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 5 

Abstract: Flow friction factor is expressed in implicit form in some of the relations such as 6 

Colebrook. This type of equations has to be solved in iterative procedure because the unknown 7 

friction factor appears on both sides of the equation. Many less or more accurate explicit 8 

approximations of the implicit Colebrook equation for the flow friction are available. These 9 

approximations, equally as original implicit equation, are valuable for hydraulically „smooth‟ 10 

pipe region of partial turbulence and even for fully turbulent regime with special attention on 11 

transient zone. Here will be shown a review of available approximations of the Colebrook 12 

equation. Presented approximations vary in the degree of accuracy depending upon the 13 

complexity of their functional forms where the more complex ones usually provide estimated 14 

friction factor with higher accuracy. How well Colebrook equation, itself, fits the experimental 15 

data is beyond the scope of this article. 16 

 17 

Keywords: channel and pipe flows; Newtonian flows; turbulence modeling; friction coefficient; 18 

Colebrook equation; 19 

 20 

1. Introduction 21 

This year is the seventieth anniversary of the well known Colebrook equation (Colebrook 1939). 22 

Unfortunately this equation is implicit in friction factor. The Colebrook equation is widely used 23 
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in the petroleum industry for calculations of oil and gas pipelines, in civil engineering for 1 

calculation of water distribution systems, in chemical engineering, mineral processing, and in all 2 

fields of engineering where fluid flow can be occurred. The reason that so many researchers 3 

propose approximate solutions to Colebrook equation is that the correlation is necessary to 4 

calculate the pressure drop and average velocity in tubes. The problem is that, since the 5 

Colebrook equation is implicit, containing the friction factor, the Reynolds number and the pipe 6 

roughness, it must be solved by iteration. Even today in the era of advance computer technology, 7 

approximations of the implicit Colebrook relation from 1939 are very often used for calculation 8 

of friction factor in pipes.  9 

 10 

Various types of equations for determination of the head losses due to friction are available in 11 

literature, such as e.g. Darcy-Weisbach, Fanning, Chezy-Manning, Hazen-Williams, Scobey 12 

formulas, etc
1
. These equations relate the friction losses to physical characteristics of the pipe or 13 

the wall of a channel in the case of open flow and various flow parameters. Darcy friction factor
2
 14 

is the main parameter of the Darcy-Weisbach equation. Darcy friction factor can be calculated 15 

using equations proposed by different authors
3
 for different flow regimes such as laminar, 16 

smooth, turbulent, etc. For the Reynolds number bellow 2320 regime is laminar. Upper limit for 17 

                                                           
1
 Chezy-Manning, Hazen-Williams and Scobey formulas are only for water, i.e. for liquid flow 

and these factors cannot be used for gas pipeline calculation. Introduced in the early 1900s, the 

Hazen–Williams equation determines pipe friction head loss for water, requiring a single 

roughness coefficient (Travis and Mays 2007). Unfortunately even for water it may produce 

errors as high as ±40% when applied outside a limited and somewhat controversial range of 

Reynolds numbers, pipe diameters and coefficients. Not only inaccurate the Hazen-Williams 

equation is conceptually incorrect (Liou 1998) 
2
 somewhere known as Moody or Darcy-Weisbach factor 

3
 such as e.g. Renourad, Blasius, Moody, Colebrook, Altshul, etc 
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hydraulically „smooth‟ regime ζ=16. Typical partially turbulent regime is occurred for 1 

16<ζ<200, and for ζ>200 fully turbulent regime is most possible
4
. 2 

 3 

2. On the Colebrook equation for flow friction factor 4 

The Colebrook equation is somewhere known as the Colebrook-White equation. White was not 5 

actually a co-author of the paper in which this equation was presented. But, Colebrook made a 6 

special point of acknowledging important contribution of White to the development of the 7 

equation. The transition region between laminar and fully turbulent rough pipe flow was defined 8 

empirically on pipes that had a uniform roughness created by a coating of uniform sand covering 9 

the entire pipe interior as in experiment of Nikuradse (1933). Measurements conducted by 10 

Colebrook and White (1937) showed that pipes with non-uniform roughness did not display 11 

exactly the same transition curves. For commercial pipes Colebrook (1939) showed the transition 12 

region of turbulence could be described by (1):  13 

BAlog2B
1

alog2
D71.3Re

51.2
log2

1
101010     (1) 14 

Colebrook equation also can be noted as (1a): 15 

Re

35.9

D
log214.1

1
10          (1a) 16 

For turbulent flow in rough pipes which is of greater practical interest, the Colebrook equation is 17 

by far the most widely used correlation to calculate Darcy friction factor. It relates the friction 18 

factor, or better to say transmission factor 1/  to the Reynolds number and relative pipe 19 

roughness. 20 

                                                           
4
 These boundaries are valuable for Darcy friction factor. For Fanning see e.g. paper of Abdolahi 

et al (2007) 
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 1 

For the regime of partial turbulence, where the friction coefficient diverge to different straight 2 

lines for different constant relative roughness, Colebrook proposed adding Prandtl equation for 3 

smooth pipes
5
 and von Kármán equation for rough pipes

6
 smoothing the contact between these 4 

two lines
7
. Many researchers adopt a modification of the Colebrook equation, using the 2.825 5 

constant instead of 2.51 especially for gas flow calculation (Coelho and Pinho 2007).  6 

 7 

Colebrook equation in the form presented in this paper is used for calculation of Darcy friction 8 

factor. Moody‟s and Darcy‟s friction factor are synonyms. In 1943, Rouse plotted the friction 9 

factor relation of Colebrook and White in the format 1/  vs. Re·  suggested by Prandtl-von 10 

Kármán analytical model (Prandtl 1935, von Kármán 1934), with supplementary scale of friction 11 

factor vs. Reynolds number (Moody 1944). This, together with a relative roughness scale, 12 

yielded a graph covering the full range of pipe resistance from laminar to fully rough. This 13 

diagram is arranged in details by Moody (1944), and today is available for graphically 14 

determination of the Darcy friction factor. Credit for this diagram should really go to Colebrook, 15 

who formulated the transition function (Colebrook 1939, Colebrook and White 1937), and to 16 

Blasius (1913), who first show that pipe resistance data for both smooth and rough materials 17 

could be correlated by plotting friction factor against Reynolds number. Work of Nikuradse 18 

(1933) is also essential for the development of the Colebrook relation. Historically, the behavior 19 

of an arbitrary surface in the fully rough regime has been related to an „equivalent sand-grain 20 

                                                           
5
 A in (1) 

6
 B in (1) 

7
 Prandtl and von Kármán relations are somewhere known as NPK i.e. Nikuradse, Prandtl, von 

Kármán friction factor equation 
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roughness value‟ from the work of Nikuradse (1933). Nikuradse (1933) in his experiment coated 1 

the inside walls of pipes with uniform sand grains of known sizes. Nikuradse conducted 2 

experiments with a series of pipes, each of which was coated with sand with a narrow size 3 

distribution. Nikuradse‟s data in the transitionally rough regime show the friction factor 4 

gradually increasing above the smooth curve, reaching a minimum value, before rising and 5 

leveling off to the fully rough value. 6 

 7 

Note that some authors used Darcy (i.e. Moody) coefficient of hydraulics resistance, while the 8 

other used Fanning factor. The Darcy and the Fanning friction factors are not the same but 9 

physical meaning is equal. The connection with Fanning coefficient is λ=4·f, and in the form of 10 

transmission coefficient f5.0 . The development of „Moody Chart‟ (Moody 1944) which 11 

enables engineers to plot the Darcy friction factor and the use of the personnel computer to 12 

calculate the Darcy friction factor led to a large reduction in the use of the Fanning friction 13 

factor. The Darcy or Moody factor, somewhere is known as the Darcy-Weisbach friction factor, 14 

but note that is better to say that the Darcy or Moody friction factor is the main part of the well 15 

known Darcy-Weisbach equation (2). 16 

2

v

D

L
pp

2

21

          

(2) 17 

Previous equation is valid for calculation in the cases of liquid flow, but for the gaseous flow, 18 

laws of thermodynamics also have to be used (Coelho and Pinho 2007, Brkić 2010a, Ouyang and 19 

Aziz 1996, Gersten et al 2000). 20 

 21 

Similar misunderstandings connected with the proper use of the Darcy apropos the Fanning 22 

friction factor can be occurred with non-proper use of diameters instead of radius of pipe and 23 
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opposite. This is not rare to oversight such things i.e. to use diameter of pipe instead of radius 1 

(Brkić 2009a). Even Chen (1979) who developed very popular approximation of the Colebrook 2 

equation, made similar error in his original paper in expression of von Kármán relation (Chen 3 

1980, Schorle et al 1980). Rao and Kumar (2007) made same mistake as Chen (1979) related to 4 

von Kármán relation (3)
8
.  5 

 6 

First term (term with 3.71 in the next relation) is so called Colebrook expression of von Kármán 7 

relation (3): 8 

D
log214.1

D

2
log274.1

D71.3
log2

1
101010

   

  (3) 9 

Similar transformation (term with 2.51 in the next relation is so called Colebrook expression of 10 

this relation) is well known for Prandtl relation (4): 11 

8.0Relog2
51.2

Re
log2

1
1010        (4) 12 

So, strictly mathematically is incorrect what Colebrook had done, i.e. log(A+B)≠log(A)+log(B), 13 

but physically this relation gives good results. Problem can be treated as inverse; according to 14 

algorithm‟s rules equally is incorrect to split the Colebrook relation into two pieces. How well 15 

the Colebrook equation smoothing contact among the von Kármán and Prandtl relation can be 16 

best seen in graphical interpretation (Figure 1).  17 

 18 

Using logarithmic scales, the curves for hydraulically „smooth‟ flow regime expressed in Blasius 19 

form (power-law relationships) becomes straight inclined line
9
, and the rough-pipe curve for the 20 

                                                           
8
 correct version is in Moody (1944) last equation on the page 676, see also comments from 

Schorle et al (1980) and Chen (1980) 
9
 See (28)  
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zone of the full turbulence merge horizontal line. Axis
10

 in figure 1 are set similar as in the 1 

original paper of Nikuradse (1933). 2 

 3 

Figure 1. Implicit Colebrook relation and related approximations smoothed contact among 4 

relations for smooth and rough relations 5 

 6 

To equalize influence of absolute roughness for all pipe available pipe diameters, the relative 7 

roughness ε
*
 can be defined as (5): 8 

D

*             (5) 9 

Where ε is absolute roughness, i.e. the average height of the asperities and D is inner diameter of 10 

pipe i.e. the tube diameter. Somewhere relative roughness can be defined using radius instead 11 

diameter, as mentioned before, and hence must be very careful (this problem is also connected 12 

with definition of Darcy vs. Fanning friction factor). 13 

 14 

3. Some explicit approximations of the Colebrook’s equation 15 

How well the Colebrook equation (1) equation fits the experimental data is beyond the scope of 16 

presented approximations. Perhaps one of these equations even fits the available data better than 17 

the Colebrook equation; until the comparison is made, however, this will not be known (Figure 18 

2). 19 

 20 

Figure 2. Few competitive approximate relations for transient flow regimes 21 

 22 

                                                           
10

 log(100·λ)=log(Re) in Nikuradse‟s paper 
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Very good paper of Concha (2008) was used as inspiration for the author of these lines to write 1 

this paper and accordingly similar example as in related paper here will be resolved. In Table 1 2 

are listed calculated values of Darcy and Fanning friction factors for Re=3.97·10
5
 and ε* 3 

=1.23·10
-3

. All approximations shown in Table 1 will be explained in further text
11

. 4 

 5 

Table 1. Comparison of different approximations of Colebrook relation 6 
 7 

Estimated errors in Table 1 are only calculated for related example. For other numerical values 8 

situation can be very different. For the maximum relative error profile, according to research 9 

conducted by Yıldırım (2009)
12

, the smaller values are obtained for the three models, 10 

respectively: Chen: 3.76%; Sonnad and Goudar 3.78%; and Romeo et al. 3.84%; whereas the 11 

higher values are observed for the following models: Churchill 5.76%; Churchill 4.89% for 12 

simpler form (not cover laminar regime); Swamee and Jain 4.85%; Haaland 4.66%; Jain 4.65%; 13 

Manadilli 4.44%; Barr 3.96%; and Zigrang and Sylvester 3.95%. According to Ouyang and Aziz 14 

(1996)
13

, maximal errors made by approximations compared with original implicit formula are: 15 

Serghides (11) -0.003 (average 0.00037), Zigrang and Sylvester (13a) -0.206 (0.0287), Serghides 16 

(11d) -0.355 (0.0359), Chen (16) -0.698 (0.137), Zigrang and Sylvester (13) -1.060 (0.234), 17 

Haaland (12) 2.952 (0.582), Jain (19) 4.598 (0.929), Eck (21) 11.962 (3.010), Moody (23) -18 

26.790 (6.276), Wood (22) -32.553 (5.107) and Churchill (17) -70.730 (4.092). These data are 19 

                                                           
11

 For values of Reynolds number and relative roughness different than shown in Table 1, readers 

can consult MS Excel file in Electronic Annex of this article (Appendix) 
12

 This research covers approximations of Sonnad and Goudar (8), Romeo et al (9), Manadilli 

(10), Haaland (12), Zigrang and Sylvester (13a), Barr (14), Chen (16), Churchill (18), Jain (19), 

Swamee and Jain (20) and Moody (23)  
13

 This research covers approximations of Serghides (11) (11d), Haaland (12), Zigrang and 

Sylvester (13) (13a), Chen (16), Churchill (17), Jain (19), Eck (21), Wood (22) and Moody (23)  
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also available from paper of Abdolahi et al (2007). Gregory and Fogarasi (1985) in their paper 1 

also made comparisons of in that time available approximations of Colebrook equation. Similar 2 

comparisons are available from paper of Goudar and Sonnad (2007, 2008).  3 

 4 

To allow necessary implicit calculation in MS Excel 2007 which is used for calculation of 5 

implicit Colebrook (and modified Colebrook) relation in Table 1, the „Office button‟ at the 6 

upper-left corner of the Excel screen have to be pressed, and in the „Excel options‟, „Formulas‟ 7 

has to be chosen and finally box „Enable iterative calculation‟ have to be ticked (Brkić 2010b). 8 

This allows implementation of so called „Circular references‟ into a calculation. 9 

 10 

Note that some of further approximations exist in several versions. Here has to be very careful 11 

because typographical errors are always possible. 12 

 13 

3.1 Brkić approximation  14 

There are no constraints in application of Brkić (2010c) approximation (6) in comparisons to 15 

original Colebrook equation: 16 

D71.3
10log2

1 S4343.0
10

        (6) 
17 

Re1.11ln

Re1.1
ln816.1

Re
lnS

         (6a) 
18 

Brkić (2010c) approximation also can be noted as (6b):
 

19 

D71.3Re

S18.2
log2

1
10

        (6b) 
20 
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Here shown Brkić approximations of the Colebrook equation are based on Lambert W-function 1 

(2010c). W is the principal branch of the Lambert function (Hayes 2005). Colebrook equation 2 

has the exact analytical solution: 3 

D71.310lnRe

02.5

10lnRe
W02.5

log2
D71.3

10log2
1 02.5

10lnRe
W

10ln

1

  (6c) 
4 

Alternate representation (6c) of the Colebrook equation is mathematically equivalent to the 5 

original expression (1). So, equation (6c) is not approximation of Colebrook relation, but since 6 

Lambert W-function is involved, exact solution is not possible. Here shown Brkić 7 

approximations are developed after approximate solution of Lambert W-function proposed by 8 

Barry et al (2000). Numerical approximations for solution of the Lambert W-function are also 9 

contained in some of the computer algebra packages. The Lambert W-function is implemented in 10 

many mathematical systems like Mathematica by Wolfram Research under the name ProductLog 11 

or Matlab by MathWorks under the name Lambert. Clamond (2009) also provides Matlab and 12 

FORTRAN codes for Colebrook relation expressed in term of the Lambert W-function.    13 

 14 

3.2 Rao and Kumar approximation  15 

Rao and Kumar (2007) defined relative roughness using radius of pipe and not diameter. To 16 

avoid any further misunderstandings here will be given approximation of the Colebrook‟s 17 

relation according to Rao and Kumar (2007) (7): 18 

*
10 B

D
2log2

1

       

  (7) 19 

Re
Re

Re135.0444.0
B*

      

   (7a) 20 
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2

5.6

Re
ln33.0

e55.01Re

       

  (7b) 1 

Φ(Re) can be neglected in most cases. 2 

 3 

In the paper of Rao and Kumar (2009), a velocity model is proposed for turbulent flow in the 4 

wall region of a pipe covering the entire transition from smooth to rough flows. Coupling this 5 

model for the wall region with the power law velocity model for the core region, equation for the 6 

friction factor is obtained. 7 

 8 

3.3 Sonnad and Goudar approximation  9 

Sonnad and Goudar (2006) relation is recommended for Re ranging from 4000 to 10
8
 and values 10 

of ε/D between 10
-6

 and 5·10
-2

 (8):  11 

1S/SS

Re4587.0
ln8686.0

1
         (8) 12 

Re4587.0ln
D

Re124.0S          (8a)
 

13 

 14 

3.4 Romeo, Royo and Monzón approximation  15 

Romeo et al (2002) relation is recommended for Re ranging for Re from 3000 to 1.5·10
8
 and 16 

values of ε/D between 0 and 5·10
-2

 (9): 17 

9345.09924.0

101010
Re815.208

3326.5

D7918.7
log

Re

567.4

D827.3
log

Re

0272.5

D7065,3
log2

118 

 
(9) 19 

 20 

3.5 Manadilli approximation  21 



12 

Manadilli (1997) proposed the following expression valid for Re ranging from 5235 to 10
8
, and 1 

values of ε/D between 0 and 5·10
-2

 (10): 2 

Re

82.96

Re

95

D7.3
log2

1
983.010

        
(10) 3 

 4 

3.6 Serghides approximation  5 

Serghides (1984) relation is given with no special remarks of validity range i.e. same as for the 6 

Colebrook‟s equation (11): 7 

2

123

2
12

1
2          

(11) 8 

Re

12

D7.3
log2 101

         
(11a) 9 

Re

51.2

D7.3
log2 1

102

        
(11b) 10 

Re

51.2

D7.3
log2 2

103

        
(11c) 11 

Serghides (1984) equation can be given in simpler form (11d): 

12 

2

12

2
1

781.42

781.4
781.4

         
(11d)

 

13 

3.7 Haaland approximation  

14 

Haaland (1983) relation is recommended for Re ranging for Re from 4000 to 10
8
 and values of 15 

ε/D between 10
-6

 and 5·10
-2

 (12): 16 

Re

9.6

D7.3
log8.1

1
11.1

10

        
(12) 17 

 

18 



13 

3.8 Zigrang and Sylvester approximation  

1 

Zigrang and Sylvester (1982) relation is given with no special remarks of validity range i.e. same 2 

as for the Colebrook‟s equation (13): 3 

Re

13

D7.3
log

Re

02.5

D7.3
log2

1
1010

       
(13) 4 

More complex approximation proposed by Zigrang and Sylvester (1982) are also available (13a): 5 

Re

13

D7.3
log

Re

02.5

D7.3
log

Re

02.5

D7.3
log2

1
101010

    
(13a) 6 

3.9 Barr approximation 
7 

Barr (1981) relation is given with no special remarks of validity range i.e. same as for the 8 

Colebrook‟s equation (14): 9 

7.052.0

10

10

D29

Re
1Re

7

Re
log518.4

D7.3
log2

1

       
(14) 10 

 11 

3.10 Round approximation 12 

Round (1980) relation is given with no special remarks of validity range i.e. same as for the 13 

Colebrook‟s equation (15): 14 

5.6
D

Re135.0

Re
log8.1

1
10

        
(15) 15 

 16 

3.11 Chen approximation

 17 

Chen (1979) approximation is also very popular in the technical literature (16): 18 



14 

8981.0

1098.1

1010
Re

8506.5

D8257.2

1
log

Re

0452.5

D7065.3
log0.2

1

  

  (16) 1 

 2 

Chen (1979) proposed equation (16) for friction factor covering all the ranges Re and ε/D 3 

excluded laminar regime, but best fitted for Re ranging from 4000 to 4·10
8
 and values of ε/D 4 

between 0.0000005 and 0.05. There is no special explanation for different coefficients in some 5 

equations (e.g. 3.7065 or 3.707 instead of 3.71 etc). Only reasonable explanation can be that this 6 

changed coefficients maybe better fit experimental data. 7 

 8 

3.12 Churchill approximation 9 

Churchill (1977) relation (17) holds for all Re and ε/D, including laminar regime. One advantage 10 

of the Churchill equation is that it does give reasonable values for the friction factor within the 11 

practical roughness range for all Reynolds numbers up to 10
8
 for all pipes and to even higher 12 

Reynolds numbers for all but very smooth pipes. Since it is a continuous function for Reynolds 13 

numbers above 0, it also lets one calculate a friction factor in the transient zone; of course the 14 

accuracy of such a friction factor probably cannot be determined, but it will be reasonable. 15 

12

1

5.1
21

12
1

Re

8
8

         
(17) 16 

16

9.01

D
27.0

Re

7

1
ln457.2

        
(17a) 17 

16

2
Re

37530

           
(17b)

 
18 

In Abdolahi et al (2007), term Θ1 is given in following form with same result: 
19 



15 

16
9.0

1
D

27.0
Re

7
ln457.2

        
(17c)

 

1 

Simpler Churchill approximation (18) does not cover laminar regime (Churchill 1973): 2 

9.0

10
Re

7

71.3D
log2

1

        
(18)

 
3 

3.13 Jain approximation 4 

Jain (1976) relation is recommended for Re ranging for Re from 5000 to 10
7
 and values of ε/D 5 

between 0.00004 and 0.05 (19): 6 

 7 

9.0

10
Re

943.6

D715.3
log2

1

        
(19) 8 

3.14 Swamee and Jain approximation 9 

Swamee and Jain (1976) relation covering the range of Re from 5000 to 10
8
 and the values of 10 

ε/D between 10
-6

 and 5·10
-2

 (20): 11 

 12 

9.010
Re

74.5

D7.3
log2

1

         
(20) 13 

9.010
Re

25.21

D
log214.1

1

         
(20a) 14 

3.15 Eck approximation 15 

Eck (1973) relation is given with no special remarks of validity range i.e. same as for the 16 

Colebrook‟s equation (21). 17 

Re

15

D715.3
log2

1
10

         
(21) 18 

 19 
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3.16 Wood approximation 1 

Wood (1966) relation is valid for Re>10000 and 10
-5

<ε/D<0.04 (22): 2 

Re
D

88
D

53.0
D

094.0

44.0225.0

       
(22) 3 

134.0

D
62.1

          
(22a)

 
4 

 5 

3.17. Moody approximation 6 

Moody (1947) relation is valid for Re from 4000 to 10
8
 and values of ε/D ranging from 0 to 0.01 7 

(23): 8 

3

1

6
4

Re

10

D
10210.0055

        
(23) 9 

 10 

4. Some other approaches for the same flow regimes 11 

Derivation of relations for the friction factor is mostly based on the logarithmic or power law 12 

formulations of velocity profiles in boundary layers. Colebrook equation is based on the 13 

logarithmic formulation. 14 

 15 

Example of the formulas similar to Colebrook, valuable for the same flow regimes, is old Altshul 16 

equation from the soviet era (Nekrasov 1969, Sukharev et al 2005, Ruan et al 2009); without 17 

deeper analysis of accuracy (24): 18 

4

1

Re

68

D
11.0           (24) 19 
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4

1

Re

100

D

46.1
1.0           (24a) 1 

This formula was eliminated from the last wording of the Russian norms; however, it is used as 2 

before since other recommendations were not proposed (Sukharev et al 2005). The results are 3 

similar as obtained using Colebrook relation for low values of relative roughness. 4 

 5 

Similar, new formula (25) has been recently developed from the experimental Princeton super-6 

pipe data (Avci and Karagoz 2009): 7 

4.2

D
101

D
Re01.01lnReln

4.6
      (25) 8 

According to McKeon et al (2005) the friction factor data can be equally well represented by an 9 

expression including correction for the viscous deviation from the log law at the wall (26). 10 

55.010

Re

04.7
475.0Relog920.1

1
      (26) 11 

Similar relation (27) is also given by Zagarola and Smits (1998): 12 

9.010

Re

233
241.0Relog869.1

1
      (27) 13 

Note that previous two equations (26-7) are based on the same principles. Only coefficients are 14 

different. Other combinations of available coefficients for this type of equations can be found in 15 

the paper of Zagarola and Smiths (1998). For a wider range of Reynolds numbers, a new friction 16 

factor relation proposed by Zagarola and Smiths (1998) is similar to Prandtl relation, but with 17 

new coefficients and an additional term to account for the form of the near-wall velocity profile. 18 

Correlation of these two equations (26-7) based on the experimental Princeton super-pipe data 19 

with Colebrook equation is not maintained. 20 
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 1 

For example, in Table 1, relative roughness ε
*
=1.23·10

-3
 is relatively small, so for the smaller 2 

values of Reynolds number, flow regime in a pipe is “hydraulically smooth” and then better 3 

solution is to use the Renouard (1952) equation for gas networks
14

 or Blasius for liquid flow. 4 

Renouard‟s and similar relations are known as the Blasius form or power-law relationships (28).  5 

YReX           (28) 6 

 7 

For Renouard‟s relation for liquid flow X=0.172 and Y=0.18 and for Blasius X=0.3164 and 8 

Y=0.25. For natural gas flow Renouard equation can be written as (29): 9 

82.4

82.1
r2

1
2
2g

D

QL
4810ppF

       (29)
 10 

Above shown Prandtl relation (4) is also good solution for the “hydraulically smooth” flow. 11 

Prandtl relation belongs to log-law relations. 12 

 13 

Though the Blasius forms or the power-law relationships have the merit of simplicity, they also 14 

have certain disadvantages, one of which being that the relations can only be applied over a 15 

limited range of hydraulically smooth regime. Blasius form or power-law relationships is more 16 

suitable for flow regimes typical for plastic (polyethylene, PVC) pipes, while the Colebrook 17 

relation (logarithmic law) with related approximations is better for flow regimes in steel pipes 18 

(Zagarola et al 1997, Langelandsvik et al 2008).  19 

 20 

                                                           
14

 for details in application of Renouard equations for gas flow see papers of Renouard (1952), 

Brkić (2009b, 2010a) or Coelho and Pinho (2007) 
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Blasius form of power-law model, equally as Prandtl equation is valuable only for the low values 1 

of Reynolds number and relative roughness. Altshul relation is valuable for the low values of 2 

relative roughness. For the higher values of these two parameters, the Colebrook relation is more 3 

suitable. 4 

 5 

5. Conclusion 6 

Maybe, it is difficult for many to recall for the time as recently as the 1970‟s where there were no 7 

personal computers or even calculators that could do much more than add or subtract. In that 8 

environment an implicit relationship such as Colebrook (1), which was well-known then, was 9 

impractical and some simplification was essential. All available approximations of the Colebrook 10 

equation are very accurate, but most of these explicit relations created to solve the implicit 11 

Colebrook form have been made obsolete by advancing computing technology. The average 12 

error of almost all explicit approximations of the Colebrook relation is less than 1%. Solution of 13 

this implicit equation today can be obtained easily and quickly by Microsoft Office Excel 2007 14 

(Brkić 2010b). Also, the work of Concha (2008) presents an exact explicit solution solving the 15 

problem with Colebrook equation, so that no approximate equation needs to be used. 16 

 17 

Today, different approach can be used for determination of friction factor. Good example for the 18 

era of computerization is approach of Özger and Yildlrim (2009). They use adaptive neuro-fuzzy 19 

computing technique for determination of turbulent flow friction coefficient. In the paper of Yoo 20 

and Singh (2005) is shown two new methods for the computation of commercial pipe friction 21 

factor. Lambert W-function can also be used for exact mathematical transformation of Colebrook 22 

function in explicit form with no approximations (Brkić 2010c).  23 
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 1 

Use of shown approximations as obsolete in approach in an opinion of the author of these lines 2 

cannot be recommended according to discussion in this paper. The implicit Colebrook should be 3 

used whenever is appropriate (region of partially turbulence). At the end, have to be noted that 4 

errors related to approximations of Colebrook relations is occurred very frequently and hence 5 

they can be used only where is absolute necessary. Today, main problem is not how to calculate 6 

friction factor. Problem is how to measure or estimate roughness of pipe (Farshad et al 2001). 7 

Mathematically speaking, turbulence is still a mystery (Cipra 1996). According to Cipra (1996), 8 

some of the key formulas of turbulence are off by as much as 65%
15

. In principle, a system of 9 

partial differential equations known as Navier-Stokes equations describes the exact behavior of 10 

the fluid flow in so-called boundary layer, but solving these equations remains beyond current 11 

theory and computations. 12 

 13 
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 Compare results obtained using Colebrook equation (1) and using equation (26) and (27)  
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MS Excel spreadsheet file is accompanied as electronic annex with on-line version of this paper. 1 

Note that you have to install Office 2007 (Enterprise edition) to inspect this file. File contains all 2 

formulas presented in the text. Readers can change values of Reynolds number and relative 3 

roughness and all date available from Table 1 will be calculated for these new input values. 4 

 5 

Nomenclature: 6 

-capital letters 7 

A,B,B*,S-auxiliary terms defined in text 8 

D-inner diameter of pipe (m) 9 

L-length of pipe (m)  10 

Re-Reynolds number (-) 11 

W-Lambert function 12 

X, Y – constants in Blasius form or power-law relationships 13 

 14 

-lowercase letters 15 

a-auxiliary term defined in text 16 

f-Fanning friction factor (-) 17 

p-pressure (Pa) 18 

r=D/2-inner radius of pipe (m) 19 

v-flow velocity (m/s) 20 

 21 

-Greek symbols 22 

ε-absolute roughness (m) 23 
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ε*-relative roughness (-) 1 

λ-Darcy (i.e. Moody or Darcy-Weisbach) friction factor (-) 2 

ρ-fluid density (kg/m
3
) 3 

ρr-relative gas density (-) 4 

Ψ,Θ,Φ-auxiliary terms defined in text 5 

D

Re
-parameter for existence of different turbulent regimes (ζ<16-‟smooth‟ turbulent 6 

regime, 16<ζ<200-partially turbulent, ζ>200 fully turbulent regime) 7 
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Figures 1 

Figure 1. Implicit Colebrook relation and related approximations smoothed contact among 2 

relations for smooth and rough relations 3 

Figure 2. Few competitive approximate relations for transient flow regimes 4 

5 
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MS Excel file ver. 2007 – Brkić 2 

3 



30 

Tables 1 

Table 1. Comparison of different approximations of Colebrook relation 2 
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Inputs Reynolds number - Re Relative roughness ε/D

397000 0.00123

Results Darcy (Moody, Darcy Weisbach) friction

1/√λ λ

Colebrook (1) 6.8522635055 0.0212976600

Colebrook (1a) 6.8530949984 0.0212924921

Modified Colebrook* 6.8399560829 0.0213743725

Brkić (6) 6.8422436307 0.0213600828

Brkić (6b) 6.8244088637 0.0214718727

Rao and Kumar (7) 6.9574550531 0.0206585189

Sonnad and Goudar (8) 6.8486376071 0.0213202173

Romeo, Royo and Monzon (9) 6.8412908113 0.0213660331

Manadilli (10) 6.8257410665 0.0214634920

Serghides (11) 6.8502196258 0.0213103709

Serghides (11d) 6.8502275498 0.0213103216

Haaland (12) 6.8567471511 0.0212698159

Zigrang and Sylvester (13) 6.8498576627 0.0213126231

Zigrang and Sylvester (13a) 6.8502249143 0.0213103380

Barr (14) 6.8509412719 0.0213058817

Round (15) 6.7300576059 0.0220781377

Chen (16) 6.8465397404 0.0213332849

Churchil (17) 6.8302876812 0.0214349270

Churchil (18) 6.8308397250 0.0214314625

Jain (19) 6.8327236881 0.0214196457

Swame and Jain (20) 6.8292743200 0.0214412887

Swame and Jain (20a) 6.8328039601 0.0214191424

Eck (21) 6.8662449686 0.0212110131

Wood (22) 6.6820718936 0.0223963740

Moody (23) 6.7382961493 0.0220241832

*constant 2.51 is replaced by 2.825

Altshul** (24) 6.8546906884 0.0212825800

Altshul** (24a) 6.8563344764 0.0212723764

Avzi and Karagoz** (25) 6.9199531803 0.0208830384

**these equations are not approximations of Colebrook equation

Electronic annex MS Excel file ver. 2007 - Brkic



Table 1. Comparison of different versions of approximation of Colebrook relation 

relation 
a
Darcy friction  

factor λ 

b
Fanning friction  

factor f
 

c
Relative  

error %  

Colebrook (1939) (1) (1a) 0.0212976600 0.005324415 - 
d
modif. Colebrook 0.0213743725 0.005343593 -0.3602 

Brkić (2010c) (6) 0.0213600828 0.005340021 -0.2931 

Brkić (2010c) (6b) 0.0214718727 0.005367968 -0.8180 

Rao and Kumar (2007) (7) 0.0206585189 0.005164630 +3.0010 

Sonnad and Goudar (2006) (8) 0.0213202173 0.005330054 -0.1059 

Romeo et al (2002) (9) 0.0213660331 0.005341508 -0.3210 

Manadilli (1997) (10) 0.0214634920 0.005365873 -0.7786 

Serghides (1984) (11) 0.0213103709 0.005327593 -0.0597 

Serghides (1984) (11d) 0.0213103216 0.005327580 -0.0595 

Haaland (1983) (12) 0.0212698159 0.005317454 +0.1307 

Zigrang and Sylvester (1982) (13) 0.0213126231 0.005328156 -0.0703 

Zigrang and Sylvester (1982) (13a) 0.0213103380 0.005327585 -0.0595 

Barr (1981) (14) 0.0213058817 0.005326470 -0.0386 

Round (1980) (15) 0.0220781377 0.005519534 -3.6646 

Chen (1979) (16) 0.0213332849 0.005333321 -0.1673 

Churchill (1977) (17) 0.0214349270 0.005358732 -0.6445 

Churchill (1973) (18) 0.0214314625 0.005357865 -0.6283 

Jain (1976) (19) 0.0214196457 0.005354911 -0.5728 

Swamee and Jain (1976) (20) 0.0214412887 0.005360322 -0.6744 

Swamee and Jain (1976) (20a) 0.0214191424 0.005354786 -0.5704 

Eck (1973) (21) 0.0212110131 0.005302753 +0.4068 

Wood (1966) (22) 0.0223963740 0.005599094 -5.1588 

Moody (1947) (23) 0.0220241832 0.005506046 -3.4113 
a
for Re=3.97·10

5
 and ε* =1.23·10

-3
 

b
f=λ/4 

c
with respect to Colebrook equation (1); 100·(λtrue-λ)/λtrue 

d
constant 2.51 is replaced by 2.825 

 

Table 1 DB


