a unit if and only if x € UZ. We have
(Uz)? = Ugy and (U)? = Uz

2.2 The p-maps

Now that we have a fixed pair (0, c0), we know that by Proposition 2.6 there must be an element
of G swapping these two. We first look at the double cosets Uypa,, Uy, and indeed, there is often
an element switching our two points.

Proposition 2.12. For each unit x € X, there is a unique element u, € Uga, Uy such that
Op = 00 and oo, = 0; it is called the p-map corresponding to x.

Moreover, p, = gazh € Ufa,Us, where g is the unique element of Uy mapping oo to —x
and h is the unique element of Uy mapping x to co.

Proof. Let gay,h be an element of Uy, Uy, then the conditions translate to

00 = 0gayh =xh and oo =0h"tay g™ = (—x)g ",
so g is the unique element of Uy mapping co to —zx, and h is the unique element of Uy mapping
x to 0o. Since o 0o, both g and h are in U, and since both ¢g and h are unique, so is p,. O

Notation 2.13. We fix one more object in a local Moufang set M: we pick one y-map and call
it 7. Recall that | X| > 2, so there is at least one unit.

Lemma 2.14.
(1) Ul =Us and UL, = Uy.
(it) G = (Up,Uso) = (Uso, 7).

(iii) Let x € X. Then x is a unit if and only if x7 is a unit.

Proof.
(i) This follows immediately from (LM3) and Proposition 2.12.
(i) The fact that G = (Up, Us) already follows from Proposition 2.4, and the second equality
(Uo, Uso) = {(Uso, T) then follows from (7).
(iii) Since T preserves the equivalence and switches 0 and oo, we have x ~ 0 <= 27 ~ oo and
T ~00 = a7 ~ 0. (|

Notation 2.15. For each x ¢ oo, we set v, := af € Up, which is the unique element of Uy
mapping oo to xT.

Example 2.16. In our main example of M(R), a point of the projective line is a unit if it can
be written as [1,7] with » € R*. The two points we chose, [1,0] and [0, 1], are usually denoted
by 0 and oo respectively. To find a p-map corresponding to [1, 7], we need the unique element of
Uy mapping oo to —[1, 7], and the unique element of Uy mapping [1,7] to co.

We first compute —[1,7]. Now afy,) = [§ 1], so —[1,7] = 00‘[_1,1r] =[1,—r] = [-r~1,1]. The
unique element of Uy mapping oo to —[1,7] is [7:71 N; the unique element of Uy mapping [1, 7]
to oo is also [71 O]. We find

ro11
1 o[t ][ 1 0o [0 »
Pl = =1 gl o 1| |=r—1 1| = |=r1 o]
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In the specific case where r = 1, we get [_01 (1)], which is the usual choice for 7.
Many of the following identities will be crucial in later calculations.

Lemma 2.17. Let z be a unit, and ~x := (—(x771))7. Then

(i) g does not depend on the choice of T; () pe = P
(”) Ha = az—f:c)'rfl Qg az(zrfl)" (UZ) ~L = 7((71:)1LL1:)’

(#11) p—w = py'; (vn) ~x does not depend on the choice of T;
(V) fror = U (’UZZZ) H—z = O—nglb—gOgb—gOn—g-

Proof.

(¢) This follows from the definition of p,.
(i) By Proposition 2.12, u, = ga,h, where g is the unique element of Uy mapping oo to —x
and h is the unique element of Up mapping = to co. Hence g = y(_z);-1 = oz(lm)rl and

h = 7;71*1 = a;:*I = a:(ZTfl)'

(iii) As p, swaps 0 and oo, so does ;' € Upa, Uy = Upa—,Up. Since p_, is the unique such
element in Upa_, Uy, we must have u;l = lU_g.

(iv) By (i), we can use (ii) with 77! in place of 7 for the right-hand side, so we get

Par =l = Q_(gr))r—1 Qur 0l = (O‘;T Qg ai((fm)‘r))
— CY‘(rf(:cr))'r*1 Qg azm = Qgr azm QA ((—z)7)
— aiTa_laZ_(N))Tfl Qar 0, = Q_((—2)r)

—xxT

-7 =1 _7 T
< OO Oé_((_(z,r)).rfl) Qgr Oy = Q—g)7 -

pral

By (LM3), the left-hand side belongs to Uy "™ =" = Up.a,, a7, = U, s0 the left-hand side
is equal to ay, for

y=0-aZ705 0% (a1 Qur 0,

= —(.TT) . T_la_((_(mT))T—l)T gt azz

=oo-a’, = (—x)T.

Hence the last of the equivalent equalities holds, and indeed fi,r = 7.
(v) By (i), we have
Haxr = QZ—,(IT))T—l Qgr Oé:z )

and hence by (iv),

-1 —1
Pa = flyr = Qg QL (_(gr))r1 -
Since p, does not depend on the choice of 7, we can replace 7 by 7~ ! in the right-hand
side, which gives the required identity.
(vi) When we apply both sides of the identity (v) to —z, we get

(=) po = (—2) - a0l 1y Oeng =0 Qg = =~
which gives ~z = —((—x)ug)-

(vit) Since p, does not depend on the choice of 7, and ~z = —((—z)u,), we conclude that ~x
does not depend on the choice of 7 either.
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(vidg) The equation (v) does not depend on the choice of 7. If we substitute —x for z and p_,
for 7, then we get, using (vi),

Pz = Qg O ((—z)py ) H—2O—~—z = O—glg Qg fl—g X —n—g -

Moving all terms except p—_, from the right hand side to the left hand side gives the
result. O

Proposition 2.18. Let z,y € X be units such that x 4 y. Then z = .’L'Tila,(y,,-—l)T 18
independent on the choice of T. Furthermore, z = xa_yflyQuy and ~2 = Ya_zfly Oy .

Proof. By Lemma 2.17(v) we get z = ZEOZT,(yrl) = TO_yllyQ~y, 50 it does not depend on the
choice of 7. Now we have 2 = 0 agr—1q_(yr-1)7, SO

~z=0- (OészlOé_(nyl))_lT =0 ayr10_(gr—1)T.

This coincides with our definition of z with x and y interchanged, so ~z = ya_, i,y [l

2.3 The Hua maps

Now that we have found a set of elements of G swapping 0 and oo, we attempt to find the
elements fixing 0 and oo.

Definition 2.19. The Hua map h, . corresponding to a unit x is the element
heyr =Ty = TozIT_loz_(qu)T a_~qg €G.

Remark 2.20. The g-maps did not depend on the choice of 7, so the Hua maps do, as is made
clear by the inclusion of 7 in the notation h, .. When it is clear (or irrelevant) which 7 is used,
we will omit this addition and simply write h,.

Some basic properties of the Hua maps are the following;:

Lemma 2.21. Let x,y € X be units. Then

(i) hygrr = hgl (iid) her = 7

TT,T? —x

(i) fion, = s (iv) hon, = h_yhgthy.

Proof.
(i) We have h, ,—1 = h}!if and only if 77!y, = (Tpe-) ", which holds by Lemma 2.17(v).

xT,T

(4) Applying Lemma 2.17(iv) twice (with 7 and g, ), we get
Hah, = flarp, = pt = (05 7) ™M = piiv = v
(i) Using Lemma 2.17(iv), we get
har = Tor =Tp", = (Th-2)" = hZ,.

1

(iv) Using Lemma 2.17(iv) twice, and inserting 7 '7, we get

hxhy = THzrp, = Tﬂfyﬂ;—lu,y =Th—y ‘u;_lel THy = h*yh;rlhy . u
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Definition 2.22. The Hua subgroup is
H := (pz iy | ,y units) .
Since 7 is chosen to be a y-map, we also have
H = (h; | x a unit).

Note that H < Go,o0, Where G o is the two-point stabilizer of 0 and co. In the next section,
we will show that, in fact, H = Go,c. The action of Hua maps on U, by conjugation behaves
well with respect to the action on X:

Lemma 2.23. Let x be a unit. Then for any y € X \ o0, we have ozZI = oy, - In particular,
(ayaz)' = ayp, cp, forally,z € X \ .

Proof. Since Hua maps normalize U,,, we have QZI € Us. Since OQZI = 0h; 'ayhy = yh,, the
first equality holds. The second identity now follows immediately. [l

Example 2.24. In Example 2.5, we calculated that for M(R) over a local ring R, we have
M1, = [_7971 8} and we took 7 = p; 1). For the Hua maps and the Hua subgroup, this means

(using the fact that [ 7§ _9] =[§9]) that
re RX} .

r~1 0 r~1 0
e[ {3

3 The Hua subgroup

3.1 Quasi-invertibility

Inspired by [Lool4, §4], we will introduce the notion of quasi-invertibility for local Moufang
sets. (This notion is, in turn, inspired by the notion of quasi-invertibility for Jordan algebras
and Jordan pairs.) This notion, and the identity in Proposition 3.3 that follows from it, will be
crucial to show that the Hua subgroup equals G .

Definition 3.1. A pair (z,y) € X? s.t.  # 0o and y # oo is called quasi-invertible if either
xT b —y, or x ~ 0, or y ~ 0.

Definition 3.2. Let (x,y) be quasi-invertible. Then we define the left quasi-inverse and right

quasi-inverse as

Ty = (—y)-a, and V= —(z- agfl) .

Note that the condition for quasi-invertibility ensures that the left and right quasi-inverse do
not lie in the oco-branch. Furthermore, x ~ 0 <= a¥ ~0and y ~0 < Ty ~ 0.

Proposition 3.3. Let (z,y) be quasi-invertible with y 0 (so x & oo ¢ y). Then
Qury QUL Oty Oy = [y [y

Proof. By the observation above, *y ¢ 0, so the right-hand side is defined. By Lemma 2.17(v),
we have ey = azy a:(myT,l) 0 _~ =y. Furthermore, by the definition of *y, we have

—(wyT_l) =—(0- Oé(,y).,-—la_m) =0 aza_(_y)r-1,
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SO O_(ayr—1) = Az _(_y)r—1. Plugging these into our equality gives

Yy
T T _ T _ T
Qg Oy, Oy Olypy = [hzgy [y <> Qy Oy = a,(,y)Tfl A wy [y
T T J—
aNIya(—y)T*IO‘y Qpy = [y -

Now we use Lemma 2.17(ii) to find puy = af_,, —1oya” which yields

yr—1)>

T T . T T . T T
Qg Oy Oly Oy = [y [y < A Iya(_y)T,lozy Oy = oz(_y)T,lozyoz_(yT,l)

= Qany Q) 10y a;ya;T,lagla(__Ty)T,l =1. (3.1)
-1 _—7
—1,- Yy Feyrmt
Now we have oa(T_y)T,lay aguay oy oz(_Ty)T,l e, v = UOuy’la(’Iy)T,l by (LM3), and
0- a;la(__Ty)T,l = (—y)- Tﬁla,(,y)ffﬁ = (—y)r L. Q_(—yyr—1T =07 = 00,

so the left-hand side of (3.1) is an element of U. To prove that it is the identity, it is now
sufficient to prove that it maps 0 to 0, by (LM2). Note first that ~%y = xa(_fy)T,lT. We have

T T T -1 -7
0- aNIya(_y)T,lozy azyayT,lay Oé(_y)_r,l
_ -1 -1 T T -1 -7
= xa(,y)T—ITT Oé(_y).,.—l TOy Oy Oényl ay O‘(,y),,-—l

=z- a;%amyragfla;la(ffy)fl = (—aY)- azyTa;T,lagla(fy)T,l
=0- ozny1Ta,yaT_(_y)T,1 =y- a,yaT_(_y)T,l
=0- ai(fy)‘rfl == 0,

and this finishes the proof. O

Remark 3.4. In a similar fashion, one can show that if (x,y) is quasi-invertible with = ¢ 0,
then
Otwy QL Oty Oy = [l [y -

3.2 Bruhat decomposition of G

By refining the argument in Proposition 2.6, we will be able to obtain decompositions of the
little projective group G which resemble the Bruhat decomposition. This is based on a case
distinction depending on where the pair (0, 00) is mapped to by a given element.

Proposition 3.5. The little projective group G can be decomposed into a disjoint union
G = UOGO,OOUOO U UQGQOOTUS .
Moreover, the decomposition of an element is unique in each of the two cases.

Proof. Let g be in G and let (z,y) = (0,00) - g. We distinguish two mutually exclusive cases:

x ~ oo: By (LM2), there is a unique ug € Uy such that x - ug = oco. Since ug fixes 33, we have
up € Ug. We get (z,y) - uor—+ = (0,y’) for some ¢y’ 7 0. Hence there is a unique
ug € Up such that ¢ - uf, = 0o, so we get

1

(0,00) - guoT " uf = (z,y) ~u07'71u’0 =(0,9") - uy = (0,00),

—1
s0 gupTufy = h € Gooo. Hence g = uf " hrug' € UpGo.oo7US. Note that since ug
and wu(, are unique, so is h, and hence the entire decomposition.
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x ¢ co: In this case we find a unique us € Uy such that x - us = 0, so (2,y) - us = (0,7).
Next, we find a unique ug € Uy such that 3’ - ug = 0o, so

(0,00) - gootio = (,y) - Usotio = (0,%) - ug = (0,00) .
This means guocug = h € Go,00, 50 g = uo_}fIhu;O1 € UpGo,00Uss. Again, since ug and
U are unique, so is h and the entire decomposition. [l

By making similar case distinctions, one can get different decompositions, for example
G = UOOGQ,OOUOO U UooGO,ooTUoo .

For this decomposition, we would separate two cases: 0co-g ~ 00 or 00 - g «¢ co. In particular, we
can check that if we take g € UjUs, we always end up in the first component UG o U, i.e.

USUso C UnoGo.00US - (3.2)

In section 3.3 below, we will show that Gy .. = H. A first step towards this consists of showing
that the inclusion (3.2) holds with G o replaced by H. To obtain this, we will need the notion
of quasi-invertibility we introduced.

Proposition 3.6. In a local Moufang set, we have U5Us C Usc HUS.

Proof. We will show this in two steps. First, we will prove that
UsUx CULHUg (3.3)

and from that we will deduce the general inclusion.
So take an arbitrary element of U§UZ, and denote it by aZa,. Then x ~ 0 and oo ¢ y 7 0,
so (z,y) is quasi-invertible. By Proposition 3.3, we have

T _ T X o
Ay = A wy Py fy a7y € UL HUY

since 0 ¢ —®y 7t 00 and —a¥ ~ 0. This proves (3.3).
For the general inclusion, we use the fact that if we have oy, € UZ,
Qy = Q. for units ¢’ and e; indeed, units exist, and if e is a unit, then o,

so y' is also a unit. So we get

we can split it up as

-1 does not fix 0,

USUS, C USUXUX CUXHUSUX C UXHUXHUS = UXUXHUS C Uso HUY

where we have used (3.3) twice, as well as the fact that HUX = UZX H.
Putting these two inclusions together, we get

USUso = USUZ UUSUS, CUXHUS UUsHUS = Us HU . O

3.3 The Hua subgroup is G

In the case of Moufang sets, one can use the Bruhat decomposition to prove that Go o = H,
and as a consequence that the point stabilizer Go = UpH. In the case of local Moufang sets,
the additional Uj in the decomposition seems to cause further difficulties in the proof. However,
using Proposition 3.6, we will be able to resolve these difficulties, and we will again be able to
prove that the Hua subgroup coincides with the full 2-point stabilizer of 0 and oo in G.
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Theorem 3.7. For a local Moufang set M, we have the decomposition G = UyHU, U UgHTUS,
and hence Gy = UpH and H = G .

Proof. Let K = UpH = HUy. We will examine the set Q) = KU, U K7Ug; our aim is to prove
that it equals G. More precisely, we will show that Q(Ux,7) = QG C Q, from which Q = G
will follow immediately. We will do this for each of the two pieces of @) separately.

e We will first show that KU, G C Q. It is immediate that KU Uy = KUy C @, so all
we need to prove is that KU, 7 C @, or equivalently, that Ka,7 C @ for all o, € Ux.
Assume first that a, € US; then o, € Uy, so

Ko,m=Kral, CK7tU; C Q.

Finally, when o, € U, \US, = UZ

[ooh]

Since po,7" ! € H C K, this implies

we have p,-0f = a(TfaT)T,l aqr by Lemma 2.17(i4).

Ka,m= Kra], = Kua-,—T_lTOéZ = KaZ_M)Tfl gr € KUy .

e We will now show that K7U$G C Q. We have KTUST = KT2U2, C KHU = KUy C Q,
so we need to prove that K7UjUs C ). We now invoke Proposition 3.6, and we get

KTtUjUs € KTU HUy = KUgHTU; = K7U; C Q.

We conclude that QG C @, and hence Q = G as claimed.

We now know that G = UgyHU UUgHTUj. If we take a ¢ in the point stabilizer Gy and
look at the two possibilities of decomposing g, we get g € UpH, so Gy = UpH. If we assume in
addition that g fixes oo, we also see that the factor in Uy must be trivial, hence Gy oo = H. O

4 Constructing local Moufang sets

4.1 The construction M(U, 1)

We already know that, if we have a local Moufang set, then G = (Us, 7). We now do the converse:
given a group U and a permutation 7, both acting faithfully on a set with an equivalence relation,
we will try to construct a local Moufang set. Of course, we will need additional conditions on U
and 7.

Construction A. The construction requires some data to start with. We need

e a set with an equivalence relation (X, ~), such that |X| > 2;
e a group U < Sym(X, ~), and an element 7 € Sym(X, ~).

The action of U and 7 will have to be sufficiently nice in order to do the construction.

(C1) U has a fixed point we call oo, and acts sharply transitively on X \ 50.
(C1’) The induced action of U on X is sharply transitive on X \ {35}.
(C2) oot # oo and cor? = co. We write 0 := ooT.

In this construction, we now define the following objects:

e For x 7 0o, we let a, be the unique element of U mapping 0 to = (by (C1) and (C2)).
e For x o4 oo, we write v, := o], which then maps oo to z7.
o We set Uy := U and Up := UZ,. The other root groups are defined as

U, :==Ug* for x # o, U, :==Uk™" for x ~ .
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e As in the definition of local Moufang sets, we write Uz for the induced action of U, on X.

This gives us all the data that is needed for a local Moufang set; we denote the result of this
construction by M(U, 7). Our goal in this section is to investigate when this is a local Moufang
set. This will require some additional definitions, which we have seen before for local Moufang
sets, but which we need to redefine in the current setup:

We call x € X a unit if z o¢ 0 and x % 0.

For z o oo, we set —z := 0 L.

For a unit z, we define the p-map pig := Y(—p)r—10zV_(zr-1)-

For a unit z, we define the Hua map h, = TCYJCT_104_(“.—1)7'04_(_(“_71))7_.
We set H := (pugzpy | x,y units).

We set US = {v, € Uy | x ~ 0}.

This construction automatically satisfies some of the axioms of a local Moufang set.
Proposition 4.1. The construction M(U, 1) satisfies (LM1), (LM2) and (LM2’).

Proof. By (C1), (LM2) holds for Us,. Now, by definition, any other U, is equal to U, = ¢ 1Usg
for some g with cog = =. It follows that each U, fixes  and acts sharply transitively on
(X \>)g = X\ 7, so (LM2) holds for all root groups.

Similarly, (C1’) implies (LM2’) for Uss because Uss fixes &0, since Uy, fixes co. As before,
any U, is equal to U, = g~ 1U..g for some g with cog = x, so Uz is the induced action of UY, on
X. This implies that Uz fixes 30g = T and acts sharply transitively on (X \ {55})g = X \ {Z}.

We finally show (LM1). Let x ~ 5 and suppose they are not equivalent to co. Then Uy ® fow
U, by definition. Now a; ', is in U, and fixes . By (C1’), this implies that the induced
permutation a;lay on X is trivial, so the induced action of U, is the same as that of U,. If

—1
x ~ 1y ~ 00, we have Uger =Tt = U,. Now 7;71,1%/7—1 is in Uy, and fixes T. By (LM2’), the
induced action of 7;T1,17y7—1 on X is trivial, so the induced action of U, on X is identical to

that of U,. O

Example 4.2. In Example 2.5, we described M(R) for a local ring R using two root groups in
order to generate the entire little projective group. Alternatively, we can describe this example
with only one root group, and add 7 to the setup, i.e., we define the local Moufang set M(R) as

M(U, 7), with
U{[é 71”] € PSLs(R) TGR}, ;o [_01 (1)}

We will now verify the three conditions (C1), (C1’) and (C2). For the first, we note that U fixes
[0,1] =: oo, and for any [r, 1] and [s, 1] in X \ 35, there is a unique element of U mapping the first

to the second: [} *7"]. To show condition (C1’), we use the projection R — R/m: r — 7. We

can see that [a,b] = [a@,b] and [} }] = [% ﬂ The argument for condition (C1’) is now identical to
that for condition (C1), but using the residue field instead of the local ring. The last condition
is straightforward: cor = [1,0] # oo, and co7? = co.

By Proposition 4.1, we now know that M(R) satisfies the first three axioms of a local Moufang

set.

4.2 Conditions to satisfy (LM3)

To ensure that Construction A gives a local Moufang set, we will need more information about
the action of the Hua maps. We will first prove a few lemmas. Throughout this section, we let
M(U, ) be as in Construction A.
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Lemma 4.3. Let x € X be a unit. Then the following are equivalent:
(2) U;Lom = U
(i) Ux™" =U,.

Proof.
(1)< (7). We have
Taz‘rflaL _INTO 1 ax'rflaL —1NT o, 1
Uoo (zm=%) (=(zr=i)r :Uoo — UO (zm=%) :Uoo( (zr= )T

—1_—1
F-1

AT Vyr—1
= U, =U, <— U,=Ul ,

where we only use the definitions of the root groups in M(U, 7).
(it) > (iii). We have Ul = U, ="

10y 1 Y -1 .
Cerm — U, 77| so the equivalence follows. O

Lemma 4.4. The following are equivalent:
(i) Uhs = Uy for all units x € X;
(i) Use™' = U, for all units x € X.
(i) UY* = U for all units x € X;
(i) Up = Uk for all units x € X ;

Proof. The equivalence of (i)-(zii) is immediate from the previous lemma. The equivalence be-
tween (i4i) and (iv) follows by replacing x with —z and noting that pu_, = p,*. O

Lemma 4.5. Assume that h, normalizes U for all units x € X. Then
(i) UM =U forallh € H;
(i) UgUso C UscHUS.

Proof.

(i) By Lemma 4.4, U} = Uy and Uy = Uls for all units . Now H is generated by all
products of two pu-maps, which all normalize Uy, so any element of H normalizes U.

(it) We can follow the proof of Proposition 3.6 mutatis mutandis. We point out that we used
(LM3) only twice: once in the proof of Lemma 2.17(iv), and once in Proposition 3.3. In the

-
Qgr al

proof of Lemma 2.17(iv), we used (LM3) to deduce U, = Uy for any unit x. This
also holds in the situation here since

-
Qgpr al

o 7%7’7'7
U, =Up = Uyt =Up = Upr = UL = Upr = UsS77 .

These equivalences hold because of the definitions of the root groups in the construction,
and the final equality is true by the assumption and Lemma 4.4.

o laT
In the proof of Proposition 3.3, we used (LM3) to deduce U, " ~*" " = U,, for any unit
y. In the situation here this also holds since

-1 -7

G ¥ yyr=1 Y-yt
U, Y =Us <= U_y=Ux"" — U_y=Ux"" ,

where the equivalences are again by the definitions in the construction, and the final equality
holds by Lemma 4.4 again. O
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This additional assumption will also be sufficient to ensure that the construction is a local
Moufang set.

Theorem 4.6. Let M(U, 1) be as in Construction A. Then M(U, ) is a local Moufang set if and
only if hy normalizes U for all units x.

Proof. Assume first that M(U, 7) is a local Moufang set. By (LM3), all u-maps send Up to Us.
By Lemma 4.4, this implies that all Hua maps normalize U = U,.

For the converse, we have already shown that (LM1), (LM2) and (LM2’) hold, so what
remains is (LM3). Fix some unit e € X and write 4 = p.. Then, by our assumptions and by
Lemma 4.4, U, C (Uso, Up) = (Uso, p) for any = € X, so in order to show that UJ = U, for all
g € Uy and all y € X, it is sufficient to show that U}’ = Uy., and U;** = Uy.,, for any z o oo.

We start by showing Uj'* = Uy.o, for all y € X and z € X s.t. 2z % oo. We distinguish two
cases.

y # oo: In this case, we have U, = U, by definition. Since U, is a group, we have a,a, =
for some a, and by looking at the image of 0, we find a = ya., so indeed Uy= =
U = U = U

y ~ oco: By definition, U = 2% Since Vyr—10z € UgUs, we have v, 1, = azhy, for
some a o0 00, b ~ 0 and h € H. By calculating the image of oo, we see bt = ya,. So
we get

—10z ah - h _ _
L

where we used Lemma 4.5(3).
Secondly, we need to show that U} = U,., for all y € X; we make the same case distinction.
m n
y 7 oo: We have Ul* = Uyt = Uém = US'. Now aly € Uy, so aff = v, for some a, and by
checking the image of co we find ar = yu. If yu ~ oo, we can use the definition of
n
a root group to find Ust = Unth™

m
yp 7 0, so yu is a unit and by Lemma 4.4(#), we also have Usy = Umr™ ™" = Uyp-

—1

= Uyu. If yu ¢ 0o, we use y # oo to conclude

1 1

m m
S py" S
y ~ oo: We have Ul = Usd” =Ux"  =U,” . Now 757,1 € Uy, SO 75771 = q for

some a, and by checking the image of 0 we find yu = a. Notice that since y ~ oo,

n
1

Sl
we have yp ~ 0, so we can use the definition of the root group of yu to get Uy*" =
Up™ = Uyp. O

Remark 4.7. Let M(U,7) and M(U’,7’) be given by Construction A, with actions on (X, ~)
and (X', ~') respectively, and assume there is a bijection ¢: X — X’ and a group isomorphism
0: U — U’ such that

e forall z,y € X, we have x ~ y <= o(x) ~ ¢(y);
e for all x € X and u € U, we have p(z - u) = ¢(z) - 0(u);

/

e for all x € X, we have o(z - 7) = ¢(z) - 7.
Then M(U, 7) and M(U’, 7") are isomorphic.
Remark 4.8. Assume M is a local Moufang set, and take U = U, and 7 to be any p-map.

Then by (LM3), the root groups we get in Construction A are identical to the root groups of M.
Hence we can view any local Moufang set as M(U, 7) for some U and 7.

Example 4.9. In Example 2.5, we have first introduced M(R) by giving two root groups. In
Example 4.2 in the previous section, we used construction A to define M(R). Up to now, we
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have not yet proven that what we described is indeed a local Moufang set. With Theorem 4.6
at hand, we can now easily do this.
0 1
TGR}, 7'|:_1 0}

For the construction, we used
One can check that [1,7]7 = [1,7]7=t = [1,—r~!] and —[1,7] = [1,—7] for [1,7] a unit. This
implies that

U= {[(1) ’1’] € PSLs(R)

hirr = Ta[lw]T_10‘—([1W]T*l)TO‘—(—([LT]T*l))T
10 =1 |1 7|0 —1] |1 r~ 1o =1][1 r . r~1 0
110 0 1|1 O 0 1 1 0 0o 11 [0 r|°

Hence, for any unit [1, 7],
hii,r 2
renp =l

1 s
hpr —
o ={fo 1]

and this shows that M(R) is indeed a local Moufang set.

SER}:U,

5 Special local Moufang sets and PSLy(R)

5.1 Definition and first properties

We recall that a Moufang set is called special if ~z = —x for all x € U*. This property was
introduced in the context of abstract rank one groups by F. Timmesfeld [Tim01, p. 2], and has
been thoroughly investigated for Moufang sets [DW06, DST08]. It is a difficult open problem
whether special Moufang sets always have abelian root groups. The converse, namely that proper
Moufang sets with abelian root groups are always special, has been shown by Y. Segev [Seg09].

We will now introduce the corresponding notion for local Moufang sets. We keep the notations
from before; in particular, 7 is an arbitrary p-map.

Definition 5.1. A local Moufang set M is called special if ~x = —x for all units z € X, or
equivalently, if (—z)7 = —(2z7) for all units z € X.

Some basic properties follow immediately from Proposition 2.17:

Lemma 5.2. Let x € X be a unit in a special local Moufang set. Then
(@) (—y)pe = —(yps) for all units y € X;

(1) po = e | 0y;
) L =Ty = TH—g;

ZU) Mz = awagimaz-

(U) P—g = Qg l— g Qg b — Oty .

Proof.
(¢) This follows from Lemma 2.17(vii) and the definition of special.
(44) This follows immediately from Lemma 2.17(v).
(#4i) By Lemma 2.17(vi), we have —x = ~x = —((—x)u,), so © = (—z)u, and hence —x =
xp;t = xp_y. On the other hand, (i) implies z = (—x)u, = —(xu,), hence zp, = —x.
(iv) Replace T by piay in (i7), and use (i).

(iii

—
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(v) This is a consequence of Lemma 2.17(vii7) and the definition of special. O
Lemma 5.3. If z,y € X are units in a special local Moufang set, and xoy, is a unit, then
Thyo, = (7y)a7zaz,uy047y'

Proof. Let 2/ = xay; note that 2/ £ y since z £ 0. Now let 2 = 2/7 '
tion 2.18 and by specialness, we have

_yr—17. By Proposi-

wlaypyoy = 2= —~z = —(youjle o)
=0- (aya,m/um/a—w’)_l =20 (ya_u,0)
=T (ya_, ) = T Qe yp,
and hence x'a_ypy = 2’0o, , 0y Replacing o' = zay,, we get
Thy = TOYQgp,, Ay SO 0-azyu, =0- Qg Oy Oy Oty

hence ay,,, = Az Oy Oy, Oty By rearranging we get Napiye, = OmyOgOlppy, Oy, which gives the
desired formula after applying it to O. O
Notation 5.4. For each z € U, we write -2 := 0aj = zo,. Hence a_(5.0) = (z2) ' = a3 =
a?,, 50 —(z-2) = (—x) 2.

—x

Lemma 5.5. Let x € X be a unit in a special local Moufang set, and assume that also x -2 is a
unit. Then

(i) there exists a unique y € X such that y-2 = x;
(i) 7T -2 4 0;
(@) (z-2)7-2=2aT.

Proof. We will prove these three facts simultaneously. By (i) and (v) from Lemma 5.2, we have

—((z-2)p-o) = ((=2) - 2)p—a
= (—T)a— g0l gy fl_z0y
= () g Qpfl_zy
= Ty fb—g Oy
= (z-2)p—p0y,
and hence a_((z.2)u_,) = Q(z.2)u_, @z Rearranging and applying to 0 gives
(- 2pp—y-2=—2x.
Now p_,7 and p,7 are Hua maps, so by Lemma 2.23 we get
(27) 2 = (—2)p—pT - 2= (=2 - 2)pi_o7 # 0
and
(z-2)7) 2= (& 2)p—opaT) - 2= (- 2)pt—0 - 2)ptaT = (—T) T = 2T .
This proves parts () and (7).

Now let y := ((—z) - 2)pz. Then by (it7), y - 2 = (—x)u, = x, which proves the existence in
part (7). It remains to show the uniqueness. So suppose there is another z such that z - 2 = 1;
then

(—$) 2= (CUM—z) 2= (Z ’ Q)M—z 2=2zZl_yg,
by applying (%) on z. Hence z = ((—z) - 2)u, = y, which proves uniqueness. O
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If this holds for all units of a special local Moufang set and the root groups are abelian, we
get uniquely 2-divisible root groups.

Definition 5.6. A group U is (uniquely) 2-divisible if for every g € U there is a (unique) h € U
such that h? = g. If this h is unique, we denote it by g/2.

Lemma 5.7. Let M be a special local Moufang set with Uy, abelian, such that each unit x, also
-2 14s a unit. Then Uy is uniquely 2-divisible.

Proof. Lemma 5.5(i) already shows that, if = is a unit, there is a unique y such that 043 =
therefore, it only remains to check the unique 2-divisibility for non-units. So suppose that = is
not a unit. Take any unit e; then a; = azq . Now xa_. and e are units, so both o, , and
a, are uniquely 2-divisible, say with a§ = Ozq_, and ai = .. Since Uy is abelian, we get

3 = Qza_, 0 = Q.

(aya:)® = ay

2

To show uniqueness, suppose there are two elements u, v € Uy with u? = w2 = a,. Then

(oglu)2 =, a; = a,

1

and similarly (o, 'u’)? = ae. By the uniqueness for units, we get o 'u' = oy 'u, sou =u'. O

Another property that holds when we have a special local Moufang set with abelian root
groups is the fact that y-maps are automatically involutions.

Lemma 5.8. Let M be a special local Moufang set with Us, abelian and |X| > 3. For any unit
x, we have hy = h_, and pi, = pi—,. Hence u2 =1 for all units x.

Proof. We will show h, = h_, by proving yh, = yh_, for all y € X. First assume y is a unit
with y ¢ —z, then

—yo )T g Ta

1 . .
— YT ) Q1 Ty, (as —yay is a unit)
—ya, T ra g aT)a,
= 7yOéI7'710[,zT—17'OéI
= _y:uac )

where we have repeatedly used commutativity of Uy, by
(—y)a_y = 004;,104;/1 = 0(ayay) "t =—(yau) .

From this, we get yp, = —(—ypz) = —(—Y)—e = Yl —z, so for any unit y with y » —2 we have
Yhe = yTpe = yTpi—o = Yh—o.

__ Next, we look at the case where y ~ —z. Take e a unit such that e £ —x (such e exists as
|X| > 3), then ya_. is a unit and ya_. # —x, so we can use the previous case to get

yhx = yafeaehz

= (ya—c)hgaen, (by Lemma 2.23)
= (ya—c)h_zen_, (by the previous)
= Ya_eeh_y (by Lemma 2.23)

=yh_,.
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Hence, we know yh, = yh_, for all units y.

Thirdly, we look at the case where y ~ 0. Take any unit e, then ya_. is a unit, so we can
repeat the previous argument to get yh, = yh_.

Finally, we need to cover the case y ~ oo. In this case,

yhy = yTh;T_l

= yTh g7 ' (by Lemma 2.21(7))
= yThy, 7 (by the previous case with y7 in place of y)
=yrh? 77! (by Lemma 2.21(4))
=yh_, .

We now know that yh, = yh_, for all y € X, so h, = h_,. It immediately follows that
Mo = T_lhm = T_lh—m = H—z- O

To finish this section, we observe that our main example, M(R) for a local ring R, is indeed
a special local Moufang set.

Example 5.9. We have already mentioned that [1,7]r = [1,r]7™! = [1, —r~!] for r € RX, and
—[1,7] = [1, —r]. This means that

~[1,7] = (—([1,7‘]771))7 =, r ) =[1,—r] = —=[1,7],

for any r € R*, so M(R) is special.

5.2 Constructing a ring from a special local Moufang set

We have seen that M((R) is an example of a special local Moufang set. It is natural to ask what
conditions can be put on a local Moufang set to ensure that it is equal to M(R) for some local
ring R. With some additional assumptions, it is possible to recover the ring structure from the
local Moufang set, at least provided the characteristic of the residue field is different from 2. We
will use a method similar to the related result for Moufang sets [DWO06, §6].

Construction B. Suppose that M is a local Moufang set satisfying the following conditions:
(R1) M is special;

(R2) Uy is abelian;

(R3) the Hua subgroup H is abelian;

(R4) if 2 is a unit, then so is z - 2.

We consider the set R := X \ 30, and define an addition and a multiplication. Note that there
is a bijection between R and Uy, by = +— ;. We define the addition on R as

z+y:=0-aza

for all z,y € R. This addition is simply the translation of the group composition in Uy, to the
set R. Since Uy is an abelian group, so is (R,+). By Lemma 5.7, Uy is uniquely 2-divisible,
hence also (R, +) is uniquely 2-divisible.

To define the multiplication, we first choose a fixed unit e € R, which will be the identity
element of the multiplication. We will use the Hua maps corresponding to 7 = p., i.e. we use
hy = hayu, = feftz- Remark that by (R1), (R2) and (R4), the conditions of Lemma 5.8 are
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satisfied, so p. is an involution, and hence p.h, = p,. For any y € R, we now define a map
Ry: X — X by

T hepy—x-hy—2x for y and y + e units, (1)
TRy =< —x-h_ery+ax+ax-hy for y a unit and y + e not a unit,  (IT)
T hoeyy — T - hepy —x-h_ge +2 for y not a unit. (I1IT)

(We will verify in the proof of Lemma 5.11 below that all Hua maps occurring in this definition
can indeed be defined.) Combining this with the unique 2-divisibility, we can now define the
multiplication on R by

xy = xR, /2

for all z,y € R.

We will now prove that this structure is a local ring, so for the remainder of the subsection,
our local Moufang set satisfies (R1)—(R4). First, we observe that the action of any Hua map
on R is a group automorphism of (R, +):

Lemma 5.10. Let h be a Hua map. Then for any z,y € R, we have (x + y)h = xh + yh. In
particular, (—x)h = —zh and (z/2)h = xh/2.

Proof. The first identity is Lemma 2.23 rewritten in terms of the addition in R. The second and
the third are immediate consequences, using the unique 2-divisibility. [l

Note that if h and k' are Hua maps, we can define x(h + h') := xh + zh/, and the map h+ h’
is also a group endomorphism of (R, +). In particular, each R, is a group endomorphism of

(R, +)-
Lemma 5.11. The structure (R,-) is a commutative monoid with identity element e.

Proof. By the previous lemma and observation, we have (x/2)R, = xR, /2. Furthermore, since
H is abelian, every two maps R, and IR, commute. Hence

(zy)z = (xRy/2)R./2 = zRyR./4 = 2R, R, /4 = (zR./2)R,/2 = (z2)y
for all x,y, z € R. This proves the identity
(zy)z = (z2)y (5.1)

for all x,y, z € R, which will be crucial for showing commutativity and associativity.

Next, we show that e is a left identity element for the multiplication, i.e. that ex = x for
all x € R, and we will show this in each of the three cases, using Lemmas 5.2 and 5.3, which
translates to

Thgty = =Y — & + xpy — Yy for all z,y € R such that x, y and = + y are units.
(I) In this case, z and x + e are units. We get

eRy =€ heyy —€-hy —e = elieflers — flefle — € = (—€)flets — (—€)pz — €
= —€lletg T Uy —€ = _(_$_€+€Mz_$)+euw_e:2xa

so er =eR, /2 = .
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(II) In this case, x is a unit and x + e is not a unit. Hence x — e is a unit, or we would have
x—en~ 0~ x4+ e, which would imply e ~ —e, contradicting (R4). We get
eR,=—e-h_cipztete-hy=—e fefi—ers +E+ € lefly
=—(=€)p—cta te+ (—€)a = (-2t e+ (—€)pa — ) + e+ (—€)pa = 2,
so er =eR, /2 = .
(IIT) In this case,  is not a unit, so x + e and x + 2e are units (since 2e 7 0 and e is a unit).
We get
eR, =€ -hoery —€ heyy —€-h_o.+e
=€ fleft2etz — € felletz — € fefb—2c + €
— efizera + efiers — (—€)p_ze +e
=—(—e—z—e+tepiers —€— )+ eliets — (e+ e+ (—€)ue +€) +e =2z,

so ex = eR, /2 = x.
Substituting e for x in (5.1), we get yz = zy for all y, z € R, so the multiplication is commutative.

In particular, ze = ex = x for all x € R, so e is an identity element. Finally, we apply
commutativity to (5.1), and we get (yz)z = (zy)z = (z2)y = y(xz) for all z,y,z € R, so the
multiplication is associative. O

Theorem 5.12. The structure (R,+,) is a unital, commutative ring.

Proof. We know that (R,+) is an abelian group with identity element 0 (isomorphic to U),
and that the multiplicative structure is a commutative monoid with identity element e. It only
remains to show the distributivity. We have seen before that the maps R, as linear combinations
of Hua maps, act linearly on (R,+). This means that (x + y)R, = 2R, + yR., and so

(x+y)z= (R, +yR.)/2=2aR./2+yR./2 = xz + y2

for all z,y,z € R. By commutativity, we also get 2(y + 2z) = (y + 2)z = yx + zo = 2y + xz for
all z,y,z € R. We conclude that R is indeed a unital, commutative ring. (I

Our next goal is to show that R is a local ring. To do this, we will identify the invertible
elements, and show that the non-invertible elements form an ideal.

Proposition 5.13. If x € X is a unit, then x € R is invertible with inverse 171 := (—x)c.

1

Proof. Note that we only need to show 7 x = e, since by commutativity we will also get
-1

rzz~' = e. We will again use Lemmas 5.2 and 5.3. Again, we need to proceed case by case, but
since x is a unit, only the two first cases occur.

(I) In this case, both z and x + e are units. We get
(—2)pe Ry = (—2)pte * hetw — (—2)pte * ha — (—2)pte = (=) petas — (—2) e — (—2) e
= —Tlgte — T+ Tpe = —(—€—$+$Me —6) — T+ Tpe = 2e,
sox lz=x"1R, /2=,
(II) In this case, z a unit and x + e not a unit (so  — e a unit), hence
(_‘T)MeRm = _(_x)ﬂe “hoepa + (_‘T)Me + (_x),ue hy

= _(_‘T)M—e-i-z + (_x)ﬂe + (—ZU)ME = Tlhz—e + (—x),ue +x
=(e—xz+ap.+e)—xzu.+x="2e,

soagainz lzx =271R, /2 =e. O
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Observe that we have shown that the elements we called ‘units’ in the local Moufang set
correspond to the units in the ring R.

Proposition 5.14. The set m :=0 C R is an ideal in R.

Proof. Let x,y € m; then x +y = 2ay ~ 0oy =y ~0,s0x+y ~ 0and z +y € m. Also
—x =0a_, ~za_, =0,s0 —x € m. Next, we need to verify that m is closed under multiplication
with R. Take z € m and r € R. We get zr = xR, /2, but R, is a linear combination of Hua
maps. Hence =R, is a sum of = - h,, for some r;, and zh,, ~ Oh,, = 0. Hence xR, ~ 0, and (R4)
then implies that also xr ~ 0. Hence m is an ideal. (|

We can now summarize our results of this section.

Theorem 5.15. Suppose that M is a local Moufang set satisfying (R1)—(R4). Then we can use
Construction B to get a local ring R from M, and 2 is invertible in R.

Proof. We have shown that m is an ideal in R. On the other hand, if » € R\m, then r € X\o
is a unit, so m is exactly the set of non-invertible elements of R; it must therefore be the unique
maximal ideal of R. Since 2 = 2e is a unit, it is invertible in R. O

5.3 Characterization of PSL,(R) as a special local Moufang set

Our goal is to use Theorem 5.15 to characterize M(R) as a special local Moufang set satisfying
certain conditions. As a first step, we will apply Construction B on M(R); we will see that the
resulting local ring is indeed isomorphic to the ring R we started with.

Example 5.16. Let R be a local ring with 2 € R*, and consider the special local Moufang set
M(R). Then U, is abelian and uniquely 2-divisible, as

AR -b bR e bR

for all 7, s € R. Secondly, the Hua subgroup is abelian, as

| O A A B S

Finally, recall that [1,r] is a unit if and only if » € R*, so since 2 is invertible, 2r € R* and
[1,2r] is a unit.

Hence we can perform Construction B on M(R) whenever 2 is invertible in R. We thus
get a new ring R’ := {[1,r] | » € R}, and choose a unit [1,e]. The addition is given by
[1,7] + [1,8] = [1,7 + 5] for all r,s € R, and a short computation shows that the multiplication
is given by

[1,7][1,s] = [1,re 5]
for all ,s € R (in each of the three cases).

Theorem 5.17. If R is a local ring with residue field not of characteristic 2, then the ring R’
we get from M(R) using Construction B with unit [1,e] is isomorphic to R.

Proof. We define a bijection ¢: R — R': r + [1,re]. Then

p(1) =[1,¢],
p(r+s)=[1,(r+s)e] = [1,re] + [1, se] = o(r) + ¢(s),
o(rs) = [1,rse] = [1,7ee  se] = [1,re][1, se] = (r)p(s),

for all ,s € R. We conclude that ¢ is a ring isomorphism. [l



5 SPECIAL LOCAL MOUFANG SETS AND PSLy(R) 22

Remark 5.18. The ring R’ is, in fact, an isotope of R with new unit e, and we have simply
illustrated the (well known) fact that an isotope of an associative ring is always isomorphic to
the original ring.

Corollary 5.19. If M(R) is isomorphic to M(R’) for local rings R and R’ with residue field not
of characteristic 2, then R = R/,

We will now characterize M((R) purely based on data from the local Moufang set. We will
need two extra assumptions on the local Moufang set, in addition to (R1)—-(R4). Observe that
p-maps are in this case involutions by Lemma 5.8.

Theorem 5.20. Let M be a local Moufang set satisfying (R1)—(R4). Let e and R, be as in
Construction B. Assume furthermore that

Tty = YRza_ocpte Ryjte  for all z ~ 0 and y o oo.
Then M is isomorphic to M(R), where R is the local ring obtained from Construction B.

Proof. We adopt the notations from Construction B for M, and we will denote the root group
Uo,1) of M(R) by U’. We will construct a bijection from X to P!(R) preserving the equivalence,
a bijection from Uy, to U’, and an involution 7 of M((R) such that the action of Uy, and p. on X
is permutationally equivalent with the action of U’ and 7 on P'(R). By Remark 4.7 this will
show that M is indeed isomorphic to M(R).

By construction, R = X \ 50, and we have 30 = Oy, by the definition of py-maps. So we define

e, T ifxeR
o: X - P (R): z+— le;2] ) -
[—xpe,e] if z €.
Note that in the second case xp. 7 00, so this is indeed an element of the ring R. It is clear that
 is a bijection; we claim that ¢ preserves the equivalence. First, if z,y € R, then

T~y = oy ~0 = x-y~0 <= z—yem < [e,z] ~[e,y],

where the last equivalence follows from (2.1) on p. 3. Secondly, if x ~ y ~ oo, then xp. ~ yue ~ 0,
so both are in m, and hence p(z) ~ ¢(y). Finally, if x ~ co but y € R, then again xu. ~ 0, so

zpie € m, hence p(x) % ¢(y).
Let 7 = [ 0 8]. It remains to show that the actions of Uy, and u. on X are permutationally

—€

equivalent with the actions of U’ and 7 on P*(R) via ¢. For 7 and ., we compute, using 2 = 1,

[—z, €] if xpe ~o00 <= x~0,
oone) = { ezl = [e, —a=1] if e B*
le, T pte] if zpe ~0 <= =~ o00;
le, z]T = [~we, 2] = [z, ] ifz~0,
o(x)r =< [~z e] = [e, —x71] if z € R,
[—2pte, €]T = [—€2, —zuce] = e, zpe] if 2 ~ 00;

so ¢(zpe) = @(x)7. To show that the actions of Uy and U’ are the same, we first observe that
the map
0: Uoo — U/Z Ay Qle,x]
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for all x € R, is a group isomorphism because

e x| |e e T+
B012)B(cty) = foa) o) = {0 e} {0 ﬂ _ {0 ‘ y] = ety = Oasy) = O(mary)

for all x,y € R. It only remains to show that
o(zay) = ¢(z)8(ey) forallz € X and y € R.
We distinguish two cases: if z € R, then
Plway) = pla+y) = e+ 9] = [esalagey) = p()0(ay)
If 2 ~ oo, we set @’ = zu_ !, which is then equivalent to 0, so
Ly = xlueay =yRya_oepie Ry e = (2y1'/ - QQ)UGRz’Me
= _(ny’ - 26)_1Rm’ﬂe = (_2_1(y$1 - e)_l)Rm’:ue
= (2(=27 (ya' —e) " )a e = (= (ya’ — )" pe,
where we have used the fact that (2ya’ — 2e) is invertible because 2yz’ € m. Since zoy, ~ oo,
this implies
p(ray) = [—(—(ya' — )" Y pepe, €] = [(ya' —e)~'a' €],
where we use 2 = 1. On the other hand,

e
P@)0(0,) = [apeclagey = [l [ 2
= [—a'e,—a'y + €] = (g2’ — &)~ 'a" ],
and we conclude that ¢(zay) = p(x)0(ay,) also in this case. O
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