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Abstract: Let G be a group having a partially closed subset S such that S contains the
identity element of G and each element in S has an inverse in S. Such subsets of G are
called halfsubgroups of G. If a halfsubgroup S generates the group G, then S is called a
halfsubgroup generating the group or hsgg in short. In this paper we prove some results on
hsggs of a group. Order class of a group are special halfsubgroupoids. Elementary abelian
groups are characterized as groups with maximum special halfsubgroupoids. Order class of

a group with unity forms a typical halfsubgroup.
Key words: halfsubgroup, hsgg, order class of an element.

AMS(2000): 20Kxx, 20L05.

81. Introduction
According to R.H.Bruck [2] a halfgroupoid is a partially closed set w.r.t. certain operation.

Definition 1.1 Let (G,%) be a group and S be a subset of G. Let (S,*) be a halfgroupoid
(partially closed subset) of G such that

(i) e € S, e is the identity element of G.
(il)a~t € S,VaeS.

Then (S, *) is called a half subgroup of the group G.

Illustration 1.1 Every subgroup of a group G is also halfsubgroup of G' but not vise-versa.
For example, consider the multiplicative group G = {1,—1,i,—i}. Then S = {1,i,—i} is a
halfsubgroup of G which is not a subgroup.

Definition 1.2 If for a group G there exists a halfsubgroup H without identity such that for
all x,y € H, vy € H whenever y # x~ 1 then H is called a special halfsubgroup of G.

Definition 1.3 A halfsubgroup (S,*) of a group (G, *) is called a halfsubgroup generating the
group (or hsgg in short) if it generates G.

1Received October 21, 2007. Accepted November 28, 2007
2Supported by the University Grants Commission of India Under the Project No. 23-245/06.
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It is easy to verify that the union of two hsgg of a group G is again a hsgg of G. In fact,
union of any number of hsgg of G is also hsgg of G.
However, the intersection of two hsgg of a group G may not be a hsgg of G.

Theorem 1.1 If S is a proper hsgg of a group G then O(S) > 3.

Proof Let S be a proper hsgg of a group G. Then S # {e}. Let a € S,a # e then
S # {e,a}, because if S = {e,a} then a = a~! and S can not generate whole G, so S can not
be a proper hsgg of G. Thus if O(G) < 3 then G can not have a proper hsgg. Now if O(G) > 4
then we can have a proper hsgg S = {e,a,b} of G such that a =a~ > and b=b"'or a~! = b.

As a result there exists an hsgg S such that O(S) = 3. Hence we get the result. O

Remark If G is any cyclic group such that G = (a), then S = {e, a,a"'} is a minimal hsgg of
G.

Definition 1.4 Let G be a group and S be an hsgg of G. The element x(# e) € S is called a
redundant element of S if S\ {z} is also an hsgg of G.

An element of S which is not redundant is called an irredundant element.
Definition 1.5 Let G be a group and S be a hsgg of G such that a? # e,Ya € S and S has no
redundant element. Then S is called pure hsgg of G.

The following results follow trivially.

(1) Every cyclic group of order > 3 has at least one pure hsgg.

(2) A cyclic group of prime order p has p—;l number of distinct pure hsgg.

We discuss some Abelian groups in terms of their pure hsgg.

Theorem 1.2 Every group of prime order can be expressed as the union of its distinct pure

hsgg. However, the converse is not true.

Proof Every group of prime order p is cyclic. Hence the group has p—gl number of distinct
pure hsgg. Each hsgg has two non-identity elements together with an identity element e common
in all. Thus G has 2 - p—;l 4+ 1 = p elements. Hence G is the union of all these distinct pure

hsggs. O

Theorem 1.3 If a group G can be written as the union of its distinct pure hsgg then G is a
group of odd order.

Proof Tt is easy to verify. O

Theorem 1.4 An elementary Abelian p—group, p > 3 is a direct product of n cyclic groups
each of which is a cyclic p—group which is the union of distinct pure hsggs.

Proof By the definition of elementary Abelian p—group,

G201X02X"'><Cn
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where Cls are cyclic p—groups of order p. Now each C; = Ui’;l)/QS’iT where 1 < ¢ < n
and ;. are distinct pure hsgg representing each cyclic group C; of order p given in the above
decomposition. Thus G is n times the direct product of union of distinct pure hsgg. 0

Theorem 1.5 Let G be a finite Abelian group of order n. Let G = Cy x Cy x - -+ x C), where
each C; is a cyclic group of order pi*. That is n = p* -p5? - - pp*
and each a; > 0. Then

G = [T I 02 V7250,

where 1t =1,--- | k.

where p; are distinct primes

Proof The proof follows Theorem 1.4. O

82. Order Class

Definition 2.1 Let G be a group. A subset O, of G defined by
O, ={beG:o(b) =o0(a)}

is called an order class of of a.

Definition 2.2 Let G be a group. Let O, be an order class of a € G. Then the set of all xy
such that x,y € O, is called the closure of O,.It is denoted by O,.

Lemma 2.1 If G is a finite group and a € G, a # e then
(1) Oy is a halfgroupoid,
(ii) a=t € O, Va € O,.

Proof The proof follows by these definitions of halfgroupoid and order class. O

Notation: We use the notation O, to denote order class of a with unity.

Definition 2.3 If H is a halfsubgroup of a group G then H \ {e} is called the halfsubgroupoid
of G.

Every group G has a unique maximum halfsubgroupoid G \ {e} associated with it.

Definition 2.4 Let G be a group. Then O, is a halfsubgroupoid of G. It is called a special
halfsubgroupoid of G.

2.1 Groups with maximum special halfsubgroupoids

There exist groups which have only one order class other than {e}. For such groups closure of
the order class of a(# ¢) where a € G, we give below a series of examples of such groups.

Example 2.1 Cyclic groups of prime order without unity such as Z5\ {e}, Z7 \ {e}, ... are the

maximum special halfsubgroupoids.
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Example 2.2 All groups with exponent p a prime are such groups.
Example 2.3 All elementary Abelian groups are such groups.

Example 2.4 Extra special groups of order 27 generated by three elements and of order 81
generated by 2 elements are such groups. This has been verified by using GAP ref[3]. The GAP
Small Groups Library no. of these groups are [27,3] and [81,12]. These are polycyclic groups
of order 27 and order 81 respectively.These are the only groups from the groups of order 100
which which have a single order class other than order class of {e}.

Example 2.5 The group GLs(F,p) for odd prime p is such a group.

Example 2.6 George Havas has constructed a biggest 5-group generated by 2 elements. It is
of order 53* with exponent 5.

Example 2.7 Dihedral groups of order Dy, are such groups.

2.2 Results
Theorem 2.1 If G has a maximum special halfsubgroupoid then G is a p-group.

Proof Let a group G has a maximum special halfsubgroupoid. Then every non-identity
element of G has same order. If p divides order of G then there exists an element of order p in
G. As a result all non-trivial elements of G are of order p. Thus, G is a p-group. 0

Now we prove a theorem which gives the characterization of an elementary Abelian groups.

Theorem 2.2 A group G is elementary Abelian if and only if G has a mazimum special
halfsubgroupoid.

Proof Assume G is elementary Abelian, then every element of G is of same order p where
p is a prime. Thus the collection of non-identity elements form an order class which is a
maximum special halfsubgroupoid. Conversely, If G has a maximum special halfsubgroupoid
then by Theorem 2.1 GG is a p group and G has a maximum special halfsubgroupoid. Whence
G is elementary Abelian. O

Theorem 2.3 If G be a finite group, a € G then ©, is a halfsubgroup of G.

Proof The Proof follows Lemma 2.1 and the definition of halfsubgroup of G. O
Definition 2.5 A halfsubgroup S of a group G is normal in G if and only if tSx—! € S,Vx € G.
Theorem 2.4 If G is a finite group then ©, is a normal halfsubgroup of G.

Proof If G is abelian then obviously O, is normal in G. If G is non-abelian, then o(a) =
o(xax1),Va € O,. Therefore rax~! € ©,. Hence O, is normal in G. O
Theorem 2.5 If G is a finite abelian group such that O(G) = py - pa---p, for the primes
p1,- -, pr then G is the direct product of order classes with unity (i.e. halfsubgroup).

Proof In the decomposition of G every Sylow p; subgroup is an order class with unity
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which is also a halfsubgroup. Hence we get the result. O

Corollary 2.1 Any finite abelian group is a direct product of some order classes with unity
(halfsubgroup).

Theorem 2.6 Every finite group G is the union of halfsubgroups (namely order class with
unity) Oq, a € G and a # e which are normal in G such that NeecO, = {e}.

Proof The proof follows from Lemma 2.1 and Theorem 2.4. O

References
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Abstract: A basic problem in graph embedding theory is to determine distinct embeddings
of planar graphs on higher surfaces. Tutte’s work on graph connectivity shows that wheels or
wheel-like configurations plays a key role in 3-connected graphs. In this paper we investigate
the flexibility of a Halin grap on N1, the projective plane, and show that embeddings of a
Halin graph on N; is determined by making either a twist or a 3-patchment of a vertex in a
wheel. Further more, as applications, we give a correspondence between a Halin graph and
its embeddings on the projective plane. Based on this, the numbers of some types of such

embeddings are determined.
Key Words: Halin graph, embedding, face-width.
AMS(2000): 05C30, 05C45.

81. Introduction

Throughout this paper we consider simple connected labeled graphs and their embeddings on
surfaces. Terms and notations not defined may be found in [1,3] and [11].

A surface is a compact closed 2-manifold. An(A) orientable (non-orientable) surface of
genus g is the sphere with g handles (or crosscaps) which is denoted by S, (or Ny). A map
M or embedding on Sy(orNg) is a graph drawn on the surface so that each vertex is a point
on the surface, each edge {x,y}, © # v, is a simple open curve whose endpoints are = and y,
each loop incident to a vertex x is a simple closed curve containing x, no edge contains a vertex
to which it is not incident, and each connected region of the complement of the graph in the
surface is homeomorphic to a disc and is called a face. It is clear that maps(or embeddings)
here are combinatorial. A map or An embedding is called strong if the boundaries of all the
facial walks are simply cycles. A curve (or circuit) C' on a surface X is called non-contractible
(or essential) if none of the regions of ¥ — C' is homeomorphic to an open disc; otherwise it
is called contractible (or trivial). Let T be a tree without subdivisions of edges and embedded
in the plane with its one-valent vertices being vy, vs, ..., v, under the rotation of T'. A leaf is
an edge incident to a vertex of valence 1. If new edges (v;,viy1)(i = 1,2,...,m) are added to

E(T), the edge-set of T, then T together with the cycle (v1,va,...,v,,) forms a planar map

IReceived November 4, 2007. Accepted December 12, 2007
1Supported by NNSF of China Under the Granted No.10271048, No.10671073, also by Science and Technology
Commission of Shanghai Municipality (07XD14011)
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called Halin graph. This cycle is defined as leaf-cycle (i.e., the boundary of the outer face) and
is denoted as Jf,. In convenience, we always let T to denote the tree which orients a Halin
graph. It is clear that Halin graphs are generalized wheels on the plane. Tutte showed in his
book[11] that a 3-connected graph are obtained from the wheels by a series of edge or vertex
splitting operations. Further, Vitray[12] pointed out that wheels play a key role in embeddings
of a 3-connected graph since in that case the local structures (i.e., neighbour of a vertex) may
be viewed as a wheel.

A major subject about planar graphs is to determine all of their distinct embeddings
on a non-planar surface. This theory has been developed and deepened by people such as
R.Vitray[12], N.Robertson and R.Vitray[7], B.Mohar and N.Robertson[4,6], and C.Thomassen|8]
etc. Recently, Mohar et al[5] showed the existence of upper bounds for the distinct embeddings
of a 3-connected graph in general orientable surfaces. In this paper we investigate the em-
beddings of a Halin map on N; and show that strong embeddings of a Halin graph on NV; is
determined by making 3-patchments on inner vertices of a wheel and present a correspondence
between a Halin graph and its ( strong) embeddings in the projective plane. Based on this, the
number of such embeddings is determined.

Let H,’H,, be the set of all the Halin graphs and their embeddings on the projective plane,

respectively. Then we have the following result:

Theorem A. For a map M € 'H with s(M) edges, there are
d
> (1)) s
veV (M)
maps in ‘H, corresponding to M whose face-width are all 1.
Here, the concept of face-width of an embedding is defined in the next section. The readers
may also see[12] for a reference. Based on Theorem 1 one may calculate the number of such

embeddings on N;. For instance, there are exactly 6 such embeddings of Wy in N7 as depicted

in Fig.1.

\/

© @
© @
\/

Fig.1 Six face-width-1 embeddings of W, in Ny
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In the case of strong embeddings or maps (i.e., the boundary of each facial walk is a
cycle), the following result shows that any strong embedding of a Halin graph in N; is in fact
determined by a corresponding strong embedding of a wheel.

Theorem B. Let M be a Halin graph. Then its strong embeddings are determined by strong

embeddings of wheels.

As applications of Theorem B, we have

Theorem C. For a Halin graph G, there are
3 (zd@)*l - d(v)) .
vEV —8f,
elements in ‘H, corresponding to G whose face-width are all 2.
Based on the formula presented in Theorem C, one may calculate the number of strong

embeddings of a Halin graph on N;. The following Fig.2 shows a Halin graph and its strong
embeddings in Nj.

Fig.2 A Halin graph with five distinct strong embeddings in Ny

82. Some Preliminary Works

In this section we shall give some lemmas on graph embeddings before proving of our main

results.

Lemma 1 A planar Halin graph is 3-connected and has at least two facial walks which are

3-gons.

Proof. Let G be a planar Halin graph oriented by a tree, say T(G). One may easily see
that G is 3-connected. In fact, for any two distinct vertices x and y not on the leaf-cycle and

with their valencies not less than 3, there are two paths in T'(G) connecting two leaves for each
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of them. Those four paths are pairwise inner disjoint. It is easy for one to see that those paths
together with a pair of segments (which are determined by the four leaves) of the leaf-cycle
form a pair of inner disjoint paths connecting x and y. If we consider the unique path from x
to y in T(G), then there are three inner disjoint paths joining x and y in G. Since the same
property holds for other locations of x and y, G is 3-connected by Menger’s Theorem. As for
the existence of 3-gons, one may find at least two such triangles along the longest paths in
T(G). O

A fundamental result on topological graph theory by H.Whitney[13] states that any 3-

connected graph has at most one planar embedding, i.e.,

Lemma 2 There is only one way to embed a 3-connected planar graph in the plane.

W.Tutte[10] obtained Whitney’s uniqueness result from a combinatorial view of facial

walks-induced non-separating cycle (for a reference, one may see[8)), i.e.,

Lemma 3 FEvery facial walk of a 3-connected planar graph is an induced non-separating cycle.

Later, C.Thomassen[9] generalized the above two results to LEW-embeddings (a concept
by J.Hutchison[2]) in general surfaces and found that such embeddings share many properties

with planar graphs.

Based on Lemmas 1, 2, and 3, we have the following

Lemma 4 If a Halin graph is embedded in a non-planar surface 3, then every facial walk
of it (viewed as a planar map) is either a contractible cycle (hence also a facial walk) or a

non-contractible cycle (or essential as some people called it) of X.

When a planar graph G is embedded in a non-planar surface 3, then some very important
properties will appear. For instance, R.Vitray[12] found (late proved by N.Robertson et al[§]
and C.Thomassen[9] independently) that the face-width ps;(G) of G on ¥ is at most 2, where
px(G) is defined as

p=(G) = min{| CNV(G) | |C'is an noncontractible curve of ¥}

In view of intuition, face-width is a measure of how densely a graph is embedded in a
given surface. The above property says that every embedding, if possible, of a planar graph on
non-planar surfaces is relatively sparse. A basic problem is how to determine the face-width
of an embedding or to find that what operations performed on the graphs may not change its
representativity. It is easy for one to check that the following result ( which is depicted in Fig.3)

presents such operations.

Lemma 5 Let G be a graph embedded in a surface. Then the /N —Y and /N — I operations
defined below do not change the face-width.
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7 Xy
X
Vv Vo

Fig.3 Popping a planar triangle into a vertex or an edge, d(y) = d(z) = 3

83. Projective Planar Maps

In this section we shall prove Theorems A, B and C.
According to Lemma 3, the leaf-cycles of those in 7, are either facial walks or non-

contractible cycles on N;. Thus, H, may be partitioned into two parts as
Hy =Hp(1) + Hp(2),
where

Hp(1) ={M]px, (G(M)) =1}; (1)
Hp(2) ={M]px, (G(M)) =2} (2)

and G(M) is the underline graph of M (M).

Proof of Theorem A Let M be a map in H,(1). Then it is determined by making a twist at
a vertex of a Halin graph. On the other hand, by making a twist at each pair of corners around
every vertex of a Halin graph G will induce an embedding of G on N;. One may see that for
each element in H, (1) no more than one such twists are permitted since otherwise by reversing
the specific twists (which will change a facial walk into two whose boundaries are simple cycles)
we may see that a 3-connected planar Halin graph will have at least two distinct embeddings

in the plane and hence contradicts Lemma 2 or 3. This completes the proof. O

We now concentrate on the structures of the maps in H,(2).
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Lemma 6 Let M be a map in H,(2). Then the leaf-cycle of M is non-contractible.

Proof: Tt is easy to see its validity for smaller maps. Suppose it holds for those having
fewer than n edges. Let M € H,(2) be a counter example with n edges. Then its leaf-cycle
is contractible. Under this case we will show that its face-width is 1. By the definition of M,
there exists a Halin graph G such that M is an embedding of it in N;. Notice that both of
the them share the same leaf-cycle (and consequently the same outer facial walk). By Lemmas
1 and 3, G has a 3-cycle, say (x,y,z), which is either a 3-gon or non-contractible in M. If
(z,y, z) is non-contractible in M and the leaf-cycle is on the only one side of it, then we have
pn, (G(M)) = 1 since at least two vertices of {z,y, 2z} are on the leaf-cycle and trivalent and
the two edges not on it are incident to them are on the same side of the 3-cycle. If (z,y, 2)
is non-contractible with edges of the leaf-cycle lying on the both sides of it, the leaf-cycle of
M is not a simple cycle (i.e., containing vertices repeated more than twice), a contradiction as
required. Next, we consider the case that the 3-cycle (z,y, z) is a 3-gon of M. In this case the
face-width is 2 by performing operations in Lemma 5 and the Induction hypothesis says that
the leaf-cycle is non-contractible. This contradiction completes the proof. 0

Let M be a map in H,(2). Then by Lemma 6 its leaf-cycle is non-contractible and all the
leaves are distributed alternatively on the both sides of the leaf-cycle since otherwise we will
have its face-width 1. Thus, leaves together with their 1-valent vertices are classified into two
groups lying on the “both sides” of the leaf-cycles. One may see that this is not accurate since
on Nj every non-contractible cycle has only one side. But this description will not ruin our
proofs. By a foot we mean a maximal group of leaves together with the 1-valent vertices which

appear to the same side of the leaf-cycle consecutively. Further, we have

Lemma 7 The feet on Of. (the boundary of the leaf-cycle) must appear alternatively ( i.e.,
there exists three feet Bi, Bo and Bs such that their appearing order is Bi, Bs, B3, where B
and Bz are on the same side of Of,. and Ba on the other side ( the right hand side of Fig./

presents a case of this structure).

Fig.4 An embedding of W5 which will induce

a strong embedding of a Halin map

Proof This follows from the fact that maps in H,(2) have face-width 2. O

We say that a group of leaves will induce a subtree of T' if there is a vertex v in T" such that
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those leaves consist of all the leaves of a subtree of T rooted at v. By the definition of Halin

graphs one may see the following

Lemma 8 Let M be a map in Hy,(2) which has a structure in Lemma 7. Then the foot By will

induce a subtree of T

Proof Let the two ends of B; be z; and y;(1 < i < 3) and f be the face on the opposite of
side of By. Let f1 and f3 be, respectively, the faces on the other side of the edges (y1,z2) and
(y2,x3). Then one may see the following fact from pn, (G(M)) = 2 and the definition of Halin
graphs.

Fact 1 fl 75 fg.

Our next proofs are divided into two cases.

Case 1 9f1(0f2 # 0.

One may choose a vertex u on the common boundary of f; and fs such that the path from
y2 to w in T is shortest. Then by the 3-connectness of G(M) and the definition of a Halin graph
there is an unique path, say P, connecting u and a vertex v on df. Choose v such that P is as

short as possible. Then we have

Fact 2 | V(P)|< 2.

Since otherwise there will exist an internal vertex w on P. By the definition of a Halin
map there is a path @ (in 7') connecting w and a vertex wy on df,. It is clear that wy & V(B;).
If we view B; as a vertex vp, for 1 <i < 3, then the set {v, w, w1, vp,,vp,,v5, } Will guarantee
the existence of a subgraph of G(M) which is a subdivision of K3 3, a Kuratowski graph.

V

|
=

Fig.b

This is shown in Fig.5, contradicts to that Lemma 8.

Case 2 9f1(0f2 = 0.

Then there are two paths, say P and @, from 0f; and dfs to Of, respectively. We may
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choose P and @ such that they are from a9 and yo to 9 f respectively and V(P) (N df={v}, V(Q)NIf =
{u}. If u # v, then there would be a subgraph which

Fig.6

is a subdivision of K33 ( in fact it is induced by the set {u,v,z2,y2,vB,,vB,} as depicted in
the left side of Fig.6). So, u =v. If P(\Q is a path with length> 1, then the length of P\ @
is 1. Since otherwise we may choose an internal vertex w (as we did previously) which may
lead to a path from w to 0f and hence will imply the existence of a non-planar subgraph of
G(M) (which is determined by the vertex-set {u,w,w,vp,,vp,,vp,} as shown in the right
side of Fig.6). This contradiction shows that P[] @ is a path with no more than two vertices.
Combining all the possible situations in the two cases completes the proof. 0.

Lemma 9 Let M be an embedding of a Halin map with representativity 2. Let B;(1 < i <5)
be five feet appearing alternatively on the two sides of Of.. Then the two trees induced by Bs

and By are rooted at the same vertex of T .

Proof. Let f; be the face on the opposite side of B; and T; be the subtree induced by B;
for 1 <4 < 5. Then by Lemma 8 the tree T4 ( which corresponds to By) is rooted at some
vertex u in dfy. Let P be a path from u to By along dfy; and @ be a path from By to wu.
Then the cycle C = QuPzx5ys is non-contractible. Similarly, choose ()1 be a path from By
to a vertex v on Jf9 such that T, is rooted at v. Let P; be path from v to x3 on df;. The
cycle C" = QuvP1 w3y is also non-contractible. Notice that any pair of non-contractible cycles
(curves) on Ny will intersect at a vertex, we conclude that C' and C” will intersect at a vertex
w on the path P. If u # v, then as we have discussed before, there is a non-planar subgraph
of G(M). This contradiction shows that u = v. It follows from Lemma 8 that the vertex w is
also on the boundary of f5. This ends the proof. O

Proof of Theorem B Let M be a Halin Map and M’ an embedding of it on N7 with
pn, (G(M)) = 2. Let B; be the feet of M’ and induces a subtree T; for 1 < i < s. Then by
Lemma 6 the leaf-cycle df, is non-contractible and all the feet are lying on the two sides of
df, alternatively by Lemma 8. Lemmas 6-9 show that all the subtrees T; are rooted at some
vertex v of T. Let d(v) = m. For each T;(1 < i < s), its root-vertex is v and edges incident to

vis ey, €y, ..., e, One may view T; together B; as a claw K ;; whose edges are correspondent
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to e, €y, ..., €1,- Then one may get a bigger claw K ,, which together with Jf, forms a wheel
W41 whose underlying graph is planar, where m = Y] {;. This procedure is shown in Fig.4
where the case of m = 4 is shown. It is clear that W,y is strongly embedded in Nj. Since

this procedure is reversible, the theorem follows. O

Proof of Theorem C Let M be a Halin graph with 7" and Jf as its orienting tree and leaf
cycle. Then by Theorem B its strong embeddings are completely determined by performing
3-patchments on its inner vertices ( i.e., those not on df). So, taking an inner vertex, say v €
V — 0f, and considering the number of ways of performing 3-patchments at v. Let d(v) = m.
Then the corresponding 3-patchments is induced by those of W, 11, the wheel with m spokes.
So, we only need to restrain our procedure on the strong embeddings of W,, 11 on N; . Notice
that in the case of m > 4, there is only one leaf-cycle for W,,+; which is non-contractible.
We can determine all the possible strong embeddings of W, this way: We first draw the
leaf-cycle (1,2, ...,m) into N such that the leaf-cycle is non-contractible and then consider the
ways of choosing alternating feet on (1,2,...,m) as described in Lemma 7. It is clear that the
number of alternating feet must be an odd number. Let the number of leaves in feet B; is z;.
Then the total number of ways of choosing alternating feet is equal to the number of ways of
assigning 2k 4+ 1 groups of consecutive vertices on a m-vertex-cycle. This correspondence is
shown in Fig.7, where a 3-patchment on the center of a wheel will produce 7 alternating feet

on the leaf-cycle.

Fig.7 Generating a strong embedding in N; by performing

a 3-patchment at the center of Wy, 1

Let f(m, k) be the number of ways of grouping k sets of consecutive vertices. Then it is

clear that f(m, k) satisfies the following recursive relation:

fm,k)=f(m—-1,k=1)+ f(m—1,k), m=>k>2;
flm,m) = f(0,0) = 1.

Since the combinatorial number (’}') also satisfies the above relation, we have that f(m, k) =
(). Hence, Theorem C follows from the case of f(m,2k + 1). O

Final Remark By using the same procedure used in our proof of Theorem B, one may find

that a Halin graph has no strong embeddings in orientable surface other than the sphere. This
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seems resulted from the fact that the face-distance ( i.e., the shortest length of face-chain

connecting two faces) is not greater than 2. With the increase of genera, the possibility of

strong embedding is decrease. Hence, we think that the sphere and the projective plane are the

only two possible surfaces on which a Halin graph may be strongly embedded.
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Abstract Curvature equations are very important in theoretical physics for describing vari-
ous classical fields, particularly for gravitational field by Einstein. For applying Smarandache
multi-spaces to parallel universes, the conception of combinatorial manifolds was introduced
under a combinatorial speculation for mathematical sciences in [9], which are similar to
manifolds in the local but different in the global. Similarly, we introduce curvatures on
combinatorial manifolds and find their structural equations in this paper. These Einstein’s
equations for a gravitational field are established again by the choice of a combinatorial Rie-
mannian manifold as its spacetime and some multi-space solutions for these new equations

are also gotten by applying the projective principle on multi-spaces in this paper.
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81. Introduction

As an efficiently mathematical tool used by Einstein in his general relativity, tensor analysis
mainly dealt with transformations on manifolds had gotten considerable developments by both
mathematicians and physicists in last century. Among all of these, much concerns were concen-
trated on an important tensor called curvature tensor for understanding the behavior of curved
spaces. For example, the famous Einstein’s gravitational field equations

1
R, — §9WR = —8nG1T,,

are consisted of curvature tensors and energy-momentum tensors of the curved space.

Notice that all curved spaces considered in classical fields are homogenous. Achievements of
physics had shown that the multiple behavior of the cosmos in last century, enables the model
of parallel universe for the cosmos born([14]). Then can we construct a new mathematical
theory, or generalized manifolds usable for this multiple, non-homogenous physics appeared in
21st century? The answer is YES in logic at least. That is the Smarandache multi-space theory,
see [7] for details.

For applying Smarandache multi-spaces to parallel universes, combinatorial manifolds were

1Received October 25, 2007. Accepted December 12, 2007
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introduced endowed with a topological or differential structure under a combinatorial specu-
lation for mathematical sciences in [9], i.e. mathematics can be reconstructed from or turned
into combinatorization([8]), which are similar to manifolds in the local but different in the
global. Whence, geometries on combinatorial manifolds are nothing but these Smarandache
geometries([12]-[13]).

Now we introduce the conception of combinatorial manifolds in the following. For an

integer s > 1, let ny,ns9,- -+ ,ns be an integer sequence with 0 < ny < ny < --- < ng. Choose s
S

open unit balls Bf'*, By2,--- , B with (| B;" # ( in R", where n =ny +na + - - ns. A unit
i=1

S

open combinatorial ball of degree s is a union

S

B(ni,ng, -+ ,ng) = U B!".
i=1

A combinatorial manifold M is defined in the next.

Definition 1.1 For a given integer sequence mi,No, - ,Nm,m > 1 with 0 < np < ng < -+ <
N, 6 combinatorial manifold M is a Hausdorff space such that for any point p € M, there is
a local chart (Uy, ¢p) of p, i.e., an open neighborhood U, of p in M and a homoeomorphism
op 2 Up = B(n1(p),na(p), - mspy(p) with {na(p),ma(p), -+ ) ()}  {na,ma, -+ T }

and Ux{nl(p)?nQ(p)v “ s Ms(p) (p)} = {nla ng, - 7nm}7 denoted by M(nla ng, - - 7nm) or M
peEM
on the context and

A= {Up, ep)lp € M(n17n27 )}

— s(p)

an atlas on M(ny,na,--- ,ny). The mazimum value of s(p) and the dimension s(p) of () B}
i=1

are called the dimension and the intersectional dimensional of M(ny,na, -+ ,ny) at the point

~

p, denoted by d(p) and d(p), respectively.

A combinatorial manifold M is called finite if it is just combined by finite manifolds with-
out one manifold contained in the union of others, is called smooth if it is finite endowed

with a C° differential structure. For a smoothly combinatorial manifold M and a point

— — s(p)
p € M, it has been shown in [9] that dimT,M (ni,ng, - ,nm) = s(p) + > (n; — 3(p)) and
i=1

— s(p)
dimT; M (n1,n2, -+ ,nm) = 35(p) + ;(nz — 5(p)) with a basis
b s(p) i

o 9 _
{_axhj|p|1§j§5(p)}U(U U {%|p| 1<j<s})
=1 j=5(p) 1
or

s(p) n;g
{da" 1 <j<seJJ U {da]p | 1<) <5}

i=1 j=3(p)+1

for a given integer h,1 < h < s(p).
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Definition 1.2 A connection D on a smoothly combinatorial manifold M is a mapping D :
2 (M) x TrM — TTM on tensors of M with Dx7 = D(X,7) such that for VXY € 2 M,
T,meTH{M)N € R and f € C(M),

(1) Dx4sy7 = Dx7 + fDy7; and Dx (1 4 Ar) = Dx7 + ADx;
(2) Dx(r®7) =Dx7® 740 ® Dxm;
(3) for any contraction C on T (M), Dx(C(7)) = C(Dx7).

A combinatorially connection space is a 2-tuple (M, 5) consisting of a smoothly combina-
torial manifold M with a connection D and a torsion tensor T : %(M) X %(M) — %(M) on
(M, D) is defined by T(X,Y) = DxY — Dy X — [X,Y] for ¥X,Y € 2 (M). If T|y(X,Y) =0
in a local chart (U,[p]), then D is called torsion-free on (U, [g]).

Similar to that of Riemannian geometry, metrics on a smoothly combinatorial manifold

and the combinatorially Riemannian geometry are defined in next definition.

Definition 1.3 Let M be a smoothly combinatorial manifold and g € AQ(]T/[/) = U T(p, M)
pEJ\N4

If g is symmetrical and positive, then M 1is called a combinatorially Riemannian manifold,

denoted by (M, g). In this case, if there is a connection D on (M, g) with equality following

hold

Z(9(X,Y)) = g(Dz,Y) + g(X, DzY)

then M s called a combinatorially Riemannian geometry, denoted by (]Tj,g, ZN))

It has been showed that there exists a unique connection D on (]Tj, g) such that (]T/[/, 9, D)
is a combinatorially Riemannian geometry in [9].

We all known that curvature equations are very important in theoretical physics for describ-
ing various classical fields, particularly for gravitational field by Einstein. The main purpose
of this paper is to establish curvature tensors with equations on combinatorial manifolds and
apply them to describe the gravitational field. For this objective, we introduce the concep-
tion of curvatures on combinatorial manifolds and establish symmetrical relations for curvature
tensors, particularly for combinatorially Riemannian manifolds in the next two sections. Struc-
tural equations of curvature tensors on combinatorial manifolds are also established. These
generalized Einstein’s equations of gravitational field on combinatorially Riemannian manifolds
are constructed in Section 4. By applying the projective principle on multi-spaces, multi-space
solutions for these new equations are gotten in Section 5.

Terminologies and notations used in this paper are standard and can be found in [1], [4] for
those of manifolds [9] — [11] for combinatorial manifolds and [6] — [7] for graphs, respectively.

§2. Curvatures on Combinatorially Connection Spaces

As a first step for introducing curvatures on combinatorial manifolds, we define combinatorially

curvature operators on smoothly combinatorial manifolds in the next.
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Definition 2.1 Let (M, D) be a combinatorially connection space. For VXY € %(M), a
combinatorially curvature operator R(X,Y) : 2 (M) — 2 (M) is defined by

R(X,Y)Z = DxDyZ — DyDxZ — Dix y|Z
forNZ e & (M).

For a given combinatorially connection space (]T/[/ , 5), we know properties following on

combinatorially curvature operators similar to those of the Riemannian geometry.

Theorem%l Let (M, 5) be a combinatorially connection space. Then forVX,Y,Z € %(M),
Vfe O (M),

(1) R(X,Y) = ~R(Y. X);

(2) R(FX,Y) =R(X, fY) = FR(X,Y);

(3) R(X,Y)(fZ) = fR(X,Y)Z.

Proof For VX,Y,Z € 2 (M), we know that R(X,Y)Z = —R(Y,X)Z by definition.

Whence, R(X,Y) = —R(Y, X).
Now since

R(fX,Y)Z = DyxDyZ—DyDyxZ — Disxy|Z
= fDxDyZ — Dy(fDxZ) - lN)f[X.,Y]fY(f)XZ
= fDxDyZ -Y(f)DxZ — fDyDxZ
- fE[X,Y]Z + Y(f)EXZ

= fR(X,Y)Z,

we get that ﬁ(fX, Y)= fﬁ(X, Y). Applying the quality (1), we find that

R(X, fY) = —R(fY,X) = —fR(Y, X) = fR(X,Y).

This establishes (2). Now calculation shows that

R(X,Y)(fZ) = DxDy(fZ)— DyDx(fZ) - E[X,Y](fz)

= Dx(Y(f)Z+ fDyZ) - Dy(X(f)Z + fDxZ)

- (X, Y]()Z - fﬁ[x,Y]Z

= X(Y()Z+Y(/)DxZ+X(f)DyZ

+ fDxDyZ—-Y(X(f))Z - X(f)DyZ - Y (f)Dx 2
— fDyDxZ —(X,Y)(f))Z — fDix.vZ

= fR(X,Y)Z

Whence, we know that
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R(X,Y)(fZ) = fR(X,Y)Z.
O

Theorem 2.2 Let (M, ZN)) be a combinatorially connection space. If the torsion tensor T=0

on 5, then the first and second Bianchi equalities following hold.

R(X,Y)Z+R(Y,Z)X +R(Z,X)Y =0

and
(DxR)(Y, Z)W + (Dy R)(Z, X)W + (DzR)(X,Y)W = 0.

Proof Notice that T = 0is equal to DxY — Dy X = [X,Y] for VX,Y € 2 (M). Thereafter,
we know that

R(X,Y)Z+R(Y,Z)X +R(Z,X)Y
= DxDyZ—DyDxZ — Dixy|Z+DyDzX — DzDy X
— Dy X +DzDxY — DxDzY — Dz xY
= Dx(DyZ—DzY)~ Dy X + Dy(DzX — DxZ)
— Dizx)Y + Dz(DxY — DyX) — Dixy\Z
Dx[Y,Z) — Dy, X + Dy|Z,X| — Dz x)Y
+ Dz[X,Y] - Dixv)Z
(X, [V, 2]+ [V, [Z, X]] + [Z, [X, Y]]

By the Jacobi equality [X, [V, Z]] + [Y,[Z, X]] + [Z,[X, Y]] = 0, we get that

R(X,Y)Z +R(Y,Z)X +R(Z,X)Y =0.

By definition, we know that

(Dx R)(Y, Z)W =
DxR(Y,Z)W — R(DxY, Z)W — R(Y,DxZ)W — R(Y,Z)DxW
= DxDyDzW — DxDzDyW — DxDyy,zsW — Dp_ Dz W
+DzDp W + f)[f)xyyz}w — DyDp,_,W + Dp,_,DyW
+5[Y,15XZ]W — ﬁle)ZIN)XW + ﬁzﬁyﬁxW + ﬁ[yﬂz]ﬁxW.
Let
AV (XY, Z) = DxDyDzW — DxDzDyW — DyDzDxW + DzDyDxW,
BW(X,Y,Z)=-DxDp_,W+DxDp_ W +DzDp W — DyDp,_,W,
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CW(X,Y, Z) = —ﬁﬁxyﬁzw + ﬁﬁxzﬁyw + ﬁﬁyzﬁxw — IN)EZYﬁ)(W

and

DV(X,Y,Z)=D W—D W,

[DxY,Z] [DxZ,Y]

Applying the equality DxY — Dy X = [X,Y], we find that

(DxR)(Y,Z)W = AYV(X,Y,2)+ BY(X,Y,Z)+ CV(X,Y, Z) + DV (X,Y, Z).
We can check immediately that
AV(XY,Z2)+ AV (Y, Z, X))+ AV (Z,X,Y) =0,
BY(X,Y,Z)+BY(Y,Z,X)+ BY(Z,X,Y) =0,
CV(X,)Y,Z)+CV(Y,Z,X)+CV(Z,X,Y) =0

and

DW(X,Y,Z)+ DY (Y,Z,X)+ DV (Z,X,Y)
= Dix (v, z)+ (v, (z.x])+(zxx)W = DoW =0

by the Jacobi equality (X, [Y, Z]] + [Y, [Z, X]] + [Z, [ X, Y]] = 0. Therefore, we get finally that

(DxR)(Y,Z)W + (Dy R)(Z, X)W + (DzR)(X,Y)W
=AY(X,Y,2)+BY(X,Y,2)+ CY(X,Y,Z) + DV (X,Y, Z)
+AY (Y, 2, X)+ BV (Y, 2, X)+ C"(Y,Z,X) + DV (Y, Z, X)
+AY (2, X,Y)+ BY(Z, X, Y)+ CV(Z,X,Y)+ D" (Z,X,Y) = 0.
This completes the proof. - - O
According to Theorem 2.1, the curvature operator R(X,Y) : 2 (M) — 2 (M) is a tensor

of type (1,1). By applying this operator, we can define a curvature tensor in the next definition.

Definition 2.2 Let (M,ﬁ) be a combinatorially connection space. For VX,Y,Z € %(1\7), a
linear multi-mapping R+ 2 (M) x 2 (M) x 2 (M) — 2 (M) determined by

R(Z,X,Y) =R(X,Y)Z
is said a curvature tensor of type (1,3) on (M, D).

Let (M , ﬁ) be a combinatorially connection space and

{eij]1 <i<s(p),1 <j<mn;ande;; =e;,; for 1 <iqig <s(p)if 1<j<3(p)}

a local frame with a dual
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{wij|1 <i<s(p),1 <j<mn;and Wil = w2 for 1 < iy, iy < s(p) if 1 <j <3(p)},
abbreviated to {e;;} and {w%} at a point p € M, where M = M(ny,ng, -+ ,np). Then there
exist smooth functions 'Y )\ € C*°(M) such that

Deyem =I5, xr) s

called connection coefficients in the local frame {e;;}. Define
WwoS = o w/{)\
pv (n)(5A)

We get that
Deyy = Wiy €os-

Theorem 2.3 Let (M, D) be a combinatorially connection space and {eij} a local frame with
a dual {w"} at a point p € M. Then

ETW

B oS
RGO AL

7 A
dwh” — W™ AW =
where f(‘:;)(gg) is a component of the torsion tensor T in the frame {e;;}, i.e., f(‘:;)(gg) =

WM (T (exn, €oc)) and

_ 1~
A A A 0
dwpy = win Ao = SR 00 mo)w”” A"

with R’(‘:V)(Ug)(ag)em = R(eoe, €no)epw-

Proof By definition, for any given ey, e, we know that (see Theorem 3.6 in [9])

(dw” — W™ AWk ) (o eno) = eoc(W (enp)) — €qo (W (eq5)) — wH ([€oc, €nol)
- W (6o<)wﬁ§ (6770) + W™ (EUG)W;L:K (eoc)
= —wil(ens) + wgg(eoc) — w"([eqs, €npl)

= Tloome T Loy e — " (o nl)
= W(De,. np — De,yeoc — [€oc,eno])

= W(T(eo,en0)) =Ty 0

Whence,

1~
dwh — W /\wf:: = _TH" WA A WS

57 (sN)(09)

Now since
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(JWZS - wzfx A WSLA)(EUC’ 6779)
= €o¢ (WZS (6779)) — €no (WZS (eoe)) — w;i\([eaca €n9])
_W&L/(em)wsi\ (eno) + Wﬁfz (enG)Wi;L)\ (eos)

= eoc (Tl mm) = et i oe)) = w0 ([eos: ead) Ty (o1

It KA I KA
L) 0ol me) T L) oyl (hy (o)

and
R(e"'c’ 6779)6#1’ = Deac Dene el“/ - Dene Deac el“’ - D[eamene]e#’/
= Doy (Tt 901 €x0) = Deyo (T (ogyern) = 0 ([€ocs €na)) Ty 0y mn

KA KA I KA
= (eoc (T me)) = eno (Tl o) T Ty ey L o0y o)

— Tl oo L0 me) = @ ([eas: ead) T o))

= (gwﬁﬁ - wzfz A ng\)(eocv €n6)CrA-

Therefore, we get that

(dwiy — wit, AWM (€as €n8) = REN) (0o (n)

that is,

TRA os KA __ KA os no
dwyy = Wiy Nod = 5B oo my@” N @™

O

Definition 2.3 Let (M, l~)) be a combinatorially connection space. Differential 2-forms QM =
dwh” — Wt NWEY, QS = dwhis — wis Awsd and equations
dwh” = W™ AW+ QM dwly = Wi AwE + Q)

are called torsion forms, curvature forms and structural equations in a local frame {e;;} of
(M, D), respectively.

By Theorem 2.3 and Definition 2.3, we get local forms for torsion tensor and curvature
tensor in a local frame following.

Corollary 2.1 Let (M, D) be a combinatorially connection space and {eij} a local frame with
a dual {w¥} at a point p € M. Then

T:Q‘“’@ew and R:w“”@e,ﬂ@ﬂﬁ,

i.e., for VX, Y € %(M),

T(X,Y) = Q" (X,Y)eu and R(X,Y)= Q5 (X,Y)w" @ ey
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Theorem 2.4 Let (M,ZN)) be a combinatorially connection space and {e;;} a local frame with
a dual {w¥} at a point p € M. Then

T ny o KA mY )R v TOKN _ oS KX _ (oS KA
dQ = W™ AQL = Q" Awly and dU = wip AQEE — Q0 Awge

Proof Notice that d2 = 0. Differentiating the equality Q" = dwh? — wh A Wk on both
sides, we get that

AW = —dwh AW+ W A dwly
= —(2 + W AWEY) AWEY 4+ WA (S WIS A whY)
= WAANQM — Q" AW
K RA®

Similarly, differentiating the equality Qf”)‘, = dw
that

KA

ww — Wi N wgg‘ on both sides, we can also find

TOKN o KA o KA
dQ, = wiy ANQE = Q7 Awgl.
0
Corollary 2.2 Let (M, D) be an affine connection space and {e;} a local frame with a dual
{w'} at a point p € M. Then

A = w! ANQL — QI AWl and QY = wF AQL - QF A QY.

According to Theorems 2.1—2.4 there is a type (1, 3) tensor 7%,, : Tp1\7>< T,,MVX Tp1\7 — Tp1\7
determined by 7€(w, u,v) = 7€(u, v)w for Yu,v,w € T,M at each point p € M. Particularly, we
get its a concrete local form in the standard basis { #‘LV}.

Theorem 2.5 Let (M, 5) be a combinatorially connection space. Then for Vp € M with a local
chart (Up; [#p]),

DT 0
= 4 o< - 124 KA
R= R(Uc)(uu)(nA)dx ® 90 ® dxt’ @ dx
with
no no
Rz _ Toown Mo ypo o po g )2
(e) () (KA) ™ Gpnv Ot (o) (KA (90) (uv) (@) ()" (90)(s\)) e
where, F?;y)(;{)\) € C>™(Up) is determined by
~ o . 9
Dama;w Ok - F(li)\)(,uu) 91

Proof We only need to prove that for integers u, v, k, A, 0,¢,t and 6,
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0 0 d s 0
(axw” ) ) oxos (o) (ur)(A) §pnb

at the local chart (Up; [pp]). In fact, by definition we get that

~( 0 0 ) 0
Oxhv’ dxrr’ Oxos
= ~ 0 ~ ~ 0 ~ 0
=D 8. D o o e D o Dot 5o~ Digo 22515500
=D (O o) = Do (T =)
= Par L (09)(kN) ynf Fox  (09) () G
né no
761—‘(00(&)\) 9 L D . 9 _ar(oc)(;w) 9 1 D, o
- v AP (0)(KX) ™ gzmm 9 Ok Oxn? (o) ()™ 505x el
né no
f(ar(ac)(m\) o ar(ac)(uu)) 9 + 10 o 9 _rm o 9
- OV Ot o0 (o) (kA) T (n0) (1v) G0t (o) (ur) ™ (M) (KX) G0
no no
_ (8F(U§)(5)\) _ 8F(U§)(/'“j) +1"19L I\ne _1—\19L 1—\779 ) 0
- D OahN (06) (BN~ (90) (pv) (0)(p) ™ (90) (kX)) G
~ 0
_ 1no
= Reo6) (u) () gt
This completes the proof. O

For the curvature tensor ﬁz’fg) () (7)€ can also get these Bianchi identities in the next

result.

Theorem 2.6 Let (M, 5) be a combinatorially connection space. Then for Vp € M with a
local chart (Up, [p]), if T =0, then

DUy DUy DUy _
Ry oome) T ooy mo)wn) T gy sy o) =0
and
Dy, R + D, R + D, gR™ -0
9B o)) + Dos B oy (90) T Do Bliiay 00 (os) = 05
where,
N DEA N DR
Do Ry o0y mo) = D25 Biiv) (06 () -

Proof By definition of the curvature tensor ﬁ?;)c)(w) (sA)> We know that

Y DUy %
R0 m8) T ooy mo)en) T Bing) (52 ()

o 9 .0 ~ o9 o .0 ~ 0o o 0
((%c“’ 890779)896“)‘ + R(ax”‘” 8:6”’\)8:6“ + R(ax“)" 8:10“)890779

=0

with
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0 0 0
=g VT g M g
in the first Bianchi equality and
Dy, RN + D, RN + DR
I () (06) (n6) s () (n0) (V) n02 () (V1) (0<)
~ ~ 0 0 0 ~ ~ 0 0 0 ~ ~ 0 0 0
= Dy, R , Dy R , DpoR )
K (8:10“ 8:6’79>8:v”’\ + Pos (896779 89019‘)896“)‘ + Pno (8:61” Bzvag)ax"“)‘
=0.
with
X 0 0 0 0
029 T Qs T Qan®” © OxRA
in the second Bianchi equality of Theorem 2.2. O

83. Curvatures on Combinatorially Riemannian Manifolds

Now we turn our attention to combinatorially Riemannian manifolds and characterize curvature

tensors on combinatorial manifolds further.

Definition 3.1 Let (M,g,ﬁ) be a combinatorially Riemannian manifold. A combinatorially

Riemannian curvature tensor

R: 2 (M) x Z(M)x 2 (M) x Z(M)— C™(M)
of type (0,4) is defined by

R(X,Y,Z,W) = g(R(Z,W)X,Y)
for VXY, Z,W € 2 (M).
Then we find symmetrical relations of E(X Y, Z W) following.
Theorem 3.1 Let R : %(M) X %(M) X %(M) X %(M) — COO(JT/[/) be a combinatorially
Riemannian curvature tensor. Then for VXY, Z, W € 2 (M),
(1) R(X,Y,Z, W)+ R(Z,Y,W,X)+ R(W,Y,X,Z) = 0.
(2) R(X,Y,Z,W) = —R(Y,X,Z,W) and R(X,Y,Z,W) = —R(X,Y, W, Z).

(3) R(X,Y,Z,W) = R(Z,W,X,Y).

Proof For the equality (1), calculation shows that

R(X.Y,Z,W)+ R(Z,Y,W,X) + ROW,Y, X, Z)

= g(R(Z,W)X,Y) + g(RW,X)Z,Y) + g(R(X, Z)W,Y)
= g(R(Z,W)X + RW,X)Z + R(X,Z)W,Y) =0
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by definition and Theorem 2.1(4).
For (2), by definition and Theorem 2.1(1), we know that

RIX,Y,ZW) = g(R(ZW)X,Y)=g(-R(W,Z)X,Y)

Now since D is a combinatorially Riemannian connection, we know that (19D

Therefore, we find that

g(ﬁZﬁWXuy)

Similarly, we have that

g(ﬁWﬁZX7Y)

Notice that

Z(g(X,Y)) = g(DzX,Y) + g(X,DzY).

Z(9(DwX,Y)) — g(DwX,DzY)
= Z(W(g(X,Y))) - Z(g(X,DwY))
— W(g(X,DzY)) + g(X,DwDzY).

W(Z(g(X,Y))) = W(g(X,DzY))
— Z(g(X,DwY)) + g(X, DzDwY).

g(ﬁ[Z,W]uy) = [27 W]g(X7 Y) - g(Xuﬁ[Z,W]Y)

By definition, we get that

R(X,Y,Z, W)

+ +

9(DzDwX — DwDzX — Dizw X, Y)
9(DzDwX.,Y) - g(DwDzX,Y) — 9(5[Z,W]X= Y)
Z(W(g(X,Y))) = Z(9(X, DwY)) = W(g(X, DzY))
9(X, DwDzY) = W(Z(g(X,Y))) + W(g(X, DzY))
Z(9(X,DwY)) — g(X,DzDwY) — [Z,W]g(X,Y)
9(X, DizwY)

Z(W(g(X,Y))) = W(Z(9(X,Y))) + g(X, DwDzY)
9(X, DzDwY) = [Z,W]g(X,Y) = g(X, DizwY)
9(X,DwDzY — DzDwY + DizwY)
—g(X,R(Z,W)Y) = —R(Y, X, Z,W).

Applying the equality (1), we know that

27
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R(X,Y,Z, W)+ R(Z,Y,W,X)+ R(W,Y,X,Z) =0, (3.1)

R(Y,Z,W,X)+RW,Z,X,Y)+ R(X,Z,Y,W)=0. (3.2)
Then (3.1) + (3.2) shows that

R(X,Y,Z,W) + R(W,Y,X,Z)

+ RW,Z,X,Y)+R(X,Z,Y,W) =0

by applying (2). We also know that

RW,Y,X,Z) - R(X,Z,Y,W) = —(R(Z,Y,W,X)—R(W,X,Z)Y))

= R(X,Y,Z,W)—R(Z,W,X,Y).

This enables us getting the equality (3)

R(X,Y,Z,W) = R(Z,W,X,Y).

Applying Theorems 2.2,2.3 and 3.1, we also get the next result.

Theorem 3.2 Let (M,g,ﬁ) be a combinatorially Riemannian manifold and )y =
szg(gg)(,/b)\). Then B
(1) Quyn) = 3R () (00 o) A W™
(2) Q) T Qen) () = 05
(3) W A Quyra) = 0;
(4) dQu)r) = Win A Qo)) = @ A ooy (uv)-

Proof Notice that T = 0 in a combinatorially Riemannian manifold (]Tj ., lN)) We find
that

1~
KA KA o 0
O = 58 00 meyw” AW

by Theorem 2.2. By definition, we know that

Qiyn) = Un9ioo)(sn)
1 = ] I 1~ o 0
= 3 BGn 0 Iemn@™ AW = SRw) () (00 (o) AW

Whence, we get the equality (1). For (2), applying Theorem 3.1(2), we find that

1 ~ D o 6
Q) (rex) T Qen) (uv) = §(R(uu)(n>\)(oc)(n0) + R(m)(w)(ag)(ne))w CAWT = 0.
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By Corollary 2.1, a connection D is torsion-free only if Q2#” = 0. This fact enables us to
get these equalities (3) and (4) by Theorem 2.3. O

For any point p € M with a local chart (Up, [¢p]), we can also find a local form of R in the

next result.

Theorem 3.3 Let R %(M) X %(M) X %(M) X %(M) — COO(M) be a combinatorially
Riemannian curvature tensor. Then for Vp € M with a local chart (Upy; [¢p]),

R = Rioo)(op) (u)(ux) ™ © dz" @ da? @ da™

with

7 _ 1(329<w><o<> L P9enmn)  P9wime) 329<~A><ac>)
(a6)(nO)(pr)(kA) = 2% YrEAOn? Oty Hpos OxEANY oS Ot Hn?

9 o o
T T 00 a0 90 @) — Ty meyl (en) (o) I(go) (90)

where G(uv) (k) = g(%, 3;%)

Proof Notice that

~ ~ 0 0 0 0 ~ 0 0 0 0
R(UC)(UO)(NV)(“)‘) = R(axaq ’ 6,@770 ’ OxHv ’ axﬁ)\) - (8,@“” ’ axﬁ)\ ’ Oxos ’ 8,@"0)

0 0 0 0 ~9
g(R(ax‘K’ 895779)895HV’ axm) = B (1)(06) (n9) 9(00) (50)

By definition and Theorem 3.1(3). Now we have know that (eqn.(3.5) in [9])

09(uw)(=)) _ 1o o
Hxos = F?uu)(ag)g(ne)('o‘) + F?ﬁ)\)(ag)g(l“’)(ﬁe)'

Applying Theorem 2.4, we get that
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Ro6)(n0) (uv) (53)

or?: or?
_ (o6)(KN) (UC)(HV) o D o Pt
=~ e T P o) ~ Fioo o) (en) 900 o)

9 o 9. 9900me) 9 1w
= g Tloon90060) = Tloomn ™ gm — ~ ggmx Lloo ) 900 00)

39<m><ne>
D"
a I a Ju
= g Tloaan 900 m0) = 55 (Clooyun 900 (00)

I L o L
T o) () +F(a@(m)ﬁao)(w)g(m)(m) F@K)(W)F(goxmg(m)(ne)

Y Eo 132 132 Y
+F< ) L i50) (en)9€0)m8) + Loy ex) 900 €0)) T T () (on) L (0) () 900 (53)

€0 €o €o 9
92 L0090 00) T L6y () 900 60)) — L) () (€0 (1) )9 (90) (6)

0 0900me) | 996nm0) 09w | |, o )
o g gers e )T T oey0en) L o) ) 9001 ()

i
1
T 20zn

1 0 9900w . 994mme) _ 99ws)(m) ¢o .
5505 amm T gers -~ gen ) Lo L o) 9w me)

_ L P90 | P9 P9umme  E9enes) )

o 5( OxrAHan? Oxhv Oxos OxrAdxos OxHv Hand

+F(oc)(~/\)r(£bo)(w)g(ﬁb)(m) P(;')g)(uu)r(fbo)(n)\))g(’ﬂL)(ne)'

This completes the proof.
Combining Theorems 2.5, 3.1 and 3.3, we have the following consequence.

Corollary 3.1 Let }N%(W)(m)(ag)(mg) be a component of a combinatorially Riemannian curvature

tensor R in a local chart (U, [g]) of a combinatorially Riemannian manifold (R, g, D). Then

1) Ry (er) o)) = —Biex) o)) = =R (s3)(6) (06);

3) R (en) (0)(n8) + Bno)(en) (ur) (o) F Biore) (x3)(6) () = 05

(1)

2) Ry (s3)06)n6) = Rioe)(nd) () (5)5
3) R

(4)

Dy Ripy ey (o)) + Dore Ry (x) (m0)0) + Dt By () (90 () = O-

84. Einstein’s Gravitational Equations on Combinatorial Manifolds

Application of results in last two sections enables us to establish these Einstein’ gravitational
filed equations on combinatorially Riemannian manifolds in this section and find their multi-

space solutions in next section under a projective principle on the behavior of particles in

multi—spaces
Let (M g, ) be a combinatorially Riemannian manifold. A type (0,2) tensor & : 2 (M ) X

%(M) — O™ (M )Wlth

o éa(#l,)(,/b)\)dx‘uy & da"? (41)
is called an energy-momentum tensor if it satisfies the conservation laws 5((5”) =0, i.e., for any

indexes kK, A\, 1 <k <m, 1 <\ < ny,
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I (N 1o -
Sx Ll () o0 (3~ Lo (xSl (o) =0 (4:2)

in a local chart (U,, [¢,]) for any point p € M. Define the Ricci tensor ﬁ(w)(m), Rocci scalar

tensor R and Einstein tensor 9(,,,)(xx) respectively by

Ruwyen) = B,

V) (KA) D
() (06)(RA) R = g MR ) (4.3)

and

~ 1
Gy s3) = By on) = 5900 R (44)

Then we get results following hold by Theorems 2.4, 2.5 and 3.1.

Riuw)sn) = Bexy(u),  (45)

~ ares ares,

o (pv)(KX) )(o¢) I o I o
R(#y)(n)\) - 9o - 8$KA + F(#U)(,{)\)F(ﬂ;”(gg) — I‘(#U)(UC)I‘(&)(M). (46)
and
OY () (k2)

aox L) Do) — Tioy oy G o) = 0. (47)

ie., 5(% ) = 0. PEinstein’s principle of general relativity says that a law of physics should take
a same form in any reference system, which claims that a right form for a physics law should
be presented by tensors in mathematics. For a multi-spacetime, we conclude that Finstein’s
principle of general relativity is still true, if we take the multi-spacetime being a combinatorially
Riemannian manifold. Whence, a physics law should be also presented by tensor equations in
the multi-spacetime case.

Just as the establishing of Finstein’s gravitational equations in the classical case, these

equations should satisfy two conditions following.

(C1) They should be (0,2) type tensor equations related to the energy-momentum tensor
& linearly;

(C2) Their forms should be the same as in a classical gravitational field.

By these two conditions, Finstein’s gravitational equations in a multi-spacetime should be

taken the following form

G =c&

with ¢ a constant. Now since these equations should take the same form in the classical case,

ie.,

gij = —87TG®@Z']‘
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for 1 < 4,7 < n at a point p in a manifold of M not contained in the others. Whence, it must
be ¢ = —87(G for ¢ being a constant. This enables us finding these Finstein’s gravitational

equations in a multi-spacetime to be

~ 1
Riun 3 — R (s3) = —8TGE ) (o). (4:8)
Certainly, we can also add a cosmological term Ag(,,)(.x) in (4.8) and obtain these gravitational

equations

- 1
Ru(3) = 5RIGu) (53) + Ay (53) = —8TGE (o). (4.9)

All of these equations (4.8) and (4.9) mean that there are multi-space solutions in classical
FEinstein’s gravitational equations by a multi-spacetime view, which will be shown in the next

section.

85. Multi-Space Solutions of Einstein’s Equations

For given integers 0 < ny < ng < --- < Ny, m > 1, let (]T/[/, g, 5) be a combinatorial Riemannian
manifold with M = M(ni,na,--- ,nm) and (Up, [¢p]) a local chart for p € M. By definition,

s5(p) s(p)
if p, : U, — |J B™® and 5(p) = dim( () B™®), then [p,] is an s(p) x Ns(p) Matrix shown
i=1 =1
following.
AL ki 1G(p)+D ... gln
5(51) 52(}(1)) z e 0
x =P 2(3(p)+1) 2n
o] = | @ s LT ze 0
@t PR s(p)EE+Y) L L psPnem =1 s(P)na
s(p) s(p)

with 2% = 29¢ for 1 <4, < s(p),1 < s < 5(p).

For given non-negative integers r,s,r + s > 1, choose a type (r,s) tensor . € TI(M).

Then how to get multi-space solutions of a tensor equation

F =07

We need to apply the projective principle following.

[Projective Principle] Let (M,g,ﬁ) be a combinatorial Riemannian manifold and %

<T|T € TST(M)> with a local form F(,, v,y (uave)--(uove )WV @ WH2 @ - - @ whn¥m in (Up, [@p)).
If

F(pavn) (pavs)(nvm) =0

for integers 1 < p; < s(p),1 < v; < ny, with 1 <i <s, then for any integer p,1 < p < s(p),
there must be
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F ) (uvz)--+(uvs) = 0

for integers v;, 1 <v; < ny, with 1 <4 < s.

Now we solve these vacuum Finstein’s gravitational equations

- 1
Riu)(s2) = 390 (xR =0 (5.1)

by the projective principle on a combinatorially Riemannian manifold (1\7 , s l~)) For a given
point p € M, we get s(p) tensor equations

~ 1
Riuyur) = 590 (B =0, 1< p < s(p)  (5.2)
as these usual vacuum Finstein’s equations in classical gravitational field, where 1 < v, A < n,,.

For line elements in M , the next result is easily obtained.

Theorem 5.1 If each line element ds,, is uniquely determined by equations (5.2), Then ds is
uniquely determined in M.

Proof For a given index p, let

Iz
_ 2 2
= g am-d:cm-.
i=1

Then we know that

R S ST S Sl Sl

i=1 p=1 p=14i=35(p)+1

Therefore, the line element ds is uniquely determined in M if ds,; is uniquely determined
by (5.2). 0.

We consider a special case for these FEinstein’s gravitational equations (5.1), solutions of
combinatorially Euclidean spaces M = Ui~, R™ with a matrix ([11])

P gl (M) pln 0
7] =
ol i Im(ﬁ“ﬂrl) pmnm =1 mng,

. m m )

for any point T € M, where m = dim( () R") is a constant for Vp € (| R™ and 2z = % for
i=1 i=1

1 <i<m,1<1<m. In this case, we have a unifying solution for these equations (5.1), i.e

_i zm:am d:cm—l—z Z amcl:c#Z

p=1i=m-+1
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for each point p € M by Theorem 5.1.

For usually undergoing, we consider the case of n, =4 for 1 <y < m since line elements
have been found concretely in classical gravitational field in these cases. Now establish m
spherical coordinate subframe (¢,,;7,,6,, ¢,,) with its originality at the center of the mass space.
Then we have known its a spherically symmetric solution for the line element ds, with a given
index p by Schwarzschild (see also [3]) for (5.2) to be

T S T S\ — .
s, = (1= )t} = (1= )7 drf, = (a8}, + sin 6,467,

for 1 <y < m, where 7,5 = 2Gm,,/c*. Applying Theorem 5.1, the line element ds in M is

Z \/777” V22 — 1 r/” Zr (d07, + sin” 6,,d¢;,)

p=1
ifﬁ@:l,t#:tforlgugmand

o (5 o Bpear - 5 iy P8+ s 6%

itm=2,t,=t,r,=rfor 1 <p<mand

m T m T m
Z J1—-L2)2cae? — Z J(1- ) —m*r?d6* = r?sin® 0,d¢’,
n=1 pn=1 p=1

itm=3,t,=t,r,=r,0,=0forl <pu<mand

T .
2 — m?r2de? — m2r? sin? 0dy?

uMs
3
NJ
NJ
E:
[
uMs

itm=4,t,=t,r,=r,0,=0and ¢, =¢ for 1 <p <m.

For another interesting case, let m = 3,7, =r,0, =60,¢, = ¢ and

dQ?(r,0,¢) = (1 - 7;—5)_1dr2 — 12(d6? + sin? 0de?).

Then we can choose a multi-time system {¢1,%2,-- , ¢t} to get a cosmic model of m,m > 2

combinatorially R?* spaces with line elements

dsi = —C2dt% + a/2(t1)dQ2(r7 97 ¢)7
ds% = —Czdtg —|— Q2(t2)dQ2(Ta 07 ¢)a
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ds?, = —c2dt?, + a®(tp)dQ(r, 6, ¢).

In this case, the line element ds is

ds = Z(l - T‘us 2dt2 Z /(1 T“S “1)2dr? — m2r2dh* — m*r? sin? 0dp?.
p=1 n=1

As a by-product for our universe R?, these formulas mean that these beings with time

notion different from human being will recognize differently the structure of our universe if

these beings are intellectual enough for the structure of the universe.
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Abstract: The isotopic invariance or universality of types and varieties of quasigroups and
loops described by one or more equivalent identities has been of interest to researchers in loop
theory in the recent past. A variety of quasigroups(loops) that are not universal have been
found to be isotopic invariant relative to a special type of isotopism or the other. Presently,
there are two outstanding open problems on universality of loops: semi-automorphic in-
verse property loops(1999) and Osborn loops(2005). Smarandache isotopism(S-isotopism)
was originally introduced by Vasantha Kandasamy in 2002. But in this work, the concept is
restructured in order to make it more explorable. As a result of this, the theory of Smaran-
dache isotopy inherits the open problems as highlighted above for isotopy. In this paper, the
question: Under what type of S-isotopism will a pair of S-quasigroups(S-loops) form any vari-
ety? is answered by presenting a pair of specially Smarandachely isotopic quasigroups(loops)
that both belong to the same variety of S-quasigroups(S-loops). This is important because
pairs of specially Smarandachely isotopic S-quasigroups(e.g Smarandache cross inverse prop-
erty quasigroups) that are of the same variety are useful for applications, for example, to
cryptography.

Key words: Smarandache holomorph, S-isotopism, variety of S-quasigroups (S-loops).

AMS(2000): 08A05,20NO5.

§1. Introduction

1.1 TIsotopy theory of quasigroups and loops

The isotopic invariance of types and varieties of quasigroups and loops described by one or
more equivalent identities, especially those that fall in the class of Bol-Moufang type loops as
first named by Fenyves [16]-[17] in the 1960s and later on in this 215 century by Phillips and
Vojtéchovsky [35], [36] and [39] have been of interest to researchers in loop theory in the recent
past. Among such is Etta Falconer’s Ph.D [14] and her paper [15] which investigated isotopy
invariants in quasigroups. Loops such as Bol loops, Moufang loops, central loops and extra

loops are the most popular loops of Bol-Moufang type whose isotopic invariance have been

1Received November 25, 2007. Accepted December 16, 2007



A Pair of Smarandachely Isotopic Quasigroups and Loops of the Same Variety 37

considered. For more on loops and their properties, readers should check [34], [8], [11], [13],
[18] and [40].

Bol-Moufang type of quasigroups(loops) are not the only quasigroups(loops) that are iso-
morphic invariant and whose universality have been considered. Some others are flexible loops,
F-quasigroups, totally symmetric quasigroups(TSQ), distributive quasigroups, weak inverse
property loops(WIPLs), cross inverse property loops(CIPLs), semi-automorphic inverse prop-
erty loops(SAIPLs) and inverse property loops(IPLs). As shown in Bruck [34], a left(right)
inverse property loop is universal if and only if it is a left(right) Bol loop, so an IPL is uni-
versal if and only if it is a Moufang loop. Jaiyéold [20] investigated the universality of central
loops. Recently, Michael Kinyon et. al. in [25]-[27] solved the Belousov problem concerning the
universality of F-quasigroup which has been open since 1967. The universality of WIPLs and
CIPLs have been addressed by OSborn [32] and Artzy [2] respectively while the universality
of elasticity (flexibility) was studied by Syrbu [39]. In 1970, Basarab [4] later continued the
work of J. M. Osborn of 1961 on universal WIPLs by studying isotopes of WIPLs that are also
WIPLs after he had studied a class of WIPLs ([3]) in 1967. The universality of SATPLs is still
an open problem to be solved as stated by Michael Kinyon during the LOOPs’99 conference.
After the consideration of universal AIPLs by Karklinsh and Klin [24], Basarab [6] obtained
a sufficient condition for which a universal AIPL is a G-loop. Although Basarab in [5], [7]
considered universal Osborn loops but the universality of Osborn loops was raised as an open
problem by Michael Kinyon in [28]. Up to the present moment, this problem is still open.

Interestingly, Adeniran [1] and Robinson [37], Oyebo and Adeniran [33], Chiboka and
Solarin [12], Bruck [9], Bruck and Paige [10], Robinson [38], Huthnance [19] and Adeniran [1]
have respectively studied the holomorphs of Bol loops, central loops, conjugacy closed loops,
inverse property loops, A-loops, extra loops, weak inverse property loops, Osborn loops and
Bruck loops. Huthnance showed that if (L, -) is a loop with holomorph (H, o), (L,-) is a WIPL
if and only if (H, o) is a WIPL in [19]. The holomorphs of an AIPL and a CIPL are yet to be
studied.

1.2 Isotopy theory of Smarandache quasigroups and loops

The study of Smarandache loops was initiated by W.B. Vasantha Kandasamy in 2002. In her
book [40], she defined a Smarandache loop(S-loop) as a loop with at least a subloop which
forms a subgroup under the binary operation of the loop. In that book, she introduced over 75
Smarandache concepts on loops. In [41], she introduced Smarandachely left (right) alternative
loops, S-Bol loops, S-Moufang loops, and S-Bruck loops. Similarly, in Jafyéold [21], these con-
ceptions Smarandachely inverse property loops (IPL), Smarandachely weak inverse property
loops (WIPL), G-loops, Smarandachely conjugacy closed loops (CC-loop), Smarandachely cen-
tral loops, extra loops, Smarandachely A-loops, Smarandachely K-loops, Smarandachely Bruck
loops, Smarandachely Kikkawa loops, Smarandachely Burn loops and homogeneous loops were
also introduced and studied relative to the holomorphs of loops. It is particularly established
that a loop is a Smarandache loop if and only if its holomorph is a Smarandache loop. This
statement was also shown to be true for some weak Smarandache loops(inverse property, weak

inverse property) but false for others(conjugacy closed, Bol, central, extra, Burn, A-, homoge-
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neous) except if their holomorphs are nuclear or central. The study of Smarandache quasigroups
was carried out in Jafyéold [22] after the introduction in Muktibodh [30]-[31]. In Jafyéold [23],
the universality of some Smarandache loops of Bol-Moufang types was studied and some nec-
essary and sufficient conditions for their universality were established.

In this paper, the question: Under what type of S-isotopism will a pair of S-quasigroups(S-
loops) form any variety? is answered by presenting a pair of specially Smarandachely isotopic
quasigroups (loops), abbreviated to S-isotopic quasigroups (loops) that both belong to the same
variety of S-quasigroups(S-loops). This fact is important because pairs of specially S-isotopic
quasigroups, e.g Smarandache cross inverse property quasigroups that are of the same variety

are useful for applications, for example, to cryptography.

82. Definitions and Notations

Definition 2.1 Let L be a non-empty set. Define a binary operation (-) on L : If x -y €
L forV x,y € L, (L,-) is called a groupoid. If the equation system a-x =b and y-a = b have a
unique solution x and y for a given a,b € L, then (L,-) is called a quasigroup. Furthermore, if
there exists a unique element e € L called the identity element such thatV x € L, x-e =e-x = x,
(L,-) is called a loop.

If there exists at least a non-empty and non-trivial subset M of a groupoid (quasigroup or
semigroup or loop) L such that (M,-) is a non-trivial subsemigroup (subgroup or subgroup or
subgroup) of (L,-), then L is called a S-groupoid, or S-quasigroup, or S-semigroup, or S-loop
with S-subsemigroup, or S-subgroup, or S-subgroup, or S-subgroup M.

A quasigroup (loop) is called a Smarandachely certain quasigroup (loop) if it has at least a
non-trivial subquasigroup (subloop) with the certain property and the later is referred to as the
Smarandachely certain subquasigroup (subloop). For example, a loop is called a Smarandachely
Bol-loop if it has at least a non-trivial subloop that is a Bol-loop and the later is referred to as
the Smarandachely Bol-subloop. By an initial S-quasigroup L with an initial S-subquasigroup
L', we mean that L and L' are purely quasigroups, i.e., they do not obey a certain property (not
of any variety).

Let (G,-) be a quasigroup(loop). The bijections L, : G — G and R, : G — G defined by
yL, =x-yor yR, =y -z for V o,y € G is called a left (right) translation of G.

The set SYM(L,-) = SYM(L) of all bijections in a groupoid (L, -) forms a group called the
permutation(symmetric) group of the groupoid (L, ). If L is a S-groupoid with a S-subsemigroup
H, then the set SSYM(L,-) = SSYM(L) of all bijections A in L such that A : H — H forms
a group called the Smarandachely permutation (symmetric) group of the S-groupoid. In fact,
SSYM(L) < SYM(L).

Definition 2.2 If (L,-) and (G, o) are two distinct groupoids, then the triple (U, V,W) : (L,-) —
(G, 0) such that U, V,W : L — G are bijections is called an isotopism if and only if

xUoyV = (z-y)W, forV z,y € L.

So we call L and G groupoid isotopes.
If U=V =W, then U is called an isomorphism, hence we write (L, ) = (G, o).
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Now, if (L,-) and (G,o) are S-groupoids with S-subsemigroups L' and G’ respectively such
that A : L' — G', where A € {U,V,W}, then the isotopism (U, V,W): (L, ) — (G,0) is called
a Smarandache isotopism(S-isotopism).

Thus, if U =V = W, then U is called a Smarandache isomorphism, hence we write
(L) % (Gro).

If (L,-) = (G,o0), then the triple « = (U, V,W) of bijections on (L,-) is called an auto-
topism of the groupoid(quasigroup, loop) (L,-). Such triples form a group AUT(L,-) called the
autotopism group of (L,-). Furthermore, if U =V = W, then U is called an automorphism
of the groupoid(quasigroup, loop) (L,-). Such bijections form a group AUM(L,-) called the
automorphism group of (L,-).

Similarly, if (L,-) is an S-groupoid with S-subsemigroup L' such that A € {U,V,W} is a
Smarandache permutation, then the autotopism (U, V, W) is called a Smarandache autotopism
(S-autotopism) and they form a group SAUT(L,-) which will be called the Smarandache auto-
topism group of (L,-). Observe that SAUT(L,-) < AUT(L,-).

Discussions To be more precise about the notion of S-isotopism in Definition 2.2, the following
explanations are given. For a given S-groupoid, the S-subsemigroup is arbitrary. But in the
proofs, we make use of one arbitrary S-subsemigroup for an S-groupoid at a time for our
arguments. Now, if (L,-) and (G, o) are S-isotopic groupoids with arbitrary S-subsemigroups
L’ and G’ respectively under the triple (U, V,W). In case the S-subsemigroup L’ of the S-
groupoid L is replaced with another S-groupoid L” of L(i.e a situation where by L has at least
two S-subsemigroups), then under the same S-isotopism (U, V, W), the S-groupoid isotope G
has a second S-subsemigroups G”. Hence, when studying the S-isotopism (U, V, W), it will be
for the system

{(Lv ')7 (L/v )} - {(Gv O)? (le o)} or {(L7 ')7 (L//v )} - {(G7 o), (G/lv O)}

and not

{(Lv ')7 (le )} - {(G7 o), (Gnv O)} or {(L7 ')7 (Lllv )} - {(Gv O)? (G/7 O)}'

This is because |L'| = |G'| and |L”| = |G”] since (L')A = G’ and (L")A = G” for all A €
{U, V, W} while it is not compulsory that |L'| = |G”| and |L”| = |G’|. Tt is very easy to see that
from the definition the component transformations U, V, W of isotopy after restricting them to
the S-subsemigroup or S-subgroup L’ are bijections. Let x1,x9 € L, then x1A = x5 A implies
that x; = xo because 1,z € L' implies x1,x2 € L, hence 11A = z2A in L implies 1 = x5.
The mappings A : L' — G’ and A : L — L' — G — G’ are bijections because A : L — G is a

bijection. Our explanations above are illustrated with the following examples.

Example 2.1 The systems (L,-) and (L, *), with the multiplication shown in tables below
are S-quasigroups with S-subgroups (L',-) and (L”, ) respectively, where L = {0,1,2,3,4},
L' = {0,1} and L” = {1,2}. Here, (L,-) is taken from Example 2.2 in [31]. The triple
(U, V, W) such that

o
—
[N}
W
>~
o
—
[N}
[N}
>~

3 4
U= LV = and W =

—
[N}
w
B
o
—
[N}
S
o
w

1 2 0 4 3
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are permutations on L, is an S-isotopism of (L,-) onto (L, *). Notice that A(L") = L” for all
Ae{U,V,W}and U, V,W : L' — L" are all bijcetions.

012|314 * 011234
0Of0]1]3]4]2 Off1j0(412]3
1)41]012(3]4 113120114
2314111210 2141211130
31141201113 31101413112
41213141011 4121301411

Example 2.2 According Example 4.2.2 in [43], the system (Zg, X¢) i.e the set L = Zg under
multiplication modulo 6 is an S-semigroup with S-subgroups (L', x¢) and (L”, X¢), where L' =
{2,4} and L” = {1,5}. This can be deduced from its multiplication table below. The triple
(U, V, W) such that

01 2 3 4 5 01 2 3 4 5 01 2 3 4 5
U= , V= and W =
4 3 5 1 2 0 1 3 2 4 5 0 1 0 5 4 2 3

are permutations on L, is an S-isotopism of (Zg, Xg) unto an S-semigroup (Zg,*) with S-
subgroups (L, *) and (L"”,«), where L' = {2,5} and L = {0,3} as shown in the sec-
ond table below. Notice that A(L') = L” and A(L”) = L"” for all A € {U,V,W} and
UV,W:L — L'" and U, V,W : L” — L"" are all bijections.

X [|O] 12345 * (0] 123|415
0 0/]0]0|0]0]O0 00123415
1 0]1]23(|4]|5 114111441
2 024024 2515|1212
3 0303013 3I3]1(5]0(4]2
4 |0(4]2|10(4]2 4111 1}]1]|1
) O[5 14321 S|211]12|51]5

From Example 2.1 and Example 2.2, it is very clear that the study of S-isotopy of two S-
groupoids, or S-quasigroups, or S-semigroups, or S-loops is independent of the S-subsemigroup
or S-subgroup that is in consideration. All results in this paper are true for any given S-
subsemigroups or S-subgroups of two S-isotopic groupoids, or S-quasigroups, or S-semigroups,
or S-loops. More examples of S-isotopic groupoids can be constructed by using S-groupoids in
[42].

Remark 2.1 Taking careful look at Definition 2.2 and comparing it with Definition 4.4.1 in
[40], it will be observed that the author did not allow the component bijections U,V and W
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in (U,V,W) to act on the whole S-loop L but only on the S-subloop(S-subgroup) L’. We feel
this is necessary to adjust here so that the set L — L’ is not out of the study. Apart from this,
our adjustment here will allow the study of Smarandache isotopy to be explorable. Therefore,
the S-isotopism and S-isomorphism here are clearly special types of relations(isotopism and
isomorphism) on the whole domain into the whole co-domain but those of Vasantha Kandasamy
[40] only take care of the structure of the elements in the S-subloop and not the S-loop.

For each loop (L, -) with automorphism group AUM (L, -), there corresponds another loop.
Let the set H = (L,-) x AUM(L,-). If we define o’ on H such that (a,z) o (8,y) = (a8, 20 -
y) for all (a,),(8,y) € H, then H(L,-) = (H,o) is a loop as shown in Bruck [9] and is
called the Holomorph of (L,-). Let (L,-) be an S-quasigroup(S-loop) with S-subgroup (L', ).
Define the Smarandache automorphism of L to be the set SAUM (L) = SAUM(L,-) = {a €
AUM(L)|a : L' — L'}. Tt is easy to see that SAUM (L) < AUM(L). SAUM (L) will be called
a Smarandachely automorphism group(SAG) of L. Now, let Hg = (L, ) x SAUM(L,-). If we
define 'o’ on Hg such that (o, )0 (8,y) = (af,z3-y) for all (o, x), (8,y) € Hg, then Hg(L,-) =
(Hg, o) is a S-quasigroup(S-loop) with S-subgroup (H’, o) where H' = L' x SAUM (L) and thus
will be called a Smarandache Holomorph(SH) of (L, -).

83. Main Results

Theorem 3.1 Let U = (L,®) and V = (L,®) be initial S-quasigroups such that SAUM (U)
and SAUM (V') are conjugates in SSY M (L) i.e., there exists a ¢» € SSY M (L) such that for
any v € SAUM(V), v = v tay) where o € SAUM(U). Then, Hs(U) = Hs(V) if and only if
2I@yy=(xfDy)d forVa,yecL, € SAUMU) and some 6,y € SAUM(V). Hence,

1)y € SAUM(U) if and only if (I,v,6) € SAUT (V).

(1)
(2) if U is a initial S-loop, then,

(a)Les € SAUM(V);

(b)p € SAUM(V) if and only if Rey € SAUM(V),
where e is the identity element in U and L, Ry are respectively the left and right translations
mappings of v € V.

(3) if 6 = I, then |[SAUM(U)| = |SAUM (V)| = 3 and so SAUM(U) and SAUM (V) are
Boolean groups.

(4) if vy =1, then |SAUMU)| = |[SAUM (V)| = 1.

Proof Let Hg(L,®) = (Hg,o) and Hg(L,®) = (Hg,®). Hs(U) zz Hs(V) if and only if
there exists a bijection ¢ : Hg(U) — Hg(V') such that [(o, x) o (8,y)]¢ = (a, 2)p @ (6, y)¢ and

¢
(H,®) = (H",®), where H' = ' x SAUM(U) and H" = L"x SAUM (V), (L', ®) and (L",®)
are initial S-subquasigroups of U and V. Define (o, 7)¢ = (v "tanh, 2y L)) V (o, ) € (Hg, o)
where ¢p € SSYM(L). Then we find that

Hs(U) = Hs(V) & (af, 2B0y)¢ = (v anp, xp L) O (¢~ B,y ~ 1Y) & (¥~ aBy, (x4@
Y taby) = (W aby, ap T aby @y BY) & (a8 @ Y)Y afy = s lafy @ yy T Y &
26 ® yy = (20 ® y)d where § =~ afy, v =~ Y.
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Notice that vL.5 = Lygd and Ry, = SR,V x,y € L. So, when U is an S-loop, vLes =6

and 0Rey, = #0. These can easily be used to prove the remaining part of this theorem. O

Theorem 3.2 Let § be any class of variety of S-quasigroups(loops). Let U = (L,®) and
V = (L,®) be initial S-quasigroups(S-loops) that are S-isotopic under the triple of the form
(6718, 1,671 for all B € SAUM(U) and some 6,y € SAUM (V) such that their SAGs are
non-trivial and are conjugates in SSY M (L) i.e there exists a v € SSY M (L) such that for any
v € SAUM(V), v =y "tay) where « € SAUM(U). Then, U € § if and only if V € §.

Proof By Theorem 3.1, we have known that Hg(U) = Hg(V). Let U € §, then since
H(U) has an initial S-subquasigroup(S-subloop) that is isomorphic to U and that initial S-
subquasigroup(S-subloop) is isomorphic to an S-subquasigroup(S-subloop) of H (V') which is
isomorphic to V, V € §. The proof for the converse is similar. 0
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Abstract: According to Smarandache’s neutrosophy, the Godel’s incompleteness theorem
contains the truth, the falsehood, and the indeterminacy of a statement under consideration.
It is shown in this paper that the proof of Gédel’s incompleteness theorem is faulty, because
all possible situations are not considered (such as the situation where from some axioms
wrong results can be deducted, for example, from the axiom of choice the paradox of the
doubling ball theorem can be deducted; and many kinds of indeterminate situations, for
example, a proposition can be proved in 9999 cases, and only in 1 case it can be neither
proved, nor disproved). With all possible situations being considered with Smarandache’s
neutrosophy, the Godel’s Incompleteness theorem is revised into the incompleteness axiom:
Any proposition in any formal mathematical axiom system will represent, respectively, the
truth (T), the falsehood (F), and the indeterminacy (I) of the statement under consideration,
where T, I, F are standard or non-standard real subsets of | "0, 17[. Considering all possible
situations, any possible paradox is no longer a paradox. Finally several famous paradoxes in

history, as well as the so-called unified theory, ultimate theory, - - -, etc. are discussed.

Key words: Smarandache’s Neutrosophy, Goédel’s Incompleteness theorem, Incomplete-

ness axiom, paradox, unified theory.

The most celebrated results of Godel are as follows.

Godel’s First Incompleteness Theorem: Any adequate axiomatizable theory is incomplete.

Godel’s Second Incompleteness Theorem: In any consistent axiomatizable theory which

can encode sequences of numbers, the consistency of the system is not provable in the system.

In literature, the Gddel’s incompleteness theorem is usually stated by any formal mathe-
matical axiom system is incomplete, because it always has one proposition that can neither be
proved, nor disproved.

Godel’s incompleteness theorem is a significant result in the history of mathematical logic,

and has greatly influenced to mathematics, physics and philosophy among others. But, any

1Received October 25, 2007. Accepted December 18, 2007
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theory cannot be the ultimate truth. Accompanying with the science development, new the-
ories will replace the old ones. That is also for the Gddel’s incompleteness theorem. This
paper will revise the Godel’s Incompleteness theorem into the incompleteness axiom with the

Smarandache’s neutrosophy.

81. An Introduction to Smarandache’s Neutrosophy

Neutrosophy is proposed by F.Smarandache in 1995. Neutrosophy is a new branch of philosophy
that studies the origin, nature, and scope of neutralities, as well as their interactions with
different ideational spectra.

This theory considers every notion or idea (A) together with its opposite or negation
(Anti — A) and the spectrum of neutralities (Neut — A), i.e., notions or ideas located between
the two extremes, supporting neither (A) nor (Anti — A)). The (Neut — A) and (Anti — A)
ideas together are referred to as (Non — A).

Neutrosophy is the base of neutrosophic logic, neutrosophic set, neutrosophic probability
and statistics used in engineering applications, especially for software and information fusion,
medicine, military, cybernetics and physics, etc..

Neutrosophic Logic is a general framework for unification of existent logics, such as the
fuzzy logic, especially intuitionistic fuzzy logic, paraconsistent logic, intuitionistic logic,- - -,
etc.. The main idea of Neutrosophic Logic (NL) is to characterize each logical statement in a
3D Neutrosophic Space, where each dimension of the space represents respectively the truth
(T), the falsehood (F), and the indeterminacy (I) of the statement under consideration, where
T, I, F are standard or non-standard real subsets of |~0, 17| without necessarily connection
between them.

More information on Neutrosophy may be found in references [1-3].

82. Some Errors in the Proof of Gédel’s Incompleteness Theorem

It has been pointed out some errors in the proofs of Godel’s first and second incompleteness
theorems in the reference [4]. This paper will again show that the proof of Gédel’s incomplete-
ness theorems contain some errors, but from other point of view. It will be shown that in the
proof of Godel’s incompleteness theorem, all possible situations are not considered.

First, in the proof, the following situation is not considered: wrong results can be deduced
from some azxioms. For example, from the axiom of choice a paradox, the doubling ball theo-
rem, can be deduced, which says that a ball of volume 1 can be decomposed into pieces and
reassembled into two balls both of volume 1. It follows that in certain cases, the proof of Godel’s
incompleteness theorem may be faulty.

Second, in the proof of Gédel’s incompleteness theorem, only four situations are considered,
that is, one proposition can be proved to be true, cannot be proved to be true, can be proved
to be false, cannot be proved to be false and their combinations such as one proposition can
neither be proved to be true nor be proved to be false. But those are not all possible situations.
In fact, there may be many kinds of indeterminate situations, including it can be proved to be

true in some cases and cannot be proved to be true in other cases; it can be proved to be false
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in some cases and cannot be proved to be false in other cases; it can be proved to be true in
some cases and can be proved to be false in other cases; it cannot be proved to be true in some
cases and cannot be proved to be false in other cases; it can be proved to be true in some cases
and can neither be proved to be true, nor be proved to be false in other cases; and so on.

Because so many situations are not considered, we may say that the proof of Godel’s
incompleteness theorem is faulty, at least, is not one with all sided considerations.

In order to better understand each case, we consider an extreme situation where one
proposition as shown in Godel’s incompleteness theorem can neither be proved, nor disproved.
It may be assumed that this proposition can be proved in 9999 cases, only in 1 case it can
neither be proved, nor disproved. We will see whether or not this situation has been considered
in the proof of Gédel’s incompleteness theorem.

Some people may argue that, this situation is equivalent to that of a proposition can
neither be proved, nor disproved. But the difference lies in the distinction between the part
and the whole. If one case may represent the whole situation, many important theories cannot
be applied. For example the general theory of relativity involves singular points; the law of
universal gravitation does not allow the case where the distance r is equal to zero. Accordingly,
whether or not one may say that the general theory of relativity and the law of universal
gravitation cannot be applied as a whole? Similarly, the situation also cannot be considered
as the one that can be proved. But, this problem may be easily solved with the neutrosophic
method.

Moreover, if we apply the Godel’s incompleteness theorem to itself, we may obtain the fol-
lowing possibility: in one of all formal mathematical axiom systems, the Gddel’s incompleteness
theorem can neither be proved, nor disproved.

If all possible situations can be considered, the Gédel’s incompleteness theorem can be im-
proved in principle. But, with our boundless universe being ever changing and being extremely
complex, it is impossible considering all possible situations. As far as considering all possible
situations is concerned, the Smarandache’s neutrosophy is a quite useful way, and possibly
the best. Therefore this paper proposes to revise the Godel’s incompleteness theorem into the

incomplete axiom with Smarandache’s neutrosophy.

83. The Incompleteness Axiom

Considering all possible situations with Smarandache’s neutrosophy, one may revise the Godel’s

Incompleteness theorem into the incompleteness axiom following.

Any proposition in any formal mathematical axiom system will represent the truth (T), the
falsehood (F), and the indeterminacy (I) of the statement under consideration, where T, I, F

are standard or non-standard real subsets of |70, 17|, respectively.

84. Several Famous Paradoxes in History

The proof of Gédel’s incompleteness theorem has a close relation with some paradoxes. However,

after considering all possible situations, any paradox may no longer be a paradox.
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Now we discuss several famous paradoxes in history.

Example 1. The Barber paradox, one of Russell’s paradozes.

Consider all men in a small town as members of a set. Now imagine that a barber puts up
a sign in his shop that reads I shave all those men, and only those men, who do not shave
themselves. Obviously, we may divide the set of men in this town into two subsets, those who
shave themselves, and those who are shaved by the barber. To which subset does the barber
himself belong? The barber cannot belong to the first subset, because if he shaves himself, he
will not be shaved by the barber, or by himself; he cannot not belong to the second subset as
well, because if he is really shaved by the barber, or by himself, he will not be shaved by the
barber.

Now we will see from where comes the contradiction.

The contradiction comes from the fact that the barber’s rule does not take all possible
situations into consideration.

First, we should divide the set of men in this town into three subsets, those who shave
themselves, those who are shaved by the barber, and those who neither shave themselves, nor
are shaved by the barber. This contradiction can be avoided by the neutrosophy as follows.
If the barber belongs to the third subset, no contradiction will appear. For this purpose, the
barber should declare himself that he will be the third kind of person, and from now on, he will
not be shaved by anyone; otherwise, if the barber’s mother is not a barber, he can be shaved
by his mother.

Second, the barber cannot shave all men in this town. For example, the barber cannot
shave those who refuse to be shaved by the barber. Therefore, if the barber is the one who
cannot shave himself and ”who refuse to be shaved by the barber” | no contradiction will occur.

There also exist indeterminate situations to avoid the contradiction. The barber may say:

If I meet men from another universe, I will shave myself, otherwise I will not shave myself.

Example 2. Liar’s paradox, another Russell’s paradox.

Epimenides was a Cretan who said that all Cretans are liars. Is this statement true or false? If
this statement is true, he (a Cretan) is a liar, therefore, this statement is false; if this statement
is false, that means that he is not a liar, this statement will be true. Therefore, we always come
across a contradiction.

Now we will see from where comes the contradiction.

First, here the term ”liar” should be defined. Considering all possible situations, a ”liar”
can be one of the following categories: those whose statements are all lies; those whose state-
ments are partly lies, and partly truths; those whose statements are partly lies, partly truths
and sometimes it is not possible to judge whether they are truths or lies. For the sake of con-
venience, at this movement we do not consider the situation where it is not possible to judge
whether the statements are true or false.

Next, the first kind of liar is impossible, i.e., a Cretan could not be a liar whose state-
ments are all lies. This conclusion can not be reached by deduction, instead, it is obtained

through experience and general knowledge. With the situation where a liar’s statements are
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partly truths, and partly lies, Epimenides’ statement all Cretans are liars, will not cause any
contradiction. According to the definitions of liar of the second category and the fact that
Epimenides’ statements could not be all lies, this particular statement of Epimenides’ can be
true and with his other statements being possibly lies, Epimenides may still be a liar.

This contradiction can be avoided by the neutrosophy as follows.

For this statement of all Cretans are liars, besides true or false, we should consider the
situation where it is not possible to judge whether the statement is true or false. According to
this situation, this Russell’s paradox can be avoided.

Example 3. Dialogue paradox.

Considering the following dialogue between two persons A and B.

A: what B says is true.
B: what A says is false.

If the statement of A is true, it follows that the statement of B is true, that is, the statement
what A says is false is true, which implies that the statement of A must be false. We come to
a contradiction.

On the other hand, if the statement of A is false, it follows that the statement of B must
be false, that is, the statement what A says is false is false, which implies that the statement
of A must be true. We also come to a contradiction.

So the statement of A could neither be true nor false.

Now we will see that how to solve this contradiction.

It should be noted that, this dialogue poses a serious problem. If A speaks first, before B
says anything, how can A know whether or not what B says is true? Otherwise, if B speaks
first, B would not know whether what A says is true or false. If A and B speak at the same
time, they would not know whether the other’s statement is true or false.

For solving this problem, we must define the meaning of lie. In general situations a lie may
be defined as follows:

with the knowledge of the facts of cases, a statement does not show with the facts.

But in order to consider all possible situations, especially those in this dialogue, another
definition of lie must be given. For the situation when one does not know the facts of the case,
and one makes a statement irresponsibly, can this statement be defined as a lie? There exist
two possibilities: it is a lie, and it s not a lie. For either possibility, the contradiction can be
avoided.

Consider the first possibility, i.e., it is a lie.

If A speaks first, before B makes his statement, it follows that A does not know the facts
of the case, and makes the statement irresponsibly, it is a lie. Therefore the statement of A is
false. B certainly also knows this point, therefore B’s statement: what A says is false is a truth.

Whereas, if B speaks first before A makes his statement, it follows that B does not know
the facts of the case, and makes the statement irresponsibly, it is a lie. Therefore the statement
of B is false. A certainly also knows this point, therefore A’s statement: what B says is true is

false.
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If A and B speak at the same time, it follows that A and B do not know the facts of
the case, and make their statements irresponsibly, these statements are all lies. Therefore, the
statements of A and B are all false.

Similarly, consider the second possibility, i.e., it is not a lie, the contradiction can be also
avoided.

If we do not consider all the above situations, what can we do? With a lie detector! The
results of the lie detector can be used to judge whose statement is true, whose statement is
false.

85. On the So-Called Unified Theory, Ultimate Theory and So on

Since Einstein proposed the theory of relativity, the so-called unified theory, ultimate theory
and so on have made their appearance.

Not long ago, some scholars pointed out that if the physics really has the unified theory,
ultimate theory or theory of everything, the mathematical structure of this theory also is
composed by the finite axioms and their deductions. According to the Gdédel’s incompleteness
theorem, there inevitably exists a proposition that cannot be derived by these finite axioms and
their deductions. If there is a mathematical proposition that cannot be proved, there must be
some physical phenomena that cannot be forecasted. So far all the physical theories are both
inconsistent, and incomplete. Thus, the ultimate theory derived by the finite mathematical
principles is impossible to be created.

The above discussion is based on the Godel’s incompleteness theorem. With Smarandache’s
neutrosophy and the incompleteness axiom, the above discussion should be revised.

For example, the proposition this theory is the ultimate theory should represent respective
the truth (T), the falsehood (F) and the indeterminacy (I) of the statement under consideration,
where T, I, F are standard or non-standard real subsets of |70, 17[.

Now we discuss the proposition Newton’s law of gravity is the ultimate theory of gravitation
(Proposition A).

According to the Godel’s incompleteness theorem, the ultimate theory is impossible, there-
fore, the above proposition is 0% true, 0% indeterminate, and 100% false. It may be written as
(0,0,1).

While according to the incomplete axiom, we may say that the Proposition A is 16.7% true,
33.3% indeterminate, and 50% false. It may be written as (0.167,0.333, 0.500). The reason for
this sentence is on the following.

Consider the containing relation between the ultimate theory of gravitation and Newton’s
law of gravity. According to the incompleteness axiom, the proposition the ultimate theory of
gravitation contains Newton’s law of gravity (Proposition B) should represent respective the
truth (T), the falsehood (F) and the indeterminacy (I). For the sake of convenience, we may
assume that T =T = F = 33.3%.

If the Proposition B is equivalent to the Proposition A , the Proposition A also is 33.3%
true, 33.3% indeterminate, and 33.3% false. But they are not equivalent. Therefore we have to

see how the ultimate theory of gravitation contains Newton’s law of gravity. As is known, to
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establish the field equation of the general theory of relativity, one has to do a series of math-
ematical reasoning according to the principle of general covariance and so on, with Newton’s
law of gravity as the final basis. Suppose that the ultimate theory of gravitation is similar to
the general theory of relativity, it depends upon some principle and Newton’s law of gravity.
Again this principle and Newton’s law of gravity are equally important, they all have the same
share of truthfulness, namely 16.7% (one half of 33.3%), but the 16.7% shared by this princi-
ple may be added to 33.3% for falsehood. Therefore, the Proposition A is 16.7% true, 33.3%
indeterminate, and 50% false. It may be written as (0.167,0.333,0.500).

This conclusion indicates that Newton’s law of universal gravitation will continue to occupy

a proper position in the future gravitational theory.
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§1. Introduction.

Cycle bases of a cycle space have a variety of applications which go back at least as far as
Kirchoff’s treatise on electrical network [20]. The required bases have been used to give rise
to a better understanding and interpretations of the geometric properties of a given graph
when MacLane [21] made a connection between the planarity of a graph G and the number
of occurrence of edges of GG in elements of cycle bases. Recently, the minimum cycle bases are
employed in sciences and engineering; for examples, in structural flexibility analysis [19], in
chemical structure and in retrieval systems [7] and [9].

In this paper, we investigate the basis number for the wreath product of two wheels and
we construct minimum cycle bases for same; also, we give their total length and the length of

the longest cycles.

82. Definitions and Preliminaries

Recall that for a given simple graph G = (V(G), E(G)) the set € of all subsets of E(G) forms
an |E(G)|-dimensional vector space over Zs with vector addition X Y = (X\Y)U (Y \X) and
scalar multiplication 1-X = X and 0-X = () for all X, Y € €. The cycle space, C(G), of a graph
G is the vector subspace of (€, @, -) spanned by the cycles of G. Note that the non-zero elements
of C(@) are cycles and edge disjoint union of cycles. It is known that the dimension of the cycle
space is the cyclomatic number or the first Betti number dimC(G) = |E(G)| — |V (G)| +r where

r is the number of components (see [8]).

1Received January 5, 2008. Accepted January 25, 2008
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A basis B for C(G) is cycle basis of G. A cycle basis B of G is called a d-fold if each edge of
G occurs in at most d of the cycles in B. The basis number, b(G), of G is the least non-negative
integer d such that C(G) has a d-fold basis. A required basis of C(G) is a b(G)-fold basis. The
length 1(B) of a cycle basis B is the sum of the lengths of its elements: I[(B) = Y -z |C|. MG)
is defined to be the minimum length of the longest element in an arbitrary cycle basis of G. A
minimum cycle basis (MCB) is a cycle basis with minimum length. Since the cycle space C(G)
is a matroid in which an element C' has weight |C|, the greedy algorithm can be used to extract
a MCB (see [24]). Chickering, Geiger and Heckerman [6], showed that A(G) is the length of the
longest element in a MCB.

Horton [12] presents a polynomial time algorithm that finds a minimum cycle basis in
any graph, but the algorithm approach can lead us to miss deeper connections between the
structures of graphs and their cycle bases. Therefore, some authors have directly constructed
minimum cycle bases and determined the basis number for certain classes of graphs (see [3],
[22] and [23]).

Recently, the study of minimum cycle bases and basis numbers of graph products have
attracted many authors: Imrich and Stadler [14], Ali and Marougi [2] and Jaradat [16] have
each constructed minimum cycle bases and given upper bounds on the basis number of the
Cartesian and strong products. Also, Alsardary and Wojciechowski [4] gave an upper bound
on the basis number of the Cartesian products of complete graphs. Hammack [10] constructed
a minimum cycle basis of the direct product of two bipartite graphs and Jaradat [15] gave
an upper bound on the basis number of the same. Most recently, Hammack [11] presented
a minimum cycle basis of the direct product of two complete graphs of order greater than
2. Jaradat [16] and Jaradat and Al-Qeyyam [5] investigated basis numbers and constructed
minimum cycle bases for certain classes of graphs.

For completeness, we recall the following definitions: Let G and H be two graphs. Then

(1) the Cartesian product GOJH is the graph whose vertex set is the Cartesian prod-
uct V(G) x V(H) and whose edge set is E(GOH) = {(u1,v1)(uz,v2)|uiug € E(G) and v; =

vg, Or v1ve € E(H) and u; = ua}.

(2) the lexicographic product G1[Gs] is the graph with vertex set V(G) x V (H ) and edge set
E(G[H]) = {(u1,u2)(v1,v2)|ur = v1 and ugve € E(H) or uyv1 € E(G)} and the wreath product
G x H is the graph with vertex set V(G) x V/(H) and edge set E(GpH) = {(u1,v1)(ug,va)|u; =
ug and vivy € H, or ujue € G and there is o €Aut(H) such that a(v;) = va} (see [1] and
13)).

The following results will be used frequently in the sequel.

Theorem 2.1(MacLane [21]) A graph G is planar if and only if b(G) < 2.

Lemma 2.2 (Jaradat, et al. [18]) Let A, B be sets of cycles of a graph G, and suppose that
both A and B are linearly independent, and that E(A) N E(B) induces a forest in G (we allow
the possibility that E(A) N E(B) = @). Then AU B is linearly independent.

In this paper, we continue the study initiated in [5] and [17] by investigating the basis
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number for the wreath products of two wheels W,, and W,,. Moreover, we construct a minimum
cycle basis and we give the total lengths and the lengths of longest cycles of the minimum cycle
bases of the same.

In the rest of this paper, we let {u1,us,...,u,} be the vertex set of W,, (the star S,),
with dw, (u1) =n—1 (dg, (u1) = n —1), and {v1,va,..., v} be the vertex set W, (the star
Sm), with dw, (v1) =m —1 (ds,, (u1) = m — 1). Wherever they appear a, b, ¢ and [ stand for
vertices and abe, lab are paths of order 3. Also, fg(e) stands for the number of elements of B
containing the edge e, and F(B) = UcepFE(C) where B C C(G).

83. The Basis Number of W, pW,,

In this section, we investigate the basis number of the wreath product of two wheels. Through-
out this work we use the notations Vg;) and L{l(fg which were introduced by Jaradat [17] and
Al-Qeyyam and Jaradat [5]: For each k =1,2,...,m,

v = W = @)@ )b 125 <m -1},

UE) = {1 o) (@) (b, o) (L ow)

and

Hav = {(a,v;)(b,vi)(a,vj11)(b,viy1)(a,v5) |2 < i, j <m —1}.

Note that Hgp is Schemeichel’s 4-fold basis of C(ab[N,,—1]) (see Theorem 2.4 in [22]).
Moreover, (1) if e = (a,v2)(b, vm) or € = (@, vy (b, v2) or e = (a,v2)(b,v2) or e = (a, vy, ) (b, vm),
then fx,,(e) =1; (2) if e = (a,v2)(b, v1) or (a,v;)(b,v2) or (a,v.,)(b,v;) or (a,v;)(D, vy,), then
fr,,(e) <2;and (3) If e € E(ab[N,,—1]) and is not of the above forms, then f,,(e) < 4.

The following result of Jaradat [17] will be needed in the sequel.

Lemma 3.1 ([17]) (UZLQVSZ)) U (Véfl)) is linearly independent for any 2 <1< m.

Let

Diap = U UH, UV UV ).

Lemma 3.2 Dy, is linearly independent.

Proof By Schmeichel’s Theorems and Lemma 3.1, each of Hp, Véi) and Vﬁ) is linearly
independent. Since E(Ul(:;))ﬂE(Hab) = {(a,vp) (b, vy,)} which is an edge, MZ(ZZ)UHQZ,, is linearly
independent by Lemma 2.2. By specializing { = 2 in Lemma 3.1, we have that Véz) U Vﬁ) is
linearly independent. Since E(Véz))UE(Véi))—{(a,vj)(a,vj+1), (b,v;)(b,vj11):2<j <m-—1}
is a tree and since any linear combinations of cycles is a cycle or an edge disjoint union of cycles,

any linear combination of cycles of Véi) U Vﬁ) must contain an edge of the form (a,v;)(a,vj+1)
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or (b,vj)(b,vj+1) which is not in any cycle of Ml(:;) U Hgp. Thus, Ml(:;) U Hap U Vés u V(b is

linearly independent. Note that E(Z/{l(alg) N E(Ul(:g) U Hap U Véi) U Vﬁ)) = @&. Therefore, Dy, is
linearly independent.

Fig.1 Cycles of Dy, for m = 6.

Remark 3.3 Let e € E(labpW,,). From the definitions of Dj,;, and by the aid of Figure 2,
one can easily see the following:

(1) If e = (a,v1)(b,v1) or (I,v1)(a,v1) or (I,v1)(b,v1) or (I, vm)(a,vm) or (I,vm)(b, vm),
then fp,,,(e) = 1.

2) If e = (a,vj)(a,vj+1) or (b,vj)(b,vj41),2 > j > m —1, then fp,,,(e) = 1.
3) If e = (a,v2)(b,vs), then fp,.,(e) = 3.

( )

(3) )

(4) If e = (a,v;) (b, vm) or (a,vm)(b,v;),2 > 5 > m, then fp,,,(e) = 2.

(5) If e = (a,v;)(b,vi), 2 > j, k > m which is not as in (1)-(4), then fp,,,(e) < 4.
(6)

6) If e € E(labpW,,) which is not as in any of (1)-(6), then fp,,,(e) = 0.

The graph W, pW,, is decomposable into (Sy,pWy,) U Cr—1[Ny—1] U {(u;, v1)(wj41,01) |
2<j <n—1}U{(un,v1)(uz,v1)} where Cp,_1 = ugus...uyusz, and Np,_1 is the null graph
with vertex set V(Np,—1) = {v2,v3,..., v }. Thus, |E( an ) = E(SnpWn)|+(n—1)(m—
D24+ (n—1) = |E(SppWp)| + (n — 1)(m — 2m + 2). Hence,

dim C(W,,pW,,) = dim C(S,pWi,) + (n — 1)(m? — 2m + 2).
By Theorem 3.3.2 of [15], we have that
dim C(S,pWy,) = m?(n — 1) —nm + 2m — 1.

Therefore,

dim C(W,,pW,,) = (n — 1)(2m? — 3m + 2) + (m — 1).
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Lemma 3.4 D = U yDy,u,u,,, s linearly independent where Dyju,unyy = Duyupus-

Proof We use the mathematical induction on n. If n = 2, then D = Dy, 4,4, Which is
linearly independent by Lemma 3.2. Assume that n > 2 and it is true for less than n. Note
that D = Dy, upus Y (U?;;Duluiuiﬂ). By Lemma 3.2 and the inductive step, each of Dy, u,

and U Dy i .1 is linearly independent. Note that

E(Duyupus) 0 E(U?:_;’Duluiu”l) = {(ul, v1)(Un, V1), (ul, Ul)(u% v1), (ulvvm)(um VUm),
(w1, vm) (U2, vi) } U {(un, v5) (un, vj41), (u2, v5)(us,

vj+1) |2<j<m—1}

which is an edge set of a forest. Thus, by Lemma 2.2, D is linearly independent. O
The following set of cycles which were introduced in [17] and [5] will be needed in the

coming results:

G = {05 = (@ 01)(@,0) (b.v2) @ vy1)(a,0) [ 2 < j < m =1},
Wean = {(€.v1)(e. v2)(@,02) (b, v (b, 1) (@ v1) (e 1)}
Eeun = {€00) = (c.v2)(@,0) (b, vwn) (@, vy41) (e v2) |2 <G < m— 1,
Pu={P = (a.v)(@,0))(a,v1)(a,01) |2<j <m -1,

Sap = {(CL, vl)(av ’02)(ba UQ)(ba vl)(av vl)} )

and

Ty = {(a,v2)(a,v3) ... (a,vm)(a,v2)}.

Let
fab - Hab U gab U gba U Sab

and
fcab = gcab ) Hca U gca U Wcab

Theorem 3.5 ([5]) For any star S, with n > 2 and wheel W, with m > 5, we have that
B(SnpWim) = (Ul Furirunus) YU Fugus U (UP Py ) U (UP Ty, ) is a 4-fold basis of C(SnpWn).
Theorem 3.6 For any two wheels W,, and W, with n > 4 and m > 5, b(W,,pW,,) < 4.

Proof Define B(W,,pW,,) = B(SnpWp,) U D where B(S,pW,,) is as in Theorem 3.5. By
Theorem 3.5 and Lemma 3.4, each of B(S,pW,,) and D is linearly independent. Note that,

E(B(SppWi)) N E(D) = E(SyTO{v1, vm}) U E(V(Cp_1)OP,_1)
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which is an edge set of a forest where C,,_1 = usus ... unus and Py,,_1 = vov3...0,,. Therefore,
by Lemma 2.2, B(W,,pW,,) is linearly independent. Now,

V2| = (m—2) and [Hap| = (m — 2)° (3)
and so
Duvwiuis| = Diasl = U] + [Hap + V2| + VS| + ]
= 14+m=-2>%+m-2)+(m-2)+1
= (m—2)%*+2(m—2)+2. (4)

By equation (3),

NE

|D| = |Du1uiui+1|
=2
= (n—1)((m—2)*+2(m—2)+2).
Thus,
[BWnpWm)l = [B(SnpWm)| + D]

= m*tn—1)—nm+2m—14+(n—1)((m—-2)*+2(m—2) +2)
= (n—-1)2m*-=3m+2)+ (m—1)
= dimC(W,pWy,)
where the last equality followed from (1). Thus B(W,,pW,,) is a basis for C(W,,pW,,). Now,we

show that b(W,,pW,,) < 4, for all n > 4, m > 5. Let e € E(W,,pW,,). Then we consider the

following;:

Case a e € E(W,pW,,) — E(S,0{v1,vm}) UEV(Cy—1)0OP,,—1) where C,,_1 and P,,,_1 are

as defined above. Then we have the following:

(1) e = (ui,vj)(wig1, vg) or (us,v1)(uip1,v1) with i <n —1and 2 < j,k < m. Then e
occurs only in cycles of Dy, y,u,;,- And so, by Remark 3.3, faw, ,w,.)(€) = fDy,0,0,,, (€) < 4.

(2) e = (u2,v;)(un,vg) or (ug,v1)(Un,v1) with 2 < j,k < m. Then e occurs only in cycles
of Duyuyus- And so, by Remark 3.3, fgw, pw,.)(e) = TPy (e) < 4.

(3) eisnot as in (1) or (2). Then e occurs only in cycles of B(S,,pW,,) and so, by Theorem
3.5, fB(w, pw.)(€) < fB(s,pw,.)(€) < 4.

Case b e € E(S,0{vi,vn}) UE(V(Cp_1)OP,—1). Then we have the following:

(1) e € E(wOP,_1) with 2 < i < n. Then e occurs only in Dy u;_yu;s Duyusuiss
and B(S,pWy,). Thus, by Remark 3.3 and Theorem 3.5, faw, ,w,.)(€) = [D,,.. ., (€) +
fD1L1ui1Li+1 + fB(SnPWm) S 1 + 1 + 2'
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(2) e = (u1,v1)(u2,v1) or (u1, Uy ) (U2, V). Then e occurs only in cyeles of Dy uyus s Duyusua
and B(S,pWy,). And so, by Remark 3.3 and Theorem 3.5, faw, ,w,.)(€) = fD, 1y, (€) +
fDu1u3u4 + fB(SnPWm) <1+1+2

(3) € = (u1,v1)(us, v1) or (w1, vy )(ui, V). Then e occurs only in cycles of Dy, w, 1 u; > Puywiuiis
and B(S,pWy,). And so, by Remark 3.3 and Theorem 3.5, fsw, ,w,,)(€) = Dy uyu, (€) +
IDusugus T IB(S,oW,) S 1+1+2. O

Corollary 3.7 For any n >4 and m > 6, we have 3 < b(W,,pS,,) < 4.

Proof By Theorem 3.6, it is enough to show that b(W, pS,,) > 3. Since S, pS,, is a
subgraph of W,,pW,,, and b(S,pSy,) = 4 (Theorem 3.2.5 of [17]), b(W,,pSym) > 3 by MacLane
Theorem. ]

84. The Minimum Cycle Basis of W,,pWW,,

In this section, we construct a minimum cycle basis of the wreath product of two wheels. Let
* k 1
Xy = (UE, VY UV uu) vy

Lemma 4.1 A7, is linearly independent.

Proof (UL”ZQV((IIZ)) u (Vé;n)) is a linearly independent set by Lemma 3.1. Since E((UZ‘:QV(EIZ))
WM n EUY) = o, (U, Vi) u 00) ul)) is linearly independent by Lemma 2.2,
Similarly, since E((Ur_, VY U W)y uu)) 0 EWUE)) = {(a, vm) (b, vm)} which is an edge,

we have A}", is linearly independent. O
Lemma 4.2 (U?:_Ql leluiuiﬂ) U Xy w0, 08 linearly independent.

Proof We prove that U?;; X wius,, 18 linearly independent using the mathematical induc-
tion on n. If n = 3, then U%:QXJIMUHI = X, uyu, Which is linearly independent by Lemma
4.1. Assume that n > 4 and it is true for less than n — 1. Note that UZLZ_21XJ1U'LU'L+1 =

—2 * .
(U Xuluiuiﬂ) UX; ... Since
E(U?;;Xiluiuiﬂ) NEX, ..) = {(u,v1)(un—1,v1), (w1, Vm)(Un—1,0m)}

U{(un—1,)(tun-1,vj+1) |2 <j <m—1}

which is an edge set of a forest, U?:_Ql X usuiy, 18 linearly independent by Lemma 2.2. Similarly,
Since
E(U?;21XJ1uiui+1) QE(‘Xslunug) = {(ulvvl)(unvvl)v (ulvvm)(unvvm)v (ulvvl)(u27vl)7

(uh Um)(u27 Um)}

U{(un, vj)(tn, vjt1), (uz,v5)(uz,vi41) | 2 < j <m—1}
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which is an edge set of a forest, ( U 1)( - ) Uil is linearly independent. g

U UG Us41 UL Un U2
Throughout the following results, B,qw,, stands for the cycle basis of aJW,,, which consists

of 3-cycles.

Lemma 4.3 B*(W,pW,,) = B*(S.pW,,) U (Ul X ) U Xk is a cycle basis of

UL U; UG +1 UL UNR U2

C(WhpWon) where B (SppWy,) = <un2um2v£%> V(UL Vi U Bu,ow, UV Su w,)-

Proof B*(S,pW,,) is linearly independent by Lemma 4.3.2 of [5]. Since E(B*(S,pW,.)) N

E(( X;‘lululﬂ) UXE o w) = E(SuD{v1, v }) UE(V (P, _1)0P,, 1), which is an edge set of
a forest, as a result B*(W,, pW,,,) is linearly independent by Lemma 2.2 where P,,_1 = ugug - - - up,
and P, 1 = v2v3...0y. Now,
| ulu u1+1| = |Xl2b|
- Z| pURARIES
= > (m=2)+(m—2)+2
k=2
= m(m—2)+2.
Thus,
IB*(WnpW)| = [B*(SnpWm)| + [(U: Jlulumﬂ
= m2(n—1)—mn+2m—1+2(m(m—2)+2)
i=2
= m*n—1)—mn+2m—1+ (n—1)(m(m —2)+2)
= (n—-1)2m*=3m+2)+ (m—1)
= dimC(W,,pW,,).
Therefore, B*(W,,pW,,,) is a cycle basis for W,,pW,,. O

Theorem 4.4 B*(W,pW,,) is minimum cycle basis of C(S,pWy,) for each n,m > 5.

Proof Let P* = U}, By,,a0w,,. Since B,,aw,, is a basis for C(u;0W,,) for each 1 <i<n
and since F(u;0W,,) N E(u;,0W,,) = @ for any i # j, we have P* is a cycle basis for the
subgraph U, (u;0W,,). Let Q* = B*(W,pW,,) — (P* U (U 5Su,u;)) and (W, pW,,)~
(WapWe) — U (E((w;80Sm) U {(us,v2)(ui,vm)})). Note that (W, pW,,)~ consists of two
components with V((W,,pW,,,)~) = V(W,,pW,,). Also,

n

[E((WnpWm) )l = [E(WnpWn, )|_Z(|E(uiDSm)+1)

= |E(WppWy)| —nm.
Thus,

dimC(WnoWi)™) = |E(WppWy)| —nm —mn + 2
= dimC(W,pW,,) —mn+1
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Now,

|BGDW771| =m— 1

Hence,

Q[ = [B*(WapWi)| = [P7| = [ Uil Suyul
= dimC(W,pW,,) —n(m—1)—(n—1)
= dimC(W,pW,,) —mn+1
= dimC((WppWy)7).

Therefore, @Q* is a basis for (W,,pW,,)~. Now, we show that L = B*(W,pW,,) — (U 5Susu;)
is the largest linearly independent subset of W, pW,, containing L and consisting of 3-cycles.
Suppose that {C'} U L is linearly independent where C' is a 3-cycle of W,,pW,,. Then we have

the following three cases:

Case 1: E(C) C E(U u;0W,,). Then C € P* because the cycles of P* is the only
3-cycles of U, (u;00W,,). This is a contradiction.

Case 2: E(C) C E((W,pW,,)"). Then C' can be written as a linear combination of Q*

because Q* is a basis for (W,,pW,,)~. This is a contradiction.

Case 3: E(C) neither a subset of E(U!_,u;00W,,) nor of E((W,,pW,,)~). Thus, C contains
at least one edge which does not belong to Ul w;[0W,, and at least one edge which does not
belong to (W, pW,,,)~. Note that

E(WupWy) ™) N E(Uuw;0OW,,) = Ul (u;0vavs . . vpy) .

Thus, C' must contains at least one edge of (Ul ;u;0W,,) — (U u;Ovgvs ... vp,) and at least
one edge of (W, pW,,)~ — (U ;u;0vavs ... vy,). To this end, we have two subcases:

Subcase 3a: (u;, v2)(u;, vm) € E(C) for some i. Then C = (u;, v2) (Ui, Um ) (U , vs) (U, v2)
where u;ur, € E(W,,) and 2 < s < m. Thus, C can be written as a linear combination of 3-cycle

as follows:

C = (75" (wiv;) (wi vjg1) (ws, v1) (1, v5)) B (i, v2) (i, vm) (i, v1) (i, v2)

D" (i, v7) (uiy 1) (ug, vs) (s, ;).

Note that each of (u;, v;)(wi, vj41)(us, v1)(us, v;) and (uz, ve) (Ui, V) (Ui, v1)(us, v2) belongs to
P*. Also, (ug,v;)(ui,vjt1)(ug, vs)(ui, v2) is a linear combinations of (U{iQV&?uk) U ( SZ),C)
because (ui, vj) (s, Vj11) (U, Vs) (Ui, v2) C ujug[vavs ... vy and (U, q&l)%) U ( &T)k) is a basis

for w;ug[vavs ... vy] . Thus, C is a linear combinations of L. That is a contradiction.

Subcase 3b: (u;,v2)(u;,vm) ¢ E(C) for each i. Then C contains at least one edge of
U, E(u;08,,) and one edge of (W, pW,,)~. Therefore, by the construction of W, pW,,, C
must contains at least two edges of U | (u;00W,,) and two other edges of (W,,pW,,)~. This is

a contradiction.
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Since the cycle space is a matroid and each cycle of U} ,S,,,, is of length 4. Then

B*(W,,pW,,) is a minimum cycle basis for W,,pW,,,. B

Corollary 3.5 [(W,pW,,) = 3((n—1)(2m?*—3m+1)+(m—1))+4(n—1), and A(W,pW,,) = 4.
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Theory of Relativity on the Finsler Spacetime
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Abstract: Einstein’s theory of special relativity and the principle of causality imply that
the speed of any moving object cannot exceed that of light in a vacuum (c). Nevertheless,
there exist various proposals for observing faster-than-c propagation of light pulses, using
anomalous dispersion near an absorption line, nonlinear and linear gain lines, or tunnelling
barriers. However, in all previous experimental demonstrations, the light pulses experienced
either very large absorption or severe reshaping, resulting in controversies over the interpre-
tation. Recently, L.J.Wang, A.Kuzmich and A.Dogariu use gain-assisted linear anomalous
dispersion to demonstrate superluminal light propagation in atomic caesium gas. The group
velocity of a laser pulse in this region exceeds ¢ and can even become negative, while the
shape of the pulse is preserved. The textbooks say nothing can travel faster than light, not
even light itself. New experiments show that this is no longer true, raising questions about
the maximum speed at which we can send information. On the other hand, the light speed
reduction to 17 meters per second in an ultracold atomic gas. This shows that the light
speed could taken on voluntariness numerical value, This paper shows that if ones think of
the possibility of the existence of the superluminal-speeds (the speeds faster than that of
light) and redescribe the special theory of relativity following Einstein’s way, it could be

supposed that the physical spacetime is a Finsler spacetime, characterized by the metric

ds* = gijkldmid:cjd:ckdxl.
If so, a new spacetime transformation could be found by invariant ds* and the theory of
relativity is discussed on this transformation. It is possible that the Finsler spacetime F'(x,y)
may be endowed with a catastrophic nature. Based on the different properties between the
ds?and ds*, it is discussed that the flat spacetime will also have the catastrophe nature on the
Finsler metric ds*. The spacetime transformations and the physical quantities will suddenly
change at the catastrophe set of the spacetime, the light cone. It will be supposed that
only the dual velocities of the superluminal-speeds could be observed. If so, a particle with
the superluminal-speeds v > ¢ could be regarded as its anti-particle with the dual velocity
v = cz/v < ¢. On the other hand, it could be assumed that the horizon of the field of the
general relativity is also a catastrophic set. If so, a particle with the superluminal-speeds
could be projected near the horizon of these fields, and the particle will move on the spacelike

curves. It is very interesting that, in the Schwarzschild fields, the theoretical calculation for
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the spacelike curves should be in agreement with the data of the superluminal expansion of
extragalactic radio sources observed year after year.(see Cao,1992b)

The catastrophe of spacetime has some deep cosmological means. According to the some
interested subjects in the process of evolution of the universe the catastrophe nature of
the Finsler spacetime and its cosmological implications are discussed. It is shown that the
nature of the universal evolution could be attributed to the geometric features of the Finsler

spacetime (see Ca0,1993).

Key words: Spacetime, catastrophe, Finsler metric, Finsler spacetime, speed faster than

light.

AMS(2000): 83A05, 83D05.

It is known that in his first paper on the special theory of relativity: “On the electrodynamics
of moving bodies”, Einstein clearly states (cf. Einstein, 1923) that ‘Velocities greater than that
of light have, no possibility of existence.” But he neglected to point out the applicable range
of Lorentz transformation. In fact, his whole description must be based on velocities smaller
than that of light which we call subluminal-speed. So, the special theory of relativity cannot
negate that real motion at a speed greater than the speed of light in vacuum which we call
superluminal-speed could exist. In this paper, it is shown that if we think of the possibility
of existence of the superluminal-speed and redescribe the special theory of relativity following
FEinstein’s way, a new theory would be founded on the Finsler spacetime. The new theory would
retain all meaning of the special theory of relativity when matters move with subluminal-speed
and would give new content when matters move with superluminal-speed. If we assume that
the superluminal-speed will accord with the spacelike curves in the general theory of relativity,
calculations indicate that the superluminal expansion of extragalactic radio sources exactly
corresponds with the spacelike curves of the Schwarzschild geometry.

Our discussion is still based on the principle of relativity and on the principle of constancy
of the velocity of light which have been defined by Einstein as follows:

(1)The laws by which the states of physical systems undergo change are not affected,
whether these changes of state be referred to the one or the other of two systems of coordinates

in uniform translatory motion (see Einstein, 1923;p.41).

(2)Any ray of light moves in the ‘stationary’ system of coordinates with the determined

velocity ¢, whether the ray be emitted by stationary or by a moving body.

Note that these two postulates do not impose any constraint on the relative speed v of the

two inertial observers.

81 The General Theory of the Transformation of Spacetime

1.1 Definition of simultaneity and temporal order

In his description about definition of simultaneity, Einstein stated: “Let us take a system of

coordinates in which the equations of Newtonian mechanics hold good”, -- -, “Let a ray of light
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start at the ‘A time’ t4 from A towards B, let it at the B time’ tg be reflected at B in the
direction of A, and arrive again at A at the ‘A time’ ¢/;.” In accordance with definition, the
two clocks synchronize if (see Einstein, 1923; p.40)

tp—ta=1t,—tg. (1.1)
“In agreement with experience we further assume the quantity

% =c, (1.2)
to be a universal constant - the velocity of light in empty space.”

“It is essential to have time defined by means of stationary clocks in the stationary system,
and the time now defined being appropriate to the stationary system we call it ‘the time of the
stationary system’.” In this way, Einstein finished his definition of simultaneity. But he did
not consider the applicable condition of this definition, still less the temporal order and as it
appears to me these discussions are essential too. Let us continue these discussions following
Einstein’s way.

First and foremost, let us assume if the point B is moving with velocity v relative to the

point A, in agreement with experience we must use the following equations instead of Equation:

2AB c—v, when B is leaving A (a) (1.3)
ta—tp c+v, when B is approaching A (b) .
Obviously, Equation (1.3a) is not always applicable, it must require v<c, but Equation
(1.3b) is always applicable-i.e., for v < ¢ and v > ¢ Einstein’s whole discussion is based on the

following formulae:

T'AB T'AB
tB—tA:Eandt{A—tB:C—i_v. (14)

It must require v < ¢, because tp t4 must be larger than zero. Particularly, in order to get the

Lorentz transformation, Einstein was based on the following formula (see Einstein, 1923; p.44)

1
5 [T(Oa 07 Oa t) + T(Ov Oa 07 t+

zop ) = 7(a,0,0,t + ), (L.5)

c—v c+v

where % is just tp ta, so must require v < ¢, i.e., B must be the motion with the subluminal-
speed. Then the Lorentz transformation only could be applied to the motion with subluminal-
speed. It could not presage anything about the motion with the superluminal-speed, i.e., the
special theory of relativity could not negate that the superluminal-speed would exist.

In order for our discussion to be applied to the motion with the superluminal-speed, we
will only use Equation (1.3b), i.e., let the point B approach A. Now, let another ray of light
(it must be distinguished from the first) start at the ‘A time’ t4; from A towards B (when B
will be at a new place By) let it at the ‘B time’ tg1 be reflected at B in the direction of A, and
arrive again at A at the ‘A time’ £ 4.

According to the principle of relativity and the principle of the constancy of the velocity

of light, we obtain the following formulas:
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1 AB
~(t)y —ta) =tp—ta = 1.6
2( A—ta)=tp—ta o’ (1.6)
1 AB,
5(’521 —ta1) =tar —tp1 = e (1.7)
AB — ABy = v(ta1 —ta). (1.8)

Let

Aty =tar —ta,Atp=tp1 —tp and Aty =ty —t), (1.9)

where At 4, Atp, and Aty represent the temporal intervals of the emission from A, the reflection
from B, and arrival at A for two rays of light, respectively. The symbols of the temporal intervals
describe the temporal orders. When At >0 it will be called the forward order and when At <0,
the backward order.

From Equations (1.6)-(1.9) we can get

C

Atg = At 1.10

B c v A7 ( )
and

Aty = ¢ UAt . 1.11

A7 cxw A ( )

Then we assume that, if At4 > 0, i.e., two rays of light were emitted from A, successively we
must have Atp >0 i.e., for the observer at system A these two rays of light were reflected by

the forward order from B. But

At' 4 >0, if and only if v < ¢

and

At'4 <0, if and only if v > c.

It means that for the observer at system A these two rays of light arrived at A by the forward
order only when the point B moves with subluminal-speed, and by the backward order only
when with superluminal-speed. In other words, the temporal order is not always constant. It
is constant only when v<c, and it is not constant when v>c.

Usually, one thinks that this is a backward flow of time. In fact, it is only a procedure of
time in the system B with the superluminal-speed which gives the observer in the ‘stationary
system’ A an inverse appearance of the procedure of the time. It is an inevitable outcome
when the velocity of the moving body is faster than the transmission velocity of the signal.
This outcome will be called the relativity of the temporal order. It is a new nature of the time
when the moving body attains the supeluminal-speed. It is known that it is not spacetime that
impresses its form on things, but the things and their physical laws that determine spacetime.

So, the superluminal-speed need not be negated by the character of the spacetime of the special
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theory of relativity, but will represent the new nature of the spacetime, the relativity of the

temporal order.

1.2 The temporal order and the chain of causation

In order to explain the disparity between the backward flow of time and the relativity of the

temporal order, we will use spacetime figure (as Fig.1-1)

BtCivi<cl(v=0) (u<ct

1t a2

17 a1 \

17 a1

BtCuv>c)

1 aZ

tas tas

[

ta1l ta1l
B A X

Fig.1-1. The spacetime figure
and take following definitions.

(1)The chain of the event,ta0,ta1,...,tai,. ... The ith ray of light will be started at ta;
and Ata; = t4(i41) tai >0 It may or may not be chain of causality.

(2)The chains of the transference of the light t a0, tgo, t'40; ta1, tB1, t's1;. ... Every chain

tai, tpi, t'y; must be a chain of causality -i.e.

1
§(tf4i —ta;) =tp; —ta; =ty —tp; > 0. (1.12)

If they take a negative sign it will be the backward flow of time and will violate the principle

of causality.

(3)The chains of the motion are the rays of the light, which will be reflected at B, but it

will have different features when B moves with different velocity. Let us assume that:
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(a) v >0 when B is approaching A;

(b) v <0 when B is leaving A;

(c) ¢ >0 when the ray of light from A backwards B;
(d) ¢ <0 when the ray of light from A towards B.

So, if v=0, we must have ¢ <0. Then

tag+1) —tai = tpit) = tBi = tagyn) — tai- (1.13)
If v < ¢, we must have ¢ <0 and when v >0,
tag+1) —tai > gy —tBi > t;l(i-i-l) - t;li > 0. (1.14)
But when v < 0,
0< tA(i—i—l) —ta < tB(i-i—l) —tp; < t;x(l-Jrl) — t;\i' (115)
Last of all, if v > ¢, must have v >0; and when ¢ <0,
tag+1) —tai > gy —tei > |tf4(i+1)tf4i| > 0. (1.16)
But
t;l(i-i-l) -ty <0. (1.17)
When ¢ >0,
0 <tagyn —tai < [tsary) —tril <[y —tal (1.18)
and
tpiry) —tBi <0 and i) —tai <0 (1.19)
These are rigid relations of causality.
4.The chains of the observation t/y,t41,. .. ,t/4;,- .. and tgo,tB1,. . . ,tBis- - -

causality. The relativity of temporal order is just that they could be a positive when v < ¢ or

a negative when v > ¢ and the vector v and ¢ have the same direction.

In (1.4) when v > ¢, tp ta <0 it does not mean that velocities greater than that of light
have no possibility of existence but only that the ray of light cannot catch up with the body

with superluminal-speed.

1.3 Theory of the transformation of coordinates

From equations (1.10) and (1.11) we can get

C
Atgp = —— At 1.2
B c+wv A ( O)

and

are not chains of
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Atg = LAtQ,. quad (1.21)
c—v

It has been pointed out that At and At, are measurable by observer of the system A, but
Atp is unmeasurable. Accordingly, the observer must conjecture Atg from Aty or At,. In
form, Atp in Equation (1.20) and Atp in (1.21) are different. If we can find a transformation

of coordinates it will satisfy following equation:

AT? = Aty - Al (1.22)
and, according to Equations (1.10) and (1.11), could get
>0, iff v<e,

AT2 = = O, fo v =c, (123)
<0, iff v>ec

Then, we get
2 c? 2
At2 = i AT
or
2 c? 2
dt® = 02 — ’02 dr=. (1'24‘)
Let ds® = c*dr®. We get
ds® = 2dr? = (¢ v?)dt>. (1.25)
So
>0, v<c timelike,
ds? =< =0, v=c lightlike, (1.26)

<0, v>c spacelike.

What merits special attention is that ds* = (¢? — v?)dt? and ds® = 2dt* — da® — dy* — dz*
are not identical. Usually, the special theory of relativity does not recognize their difference
because motion with subluminal-speed does not involve the relative change of temporal orders,
so the symbol of ds® remains unchanged when the inertial system changes.
Now let
ds® = ds? + dsj, (1.27)

where

ds? = (¢ —v?)dt?, (1.28)

dsg = da’ + dy* + dz?, (1.29)
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then

+ds? +dst, v<ec,
ds® = : Z (1.30)
—ds; +dsj, v>c.

Between any two inertial systems

+ds? +dst, v <ec,

ds? + dst = (1.31)

—ds? 4+ ds§, v>ec.
According to classical mechanics, we can determine the state of a system with n degrees of free-
dom at time t by measuring the 2n position and momentum coordinates ¢*(t), p;(t), i=1,2,.. . ,n.
These quantities are commutative each other, i.e., ¢'(t) p;(t) = p; (t)¢'(t). But, in quantum
mechanics the situation is entirely different. The operators Q,, and P,, corresponding to
the classical observable position vector ¢ and momentum vector p. These operators are non-

commutative each other, i.e.,

QP # PQ.

So, ones doubt whether the quantum mechanics is not a good theory at first. But, ones discover
that the non-commutability of operators is closely related to the uncertainty principle, it is just
an essential distinction between the classical and quantum mechanics.

So, I doubt that whether the non-positive definite metrics ds? is just the best essential
nature in the relativity theory? But, it was cast aside in Einstein’s theory. Now, we could
assume that

ds* = ds? + dsp. (1.32)

In general, we could let

ds' = giymdr'deida®da’, i 5k 1=0,1,2,3. (1.33)

Equations (1.32) and (1.33) which are defined as a Finsler metric are the base of the spacetime
transformations. From the physical point of view this means that a new symmetry between the
timelike and the spacelike could exist.

In his memoir of 1854, Riemann discusses various possibilities by means of which an n-
dimensional manifold may be endowed with a metric, and pays particular attention to a metric
defined by the positive square root of positive definite quadratic differential form. Thus the
foundations of Riemannian geometry are laid; nevertheless, it is also suggested that the positive
fourth root of a fourth-order differential form might serve as metric function (see Rund, 1959;
Introduction X).

In his book of 1977, Wolfgang Rindler stated: “Whenever the squared differential distance
do? is given by a homogeneous quadratic differential form in the surface coordinates, as in (7.10),
we say that do? is a Riemannian metric, and that the corresponding surface is Riemannian. It

is, of course, not a foregone conclusion that all metrics must be of this form: one could define,
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for example, a non-Riemannian metric do? = /da* 4 dy? for some two-dimensional space, and
investigate the resulting geometry.(Such more general metrics give rise to ‘Finsler’ geometry.)”
(see W. Rindler,1997).

§2 The Special Theory of Relativity on the Finsler Spacetime ds*

2.1 Spacetime transformation group on the Finsler metric ds*
If v = v,, then, between any two inertial systems we have
Adt* + dzt — 22dt*da® + dy* + d2* + 2dy*dz?
= Adtt + da't — 22dt? + dy't + d2't + 2dy P d2”? (2.1)

From (2.1) we could get transformations

t/ + %x’ ’ ’
— c T = &7 — o _ )
t 41—2624—54, W Yy Yy, z z'. (22)
These transformations are called spacetime transformations. All spacetime transformations
form into a group, called the spacetime transformation group (The Lorentz transformations
group is only subgroup of the spacetime transformation group). The inverse transformations

are of the form

t_ﬁ% /I r—uvt /
Ry = V= f=z (23)

where = 2. We could also use dual velocity v; = % to represent the spacetime transforma-

+¢' =

tions. In fact, the transformations (2.2) can be rewritten as

oz
pit’ + ra Bz’ +et’ / ’

t:mv T=amn YTY 2=4 (2.4)

Their inverse transformations are of the form

xT
/ Blt - c / Bix—ct / /

T i —omL it :t = ? :7 = Z. .
= imen o Vomer YTH A= (@9

Whereﬁlz%zfzé.

It is very interesting that all spacetime transformations are applicable to both the subluminal-
speed (i.e.,0<1 or #; >1) and the superluminal-speed (i.e.,5>1 or 81 <1). Whether the velocity
is superluminal- or subluminal-speed, it is characterized by minus or plus sign of their inverse
transformations, respectively.

Lastly, all spacetime transformations have the same singularity as the Lorentz transforma-

tion when the g = f3; = 1.

2.2 Kinematics on the ds* invariant

We shall now consider the question of the measurement of length and time increment. In order

to find out the length of a moving body, we must simultaneously plot the coordinates of its
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ends in a fixed system. From Equation (2.2) and (2.4), an expression for the length of a moving

scale Az’ measured by a fixed observer follows as

+A2 = Azx/1 - 232 + 34, (2.6)

and

+Az = cAty/1— 262 + 51, (2.7)

Einstein stated: “For v = ¢ all moving objects - viewed from the ‘stationary’ system - shrivel
up into plain figures. For velocities greater than that of light our deliberations become mean-
ingless.” However, formula (2.6) can applied to the case for velocities greater than that of light.

Fig.2.1 give the relation between the length of a moving scale L and the velocity.

L

E B .

Fig.2.1. L-8 curve

Let At be the time increment when the clock is at rest with respect to the stationary
system, and A7 be the time increment when the clock is at rest with respect to the moving

system. Then

+AT = At/1 -282 4+ 34 (2.8)

and
Az,
c

Differentiating (2.3) or (2.5) and dividing dz’ by dt’ we obtain

+AT = 1—262 + 1, (2.9)

dx’ dz _ z —
& = far =V _ _Va v , (2.10)
dt’ 1—vfedefy, 1 — v, /c?

Noting that dy’ = dy, dz’ = dz, we have a transformation of the velocity components perpen-

dicular to v:
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d_y'_vl _w/1-232+p1 d_z’
a7V 1—wvvg/c2 7 d¥

/ _Uz\4/1_252+54

= 1—wv,/c?

=

. (2.11)

where

v? =02 + ’US + 02, (2.12)
From Equation (2.8), we could see that the composition of velocities have four physical impli-
cations: i.e.,
(1)A subluminal-speed and another subluminal-speed will be a subluminal-speed.
(2)A superluminal-speed and a subluminal-speed will be a superluminal-speed.
(3)The composition of two superluminal-speeds is a subluminal-speed.

(4)The composition of light-speed with any other speed (subluminal-,light-, or superluminal-
speed) still is the light-speed.

There are the essential nature of the spacetime transformation group. The usual Lorentz
transformation is a only subgroup of the spacetime transformation group.

It is necessary to point out that if 1 —vv,/c? =0, i.e.,

vy = v/, (2.13)

then v, — oo. It implies that if two velocities are dual to each other and in opposite directions,
then their composition velocity is an infinitely great velocity. We guess that it may well become

an effective way to make an appraisal of a particle with the superluminal-speed.

2.3 Dynamics on the ds* invariant
The Lagrangian for a free particle with mass m is

L=-mc¥/1— 28 + B4, (2.14)

The momentum energy, and mass of motion of the particle are of the forms:

2

b= ‘\1/1*2[32+[347E: {‘/17252+54’M: Vi2mrp (2.15)
Those could also be represented by dual velocity v:
— muv o me 1

plr) = Yi—2p2ept 1287457 cE(v), (2.16)

= mc? — muvic o
E(U) - 4\1/1_262_’_64 - 4\1/1_26%_’_6il — Cp(l}l), (217)

= m — Bim o
M) = = ~ Ve~ M) (2.18)
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E-B diagram P-B diagram

[N T T R

=

-1 6 1 B -1 6 1 B

Fig.2.2. E-fg diagram Fig. 2.3. p-§ diagram

Finstein stated: “Thus, when v = ¢, E becomes infinite, velocities greater than that of
light have - as in our previous results - no possibility of existence.” But, formula (2.7) can also
applied to the case for velocities greater than that of light. Fig.2.2 give the relation between
the energy of a moving particle and its velocity, and Fig.2.3 give the relation between the
momentum of a moving particle and its velocity.

It is very interesting that the momentum (or energy) in the v’s representation will change
into the energy (or momentum) in the v;’s representation. From (2.15) (or (2.16) and (2.17)), we

could get the following relation between the momentum and energy of a free material particle:

v U1
p(v) = c—gE(U) or  p(un) = c—gE(U1)7 (2.19)
where the relation (2.19) keeps up the same form as the special theory of relativity. But a new
invariant will be obtained as
E* + ¢*pt — 22p? F? = m*c8. (2.20)

The relation (2.20) is correct for both of the v’s and the v1’s representations. It is a new relation

on the ds* invariant.

2.4 A charged particle in an electromagnetic field on the Finsler spacetine ds*

Let us now turn to the equations of motion for a charged particle in an electromagnetic field,
AP, E, andH.. Their Lagrangian is

L=-mPYT 2R+ 0+ SAv—ed.  (221)
&

The derivative L/0v is the generalized momentum of the particle. We denote it by p.

pe=muid/T 2@+ g+ A=pt A (222
C C
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where p denotes momentum in the absence of a field.
From the Lagrangian we could find the Hamiltonian function for a particle in a field from
the general formula

H =mc*y/1 232 + 4+ ed. (2.23)

However, the Hamiltonian must be expressed not in terms of the velocity, but rather in terms
of the generalized momentum of the particle. From equations (2.2) and (2.3), we can get the
relation

H —e® e 44

(=P - - SaPP=mic (229)

Now we write the Hamilton-Jacobi equation for a particle in an electromagnetic field in

c

the Finsler spacetime. It is obtained by replacing, in the equation for the Hamiltonian, P by

05/0r, and H by —05/0t. Thus we get from (2.24)
_Cqpo L2
(Vs CA) 02( ot

Now we consider the equation of motion of a charge in an electromagnetic field. It could be

+e®)?]? —mtct = 0. (2.25)

written by Lagrangian (2.21) as

d
S _¢E.+uxH,. (2.26)
dt /1 —-2p2+ 34 ¢
where
10A
E,. = —E%—t — grad®, H, = curlA. (2.27)
It is easy to check the dE. = vdP, i.e.,
e L — :chi—. (2.28)
dt {/1—232+ 34 dt 3/1—2p2 4 4
Then from (2.26) we have
dE
E = eEe'U. (229)
Integrate (2.29) and get
2 2
e - e = eU. (2.30)
V1-282+p4  Y1-282+0;
where
(%) r
Po = P’ U= /Eedr. (2.31)

To
From (2.26) and (2.29), if we write it in terms of components, it is easy to obtain the spacetime
transformation equations for the field components, and we could obtain the field transformation

equation
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HL/E = HI; E;/E = Ex,

/ — Hy"'ﬁEz /! — Ey_ﬁHz
Hy= s Bv= immrse (232)
- _H:—BE, g _ _E-+BH,

33

We could also use dual velocity v; to represent the field transformation equation

H! =H,, E, = E,,

y _  BiHy+E. 1 _PEy—H.
W= BT o @)
H/ _ ﬁle_Ey E/ . 61E2+Hy

An invariant will be obtained as
H*+ E* — 2H?FE? =constant,

of new nature for the electromagnetic field in Finsler spacetime.

83 The Catastrophe of the Spacetime and Its Physical Meaning

3.1 Catastrophe of the spacetime on the Finsler metric ds*

The functions y = 22 and y = 2*

are topologically equivalent in the theory of the singularities
of differentiable maps (see Arnold et al.,1985). But the germ y = 22 is topologically (and even
differentially) stable at zero. the germ y = 2% is differentially (and even topologically) unstable
at zero. So, there is a great difference between the theories of relativity on the ds? and the ds.

On the other hand, a great many of the most interesting macroscopic phenomena in nature
involve discontinuities. The Newtonian theory and Einstein’s relativity theory only consider
smooth, continuous processes. The catastrophe theory, however, provides a universal method
for the study of all jump transitions, discontinuities and sudden qualitative changes. The
catastrophe theory is a program. The object of this program is to determine the change in the
solutions to families of equations when the parameters that appear in these equations change.

In general, a small change in parameter values only has a small quantitative effect on the
solutions of these equations. However, under certain conditions a small change in the value of
some parameters has a very large quantitative effect on the solutions of these equations. Large
quantitative changes in solutions describe qualitative changes in the behaviour of the system
modeled.

Catastrophe theory is, therefore, concerned with determining the parameter values at which
there occur qualitative changes in solutions of families of equations described by parameters.

The double-cusp is the simplest non-simple in the sense of Arnold (see Arnold et al.,1985),
but the double-cusp is unimodal.

The double-cusp is compact, in the sense that the sets f<constant are compact. In Arnold’s
notation, the double-cusp belongs to the family X9 and in that family there are three real types
of germ, according as to whether the germ has 0,2, or 4 real roots. For example representatives
of the three types are: type 1ot +y?, type 22* v, type 3z* +y* 2622y? respectively, and only
the type 1 is compact.
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Compact germs play an important role in application (see Zeeman, 1977), because any
perturbation of a compact germ has a minimum; therefore if minima represent the stable
equilibria of some system, then for each point of the unfolding space there exists a stable state

of the system.

3.2 Catastrophe of the spacetime on the Finsler metric ds*

In accordance with the Finsler metric ds? of the spacetime, we could

(T, X,Y,Z)=T*+ X* +Y* + Z* — 212X? 4 2Y? 72, (3.1)

here T=ct. Equation (3.1) that describes the behaviour of the spacetime is a smooth

function.
As the catastrophe theory, first we must find the critical points of this
function. Let f =0, and f' =0, here f' =0f/0s,s=T,X,Y, Z. ie.,

fF=T 4 X*4+Y* 4+ 24 —2T?X2 +2Y222 =0,
fr=0f/0T =4T(T? — X?) =0,

[ =0f/0X =4X(X?-T?) =0,

fir=0f/0Y =4Y (Y2 + Z?) =0,

[y, =0f]0Z =4Z(Z*+Y?) =0.

So, the critical point are

Then, we form the stability matrix (9% f/0x'0x7). 1t is of the form

127% — 422 —8Tx 0 0

—8Tx 1222 —4T2 0 0
H(T,X.,Y,Z) =

0 0 12y + 422 8yz

0 0 8yz 1222 + 4y

Obviously, for the submatrix

12y + 422 8yz

HY2)= 8 1222 2
Yz 2+ 4y

its determinant does not vanish, unless Y=Z%=0.
With the Thom theorem (splitting lemma), we could get

(Y, 2)=Y* 4 72 + 2v2 22, (3.2)

fvm(T,X) =T+ X* — 272X 72, (3.3)
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where fj; Morse function, can be reduced to the Morse canonical form
Mg =Y?+ 2%,

and fn a7, non-Morse function, is a degenerate form of the double-cusp catastrophe (see Zeeman,
1977). For another submatrix of H(T, X,Y, Z)

1272 — 4X2  —8TX R,
H(T,X) = = —48(T* + X* — 2T%X?).
—8XT 12X2 — 472

So, the spacetime submanifold M (T, X) will be divided into four parts by the different values
of the H(T, X):

H(T,X)#0 T? - X2 <0  spacelike  state

(material  states) T2 -X?>0 timelike  state (3.4)
H(T,X)=0 T=+X lightlike  state

(singularities) T=X=0 the  origin  (indeterminate).

It means that the light cone is just a catastrophe set on the spacetime manifold, and both the
timelike state and spacelike state are possible states of moving particles.

So, from the point of view of the catastrophe theory, the light cone is just a set of degenerate
critical points on the spacetime manifold. The spacetime is structurally unstable at the light
cone. It means that a lightlike state could change suddenly into a timelike state and a spacelike
state. Also, a timelike state and a spacelike state could change suddenly into a lightlike state. It
very much resembles the fact that two photons with sufficient energy could change suddenly into
a pair of a particle and an anti-particle and contrarily, a pair of a particle and an antiparticle
could annihilate and change into two photons.

According to the nature of catastrophe of the spacetime, the spacetime transformations
(2.2) could be resolved into two parts at the light cone:

'+ By x4 ot/

t=—rf— 0= y=9,2=2; ﬁ:E<1 (3.5)
/—1 — 627 /—1 — 627 ) 9 ¢
and
t+ 2o !t ut!
t= < ,I:x—l—v =y, z=2; ﬂ:g>1. (3.6)
32— 1 52 — 1 c
In the same way, the transformation (2.4) could also be resolved into two parts at the light
cone:

_ B+l Bl et y ,

VR o1

t
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and

¢ Ly ’ "
t:ﬁl 027$:ﬁlx+027y:y/7222/; ﬁlzv_1<1 (38)
\/1_ 1 \/1_ 1 ¢

It is very interesting that transformations (3.5) and (3.7) have two major features: Firstly, they

keep the same sign between the ds® and the ds’2;i.e.,

ds? = ds'’>. (3.9)

Secondly, their inverse transformations are of the form
i_ B

, T, T — vt

(i A A

=y,2' =2z [B<1. (3.10)

and

_5115—%17 , be—ct

These transformations keep the same sign between z,¢ and 2/,¢'. So, they will be called the

tl

=y, 2 =z p1>1  (3.11)

timelike transformations and (3.5) will be called the timelike representation of the timelike trans-
formation (TRTT),and (3.7) the spacelike representation of timelike transformation (SRTT).

In the same manner, transformations (3.6) and (3.8) have two common major features,
too. Firstly, they will change the sign between ds? and ds’? i.e.,

—ds? =ds’?. (3.12)

Secondly, their inverse transformations are of the form

t— Sz — vt
—t/:7c —Ilzu,y/:%z/:z; 6>1' (3'13)

VE=T Ca=

and

t—1 —ct
— 61 C:z,_x/ — szy/ :y,ZI:Z; 61 < 1. (3.14)
\/1_ 1 \/1_ 1

These transformations will change the sign between z, t andz’,t’. They will be called the space-

—

like transformations and (3.6) will be called the spacelike representation of spacelike transfor-
mation (SRST); and (3.8) the timelike representation of spacelike transformation (TRST).

Now, we have had four types of form of the spacetime transformation under ds:

Type I. TRTT, (3.5), it is just the Lorentz transformation;

Type II. SRTT, (3.7), it is the spacelike representation of the Lorentz transformation with
the dual velocity v; = ¢2 /v, it is larger than the velocity of light;

Type III. SRST, (3.6), it is just the superluminal Lorentz transformation (see Recami,
1986 and Sen Gupta, 1973);



80 Shenglin Cao

Type IV. TRST, (3.8), it is the timelike representation of the
superluminal Lorentz transformation with the dual velocity v1 = ¢?/v, but it is less than
the velocity of light.

3.3 The catastrophe of physical quantities on the Finsler metric ds*

Firstly, we shall consider the question of the catastrophe of the measurement of length and time
increment. According to the nature of catastrophe of spacetime, the expression for the length

of a moving scale Az’ measured by a fixed observer (2.6)-(2.9) could be resolved into two parts,
Ax' = Az\/1—-32, B<1. (3.15)
—Ar' =Az/32 -1, B>1. (3.16)

—Az' =cAt\/J1 - 62, B <1 (3.17)

Az =cAty/p? -1, [ > 1. (3.18)

The expression for the time increment A7 of the clock at rest with respect to the moving system

could be resolved into two parts at the light cone:

AT =At/1- 32, B<1, (3.19)

~Ar=AtY/BR -1, B>1. (3.20)

A

“Ar= 7“7 1- 82, B<l, (3.21)
A

Ar = T‘T B2 -1, B >1; (3.22)

It is very interesting that the Az’, (or Az) will exchange with At (or A7) in the expressions
(3.17)-(3.18) and (3.21)-(3.22).
If we let (see the formula (3.20))

f(E,P)=E*+ *P* — 2c* B P? (3.23)

as the catastrophe theory, we could find a catastrophe set

E=+P (3.24)
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and we could have four types of the representation for the momentum, the energy, and the mass

of a moving particle with the rest mass m:

Type I. TRTT

T ET(v) me” MT(w)= —2— B<1. (3.25)

T - -
p (’U)— m? mu m7

Type II. SRTT

muv mC2 m
p*{u} = \/B%il_lvEs(Ul) = TaMS(Ul) = \/ﬁ; fr>1. (3.26)

Type III. SRST
2
S —mu g —me g —-m
V= —r— (V) = ——, M" (V) = —; > 1. 3.27
P = e ) = M) = s (3.27)

Type IV. TRST

B 1):LC2 St))=——2_; B<1 (3.28)

S - - FE M .
P T I

The transformations between type I (or type II) and type III (or type IV) have the forms

1
pr(v) = \/17”_”62 = \/;’1;‘0_ _ = BT (w), (3.29)

2
T(v) me moe CpT(’Ul), (3.30)

ViR JEo1

M7 (v) m___Am g M) (3.31)

VIR VR

and

= EES(vl), (3.32)

Es(v) B —moie cps(vl), (3.33)
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-m_ —B1m
VB -1 /1-p7

With these forms above, we could get that when f=3;=1,

M5 (v) = = B M5 (vy). (3.34)

cP(c) = E(c) =mc®  and M(c) =m. (3.35)
Note that although all through Einstein’s relativistic physics there occur indications that mass
and energy are equivalent according to the formula

E =md>.

But it is only an Einstein’s hypothesis.
It is very interesting that from type I and type IV we could get

E? - ?p* =m?c', wv<e and v <ec (i.e.,v >¢) (3.36)

and from type II and type III

E? — p? = —m2ct, v>c and v > ¢ (i.e.,v <c) (3.37)

Here, we have forgotten the indices for the types in Equations (3.35) to (3.37). If we let the
H?(E,P) = E? ¢*P?, then we could get

f(H,mc) = H* — (mc*)*. (3.38)
It is a type II of the double-cusp catastrophe, we could also get (3.36) and (3.37) from it.

3.4 The catastrophe a charged particle in an electromagnetic field on the Finsler

spacetime ds*

The Hamilton-Jacobi equation for a particle in an electromagnetic field in the Finsler spacetime,
formula (2.25) is a type II of the double-cusp catastrophe. We could get that

s
(VS — %4)2 — (G +c@)? +m’ =0 (3.39)

for type I and type IV of the spacetime transformation.

(VS — S4)? - (% +e®)? —m?ct =0 (3.40)
C

for type II and type IIT of the spacetime transformation.
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Now, we consider the catastrophe change of the equation of a charge in an electromagnetic
field. By equation (2.26), we could get

d mv e
S g+ Sux H., 3.41
aioE et vee (341)
and
d_mv g+ Cxn (3.42)
- =eFE. + -v e . .
i1 c v>c

If we integrate (3.41) and (3.42), then

mC2 mC2
_ = eU7 < 3.43
\/1 — 62 \/1 — 63 Vo & ( )
and
mC2 mC2
— =elU, >c . 3.44
\/ g 1 \/62 1 Vo c ( )

So, the velocity v has

—2
UZC\/l—(;—UC—i—l/ 1—63) <ec  aiff w<ec, (3.45)

and

—2
v—C\/l—l—(;—Uc—l/ ﬁg—l) >c, iff wvo>c. (3.46)

The expressions (3.45) and (3.46) mean that if vy < ¢, then for the charged particle always
v < ¢; and if vy > ¢, then v > ¢. The velocity of light will be a bilateral limit: i.e., it is both of

the maximum for the subluminal-speeds and the minimum for the superluminal-speeds.

If we let

f(H67 Ee) = Hél + Eél - 2He2E37 (347)

we will get that the catastrophe set is

H,=+E, (3.48)

and could obtain the spacetime transformation equations for the electromagnetic field compo-
nents(by (2.31) and (2.32)):

Type I. TRTT
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H! = H,, E! = E,,
) _ Hy+BE. 1 _ Ey—pBH:
H/ Hz_BEy El — Ez+BHy

[83
=
=)
[§)
I8
=
|
@
[N

Type II. SRTT

H! = Hy,, E! = E,,
! ﬁlHy"'Ez ! 61E1 _Hz

Hy == By ="rm (3.50)
/_ B1H.—E, ) _ B1B.+H,

="y BT

Type III. SRST

H, = H,, B, = E,,

!l H1 +BE2 _ / E1 _ﬁHz
Hy = B2l B, = Bpi (3.51)

_ gy _ H:=BE, _pr _ E-4BH,

z

Type IV. TRST

H! = H,, E! = E,,
_ gt Bl +E, _ v _ BiEy—H.

Hy m ) Ey \/ﬁ ) (352)
_H; — Ble_Ey _E/ — ﬁlEz"'Hy

V153 : 167

3.5 The interchange of the forces between the attraction and the rejection

Usually, because of the equivalence of energy and mass in the relativity theory, ones believe
that an object has due to its motion will add to its mass. In other words, it will make it harder
to increase its speed. This effect is only really significant for objects moving at speeds close to
the speed of light. So, only light, or other waves that have no intrinsic mass, can move at the
speed of light.

The mass is the measure of the gravitational and inertial properties of matter. Once
thought to be conceivably different, gravitational mass and inertial mass have recently been
shown to be the same to one part in 10!,

Inertial mass is defined through Newton’s second law, F=ma, in which m is mass of body.
F is the force action upon it, and a is the acceleration of the body induced by the force. If two
bodies are acted upon by the same force (as in the idealized case of connection with a massless

spring), their instantaneous accelerations will be in inverse ratio to their masses.

Now, we need discuss the problem of defining mass m in terms of the force and acceleration.
This, however, implies that force has already been independently defined, which is by no means
the case.
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3.5.1 Electromagnetic mass and electromagnetic force

It is well known that the mass of the electron is about 2000 times smaller than that of the
hydrogen atom. Hence the idea occurs that the electron has, perhaps, no “ordinary” mass at all,
but is nothing other than an “atom of electricity”, and that its mass is entirely electromagnetic
in origin. Then, the theory found strong support in refined observations of cathode rays and
of the (-rays of radioactive substances, which are also ejected electrons. If magnetic action

€

on these rays allows us to determine the ratio of the charge to the mass, proomd and also their

mel was obtained, which was independent of v

velocity v, and that at first a definite value for

was found. This effect was

if v << ¢. But, on proceeding to higher velocities, a decrease of meel
particularly clear and could be measured quantitatively in the case of the (-rays of radium,
which are only slightly slower than light. The assumption that an electric charge should depend
on the velocity is incompatible with the ideas of the electron theory. But, that the mass should
depend on the velocity was certainly to be expected if the mass was to be electromagnetic in
origin. To arrive at a quantitative theory, it is true, definite assumptions had to be made about
the form of the electron and the distribution of the charge on it. M. Abraham (1903) regarded
the electron as a rigid sphere, with a charge distributed on the one hand, uniformly over the
interior, or, on the other, over the surface, and he showed that both assumptions lead to the same
dependence of the electromagnetic mass on the velocity, namely, to an increase of mass with

increasing velocity. The faster the electron travels, the more the electromagnetic field resists

e
Mey
el

Abraham’s theory agrees quantitatively very well with the results of measurement of Kaufmann

a further increase of velocity. The increase of me; explains the observed decrease of and

(1901) if it is assumed that there is no “ordinary” mass present. But, the electromagnetic force
F = e[E + 1(v x H)] was believed to be a constant and be independent of the velocity v.
Note that if we support that the mass m is independent of the velocity v, but the elec-
tromagnetic force F' = e[E + 1(v x H)] is dependent of the velocity v, it will be incompatible
with neither the ideas of the electron theory nor the results of measurement of Kaufmann.
One further matter needs attention: the E andH occurring in the formula for the force F are

supposed to refer to that system in which the electron is momentarily at rest.

3.5.2 The mass and the force in the Einstein’s special relativity

In the Einstein’s special relativity, Lorentz’s formula for the dependency of mass on velocity
has a much more general significance than is the electromagnetic mass apparent. It must hold
for every kind of mass, no matter whether it is of electrodynamics origin or not.

Experiments by Kaufmann (1901) and others who have deflected cathode rays by electric
and magnetic fields have shown very accurately that the mass of electrons grows with velocity
according to Lorentz’s formula (??). On the other hand, these measurements can no longer be
regarded as a confirmation of the assumption that all mass is of electromagnetic origin. For
Einstein’s theory of relativity shows that mass as such, regardless of its origin, must depend on
velocity in the way described by Lorentz’s formula.

Up to now, if we support that all kinds of the mass, m, are independent of the velocity
v, but all forces are dependent of the velocity v, it will be incompatible with neither the ideas

of the physical theory nor the results of measurement of physics. Could make some mew
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measurements of physics (or some observations of astrophysics) to support this viewed from

another standpoint.

3.5.3 The interchange of the forces between the attraction and the rejection

Let us return to the Newton’s second law, F’=ma, we can see that the product of mass and
acceleration is a quantity antisymmetric with respect to the two interaction particles B and C.
We shall now make the hypothesis that the value of this quantity in any given case depends
on the relative position of the particles and sometimes on their relative velocities as well as
the time. We express this functional dependence by introducing a vector function Fgc/(r,7,t),
where r is the position vector of B with respect to C and 7 is the relative velocity. We then

write

mpapc = FBC~ (3.53)

and define the function Fpc as the force acting on the particle B due to the particle C. It is
worth while to stress the significance of the definition of force presented here. It will be noted
that no merely anthropomorphic notion of push of pull is involved. Eq.(3.53) states that the
product of mass and acceleration, usually known as the kinetic reaction, is equal to the force.

Now, if we explain the experiments by Kaufmann (1901) with here point of view, then, we
could say that the electromagnetic force F' = e[E 4+ 1(v x H)] is a function dependent of the
velocity v, F' = F(v).

From the above mentioned, the relativity theory provides for an increase of apparent inertial

mass with increasing velocity according to the formula

mo

Ny

could be understood equivalently as a decrease of the effective force of the fields with
increasing relativistic velocity between the source of the field and the moving body according

to the formula

Fopp=F\/1— 2.

Further, the negative apparent inertial mass could be understood equivalently as the effec-
tive forces of the fields have occurred the interchange between the attraction and the rejection

according to the formula.

Fopp=—-FVP - 1.

3.5.4. The character velocity and effective forces for a forces

Up to now, one common essential feature for forces is neglected that the character velocities

for forces. Ones commonly believe that if the resistance on the wagon with precisely the same
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force with which the horse pulls forward on the wagon then the wagon will keep the right line
moving with a constant velocity. However, we could ask that if the resistance on the wagon is
zero force then will the wagon be continue accelerated by the horse? How high velocity could be
got by the wagon? It is very easy understood that the maximum velocity of the wagon, vmaqz,
will be the fastest running velocity of the horse, vys. The velocity vyg is just the character
velocity, v, for the pulling force of the horse. When the velocity of the wagon is zero velocity,
the pulling force of the horse to the wagon has the largest effective value F.ry = F. We assume
that a decrease of the effective force with increasing velocity of the wagon, and F,;y = 0 if and
only if § = 72—1: =1 Ifpg= 72—1: > 1 then F.yrp= —FkF. It means that when the velocity of the
wagonuv,, is larger the character velocity v., not that the horse pulls the wagon, but that the
wagon pushes the horse.

If the interactions of the fields traverse empty space with the velocity of light, ¢, then the
velocity of light is just the character velocity for all kinds of the interactions of the fields. We
guess that the principle of the constancy of the velocity of light is just a superficial phenomenon

of the character of the interactions of the fields.

3.5.5. One possible experiment for distinguish between moving mass and effective force

The Newtonian law of universal gravitation assumes that, two bodies attract each other with a
force that is proportional to the mass of each body and is inversely proportional to the square
of their distance apart:

mimsa

F=G

pacH (3.54)

According as Einstein’s special relativity, if the body; is moving with constant speed v

with respect to the bodys, then the mass of the body; will become with respect to the body,
that

my

_m
Vi-s

According to the principle of equivalence the body’s gravitational mass equal to its inertia

M, = (3.55)

mass. So, the force of gravitational interaction between the two bodies will be

mimsa

=
241 - %

But, according as the theory of the effective force, the force of gravitational interaction between

the two bodies will be
mimeo v?2
Fpr =G 2 1- = (3.57)

We hope that could design some new experiments to discover this deviation.

Fy. =G (3.56)

3.6 Decay of particles
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On the Einstein’s special relativity theory, consider the spontaneous decay of a body of mass
M into two parts with masses m; and mso. The law of conservation of energy in the decay,
applied in the system of reference in which the body is at rest, gives

M = Ei9 + Eo, (358)

where E1g and Esg are the energies of the emerging particles. Since F1g > my and Esg > mo,
the equality (120) can be satisfied only if M ;m1+meo, i.e. a body can disintegrate spontaneously
into parts the sum of whose masses is less than the mass of the body. On the other hand, if
Mimy 4+ mq, the body is stable (with respect to the particular decay) and does not decay
spontaneously. To cause the decay in this case, we would have to supply to the body from
outside an amount of energy at least equal to its “binding energy” (my + mq — M).

Usually, ones believe that momentum as well as energy must be conserved in the decay
process. Since the initial momentum of the body was zero, the sum of the momenta of the

emerging particles must be zero: pi1p+p20=0 in the special relativity theory. Consequently

plo = P30, Or
E}y —mi = E3 —m3. (3.59)

The two equations (3.58) and (3.59) uniquely determine the energies of the emerging particles

M? +m? —m3 M? —m? + m}3

E =
20 oM

In a certain sense the inverse of this problem is the calculation of the total energy M of

(3.60)

two colliding particles in the system of reference in which their total momentum is zero. (This
is abbreviated as the “system of the center of inertia” or the “C-system”.) The computation of
this quantity gives a criterion for the possible occurrence of various inelastic collision processes,
accompanied by a change in state of the colliding particles, or the “creation” of new particles.
A process of this type can occur only if the sum of the masses of the “reaction products” does
not exceed M.

Suppose that in the initial reference system (the “laboratory” system) a particle with mass
m1 and energy E; collides with a particle of mass ms which is at rest. The total energy of the

two particles is
E=FE1+ By = By + ma,

and their total momentum is p=p;+p2 =p;. Considering the two particles together as a single

composite system, we find the velocity of its motion as a whole from (2.19):

p P1

V===——.
E Ey +mo

(3.61)

This quantity is the velocity of the C-system with respect to the laboratory system (the L-
system).
However, in determining the mass M, there is no need to transform from one reference

frame to the other. Instead we can make direct use of formula (3.36), which is applicable to
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the composite system just as it is to each particle individually. We thus have
M? = E? —p® = (Ey +m2)? — (B} —mji),

from which

M? =m3 +m3 + 2mao ;. (3.62)

84 Conclusions

From the discussion in this paper, we could get the following conclusions:

(1) The special theory of relativity cannot negate the possibility of the existence of superlu-
minal-speed.

(2) The essential nature of the superluminal-speed is the relativity of the temporal order. If
one does not know how to distinguish the temporal orders, a particle moving with superluminal-
speed could be taken for one moving with a subluminal-speed of some unusual nature.

(3) The specal theory of relativity could be discussed in the Finsler spacetime. The space-
time transformation on the Finsler metric ds* contains a new symmetry between the timelike
and spacelike.

(4) Some new invariants describe the catastrophe nature of the Finsler spacetime ds?.
They obey the double-cusp catastrophe. The timelike state cannot change smoothly into the
spacelike state for a motion particle. But a lightlike state could change suddenly into a timelike
state and spacelike state. Also, a timelike state and a spacelike state could change suddenly
into a lightlike state.

(5) The length z will exchange the position with the time increment ¢ between v's rep-
resentation and vs representation. The momentum (or energy) in the timelike (or spacelike)
representation will be transformed into the energy (or momentum) in the spacelike (or timelike)
representation.

(6) The difference between the subluminal- and superluminal-speed would be described
as follows: a particle with the subluminal-speed has positive momentum, energy, and moving
mass, and a particle with the superluminal-speed has negative ones.

(7) Usually, it is believed that Tachyons have a spacelike energy-momentum four-vector so
that

E? < 2P2.

Hence, the square of the rest mass m defined by

m2ct = FE? - 2P?2 <0

requires the ‘rest mass’ to be imaginary’ (see Hawking and Ellis, 1973).
As has been said in this paper, from the expressions (3.25)-(3.28) it is clear that, no
matter whether a particle is moving with a subluminal- or superluminal-speed, in the timelike

representation it will obey Equation (3.36), but, in the spacelike representation it will obey
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Equation (3.37). So, for a particle with superluminal-speed its mass M (v) (energy E(v), and

momentum P(v)) is negative rather than imaginary. As expression (3.28)

E%(v1) = —mc?

when 5 — 0.
So the particle with superluminal-speed, in the timelike representation, will remain a neg-
ative ‘rest-mass’. We shall write:

5 +mc? for subluminal — speed, ie., v<c( or w >c),
—mc®>  for superluminal — speed, i.e.,v>c( or v < ec).

It was just analyzed by Dirac for the anti-particle. So, we guess that a particle with the

superluminal-speedv > ¢ could be regarded as its anti-particle with the dual velocity v; =

v <ec.
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81. Introduction

For a simple graph G = (V(G), E(Q)), a vertex labeling of G is a mapping 0 : V(G) — Z of
non-negative integers that induces for each edge zy a label depending on 6(z) and 6(y). A

labeling is called a graceful labeling of a graph G if it satisfying three conditions following:

(1) Yu,v € V(Q), if u # v, then 6(u) # 0(v);

(it) maz{0(v)|v € V(G)} = [E(G)];

(#9i) For Ve = zy € E(Q), let O(e) = |0(x) — O(y)|. Then Vey,es € E(G), if €1 # ea, then
O(e1) # O(e2).

Many research works on graph labeling can be found in the reference [2], particularly,
graceful graphs. Gracefulness of some graph families can be also seen in references [4] — [10].
In this paper, we concentrate on the enumeration problem of graceful trees with given order.

Let K,, = (V, E) be a complete graph with n vertices v, ve, -+ ,v,. All edges of K,, can be
denoted by e;; = v;v;, where i,j € N ={1,2,--- ,n}), (i # j. We denote the vertex labeling of
v; by 6(v;), and label it with (v;) = i. Then all edges labeling are respective 6(v,v1) =n — 1,
O(vpv2) = n—2, O(vp_qvr) =n— 2, ,0(vpvp—1) = 1, O(vp—10p-2) = 1,-+- ,0(vav1) = 1.
Obviously, all edge labels 6(v;v;) make up (n — 1)! graceful graphs. Certainly, these graceful
graphs include disconnected and isomorphic graphs.

If all edges e;; correspond to coordinates (z;,y;) on a Euclidean plane by x; = i,y; = j for
1 <i<n,1<j<n, then there is a bijection between e;; and (z;,y;). Its diagram is a lower
triangle with y = x —a for a = 1,2,--- ,n— 1, and the graceful label 6(e) of an edge e is on the
oblique line y =z — a.

For example, let G = Kg. Its diagram can be found in Fig.1.1.

1Received September 30, 2007. Accepted January 28, 2008
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HNWR OO

12345678
Fig.1.1

In this diagram, if (e) = 1, then f(e) € {|lx —y| : 2—-1,3 —-2,4—3,5—-4,6 — 5}.
If 0(e) = 2, then 0(e) € {jJx —y| : 3—-1,4—-2,5-3,6—4}. --- |, If 6(e) = 6 — 1, then
O(e) € {|Jx —y| : 6 — 1}. In other words, there are 5 oblique lines on Fig.1 when n = 6. Suppose
these lines are L1, Lo, L3, La, Ls. Let (xy;,y1;) be a point on the plane with the coordinate
(x;,y;) and [ denotes | — th oblique line. Then {(x16,y11) = (6,1)} € L1, {(x25,921) =
(5,1), (w26,y22) = (6,2)} € L2, {(w34,y31) = (4,1), (w35, y32) = (5,2), (w36, y33) = (6,3)} € Ls,
o {(@s2,y51) = (2,1), (w53, y52) = (3,2), (54, 953) = (4,3), (w55,y54) = (5,4), (w56, y55) =
(6,5)} € Ls. Moreover, we define

Yir(y21 +y22)  Yn-1,1+ Yn—12 4+ + Yn—1,n-1) = Zy1j192j2 U Yn—14n-1> (1)

T1n(Tan—1 + T2n)  (Tn12+ Tn—13+ -+ Tpo1,n) = chljlwzjg S Tl G- (2)

The expansion of these polynomials (1) and (2) both have (n—1)! terms. Terms Hf;ll Ts, i,
and H?;ll Ys,..j,) in their expansion are called the correspondent term pair, denoted by (z,y) =
(Hf:_ll T, ins Hf:_ll Ys,..j» ). Then each pair (z,y) corresponds to a graceful graph as just ex-
plained.

In a labeling graph G, if a vertex labeling v; = n — ¢+ 1 is replaced by v; = 4, then all edge
labels are invariant. This kind of labeling are called equivalent, seeing in Fig 1.2 for details, in
where, (a — o’ and b — V).

1 2 3 n-1 n n-1 n-2 2 1 5 2 4 3
(b)
5 1 4 2 3
n 1
(a) (a') ()
Fig.1.2

For instance, choose n =4 in (1) and (2), i.e.,

y11(y21 + y22) (Y31 + ys2 + y33)
= Y11Y21Y31 + Y11Y21Y32 + Y11Y21Y33 + Y11Y22Y31 + Y11Y22Y32 + Y11Y22Y33
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z14(x23 + T24)(T32 + X33 + X34)

= 214223732 + 1423733 + T14T23T34 + T14T24T32 + L14T24T33 + T14T24T34

If (z,y) = (14223232, Yy11Y21Y31), We get 14 — y11 = 3,23 — Y21 = 2,32 — Y31 = 1. Hence
(z,y) is correspondent to a graceful star graph.

If (z,y) = (x14023%33, y11Y21Y32), we find x14 —y11 = 3,223 — Y21 = 2,233 — Y32 = 1, which
is correspondent to a graceful path graph.

If (z,y) = (x14%23734, Y11Y21Y33), we have x14 — y11 = 3,223 — y21 = 2,234 — Y33 = 1. It is
correspondent to a graceful triangular graph.

Notice that by definition, these two labeling in pairs (z,y) = (214724232, Y11Y22y31) and
(x,y) = (Z14223T34, Y11Y21Y33), (2,Y) = (1424233, Y11Y22Y32) and (x,y) = (x14T23T33, Y11Y21Y32),
(x,y) = (:C14:v24x34,y11y22y33) and (z,y) = (:c14:c23:c32,y11y21y31) are equivalent.

§82. The Enumeration of Graceful Trees
For enumerating graceful trees, a well-known result is useful.

Lemma 2.1([3]) Let T = {t1,t2, -+ ,tn—1} be a set of n — 1 involutions on N = {1,2,--- ,n}.
Then the product tits - - t,—1 is an n-cyclic permutation if and only if (N,T) is a tree.

From Lemma 2.1 we obtain a result in the following.

Theorem 2.1 Let (z,y) be a correspondent term pair. If it is an n-cyclic permutation, then

(z,y) corresponds to a graceful tree.

Proof From the formulae (1) and (2), we have y11 and 21, — (1n, y11), Y21 and 2 ,—1 —
(x2,n—1,Y21), Y22 and z2,, — (T2, Y22), - - - etc.. They satisfy y =z —a,a =1,2,--- ,n—1. So
(z,y) = ([1'Z) @sr i, [1721 Ys, g ), namely {0(z,y)} = {1,2,--- ,n — 1}}. Now if it is n- cyclic
permutation (not exist less than n), then it is correspondent to a connected graph of n vertices
with n — 1 edges by the Lemma 2.1. Therefore it is a graceful tree. O

Corollary 2.1 A correspondent term pair (x,y) is a graceful tree only if

n—1 n—1
i=1 7j=1

Define a matrix A by

A= [awy]v

where az, = (x,y). This matrix shows that there are (n — 1)!/2 labeling ways on graceful
graphs, but in which (n — 2)!/2 labeling ways are equivalent. We need to delete the pair (2,n)
in the matrix A. This is tantamount to cancel equivalent labeling. In addition, the three pairs
(1,n),(1,n—1) and (n—1,n) consist of a 3-cyclic with an edge set {€1, €1,n—1,€n—1,n}. In other

words, there are (n — 2)!/2 graceful graphs contain 3-cyclic with edge e,,—1 5, correspondent to
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the pair (n — 1,n). Hence cancel the pair (n — 1,n) in the matrix A. So we get a new matrix
A’ from A.
According to the previous discussions, define a permutation

T(n): Yyr Y2 0 Yn—1 ,

Ty T2 - Tp-—1

where y1 = yo = 1,21 = n,x9 =n — 1. Then we have the next result.

Theorem 2.2 For an integer n > 3,
(1) if Yir1 = yi or yiy1 = yi + 1 for all indexes i, then T'(n) corresponds to a graceful tree;
(ii) if there is an integer k such that y; = yi+1 and Yivo = Yi+ 1, Yits = Yi +2,-+ , Yitk =
yi +k — 1, rearrange y; such that the j-th entry is yé <jfori+2<j<i+k and define

3:; = y; +mn —j. Then the new pair (',y") , namely

L1 ys yh o Ynoa

T'(n) = o
n n—1 x5 xy -+ =

is still correspondent to a graceful tree.

Proof Thecaseof y3 =y4y = -+ =yp1 =landz; =n—i+1,0=3,4,---,n—11is
trivial,which corresponds to a star tree.

We verify Theorem 2.2(7) in the first. When y1 = yo = 1,21 = n,290 =n — 1, 80 v1, 0,1
and v, three vertices consist of a path. When y; = y;11,2; = y; + n — i, then ;41 = y; +
n—i1—1=x; —1. When y,41 =y, + 1,2, = y; + n — 1, then x;41 = x;. So for any integer
i,1 < i < n, we know that y;11 = y; + 1 — i1 = Ti; Yir1 = Yi — Tiy1 = x; — 1, e,
0 <|yit1 —uil <1,0 <|ajp1 — 2] <1and x,—1 — yn—1 = 1. Thereafter,

n—1 n—1
i=1 7j=1

Because three vertices vi,v,-1 and v, consist of a path. When y3 = yo = y1 = 1, we
obtain x3 = n — 2. So v,_2 and vy are connected. Similarly, if y3 = 2,23 =n — 1, vz and v,
are connected. In fact, for any integer i,1 < i < n, we have y;41 = y; — zjy1 = x; + 1 or
Yir1 = Yi + 1 — 2541 = x;. If y;41 = y;, then y,41 and y; corresponds to same vertex vg, i1
corresponds to vertex vy, vs and v, are connected, by x; = y; + n — 4. Similarly, if x;41 = z;,
then z;11 and z; corresponds to same vertex v:,y;4+1 corresponds to vertex vy, vs and v; are
connected. we know that 7T'(n) corresponds to a graceful tree by Lemma 2.1.

For Theorem 2.2(i%), let N ={1,2,--- ,n}. If y; = yiy1,2it1 = x; — 1 and yi12, Yiys,
yit+k are consecutive plus 1 of y;, then x40 = 243 = -+ = x4 = x;41. Since y;41 does
not participate in the rearrangement, we know that x;11 = y;41 + n — ¢ + 1. Notice that
Yit2, Yits, -, Yit+k participating in the rearrangement do not change these labels of n vertices.
Namely, the labeling set {1,2,--- ,n}is not dependent on x; 2, Z;13, -+ ,Zitk DY Tiyo = Tit3 =

- = Tiyk = Tip1. In fact, Yipo,Yits, -, Yitr correspond to k — 1 leaves of a tree, and
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min{z;} = xp_1 > max{y;} = yn—1,i = 1,2,---,n. If y;1, is replaced by yit,r—;(1 < j <

r—2) for 2 < i <k, then y4, > yi4r—;. We obtain x;H_j > Tipy—j = Ti+1, since there
/iJrrfj
change these y;;, correspondent to leaves. If ;. is replaced by yiyri;(1 < j < k—1), we

exists an s = x (x1 > x5 > w;41) correspondent to a vertex of a tree, which does not

obtain x§+r+j =Yiyr+n—1—7—j < Tigpr; = Tig1. If x§+r+j > x,_1, there exists an
/ e : . /

Te = :Ei+r+j(xi+1 >z > Xp—1). Now if Titrii < Yn—1, then there still exists a y; = Ty

Both of them do not change these y;, correspondent to leaves. Therefore,

1 1 Y A B

T'(n) = Y3 Ya Yn—1
n n—1 af 2 - =

still corresponds to a graceful tree. g

According to Theorem 2.2, the rearrangement on y; enable us to get new graceful tree, is
not equivalent to the original tree. We enumerate all rearrangement labeling on graceful trees

in the following.

Let T(12,22,32,--- k") denote a permutation
1 1 ys ya - Yn—
n n—1 x3 x4 -+ Tp_1 7

in which, y1 = y2,y3 = ya, -+ ,Y2i—1 = y2; = @ for i < k. Let E(T,,) denote the number of all
non-equivalent graceful trees of n vertices, and E (T}, k") denote the number of permutations
onk+1,k+2,--- ,n—k—ro+1satisfyingy; <iandz; =y, +n—ifork+1<i<n—k—ro+1.
Applying Theorem 2.2 we find the following result.

Theorem 2.3 For any integer n > 2, let E(T,,,K) = Elgkgg E(T,, k™). If n = 0(mod2),
then

E(T, K) = Za:z'"*”?(ii*l —1)-(i—2)!

1=2

8—1
bY@k (i) ) ok 2)
>

A
+ (2i—1)-(g—z‘)!+(a—1)zz‘!
=1 i=0
s
+ D i(a=2i+p+2)- (a—2i+p), (3)
1=1
where,
a=2pB=2y=2AX=2_1,p=0, if n=0(mod6);
a:nT_l’ﬁz%"Y nT_le)‘ n317P:17 if n=—2(mod6);
=1 pg=n2 y—n2 N n22 o ] if n = 2(mod6).
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If n = 1(mod2), then

E(Ty, K)

I
.
]
w
<
+
N
—~
e
T.
—
[y
~
—~
~
|
[N}
~—

e
+ ) @+ 1) (o i - 2)!

il n—1 a
+ Z(Qi—l)-(T—i)!—i-(o/—l);i!

+ i —2i4+p +2)- (o) =2i+p )N+ 5 +1, (4)

where,

n n—1 n-1 n—-1 n—-1 -+ n-—1

In fact, it is correspondent to a graceful tree(see Fig.2.1 below).

1 2 3 n-2
n n—1
Fig.2.1

If y3 # 2, then y3 = 3 because z; = y; + n — i and maz{x;} = n. Similarly, if y4 # 2 too,
then y4 = 4. If there is an integer r,3 < r < n — 1 such that y, = 2, then y; = 7,2; = n for
3 <i < r. In other word, only y3 = 2 or y3 = 3, and y4 is one element of the set {2,3,4} — {ys},
Y5 is one element of the set {2,3,4,5} — {ys,v4}, - - -. Continuing this process, y, 1 is uniquely
determined at the final. Hence the number of permutations is 2 x 2 x 2 x --- x 2 x 1 = 24,
When

3 1 1 1 2 3 oo on—3
TQ1®) =
n n—1 n—-2 n—-2 n—-2 -+ n—2
then choose an element y, in the set {2,3,4}, an element ys5 in the set {2,3,4,5} — {ya}, - .
Continuing in this manner, y,_» and y,_1 are 2 selectable. So the number of such permutations
is3x3x3x---x3x2=3"6.21
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Similarly, When

1 1 1 1 2 3 oo m—4
(1" =

n n—1 n—-2 n—-3 n—-3 n—3 n—3

we have E(T,,,1%) =4 x4 x4 x -+ x 4 x 3! = 4778 . 3] and generally,

2<r<g5 -1, niseven;
(e = 1)L (5)
2§r§"7_1, n is odd.
E(T,,1") =
7 —1<r<mn-—1, niseven;
(n—r—1),
”§1<T§n—1, n is odd.
In general, if k + [4] < 2 —1
3-151 n—k
E(T,, k") = Z A (S B Z (n—k—r)l,n is even;
r=k+1 T:%—f%]-i-l
[nT%] n—=k
B(To, k") = Y o2 M r—1)l+ Y (n—k—r),nisodd (6)
r=k+1 T:["T*’C]Jrl
Ifh+[E]>2-1
n—2k .
_ — 2k —r)l, s even;
BT, )= S O e g
S (n—=2k—7)!, nisodd
By (6) and (7), when n is even, define
3-141
fly=>_ pn=2r=ktl (p — 1)
r=k+1
with k € {2 — 1,251 — 1,2 — 1} Then we know that

(a) if n = 0(mod6), k = 5§ — 1, then

[ -1 =)’ G -k

(b) if n = —2(mod6), k = 21 — 1, then

w

(¢) if n = 2(mod6), k = 2 — 1, then

97
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Whence we obtain that

r<g r<
DOETH 4TI T I G = Y IR — 1) (i-2) (8)
i= =2

When n = 0(mod6),

n_q
6
(E 4D+ (240 + (240 + et (2 ) 572D i —1)!
p 3 3 3 3
S -1 iy
= —+i)((z+¢ - (= +i-2)L
e 3 3 3
We obtain that
3141
Z Tn—?r—k—i—l(,r, _ 1)|
k+[5]1<5—1 r=k+1
n n_q
° n—3i42(i—1 . | \ T N (22i41) no. . |
=>i (i —1)(@—2).+Z(§—|—z)((§+z) 5 ~D(g+i-2L ()
i=2 i=1
Similarly, when n = —2(mod6),
5-141
Z Z T,n—2r—k+1 (7‘ _ 1)|
k+[£1<g—1 r=Fk+l1
n—1
3 . .
_ Z Z-n—31+2(iz—1 _ 1)(2 _ 2)|
i=2
n—4
PO Pt e L gy (10)
= 3 3 i
and when n = 2(mod6),
3-151
Z Z ,r,n72r7k+1 (’f‘ _ 1)|
k+[E]<z—1 r=k+1
ntl
3 . .
_ Z in731+2(izfl _ 1)(2 _ 2)'
i=2
n—=_8
~n4+1  on+1l gy n+l
+ Y (g A (g + )T T (= i 2L (11)
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Now let
n—Fk
fi(k) = (n—Fk—r)!
r=3-[51+1
Similarly, we get that
(a) When n = 0(mod6), k = 5 — 1,
n—=k -1
Z (n—k—r)!:Zfl(i)
:ﬂ_[k]_,_l i=1

n__
-1

i@z - 1)(5 —i+ (g BN

=1 i=0

(b) When n = —2(mod6), k = 2L — 1

n—k %*1
Yoo n—k=n'= > fli)
r=%-[§]+1 i=1
n—4 n-l_9q
6 n—l 3
=S @i—D)( & i+ — -1 >l
i=1 i=0
(¢) When n = 2(mod6), k = 2 — 1,
n—k nTH*l
(n—k—r)!= f1(9)
r=4-[51+1 =1
52 -
1
=Y ei-nG -+ (- Y
=1 i=0
When k+ [5] > 5§ — 1. Let
n—2k
fok) =Y (n—2k—r)
r=1

We know that

(a)When n = 0(mod6), k > % — 1,

n

(3

> fak>

(b) When n = —2(mod6), k > 2+ — 1,

wl:
||
ﬁMm\s

2i + 2)(§ —2i)l.

(14)

(15)

99



100 Guangxuan WANG

|a
o+
M

ng(kzngl): i(”;1_2¢+3)(”;1_2¢+1)!. (16)

.
Il

(c) When n = 2(mod6), k > 2 — 1,

3
N

v —
6

S halh = T = 3L i 1y
1

n+1

— 2 —1)l. (17)

3

Similarly, the discussion for the case n

To sum up, we obtain (3) by formulae (9), (10), (11), (12), (13), (14), (15), (16) and (17).
= 1(mod2) can be divided into three subcases, i.e.,
3

—1(mod6),k = 252, n = 3(mod6),k = % — 1 and n = 1(mod6), k = 252, and the formula

n=
(4) can be found as the formula (3). O

For example, E(Ts, K) = 10 when n = 6. We obtain 10 non-equivalent graceful trees by

permutations following.

1 1 2 3 4 1 1 2 4 3

— {e16, €15, €25, €35, €45 }; — {e16, €15, €25, €46, €34 };
6 5 5 5 5 6 5 5 6 4
1 1 3 2 4 1 1 3 4 2

— {e16, €15, €36, €24, €45 }; — {e16, €15, €36, €46, €23 };
6 5 6 4 5 6 5 6 6 3
1 1 1 2 3 1 1 1 3 2

— {e16, €15, €14, €24, €34} ; — {e16, €15, €14, €35, €23 };
6 5 4 4 4 6 5 4 5 3
1 1 1 1 2 1 1 1 1 1

— {e16, €15, €14, €13, €23 }; — {e16, €15, €14, €13, €12 };
6 5 4 3 3 6 5 4 3 3
1 1 2 2 3 11 2 2 2

— {e16, €15, €25, €24, €34 }; — {e16, €15, €25, €24, €23 }.
6 5 5 4 4 6 5 5 4 3

When n is a large number, E(T,) >> E(T,, K). Of course, there exist a lot of isomorphic
trees in the previous enumeration. We have verified the number of non-isomorphic graceful

paths P, for n < 13 vertices in the following table.

EP,) |1 |1|1]2]|6|8]|10]30]| 74162 | 330 | 760
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We think in generalities, but we live in detail.

By A.N. Whitehead, a British mathematician.
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